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This book is Part II of a two-volume work on inequalities. It concentrates on 
one- and multidimensional nonlinear integral and discrete Gronwall-Bellman-type 
inequalities and complements the book on linear inequalities. 

Integral and discrete inequalities are very important tools in classical analysis 
and play a crucial role in establishing the well-posedness of the related equations, 
i.e. differential, difference and integral equations. 

Chapters 1-3 and 5-7 provide introductions to one-dimensional and multidimen- 
sional, respectively, nonlinear continuous integral inequalities, discrete (difference) 
inequalities and discontinuous integral inequalities. Chapters 4 and 8 study relevant 
applications of these inequalities. 
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Part II: Nonlinear One-Dimensional Integral Inequalities 


Chapter 1 
Nonlinear One-Dimensional Continuous 
Integral Inequalities 


1.1 Nonlinear One-Dimensional Bellman-Gronwall 
Inequality, Reid Inequality, Bihari Inequality, 
Langenhop Inequality and LaSalle Inequality 


1.1.1 The One-Dimensional Bihari Inequality, Langenhop 
Inequality and LaSalle Inequality 


The attractive Gronwall-Bellman inequality [259] plays a vital role in studying 
stability and asymptotic behavior of solution of differential equations (see, e.g., 
[50, 69]). Many linear and nonlinear generalizations have appeared in the literature 
[137, 560]. Bihari’s inequality [82] is the most important generalization of the 
Gronwall-Bellman inequality. Several integral inequalities similar to Bellman- 
Bihari’s inequality are introduced in this section. 

There can be found a lot of its generalizations in various cases from literature 
(see, e.g. [42, 207, 307, 355, 396, 507]). An important contribution was made by 
Bihari [82] for the integral inequality (1.1.1). 


Theorem 1.1.1 (The Bihari Inequality [82]) Assume that x(t) and v(t) are non- 
negative continuous functions on [0,t), and f(u) is a positive non-decreasing 
continuous function for all u € (0, +00) such that for all t € [0, T), 


x) <n+ / v(s)f@x(s))ds, (1.1.1) 


where n > 0 is a constant, then for all t € [0, T1), 


x(t) < ®7!(@(n) + i v(s)ds), (1,12) 


© Springer International Publishing Switzerland 2016 1 
Y. Qin, Integral and Discrete Inequalities and Their Applications, 
DOI 10.1007/978-3-319-33304-5_1 


2 1 Nonlinear One-Dimensional Continuous Integral Inequalities 


where 


u | 
dt, => > 0, 
) u Uo 


O(n) = = 
W= FF 


and ®~' is the inverse function of ® and 


T= sup} € [0,t) : ®(+00) > O(n) + i viol : 
0 


Proof Putting, for all t € [0, tT), 


t 
y= f FoIyvoas, 
0 
we have y(0) = 0, and from the relation (1.1.1), we derive, for all t € [0, t), 


YO <fq + yO). 


By integrating on [0, ¢], we thus conclude, for all t € [0, 7), 


y(t) ds t 
——— d, ®D 
Fey =f owt oon, 


that is, for all t € [0, 7), 


200 +0) < [ veyds + O00, 


which gives us the desired estimate (1.1.2). oO 
The following similar conclusions are obtained by Dragomir and Kim in [207]. 


Theorem 1.1.2 (The Dragomir-Kim Inequality [207]) Let g be a monotone 
continuous function in an interval I, containing a point ug which vanishes in I. Let 
u and k be continuous functions in an interval J = [oa, B] such that uJ) C I, and 
suppose that k is fixed sign in J. Leta € I. 


(i) Assume that g is non-decreasing and k is non-negative. If for allt € J, 


t 


u(y) sa f kis)eluls))ds 


then for alla <t < Bi, 


u(t) < G! (a + [ soa) ; 
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where G(u) = i ron u € TI, and B, = min(v, v2), with for alla <t < v, 


v, = sup veJ:a +f Koes) el, 
v2 = sup} e J: G(a) +f koyash ; 
(ii) Assume that J = (a, B]. If for allt € J, 


B 
ui) sa [ ks)glu(s)s. 


then for alla, <t < B, 


B 
u(t) < G! (<i + i Kaas). 


where a = max({A1, [l2), with forall uw <t < B, 


II 


B 
jl, = sup | by €J:at / Kee el, 


B 
[lz = sup | blz € J: G(a) +f Kas ‘ 


The proof of the inequalities in (i), (ii) is similar to that of Theorem 1.1.1, and 
hence we omit the details. 


Theorem 1.1.3 (The Yang Inequality [695]) Let 6 € C(R+,R+) be strictly 
increasing function with (+00) = +00 and y € C(IR+,R+) be non-decreasing. 
Let c = 0 be a real constant. Then the following conclusions are true. If u,F € 
C(R+,R+), and the integral inequality holds, for allt € R+, 


$[u(t)] <e+ f F(s)W[u(s)]ds, (1.1.3) 


then for all t € [0,T), 
u(t) <¢' (s16 + [ Fous) ; (1.1.4) 
0 


where @—',G"! are the inverse functions of ¢, G respectively, and 


ds 
——., 7>%u>0 (1.1.5) 


G(z) := : 4 
O= | Te ol 
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and T > 0 is chosen so that, for allt € [0,T), 
t 
G(c) + i F(s)ds € Dom (G"!). (1.1.6) 
0 


Proof We define on R + a positive, non-decreasing and differentiable with function 
Z by, for allt € Ry, 


Z(t) :=ct+e +f F(s)W[u(s)|ds, (1.1.7) 


where € is an arbitrary positive number, since ¢ is strictly increasing and #(++00) = 
+oo, from inequality (1.1.3), it follows that, for allt ¢ R+, 


u(t) < ¢'(Z(0). (1.1.8) 
Differentiating both sides of (1.1.7), we obtain for all tf € R+, 
Z'(t) = FOY[uO] < FOv{e'||[ZO}}- (1.1.9) 


Here we have used (1.1.8) and the monotonicity of y and y~!, Because, for all 
te Ri, 


Wie "[ZO]} = vig "[ZO)}} > 0, 
from (1.1.9) we may derive that, for all t € Ry, 


Z'(t) 


d 
all = zo 


SF), 
where the function G is defined by 


« ds 
ae [ Wor 7? 


Letting t = s in the last relation and then integrating with respect to s from s = 0 to 
t, we can obtain (after letting « > OT): for all t € Ry, 


G[Z(t)] < G(c) + / ' F(s)ds. (1.1.10) 


According to condition (1.1.6), the right-hand side of (1.1.10) is in the definition 
domain of G7! as long as t € [0, 7). Hence, the desired estimate in (1.1.4) follows 
from (1.1.8) and (1.1.10). Oo 
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In 1949, LaSalle [330] established the following remarkable result, which has 
not received the extensive attention. LaSalle’s lemma can be restated as follows: 


Theorem 1.1.4 (The LaSalle Inequality [330]) Let f(t), g(t) be non-negative 
continuous functions on [0,T], and assume that K > 0 is a constant, F(t) is a 
non-negative, non-decreasing continuous functions for all0 < u < K, Glu) = 
es 1/F(s)ds and the following inequality holds, for all0 < t < T, 


20) = K+ [fF Ods (1.1.11) 


Then we have for all0 < t < T, 


ate) = [Flos 


Moreover, if F is an identity mapping, i.e., F(u) = u, then the LaSalle inequality 
(1.1.11) reduces to the classical Bellman-Gronwall inequality. 


Proof The proof is similar to that of Theorem 1.1.1. Oo 
Obviously, the above LaSalle inequality furnishes an upper bound. 


Theorem 1.1.5 (The LaSalle Inequality [330]) Jfx(t), vo(t) and v(t) are positive 
continuous functions on [0, t), and f (u) is a positive, non-decreasing, sub-additive, 
continuous function for all u € (0, +00) such that, for all t € [0, T), 


x(0) < volt) +f v(oyFGa(s)as 


then for all t € [0, 73), 


vi smi +o" Of veyrtooyonas + [vos], 


where ® and ®~! are given as in Theorem 1.1.1 and 


T3 = sup f € [0,t) : ®(+00) > ® ([ v(oyton(s).ds) + [ vas . 
0 0 


Proof The proof of the above theorem is similar to that of Theorem 1.1.1, and hence 
will be omitted. Oo 


We shall say that the function h(x, r) possesses the property Lif h(x,r) => 0 for 
the specified range of values of x and r, if it is measurable in x for fixed r > 0, 
continuous in r for fixed x, x9 < x < +00, r > 0, and if r(x) is the maximal solution 
of the differential equation * = h(x, r) passing through the point (xo, 0). We have 
the following lemma. 
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Lemma 1.1.1 (The Lakshmikantham Inequality [320]) Suppose that h(x, r) has 
property I. Let y(x) be continuous on x9 < x < +00 and satisfy the inequality for 
all Ax € [0, +00), 


x+ Ax 
lav s fm y(dr 
then for all x € [xo, +00), 
y(x) < r(x). 


Proof The inequality shows that y(x) is absolutely continuous in [x9, +00), which 
implies that y’(x) exists almost everywhere in [xo,-+oo). Furthermore, it is clear 
from the assumed inequality that 


ly’(x)| < h(x, yx), (1.1.12) 


almost everywhere. 
Suppose that b(x, €) is a solution of * = h(x,r) + €, r(x) = 0, where ¢€ is an 
arbitrary small quantity. It is easy to show that for all x € [x9, +00), 


y(x) < d(x, €). (1.1.13) 


For suppose that this relation does not hold. Then, without loss of generality, let 
[xo, x1] be an interval where y(x) > b(x, €). At xo, we have y(xo) > b(xo, €). Hence 
taking right-hand derivatives at xo, we obtain 


y¥ (x0) = b'(x0. €). (1.1.14) 


From this we obtain the further inequality 


(x0, y(Xo)) 2 ho, bo. €)) + €, (1.1.15) 

which leads to a contradiction. Hence (1.1.13) holds. 
Since we know that lim,_+9 D(x, €) = r(x), the lemma is proved. Oo 
Now let y and f(x,y) be vectors with real components, (y1, y2,- - +, yn) and 


(fi, y),fa(x, y),-- + fa(x, y)) respectively. Consider the system 
y=f@y), — y@o) =0, (1.1.16) 


where f(x, y) is continuous on x9 < x < +00, ||y|| < -+oo. We can obtain the 
following conclusion. 


Lemma 1.1.2 ((320]) Suppose that h(x,r) has property I and that 


IF, y) |] < AG, IlyID. (1.1.17) 
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Then if r(x) = O(1) as x > +00, the norm of every solution (1.1.16) tends to a 
finite limit as x — +00. If, in particular, r(x) = o(1) then each component of every 
solution of (1.1.16) tends to zero as x — +00. 


Proof Let a solution of (1.1.16) be y(x) = I, f@y@)dt, and let Ay(x) = y(x + 
Ax) — y(x), for Ax > 0. It follows that 


x+Ax 
one lfc. )|lat (1.1.18) 


and hence that 


x+Ax 
JAy()|| < : NOW (1.1.19) 


Using Lemma 1.1.1, we obtain for all x € [0, +00), 
Ily@ || < rQ). (1.1.20) 


This together with the assumptions of the theorem yield the stated results. Ey 


Lemma 1.1.3 (The Lakshmikantham Inequality [322]) Let the function 
g(x,u) => O be continuous in the regiona < x < b,u > O. Let the function 
S(x,y) of (1.1.16) satisfy the condition 


lf (x, y)| < g(x, lyl). 


Let y(x) satisfy |y(x)| > 0 and be a solution of (1.1.16) in the regiona < x < b. 
Then we have for all x € [a, b], 


ly(x)| < M(x) (1.1.21) 
and 

Ly(x)| < m(x) (1.1.22) 
where M(x) and m(x) are the maximal and minimal solutions of u'(x) = 


+g(x, u), u(a) = |y(a)|, respectively. 


Proof The inequality (1.1.21) follows from Lemma 1.1.2. To prove (1.1.22), we 
have to use essentially the same argument as in Lemma 1.1.2 but now we have to 
consider the minimal solution of w’/(x) = —g(x,u),u(a) = |y(a)| instead of the 
maximal solution of u’(x) = g(x, u), u(a) = |y(a)|. This completes the proof. a 


Theorem 1.1.6 (The Willett-Wong Inequality [673]) Let the functions v(t), w(t), 
v(t)u(t), and w(t)u? (t), be locally integrable non-negative functions on R+. If uo > 
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0 and p = 0, p € 1, and the following inequality holds for all t € R+, 


t 


u(t) < up + a v(s)u(s)ds + ; w(s)u?(s)ds (1.1.23) 
0 


then for allt € R4, 
1 


u(t) exp (— [ veas) 
0 
< @ + af 6) exp(—a [/ v(mar)as)’ q=1—p. (1.1.24) 


Proof Let g(t) be defined as the right-hand side of (1.1.23); so for allt € R+, 
g(t) < ve) + we, (1.1.25) 


since p > 0. By Lemma 1.1.3, we know that g(t) is bounded by the maximal 
solution r(t) of 


PQ =vOrh + wHr’@O, 10) = wo: (1.1.26) 


and we can solve (1.1.26) explicitly as a Bernoulli equation. However, we need not 
refer to Lemma 1.1.3 at all for this special case, but can obtain directly from (1.1.25) 
that 


6’(t) < w(t)0?(t) exp ( - af vied), qg=1-p, (1.1.27) 
0 


where 
O(t) = g(t) exp ( _ [ v(o)d). (1.1.28) 
0 


Since 0(t) > 0 on R4, we can divide (1.1.27) by 6?(f) and integrate to obtain 
equation (1.1.24) for all p > 0, p 4 0(g = 1—p). 

If uy = 0, then equation (1.1.23) is valid for all positive constants ux in place 
of uo. By letting uv. —> 0 in the corresponding equation (1.1.24), we get that 
equation (1.1.24) as it now stands is also valid when up = 0, if we agree to first 
write the right hand side with a factor uy when q < 0. oO 


Corollary 1.1.1 (The Li Inequality [348]) /fx(¢), v(t), and w(t) are non-negative 
continuous functions on [0,t) and n and @ are constants, n > 0, a < 1 such that, 
for allt € [0, tT), 


x(t) <1 +f vis)aionds-+ f w(s)x!—%(s)ds, 
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then for all t € [0, Ts), 


x(t) < E(t)Wa(t), 


E(t) = exp (/ v(o)ds) , Wot) = nexp (/ (os) ‘ 


t 1/a 
W(t) = G + af W(s)E~*(s) , a0, 


where 


and 
t 
ws = sup 1 €[0,t): 7% + «| W(s)E “(s)ds > of ; 
0 


(e.g., T = t when) <a < 1). 


The next result called the Langenhop inequality (see, e.g., Langenhop [328]) will 
give us a lower bound. 


Theorem 1.1.7 (The Langenhop Inequality [328]) Ler 


(1) x be a real variable and z and F be finite-dimensional complex vectors with n 
components z; and F; respectively; 

(2) F be continuous in (x, z) for all z and all x € |a, b] with a < b; 

(3) for some norm, say |\z|| = >7\_, |zi|, F satisfies 


IFO. < v@es(llzl) 


where v(x) is continuous, v(x) => 0 for all x € [a,b], g(u) is continuous and 
non-decreasing for all u => 0, and g(u) > 0 for all u > 0. 


If z(x) is continuous, and is a solution of a = F(x,z) for all x € [a,b], where F 
satisfies the conditions above, then for all x € |a, b], z(x) satisfies the inequality 


Ie) = (aden 2 / v(o)ds) 
where 


ei= / Ors vest 


in) 


and for all x € [a, b] for which G(\z(a)|) — J v(s)ds is in the domain of G7. 
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Proof The proof is left to the reader an exercise. Oo 
In 1971, Gy6ri [260] extended the Bihari inequality and the LaSalle inequality. 


Theorem 1.1.8 (The Gyéri Inequality [260]) Let u(t), v(t) be non-negative 
continuous on [to, +00), a(t), b(t), g(u) be differentiable, a(t) > 0 and g > 0 be 
increasing, and b(t) = 0 be decreasing. If for any t => to, there holds 


t 
u(t) < a(t) + B©) f v(s)elu(s)ds. 
1 
and for all non-negative continuous function ¢, there holds 


a'(0)| 1] <0, 


ee 
CAD) 


then 
u(t) < G'(atn) + i [b(s)v(s) + d()as) 


where G(u) = Sng ads, u> up > 0. 


Proof We leave the proof to the reader as an exercise. Oo 


Theorem 1.1.9 (The Pachpatte Inequality [518]) Leta, b € CU,R+) be non- 
decreasing with a(t) < ton I, andk <0, c < 1, and p > | are constants. 


(a,;) Ifue CU, R+) and for allt € 1, 


u(t) <k+ / rare i, 7 b(s)u(s)ds, (1.1.29) 
then for allt € 1, 
u(t) < kexp(A(t) + B(t)), (1.1.30) 
where for allt € I, 
A(t) = [ evsas (1.1.31) 
B(t) = / 7 b(s)ds. (1.1.32) 


(a2) Ifue CU,R+) and for allt € I, 


a(t) 


u(t) <ct+ [ com) log u(syas+ f b(s)u(s) logu(s)ds, (1.1.33) 


to (to) 
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then for allt € I, 
ui) 5 OPAOTEO), (1.1.34) 


where A(t) and B(t) are defined by (1.1.31) and (1.1.32). 
(a3) Ifue CU,R+) and for allt € 1, 


t a(t) 
w(t) <k+ / a(s)u(s)ds + / b(s)u(s)ds, (1.1.35) 
to a(to) 


then for allt € I, 


1 


u(t) < ka " (Jaw os Boll (1.1.36) 


where A(t) and B(t) are defined by (1.1.31) and (1.1.32). 
Proof (a,) Let k > 0 and defined a function z(t) by the right-hand side of (1.1.29). 
Then, z(t) > 0, z(to) = k, u(t) < z(t), and 
Z(t) = a(tju(t) + D(a(d))u(a(n))a'() 
< a(t)z(t) + b(a(t))z(o(t))a’ (2) 
< a(tz(t) + b(a@)z(Ha' (0), 


ro} < a(t) + b(a(t))a (1). (1.1.37) 


Integrating (1.1.37) from fp to t,t € J, and the change of variable yield for all ¢ € J, 


Z(t) 
z 


z(t) < kexp(A(t) + B(N). (1.1.38) 


Using (1.1.38) in u(t) < z(t), we get the inequality in (1.1.30). If k => 0, we carry 
out the above procedure with k + € instead of k, where € > 0 is an arbitrary small 
constant, and subsequently pass the limit as € — 0 to obtain (1.1.30). 

(a2) Define a function z(t) by the right-hand side of (1.1.33). Then z(f) > 
0, z(to.) = c, and u(t) < z(t), and as in the proof of (a1), we may get 


z(t) 


a0 < a(t) log z(t) + b(a(2) log z(a(t)) a(t). (1.1.39) 
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Integrating (1.1.39) from fp to t,t € J, and the change of variable yield 
t a(t) 
log z(t) < loge + / a(s) log z(s)ds + / b(s) log z(s)ds. (1.1.40) 
to (to) 
Now by a suitable application of the inequality given in (a;) to (1.1.40), we get 
log z(t) < (logc) exp(A() + BD) 
= log c™PAOT8O), (1.1.41) 


Thus from (1.1.41), we may conclude that 
z(t) < chPAOTBO), (1.1.42) 


Now by using (1.1.42) in u(t) < z(t), we may get the required inequality in (1.1.34). 
(a3) Let k > 0 and define a function z(f) by the right-hand side of (1.1.35). Then 
z(t) > 0, 2(to) = k, u(t) < {z(t)}!/”, and as in the proof of (a;), we have 


f2(t)} 1/2 (1) < a(t) + D(a(t))a (0). (1.1.43) 


Integrating (1.1.43) from fp to t,t € J, and the change of variable, we get 
p-l 1/(p-1) 
z(t) < eee + (——)[A( + a00| ; (1.1.44) 
P 


The desired inequality in (1.1.36) follows by using (1.1.44) in u(t) < {z(t)}!/”. The 
case k > 0 can be completed as mentioned in the proof of (a1). Oo 


Theorem 1.1.10 (The Pachpatte Inequality [518]) Let a,b,a,k,c,p be as in 
Theorem 1.1.9. For i = 1,2, let g; € C(R4, R+) be non-decreasing functions with 
gi(u) > Oforallu > 0. 


(b}) Ifue CU,R+) and for allt € I = [to,T), there holds that 


t a(t) 
u(t) < b+ [ a(sentu(s)ds+ f b(s)g2(u(s))ds, (1.1.45) 
10 a(to) 
then for allt) <t < ty, 
(i) in case go(u) < gi(u), we have 
u(t) < G'[Gi@) + AW) + BO), (1.1.46) 


(ii) in case g\(u) < go(u), we have 


u(t) < Gy'[Go() + A) + BO), (1.1.47) 
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where A(t) and B(t) are defined by (1.1.31) and (1.1.32) and for i = 
1.2: G are inverse functions of 


" ad 

Gi(r) = i. Gaal r>1>0, (1.1.48) 
ro gi(s) 

and t, € I is chosen so that 


Gi(k) + A(t) + B(t) € Dom (G;"'), 


respectively, for all t € [to, ti]. 
(bo) Ifue CU,Ri), Ri = [1, +00), and for allt € 1, 


u(t) < c+ : | a(s)u(s)g1 (log u(s))ds+ i 7 b(s)u(s)go(log u(s))ds, (1.1.49) 
then for all ty <t < to, 
(i) in case go(u) < g\(u), we have 
u(t) < exp (G;'[G; (loge) + A(t) + B(D)); (1.1.50) 
(ii) in case g\(u) < go(u), we have 
u(t) < exp (Gy '[G2(logc) + A(t) + B(D)]) , (1.1.51) 
where Gi, G7', A(t), B(t) are as in (b) and t is chosen so that for i = 1,2, 
Gi(logc) + A(t) + B(t) € Dom (G;1), 


respectively, for all t € [to, ta]. 
(b3) Ifue CU, R+) and for allt € I, 


t a(t) 
u(t) <k +f a(s)g,(u(s))ds + / b(s)g2(u(s))ds, (1.1.52) 
iy a(to) 
then for all ty <t < ts, 
(i) in case go(u) < gi(u), we have 
u(t) < [Apt (&) + A) + BOI)”, (1.1.53) 


(ii) in case g\(u) < g2(u), we have 


u(t) < [Hy '[Ho(k) + A() + BOI]? (1.1.54) 
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where A(t) and B(t) are defined by (1.1.31) and (1.1.32) and for i = 


he H* are the inverse functions of 


"ds 
A(r) = / — r>1ro > 0, (1.1.55) 
ro gi(s'/?) 


and t3 € I is chosen so that 
H(k) + A(t) + B(t) € Dom (H7"'), 


respectively, for allt € [to, t3]. 


Proof Since the proofs resemble one another, we give the details for (b;) only; the 
proofs of the remaining inequalities can be completed by following the proofs of the 
above mentioned inequalities. 

From the hypotheses, we observe that a’(t) > 0 for all t € I,a’(x) > 0 for all 
xesJ,p= [xo, X), B’() >0 for y Edn = [ yo, Y). 

(b,) Let k > 0 and define a function z(¢) by the right-hand side of (1.1.45). Then 
z(t) > 0, z(to) = k, and u(t) < z(t), we get 


Z(t) < a(dgi (z(t) + bla) g2(z(a()))o" (0). (1.1.56) 
(i) when g(u) < gi(u), then from (1.1.56), we derive 
Z(t) < gile)la(t) + b(a(d)a (0). (1.1.57) 
Thus from (1.1.48) and (1.1.57) it follows that 


z(t) 
gi(z(t)) 


Integrating (1.1.58) from fp to ft, f € 7, and making the change of variable, we have 


< a(t) + b(a(d))ar (t). (1.1.58) 


<Gilel) = 


Gi (z(t) < Gi(k) + AW) + BY). (1.1.59) 
Since Gy (z) is increasing, from (1.1.59) it follows 
z(t) < Gy'[Gi(k) + A) + BO). (1.1.60) 


Using (1.1.60) in u(t) < z(#), this gives the required inequality in (1.1.46). The case 
k > 0 can be completed as mentioned in the proof of (a;) in Theorem 1.1.9. The 
proof of the case when gi(u) < g2(u) can be completed similarly. The sub-interval 
to <t < t is obvious. oO 


Next, we shall introduce some generalizations of the Bellman-Bihari inequality 
[69], where the nonlinear functions appearing on the right-hand side belong to 
certain classes of functions. 
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Definition 1.1.1 A function @ : [0,-+co) > [0, +00) is said to belong to the class 
H, if 


(H,) «(u) is non-decreasing and continuous for all u > O and positive for all 
u> 0. 

(H2) There exists a function ¢, continuous on [0, +00) with w(au) < 6(a)w(u) 
for alla > 0,u> 0. 


Several examples and properties of the class H have been obtained in [181]. In 
particular, H includes all functions w € F,, with corresponding function ¢@ defined by 
o(a) =1(0<a <1), d(a) =a (@ => 1). Also ZH includes all sub-multiplicative 
functions which satisfy (H,), with corresponding function ¢ = w. 


Example 1.1.1 Every function @ which is continuous and non-decreasing on 
[0, +00) with w(u) > 0 for all uw > O and which is sub-multiplicative is of class 
A with é =o. 


Example 1.1.2 Any function w for which (H1) holds and (H2) with @(a) = a,a > 
1 and g(a) = 1,0 < a < 1 belongs to H. In fact, this type of function has been 
used in [197, 455, 456] and modified by Beesack [54]. The modification in [54] is 
essential to avoid trivialities. 


Example 1.1.3 Every super-multiplicative function @ which satisfies (H)) is of 
class H with d(a@) = 1/@(1/(@ + 1)). In fact, if w(ku) > w(k)w(u), then 
w(u) < (1/@(k))w(ku) for all k > 0. Letk = 1/11 +a) andu = (a + 1)z. 
Then 


w(az) < w((@ + 1)z) < w(z) [1/0 (—)| . 


Example 1.1.4 The function u?/(1 + uv) belongs to H with ¢(a) = a?,a > 1 and 
g(a) = 1,0 <a@ < 1. Note that this function is not sub-multiplicative. 
Now we note some properties of function ¢(q@). 


(a) d(a) > Oforalla > 0. 

(b) ¢(a@) = 1 forall a > 1. This follows from w(u) < w(au) < o(a)o(u). 

(c) If (0) = 0, then @(+00) = +00 must hold. This follows from 0 < w(1) < 
¢(a)@(a7') for all a > 0. 

(d) d(a)d(a~!) > 1 for all w > O. In fact, for all a > 0,u > 0, we have w(1) < 
$(1/u)w(u) and w(a) < ¢(a)w(1). Hence 


w(1) < P(a')o(a) < o(a~")b(w)a(1), 
so $(a)p(a~') > 1. 


In what follows, we shall give some properties of class H. 


Lemma 1.1.4 ({181]) Let f(u) and g(u) be of class H with corresponding multi- 
plier functions @(a) and (a), respectively. Then 
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(i) fw) + g(u).f(u)g(u) and f(g(u)) are of class H. 
(ii) h(u) = Jo f(s)ds belongs to H. 


Proof Obviously, the assertion (i) can be proved easily. To prove assertion (ii), we 
note first that h(u) satisfies (H,). Also, we have 


h(au) = i f(s)ds = af f(az)dz < ap(a) | f(2dz = ad(a)h(u), 


which gives us that h(u) satisfies (H2). Oo 


Lemma 1.1.5 ([181]) Let F(u) be a convex continuous function satisfying (H2) 
with corresponding multiplier function $(a). Furthermore, we assume that F(u) > 
0 for all u > 0 and F(0) = 0. Let G(u) be a concave continuous function such that 
G(u) > 0 for all u > 0, G(O) = 0 and one of the following is satisfied: 


(i) There exists a function yy, continuous and positive on [0, +00) with G(au) > 


W(B)G(u). 


(ti) 0 <1 < G(&) < m, where l and mare constants. 

Then T(u) = (F(u)/G(u)) € A. 

Proof It follows from [87] that T(u) satisfies (H)) in Definition 1.1.1. If Gu) 

satisfies (i), then we have 

_ Faw _ $@) FW) _ $@) 
G(au) ~ w(a)Gtu) wa) 


This proves that (H2) holds for T(u). Now if (ii) holds, then 


T(au) 


T(u). 


T(au) = 


Fai) < $OFWGW < mH) ry 


G(au) ~ IG(u) = 
and T(u) satisfies (H2). Oo 


Theorem 1.1.11 (The Dannan Inequality [181]) Assume that x(t) and f(t) are 
positive continuous functions on I = [0,+00),@(u) € H with corresponding 
multiplier function @ and h(t) > 0 is a monotonic, non-decreasing and continuous 
function on [0, +00). If for allt € I, 


x(t) < A(t) + [ forocasyes (1.1.61) 
0 


then for all0 < t < b, 


x(t) < A()w wa) + / 16) as], (1.1.62) 
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where 
“ds 
ww = | —, u=u>0, (1.1.63) 
uo w(s) 
and W~'is the inverse of W and (0, b] is the sub-interval for which, for all t € (0, b], 
h(s 
w+ [46 eo) oma € Dom (W~'). (1.1.64) 


Proof From (1.1.61), we derive, for all t € J, 


1) 1 fee) 
no "Jo WG) 


p(h(s)) _x(s) 
OC 


OeCOM scr [po SS 


since w(u) € H and A(t) is monotonic non-decreasing. Considering x(t)/h(t) as a 
function, using Bihari’s inequality (i.e., Theorem 1.1.1), the results (1.1.62) follows. 
| 


Corollary 1.1.2 (The Dannan Inequality [181]) Let x,f,@,h,W all be as in 
Theorem 1.1.11 and suppose b(t) is non-negative, continuous and non-decreasing 
on I = [0, +00). If for allt € I, 


x(t) < A(t) + b(t) [ foros (1.1.65) 
0 
then, for all0 < t < t, 
x(t) < h(t))w7! [wan+o@ [ 16) Oa | (1.1.66) 


where W(u) = i ds/w(s) for all u < ug > 0, W! is the inverse of W and [0, to] is 
the sub-interval for which 


ee )) 
h(s) 


Proof Fix any T > 0. Then, for all 0 < t < T, 


€ Dom (W"'). 


W(1) + b(t) ik Fis) 


x(t) < h(t) + / b(Tyf (s)eolo(s))as. 


Hence by Theorem 1.1.11, 


(1.1.67) 


x(t) < hwo! wa) +4 wo [ 16) ra a] 
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holds for all 0 < t < T provided, that for allO <t< T, 


h 
wa+ 60) [A yan = € Dom (W~'). 
This will be the case provided that 
p(h(s)) “i 
hi) € Dom (W’). (1.1.68) 


Hence for all T > O such that (1.1.68) holds it follows that (1.1.67) holds for all 
0 <t<T. In particular, taking t = T in (1.1.67), we have 


(1.1.69) 


x(T) < h(T)W"' | wi) +60 a f(s PUD) 5 as} 


h(s) 


Now replace T by ¢ in (1.1.68), (1.1.69) and we obtain the result stated valid for all 
0 < t < ft, provided that 


a ~ € Dom (W7!). 


W(1) + B(to) y oye 


oO 


Theorem 1.1.12 (The Dannan Inequality [181]) Let x(t), f(t) and g(t) be positive 
continuous functions on I = [0,+00) and w € H with corresponding multiplier 
function ¢, for which the inequality holds, for allt € I, 


i) Sx i Fs)eo(x(s))ds + i 2(s)( / Flc)o(e(r))ds, (1.1.70) 


where xy > 0 is a constant. Then, for all0 < t < to, 


x(t) < xA(HE(t)W7! wa) + x9 'E(t) i f(s) (1.1.71) 
0 


P(A (S)E()) ] 
—————ds 
AEC) 


where 
E(t)= exp (/ g(o\ds) aie [ g(s)ds/E(t), won f =. r>ro>0, 


and W~' is the inverse of W and t is in the sub-interval (0, to] so that, for all t € 
[0, to], 


(XA (s)E(s)) 


-1 
A@EG) ds € Dom (W *). 


W(l) +45 E() / f(s) 
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Proof Let z(t) = fy f(s)@(x(s))ds and 


ul) = +2) + | Poor. 
Then from (1.1.70), it follows 
x(t) < u(t) (1.1.72) 
and 


u(t) = fMoRO) + s(Nz2Y) < few) + (Qu — x0]. 


The integration the above inequality from 0 to f gives us 
t 
u(t) < pi(t) +f g(s)u(s)ds, (1.1.73) 
0 
where 
t t 
pilt) 20-20 f g6o)as +f foyetuis)yds 
0 0 


From (1.1.73) and the most general linear Gronwall inequality (see, e.g., Qin [557], 
Theorem 1.1.4), it follows that 


ui) < pit + f ‘pilsde(s) exp (/ “s(odr) ds 
<p +p | "g(s) exp (/ : e(od) ds, (1.1.74) 
where for all t € J, 
pt) = x9 + i; “flsotuls))ds: 
After evaluating the integral in (1.1.74), we may get, for all t > 0, 
u(t) < [£0 -| ro +e | “Flsdoo(u(s))ds. 0.1.75) 


Since E(t) — fo d(s)\ds = A(t)E(t) > O is non-decreasing and x(t) < u(p), 
Corollary 1.1.2 can be applied to (1.1.75) to give us (1.1.71). Oo 
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Several integral inequalities similar to (1.1.70) have been obtained by Pachpatte 
(441, 445, 446, 451, 455, 456, 458], where the nonlinear terms were assumed to 
be sub-additive or sub-multiplicative or both. In Theorems 1.1.11 and 1.1.12, the 
nonlinear function w(u) is assumed to belong to certain class of functions. In what 
follows, we assume that w(u) satisfies a Lipschitz condition. 


Theorem 1.1.13 (The Dannan Inequality [181]) Let the functions x(t), f(t), g(t), 
h(t) be non-negative continuous on I = [0, +00), and let w(u) > 0 be monotonic 
non-decreasing function and satisfy a Lipschitz condition: for all u,v = 0, 


lou + v) — w(w)| < kv 


where k is a positive constant. Suppose, for allt € I, 


x(t) < xo(t) + h(t) | f f (s)@(x(s))ds + [ of fl(c)oa(e)\dr) as . (1.1.76) 
Then, for allt € I, 
x) ral) +H) f FY) exp ( [tier + (old) ds. (1.77) 
Proof Let u(t) = [of (s)o(a(s))ds. Then u'(t) = f(t)w(x(t)) and 
x(t) < xo(t) + hv, (1.1.78) 
where 
v(t) = u(t) +f g(s)u(s)ds, v(0) =0. 
0 
Now 


v'(t) = u(t) + g(u(t) < fo) + gOv(d). (1.1.79) 


Since w(u) is a non-decreasing function, then by (1.1.78), and the Lipschitz 
condition, 


u'(t) S$ f(NooW + h(v(d) + sv) 
<fOlOGo) + hv] + sOv. 


Hence 


v'(O) = [gO + hOFO WO <fOoCo), 
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which implies 


v(t) < [ f (s)w(x0(s)) exp (/ [g(t) + kn(ef(e)lat Jas (1.1.80) 


Thus (1.1.78) and (1.1.80) give us (1.1.77). oO 
Putting g(t) = 0 in Theorem 1.1.13, we may obtain the following corollary. 


Corollary 1.1.3 (The Dannan Inequality [181]) Ler x(t), h(t), f(2) and w(u) all 
be as in Theorem 1.1.13 and suppose that, for all t = 0, 


x(t) <x0(0) + Ale) i: Fls)eo(x(s))ds. 


Then, for allt = 0, 


x(t) < xo(t) + h(t) / Fsyotsu(9) 0x0 ( i kept as 
0 


Ss 


We introduce some of the nonlinear generalizations of Gronwall-Bellman 
inequalities. Due to [182], where the nonlinear functions appearing on the right- 
hand side belong to the classes of functions defined. Also, we obtain several integral 
inequalities similar to the Bellman-Bihari inequality in [82], which is devoted to the 
nonlinear versions of the main inequality of Pachpatte [441] and its extension by 
Agarwal [5]. 

Definition 1.1.2 A function w : [0, +00) — [0, +00) is said to belong to the class 

M if 

(M,) w(u) is non-decreasing and continuous for all wu > 0 and positive for all 
u> 0. 


(M,) There exists a function y, continuous on [0, +00) with w(a+u) < w(a)+ 
w(u) for alla > 0, u> 0. 


Example 1.1.5 Every function w which is continuous and non-decreasing on 
[0, +co) with w(u) > 0 for all u > O which is sub-additive is of class M with 


w=w. 
Example 1.1.6 Any non-decreasing continuous function w on [0, +00) with w(u) > 
0 for all u > 0 which satisfies a Lipschitz condition of order n > 0, 


w(@ + u) — w(u) < Ka", 


is of class M with yy = Ka", where K is a non-negative constant. 


Example 1.1.7 The function w(u) = In(coshu) belong to M with w(a) = 
In(2 cosha). 
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Example 1.1.8 The function w(u) = u3/(u? + 1) belong to M with w(a) = 


a3 /(a? + 1) + ka, for any k > 3. 


Now we note some properties of the function y(a). 


(a) w(a) > 0 for all a > 0. This follows from 
wu) < wu + a) < w(u)y (a). 
(b) If w(0) = 0, then w(a@) < w(q@) for alla > 0. 
In what follows, we shall give some properties of the class M. 


Lemma 1.1.6 ([182]) Let w(u) € M with corresponding function (a). Then 
T(u) = (1/u) tf w(s)ds for all u > 0 with T(O) = w(0) is of class M. 


Proof \t follows from [87] that T(u) satisfies (M,). Now we note that 


T(a + u) 


Ee + ie w(a + ae] 


+u 


au lara) + / (y(ar) + 16) 


a T(«) + uw (a) + uT(u) 
atu a+u 


T(u) + [w@) + T@)]. 


Thus T satisfies (M2) with corresponding function T + w. Oo 


Lemma 1.1.7 ({182]) Let F(u) be a convex continuous function on [0, +00) with 
F(0) = 0 and F(u) > 0 for all u > 0, which satisfies (M2) with corresponding 
function (a). Assume also that G(u) is a concave continuous function on [0, +00) 
with G(O) = 0 for which there exists a function y defined on [0, +00) such that 
G(ut+a@) = x(a)+G(u) for allu = 0, a > 0. If, in addition, limy+o, F(u)/G(u) + 
A exists (finite), then F(u)/G(u) is of class M. 


Proof Observe that G(a) > y(a) > 0 for alla > 0. So F(u)/G(u) is defined 
positive, and continuous for all wu > 0. By [87], F(u)/G(u) is also non-decreasing 
on (0,+00), and since F(u)/G(u) > O for all u > 0, it follows that B = 
limg-+0, F(u)/G(u) exist (B = 0). Now, we show that if the function F(u)/G(u) is 
defined to have the value B for u = 0, then it is of class M. For, as now proved, it 
satisfies (M,). For alla > 0, u > 0, 


Fat — W@)+Fu _ V@) , Fw) 
Ga+u) ~ xe) + GW) ~ x(@) © Go)’ 


A corresponding function for F(u)/G(u) is therefore the function w(a) defined by 
w(0) =A, w(a) = W(a)/x(q@) for all a > 0; y is thus continuous on [0, +00) as 
required by (M2). Oo 
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Lemma 1.1.8 (The Dannan Inequality [182]) Let f(x) € M with corresponding 
function (a). Then, for alla > 0, x = 0, 


F(ax) < (la] + DY@) +f) 


where |] is the largest integer less than or equal to a. 


Proof Since f(x) € M, then 


fxt+y) Ss W@%) +f0). 


Putting y = 0, we may obtain 


fa) < V@) +f). 


Therefore 


S(x+y) SW) + WY) +f), 


and 


f(2x) < 2w (a) + f(0). 


It is easy to prove by induction that 


S(xa) < ap(x) + f(0), 


for a natural number a € N. If w does not belong to N, then m < a < m+ 1, where 
m € N. Hence 


f(xa) < f((m + Ix) < (m+ DW) +f(0). 


The proof is thus complete. Oo 


The next generalization of the Bihari inequality [82] will be obtained, by 
considering two nonlinear terms on the right-hand side. For this purpose, one of 
the nonlinear functions must be sub-additive; whereas, for the second nonlinearity, 
a class of functions ¥ (see, [2, 3]) has been defined below. 

Dohongade and Deo [199] were the first who defined a class F of functions 
w(u), which are continuous, positive and non-decreasing on [0, x), and satisfy the 
condition: for all u > 0, v > 0, 


1 
~g(u) < g(-). 
Vv Vv 
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In fact, the previous condition implies that g(u) = g(1)u for all u > 0. To avoid 
this triviality, an essential modification has been given by Beesack [54], namely to 
require the above inequality to hold only for all u > 0, v > 1. 


Definition 1.1.3 A function w : [0, +00) — [0, +00) is said to the class F if 


(i) w(u) > 0 is non-decreasing and continuous for all u > 0, 
(ii) 4w(u) <w(*), forallu>0,n>0. 


But actually, just as proved in [56], the function w(u) satisfying (ii) must be a 
linear function, so all results on nonlinear inequalities of those papers are not of any 
meaning. 

In [200], condition (ii) is changed to, for all u > 0, uv = 1, 


“wi (u) Swi (-) 


where w; > 0 is non-decreasing function. However, just as indicated in [686], its 
proof is wrong because f(x)g(x) > 1 does not hold. 

In what follows, we shall prove a similar result to that of Pachpatte [455], where 
the nonlinear function belongs to H rather than just to ¥. 


Theorem 1.1.14 (The Dannan Inequality [182]) Let x(4), f(@), g(), p(t), and 
k(t) be real-valued positive functions defined on I = [0,+00), let w(u) € H 
with corresponding multiplier function @ and let k(t) also be a monotonic, non- 
decreasing function, for which the inequality 


x(t) < k(t) + p(t) [ rosmoes + J sesmeatoyas (1.1.81) 
0 
holds for all t € I. Then, for all t € [0, bl, 
re] 
x) < kW ™"WA) + | eOEG)OO))a], (1.82) 
0 A(s) 


where, for allt € I, 
rt) = +p | f(s) exo [ pi yf(8)a® as, (1.1.83) 
w= f r>m>0 (1.1.84) 


and W~ is the inverse function of W, and t € [0, b] so that 


a 
Ww(1) +f Ko PEM OCU) ds € Dom (W~"). 
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Proof Since k(t) is positive, monotonic, and non-decreasing, we derive from 
(1.1.81) that 


x(t) g(s) 
ko = e1+pe f ron as+ [ wl) eye (1.1.85) 


Let z(t) = x(t)/k(t) and use the fact that w € H. Then from (1.1.85), it follows 


z(t) < 1+ p(t) [ foveeyas+ [ wexeyneyas (1.1.86) 


where h(s) = g(s)b(K(s))/K(s). 


Now define 
n(t)= 1+ i w(x(s))h(s)ds, n(O) = 1 (1.1.87) 
0 


and observe that n(t) is positive monotonic non-decreasing. We obtain from 
Theorem 1.2.7 in Qin [557] and (1.1.86) that 


z(t) < nro. (1.1.88) 
Furthermore, 
w(z(t)) < o(r()) wn) 


since w € H. Hence 


w(z(t))h(t) 
w(n(t)) 


Because of (1.1.84) and (1.1.87), this reduces to 


< O(rO)h). 


d 
VO) = 6M). 
Now integrating from 0 to t, we may obtain 
W(n(t)) —W(1) < [ seoonneyas (1.1.89) 
0 


Thus the desired bound in (1.1.82) follows from (1.1.88) and (1.1.89). oO 


Now we establish an extension of Theorem 5.6 in [54], where the nonlinear 
function under the integral sign belongs to M and is not just sub-additive as in [54]. 
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We note that, somewhat earlier, Deo and Murdeshwar [196] had obtained the 
same estimate as that given in ([54], Theorem 5.6), but the proof in [196] is 
unfortunately incorrect. See also Beesack [55], Theorem 1. 

In next theorem, h €* (respectively h €|) denotes that A is an increasing 
(respectively, decreasing) function. 


Theorem 1.1.15 (The Beesack Inequality [56]) Let x, a, k be continuous func- 
tions such that k does not change sign on J = |[a,f). Let g be continuous, 
monotonic, and never zero on an interval Ip such that x(J) C Ip and ax(J) C Io. 
Suppose also that the function h is continuous and monotonic on an interval I such 
that 0 € I, h(1) C Io, and that any one of the conditions 


(i) het, g €t, g is sub-additive,k > 0, g > 0, 
(ii) hel, g €t, g is sub-additive, k < 0, g > 0, 
(iii) h et, g €l, g is sub-additive, k < 0, g < 0, 
(iv) hel, g €l, g is sub-additive, k > 0, g < 0, 


is satisfied. Then for allt € J, 
t 
x(t)<a(t)+h / k(s)g(x(s))ds ], (1.1.90) 
implies for alla <t < Bi, 


x(t) < a(t) +h 


| [ses of [sostona) | (1.1.91) 


where for all u € (up € 1), Gu) = the dy/g(h(y)) and By = min <j<3 uj, with 


uy = sup {u eJ: a(t)+ H( [woeoo] eEh,a<t< ul 


(a + go (f Ket) | ds € i, 


t T 
kds + of f Keo) CU: wet2T 2 ul, 


u2 = sup fue J: [iv 


a 


supfues: [ 


a 


U3 


The result is valid if < is replaced by = in both (1.1.90) and (1.1.91) provided the 
conditions (i)—-(iv) are replaced by 


(i?) hel, g El, g is sub-additive, k => 0, g > 0, 
(ii’) het, g €|, gis sub-additive, k < 0, g > 0, 
(iii’) hel, g €t, g is sub-additive, k < 0, g < 0, 
(iv’) het, g €f, g is sub-additive,k > 0, g <0. 
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Finally, both results remain valid if [a, B), [o, Bi) and f. are replaced by (a, fh], 


(a, B] and a respectively, where now a = maxj<j<3 V;, with 


II 


vi 


B 
inf {v EJ: a(t) + i( Kelp Ely, v<t< pi, 


B 
(ao + go i(f Kinase ds € i, 


Ss 


vy = inf {v es: fw 


VU 


U3 


II 


B B 
inf {v EJ: / kds + ol | Keo) aot), v<t=7 < p}. 

t T 
Proof Define U(t) = i k(s)g(x(s))ds and note that (1.1.90) implies that U(J) C J, 
and that 


g(x(s))Zgla(s0 + h(U(s))]Zg(a(s)) + go h(U(s)) 


where < or > holds according as g is non-decreasing and sub-additive, or non- 
increasing and super-additive. Therefore 


U'(x(s))Ek(s)g(a(s)) + k(s)g 0 h(U(s)) 


where < or > holds according as (a1) : (g €t, g sub — additive, k > 0) Vv (ge J, 
g super — additive, k < 0), or (bi) : (g €t, gsub— additive, k < 0) v (g el, 
g super — additive, k > 0). 

Integrating from a to ¢, this reduces to 


U(tz [ koretaisyas+ f k(s)g 0 h(U(s))ds (1.1.92) 


where < or > holds according as (a) or (b;) holds. 
Now, fix T € (a, 6)). Then by (1.1.92), if we set A(t) = { k(s)g(a(s))ds, it 
follows that for alla < t< T, 


t 


U(t)ZA(T) + ; k(s)g o h(U(s))ds (1.1.93) 


a 


where < or > holds according as (a,) holds and k, g have the same sign, or 
(b,) holds and k, g have the opposite sign. Since U([a,7]) C J, it follows from 
Theorem 1.1.1 that for alla < t < T, 


Tall / ee cacy (1.1.94) 
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(Observe that a < t < T << f, implies that A(T) + iL k(s)g o h(U(s))ds lies 
between 0 and A(T) + te k(s)go h(U(s))ds in all cases (i)—(iv), (i’)—(iv’), and hence 
A(T)+f, k(s)goh(U(s))ds € I follows.) By Theorem 1.1.1, < or > holds in (1.1.94) 
according as (a2) : ((a1), goh Et, k= 0, g>0)V((a1), goheEl, kK <0, g < 0), 
or (b2) : (1), goh Ef, k = 0,8 < O)V (bi), gon El, k < 0, g = 0). On 
analysis, these conditions reduce to (a2) : (i) or (iii) hold, or (bz) : (ii) or (iv) hold. 
From (1.1.94), with t = T and a change of notation, 


=| / “Tee cu] 


holds for either (az) or (b2). Hence, (1.1.91) follows in all four cases (i)—(iv), as 
asserted. 

If < is replaces by > in (1.1.90), the only change in the analysis preceding 
conditions (a2), (bz) is that the roles of ““g €t” and “g €J” are interchanged. The 
new (a2) reduces o conditions (i’) or (ii’), and the new (bz) reduces to conditions 
(ii’) or (iv’). Hence we obtain (1.1.95) and (1.1.91) with < replaced by > in all four 
cases (i’)—(iv’). The final part of the theorem follows precisely as in the proof of 
Theorem 1.1.1 with suitable changes. Oo 


Theorem 1.1.16 (The Dannan Inequality [182]) Let x(t), a(t), k(t), and h(t) 
be real-valued positive functions defined on J = [0,f), let gu) € M with 
corresponding function w onan internal I such that x(J) C J anda(J) C I. Suppose 
also that the function h be a monotonic, non-decreasing function on an internal K 
such that 0 € K, h(K) € I. If the following inequality holds for allt € J, 


h(U(t)) <h (1.1.95) 


x(t) < a(t) + mo] [ Hraceoas], (1.1.96) 
0 
then for all0 < t < Bi, 
x(t) < a(t) + h(t) (/ k(s)ds + af k(s)Wa(s))}) (1.1.97) 
0 0 
where G(u) = i dy/g(h(y)) for all u > uo € K and By = min(uy, u2, u3) with 
= sup{u € J: a(t) + A(t)( fo k(s)g(x(s))ds) el, O0<t<u}, 


uy = sup{u e J: fi k(s)[P(a(s)) + g oh fp k(@)g(x(@))d6) |ds € K}, 
u3 = sup{u e J: f) k(s)ds + G(Jo k(s)W(a(s))ds) € G(K), O0<t<T <u}. 


= 
| 


Proof The proof can be finished in a similar way to that of Theorem 1.1.15. oO 


Remark 1.1.1 Jt is not difficult to show that the same estimate for x(t) can be 
obtained when k(t) is non-positive and h(f) is non-increasing. 
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Remark 1.1.2. When h(u) = u, Theorem 1.1.16 reduces to a generalization of 
Lemma 2 by Muldowney and Wong [402]. 


The case when the nonlinear function h in (1.1.96) is multiplied by b(t) has been 
considered in detail by Beesack ({[56], Theorem 5.4, or [55], Theorems 2 and 3). 
Under several sets of conditions on (x, a, b, h, k, g), different incomparable estimates 
for x(t) have been obtained. 


Corollary 1.1.4 (The Dannan Inequality [182]) Let x, a, k, g all be as in 
Theorem 1.1.16 and suppose b(t) is non-negative, continuous, and non-decreasing 
onl = (0, B]. If for allt € I, 


x(t) < a(t) + D(t) [ eereto0onas, (1.1.98) 


then, for all0 < t < to, 


t k 
x(t) < a(t) + G! jon ff k(s)ds + cow | K(sywa(s)as)| 
0 0 


where G, G7! are defined in Theorem 1.1.16, but with h(u) = u there, 


t k 
no | k(s)ds + ct | k(s)@(a(s))ds) € Dom (G"!). 


Proof The proof of this corollary follows by an argument similar to that in the proof 
of Corollary 1.1.2. Oo 


In what follows, we shall give an estimate for x(t) under different set of 
conditions on (x, a, b,h,k, g). 


Theorem 1.1.17 (The Dannan Inequality [182]) Lert x(t), a(t), k(t), b(t) be 
continuous and non-negative on J = [0,f], with b(t) > 0 and a(t)/b(t) < y 
for some positive constant y. Let g(u) be of class H with corresponding function 
o. Suppose that the function h is a continuous, non-negative and non-decreasing 
function on [0, +00). If for allt € J, 


x(0) < alo) + EOL |K(S)gGXs))a (1.1.99) 
0 
then, for all0 <t < Bi, 


x(t) < a(t) + bho L“"( / k(s)(b(s))ds), (1.1.100) 
0 
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where, for all u = 0, 


» dz 
a, =| ay +h)’ 


and 
A. = sup re a “K)glals))ds € LR4)) 
Proof Let 
a0 = f “K(s)g(as))ds: 


Then from (1.1.99) and the hypotheses on g and a, b, it follows that 


& = ki ga(d) < KOglals) + bHO) 
< Koooosler + helo) 
and 
dz 
Se = Moo boar (1.1.101) 


Integrating both sides of (1.1.101) from 0 to t, we may obtain 
t 
Le) = [ ks)6(O())as 
0 
and, for all0 <t < fi, 
t 
ae ae if k(s) (b(s))ds]. (1.1.102) 
0 


The substitution of (1.1.102) in (1.1.99) implies (1.1.100). oO 


Remark 1.1.3 In Theorem 1.1.17, it is clear that hypotheses b > 0 anda/b < y can 
be replaced by a > 0 and b/a < y, Therefore #(b(s)) in (1.1.100) will be replaced 
by #(a(s)) and 


L(u) = / dz/g(1 + yA(z)). 
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Remark 1.1.4 Let g(u) = u?/(1 + u). Then g(u) is not sub-multiplicative and does 
not satisfy the condition g(u)/v < g(u/v) for all u > 0 and all v > 1. Therefore, all 
theorems in [54—56, 195] are not applicable. Theorem 1.1.17 can be applied, since 
u*/(1 + u) is of class H with corresponding function ¢ defined by #(a) = a (0 < 
a <1), O(a) =a? (a> 1). 


Remark 1.1.5 In the case when g is strictly increasing and h = g™! 


from Theorem 1.1.17 and following estimate for x(t), 


, we may obtain 


x(t) <a(t) + B()\g7! o “1 i Porcors 


where now L(u) = [;' dz/g(y + g7!(2)). 


This estimate is not comparable with a result obtained by Gollwitzer ([250], 
Theorem 1). 

There is another upper bound for x(t) when g satisfies different, but general con- 
ditions. The following result essentially is the variation of Grollwitzer’s Theorem 1 
of [250] in which the conditions: g convex and sub-multiplicative, are replaced by: 
geHoM. 


Theorem 1.1.18 (The Dannan Inequality [182]) Let a(t), k(t), b(t) be contin- 
uous, non-negative functions on J = [0, 6), with b(t) > 0 and g € H and M with 
corresponding function @ and W, respectively. Assume also that the function g is 
strictly increasing. If the inequality holds for allt € J, 


x(t) < a(t) + vos tcf k(s)g(x(s))ds), (1.1.103) 
0 
then for all t € [0, Bi], 
x(t) < b(t)g”'(B(H). (1.1.104) 


where 


a) 
Bi) = WE) + i, Koyotbo WE exo | k(8)p(b(8))d0)ds(1.1.105) 


and 


B, = sup{reJ: / k(s)$(b(s))B(s)ds € L(R4)}. 


Proof From (1.1.103) it follows that 


x) _ a) x(s) 
BD = bn t8 wes k(s Ve yp(0(s))as). (1.1.106) 


32 1 Nonlinear One-Dimensional Continuous Integral Inequalities 


Let x(t)/b(t) = z(t) and use the hypotheses on g to obtain 


e(2) < vG)+ f ka (b)e(z)ds. (1.1.107) 


Considering g(z) as a function, using the most general linear Bellman-Gronwall 
inequality (see, e.g., Beesack [54], or Theorem 1.1.2 in Qin [557]), it follows that 
g(z(t)) < B(t) so z(t) < g~!(B(d), but since x(t) = b(A)z(#), (1.1.195) follows. O 


Several integral inequalities similar to Bellman-Bihari type have been obtained 
by Pachpatte [441, 445, 446, 451, 455, 456, 458, 463, 472, 475, 476, 478]. Most of 
these inequalities are based on a main inequality in [441], in which an estimate for 
x(t) has been obtained, when 


x(t) < xo + / Ff (s)x(s)ds + i f(s) (/ s(@)x(@)a8 ) ds, 


where f(t), g(t) and x(t) are supposed to be non-negative with xo being a positive 
constant and t € [0, +00). 

Later on, Agarwal [5] proved a general version of Pachpatte inequality, when x(t) 
satisfies the inequality, for all t > 0, 


x() < p(t) + ; fidx(s)de + i Als) / fs(0)x(6)d0. (1.1.108) 


Several linear and nonlinear generalizations have been obtained by Agarwal and 
Thandapani in [21]. In the following two theorems, we consider nonlinear versions 
of (1.1.108). 

These two theorems are related to the special case m = 2 of Theorem 11 and 
Theorem 13 of [21], which dealt with g, h € F (see, below Definition 1.1.3) rather 
than g, h € Horg, h € M. See also the case k = 2 of Theorem | of Beesack [58] 
for related results. 


Theorem 1.1.19 (The Dannan Inequality [182]) Let x(t), a(t), k(t), l(t) and 
m(t) be real-valued non-negative, continuous functions defined on I = [0, +00) 
with a(t) positive, non-decreasing. Assume that g(u) and h(u) belong to H with 
corresponding multiplier function @ and fy, respectively, with @(u) < cu for all 
u >= 1, where c is a positive constant. If the inequality holds for allt € I, 


x() < alt) + / “K(s)g(s))ds + “I6) / ‘m(O)h(x(8))dBds, (1.1.09) 
0 0 0 
then for all0 <t < B, 


x(t) < (orion HU) + [ eoweonast ; (1.1.110) 
0 
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where 


F(t) = G@'[GQ) + cf kiesas 
0 


k(t) = k()o (al) /a(0), 


6) (a0 (11.111) 
lot) = 10) [ mt a ) 46, 


A(t) = [ ds/h(s), G(u) = [ ds/g(s), u> uo > 0, 


uo 


and H~' and G™' are the inverse function of H and G, respectively, B = 
min(bj, b2), 


t 
b, = sup . e1:G0)+ cf k\(s)ds € Dom | 
0 
and 


t 
by = sup . ef: H(0)+ cf ko(s)W (F(s))ds € Dom a] : 
0 
Proof Let x(t)/a(t) = y(t). Since g and h belong to H, from (1.1.109) it follows 
that 
y(t) < R(), (1.1.112) 
where, for all t € J, 


eee [ n(s)p(als)) 


way BIAS 


+f I(t) ih Oe ni @yrdba (1.1.113) 


Noting (1.1.113) and the non-decreasing property of g and h, we arrive 
R(t) < ki ()g(R) + ko(A(R), RO) = 1. (1.1.114) 


Integrating (1.1.114) from 0 to t, we may obtain 


ra <1+ f kire(Rrds+ [ kotoniRdds R(O) = 1. (1.1.115) 
0 0 
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Using Theorem 1.1.11, 


n(t) <1 + [ etoneversyas (1.1.116) 


we obtain for all 0 < t < by, 


(1.1.117) 


R(t) < n(Q)G" jou) + i (a, 
0 


n(s) 
Since $(n)/n < c, from (1.1.117) it follows that 
Rit) < nF), (1.1.118) 
where F(t) is defined by (1.1.111). Furthermore, 
A(R()) < WV(FO)h(n), 
since h € H. Hence, 


ka(t)h(R(0)) 
A(n(t)) 


Because of (1.1.113) and (1.1.116), this reduces to 


SkK(OW(FO). 


© H(n(0) < ko(Y (FOO). 


Now integrating from 0 to t, we obtain 


H(n(t)) < H() + [ eer @ones (1.1.119) 


Thus the desired bound in (1.1.110) follows from (1.1.118), (1.1.119), and (1.1.116). 
oO 


We point out that the conditions g(au) < $(a@)g(u) < cag(u) for allu > 0, a > 
1, imply that g(u) > g(1)u/c for 0 < u < 1, and g(u) < cg(u)u for all u > 1 (and 
that c > 1). 
Remark 1.1.6 We may get a similar bound for x(t), when the condition @(u) < cu 


is replaced by y(u) < cu for all u > 1. 


Theorem 1.1.20 (The Dannan Inequality [182]) Ler x(t), a(t), k(t), l(t) and 
m(t) be real-valued non-negative, continuous functions defined on I = [0,+00), 
let g(u) and h(u) be of class M with corresponding function @ and yy, respectively 
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and let (i) g € H or (ii) h € H with corresponding multiplier function x such that 
x(u) < cu, where c is a positive constant. If the inequality holds for all t € I, 


x(t) < a(t) +f k(s)g(x(s))ds +f Hs) f-m(@yn(x(6))aBab. (1.1.120) 
0 0 0 
then, for case (i), that 
x(t) < a(t) +r(N(t) + AT! r(t) [ores + H[r(f) [ rormeconasl , (1.1.121) 
0 0 
while in case (ii), we have, for all t € [0, B], 
x(t) < a(t) +n ()N(t) + GT! ine ff k(s)ds + c{no | kiwi wonds]} 
0 0 
where 
ri(t) = H_'[H(1) + cf p(s)ds], (1.1.122) 
0 


H and G are as defined in Theorem 1.1.19, H~' and G"' are the inverse functions 
of H and G, respectively, 


NOE / [Horotaisy +1(s) i (a0) fs (1.1.123) 
0 0 
p(t) = I(t) [ moves. ri(t) = o~[6ay + c [ Hows, B = min(f), Bo), (1.1.124) 
0 0 
B, =sup{ue1:G()+ ef kisas €Dom(G'), O0<t<u}, (1.1.125) 
0 
By = sup{u € T: r(t) io 
0 
+H] r0 / plsye(r(s)N(oi] € Dom (H"'), O0<t<ut}. (1.1.126) 
0 


Proof It suffices to consider case (i), since case (ii) can be treated in a similar way. 
Let for all ¢ € J, 


R(t) = i: k(s)g(x(s))ds + ie I(s) J meeynis(@) aba: 


Since g and h € M, we obtain for all t € J, 


R(t) < k(b(ald) + K(e(R) + jn i; (sits mR) 
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and 
R(t) < N(@) + [ kerecronas + [ vvmmercs)as (1.1.127) 
0 0 


If we put 


t 
M(t) = N(t) +f D(s)h(R(s))ds, (1.1.128) 
0 
then from Theorem 1.1.11 it follows that, for all t € [0, 8), 


(1.1.129) 


R(t) < MG" jou) + [ SOs] 
0 


M(s) 


where f is defined by (1.1.126). Since G and G™! are strictly increasing and y(M) < 
cM, then from (1.1.129), we conclude, for all t € [0, 8), 


R(t) < rOaN() +r) [ vvyncnoyas (1.1.130) 
0 


Thus, applying Corollary 1.1.2 to (1.1.130) completes the proof. oO 


Remark 1.1.7 When g(u) = h(u) = u, Theorem 1.1.20 reduces to Lemma 1| of 
Agarwal [5]. 


For the Gronwall-Bellman inequality like (1.1.131), [198, 672] have given some 
estimates of the upper bounds of its solutions; but to obtain the results, not only do 
they have to impose several restrictions on its functions such that the useful scopes 
are reduced, but also the estimates are not sharp. 

Now we also give a definition of a function class ¥; given in [56]. 


Definition 1.1.4 A function w : Ry — R¥ is said to belong to a function class F; 
if it satisfies the following conditions: 


(i) w(u) = 0 is non-decreasing and continuous on R+, 

(i) +w(u) < w(4) forallu > 0,v > 1. 

Lemma 1.1.9 (The Kong-Zhang Inequality [311]) Suppose that f(x) = 
0,g(x) > 0,h(x) = O and y(x) are continuous on R+,w(u) € Fy. If for all 
XE Ri, 


y(x) < f(x) + g(x) / h(s)w(y(s))ds, (1.1.131) 
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then, for allx € Ry, 


y@) <f@) + gC" lo ( / “AOE (2) as) n / | nisyaas 


where 
u d. 
cw = | a uo > u= 0, 
uy W(S) 


Proof Assume y(x) is a solution of (1.1.131), denote zx) = max{y(x), 0}, x € Ry, 
then z(x) is also a solution of (1.1.131), ie., 


2(x) < f(x) + g(x) A h(s)w(z(s))ds. (1.1.132) 


At first, consider the case for g(x) = 1. Define for all x € R+, 


Ra) = | his)w(eG)a 
Then 
RG) = h(a)w(e6s). 
From w(u) € Fi, we know that 
R(x) < h(x) [w(f0)) + WRO))] 
Integrating both sides from 0 to x, we get 
Ro) < [ niyw6 Floyds +f hoy(Re)as: 


For any X => 0, when x < X, 


Xx x 
Ro < | nisywifiods+ [ h(s)w(R(s))ds. 


Using the Bihari inequality (i.e., Theorem 1.1.1), we have 


xX x 
Rx) <G! E (/ hisyw(F(o)as) +f ito] : 
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Letting x = X and replacing X by x, we see that 


R(x) < G7! E ( [ “ As)w( fs))ds) + / iiss 


Therefore 
2x) <f@)+G" lo ([ mow reas) rs [ was| . (1.1.13) 
0 0 


When g(x) # 1, from (1.1.132), we derive 


20) £9.. F nsgow (22) a 


a) ~ g(x) g(s) 
<4 nooner ( as. (1.1.134) 


Substituting ear ” ~ h(x)g(x) for z(x), f(x), A(x) in (1.1.133) respectively, we have 


2X) FO) S Ss “) as) ° o(s 
aa) = oa a([ h(s)a( Ww ( @ +f h(s)g(s)ds 


2(x) < f(x) + eoo'fal [ misyatoyn(E yas) + iE nova. 


Noting that y(x) < z(x), the result inequality becomes true. However, w(u) € Fi 


implies that 
[ ds ry 
= +00. 
w WO) 


wee) 


In fact, for all u > 1, 
<w(1), 


i.e., w(u) < w(1)u, which follows 


[~ ds - [~ ds 4 
= = +0. 
1 ws) Ji ws 
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So, for all x € Ri, 
‘x = f(s) x = = 
G h(s)g(s)w(——)ds + h(s)g(s)ds € Dom(G~). 
0 g(s) 0 
The proof is thus complete. Oo 


Theorem 1.1.21 (The Kong-Zhang Inequality [311]) Suppose f(x), g(x), 
B(x), A(x), y(x) and w(x) are defined as Lemma 1.1.9, y(u) = 0 is non-decreasing, 
continuous on R. If 


Oe ev ( if iisyw(x(9))as), 


then, for all x € [0, b), 


yx) < f(x) + stoi} Fo iF | ) nioya(sww(>as) fan | | nova] 


where 


“ds 
Fw =f wo) = #2 


b= on. ‘3 iF ([ h(s)g(s)w (2 a 5} + i. h(s)g(s)ds € Dom Ca) ; 


Proof The proof is similar to that of Lemma 1.1.9, we omit it here. Oo 


Theorem 1.1.22 (The Kong-Zhang Inequality [311]) Suppose f(x), gi(x) and 
A(x) G@ = 1,2,...,m) are non-negative and continuous on R+, w(u), Y(u) as in 
Theorem 1.1.21, ae > 0, An+1(x) = 0 are continuous on Rx. If for all x € R+, 


v(8) < £0) + > a0) f hs)yGdds + ant ( [ ine (010) , (11.135) 
i=1 


then, for all x € [0, b), 


y(x) = A,(f) + An(Snt DY Yr [F (/ Ming 1An(Sn+1)W (a. ) as) 


An(Zn+1) 
+f heralds] 
0 
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where F(s) = ie TCL u > uy = 0, An41(u) is defined as in Theorem 1.2.12 


in Qin [557], An(8n41) = max{An(gn41), l},x € R+, the determination of b must 
make F~' be well-defined. 


Proof To simplify the notation, let 


vO=¥ (/ Inside) 


Therefore 


yO) < (F + 841 WO) + D0 8: i hiyds. 


i=1 


According to Theorem 1.2.12 in Qin [557], 


y(x) SAn(f + 8nt+i1¥(-))- 


v ( / “InesM45) 


is non-decreasing in x, from the inequality (2) of Lemma 1.2.1 in Qin [557], we 
derive 


Noting that 


OSA Aiea ( i . hsimo)ds) 


By Theorem 1.1.21, the conclusion holds. oO 
When w(u) is a concave function, we have the following lemma. 


Lemma 1.1.10 (The Kong-Zhang Inequality [311]) Suppose that w(u) is non- 
negative and concave on R+,w(0) = 0. Then for allu > 0, 0<v <1, 


“w(u) <w (-) : 


Proof By definition, w(u) is concave, which implies that, for alla > 0,6 > 0,a@+ 


B=1, 
w(au; + Bur) < aw(u1) + Bw(u2). 


Letting 


u 
a= v, uy = —, uw =), 
v 
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and considering w(0) = 0, we have 


w(u) < vw (=) : 


“w(u) <w (-) ; 
oO 


Lemma 1.1.11 (The Kong-Zhang Inequality [311]) Suppose that f(x) = 
0,h(x) = 0,0 < g(x) < 1, and y(x) are continuous on R+,w(0) = 0,w is 
non-negative and concave on Rx. If, for all x € R4, 


=f 226) i “ h(s)w((s))ds, (1.1.136) 


then, for all x € [0, b), 


vss lef on B)) 


+B f nisyeyas}. 
0 
with alla > 0, B > 0,@ + B = 1, where 


u d. 
Hw) = | 2. uz w>0. 
uy W(s/B) 


and determination of b must make H~' have meaning. 


Proof Assume that y(x) is a solution of (1.1.136). Denote z(x) = max{y(x), O}. 
Then z(x) is also a solution of (1.1.136), ie., 


2(x) < f(x) + g(@) if h(s)w(z(s))ds. (1.1.137) 
0 
At first, consider the case for g(x) = 1. Define 
RG) = / “h@weras. 
0 


Then 


R’(x) = hx) w(z@)) <= hO)wL fF) + RO). 
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Since w(u) is concave, we have for alla > 0,6 > 0,a+ 6 = 1, 


R'(x) = h(xw E () 16 (*)] 
= abv (L2) + prow (AP). 


Integrating both sides from 0 to x, we conclude 


Ra) af iow ( 1) as +e hi ow (=) a 


For any X > 0, when x < X, 


R(x) < af h(s)w (2 ) ds + pf Row (2) « 


Using the Bihari inequality, we have 


RQ) < HT! E Gn h(s)w (2 ’) as) +8 [ ws| . 


Letting x = X and replacing X by x, we see that 


x)< =) : mo) s) , S | 
RQ) <A la(«[ now (4 d +B h(s)ds |. 
Hence 


2(x) <f(@) +H! ja (« [ wow (Z)a) of iis]. (1.1.138) 


When g(x) 4 I, since 0 < g(x) < 1, from (1.1.134) and (1.1.137) it follows 
za) - fQ@) (: z(s *) d 
sty aon tA, toetow (Sey) 


2) fa) 


Substituting == a@)? ¢@)’ 


get 


am + +H! jH(« a [mets (2) as) +8 [monaco 


Noting that y(x) < z(x), we can obtain the result. Oo 


, h(x)g(x) for zx), f(x), A(x) in (1.1.138) respectively, we may 


1.1 Nonlinear One-Dimensional Bellman-Gronwall Inequality, Reid. . . 43 


Theorem 1.1.23 (The Kong-Zhang Inequality [311]) Suppose f(x), g(x), h(x), 
y(x) and w(u) are defined as in Lemma 1.1.11, y(u) = 0 is non-decreasing and 
continuous on Rx, If, for all x € Ry, 


y@) <fO) + OY ( [ hisyw(oto)) . (1.1.139) 


then, for all x € [0, b), 


v(x) < f(a) + ee} [ (« [ * n(s)e(syw ( f) ) as) +6 [ iisyeyas]} . 


ag(s) 
(1.1.140) 
with alla > 0, B > 0,a@ + B = 1, where 
is ds 
109 =f wee By’ u> ug > 0, 
and the determination of b must make I“ be well-defined. 
Proof The proof is similar to that of Lemma 1.1.11. Oo 


In [55], results of the inequality (1.1.139) and its inverse inequality are obtained. 
But the requirement that w(u) should be sub-additive and sub-multiplicative is so 
exacting that even the function w(u) = k+u% (0 < k < 1,a € R) is not applicable. 


Theorem 1.1.24 (The Kong-Zhang Inequality [311]) Suppose that f(x), g(x), 
hj(x) G@ = 1,2,...,m) and Ay+\(u) are defined as in Theorem 1.2.12 in Qin [557], 
w(u), W(u) as in Theorem 1.1.23, hy+1(x) = 1, nti (x) > 0 are continuous on R+ 
and Ay (gn41(x)) < 1. Uf for allx € R+, 


yx) < £0) + Ye eilx) i hi(s)y(s)d5+ Bp QW ( [ Ine stot). (1.1.141) 
i=1 


then for all x € [0, b), 


x An 
y <A,(f) + Arlene 0} [ («/ hin 1An(n4+1)W (2) as) 


+B [ herald ‘ (1.1.142) 
0 


witha > 0,8 > 0,a+ 8 = 1, where I(u) and b are the same as in Theorem 1.1.23. 
Proof The proof is similar to that of Theorem 1.1.22. Oo 


Remark 1.1.8 The result of Lemma 1.1.11, Theorems 1.1.23 and 1.1.24 can be 
easily generalized to the case that g(x) or An(gn+1(x)) is non-negative and bounded 
on R+, we omit them here. 
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The next result is due to Pachpatte [519]. 


Theorem 1.1.25 (The Pachpatte Inequality [519]) Let u(t), f(t) € C(R+, R+), 
hi(t,s) € C(R*.,R4+), for0 < s < t < +00 andc > 0, p > 1 ave real constants. 
Let g € C(R+, Ry) be a non-decreasing function, g(u) > 0 for all u > 0 and, for 
allt € R4, 


Ss 


u(t) <c +f [rise +f h(s, ayeu(o))ao | (1.1.143) 
0 0 
then forall0 <t<h, 
u(t) < [G"[G(c) + AI”, (1.1.144) 
where 
A(t) = / [rio f h(s, ayaa ]as, G(r) = 1 a r>ro>0, (1.1.145) 
0 0 ry &(s!/?) 
and G™! is the inverse function of G and t; € R+ is chosen so that, for allt € [0, t)], 
G(c) + A(t) € Dom(G"!). 


Proof We first assume that c > 0 and define a function z(t) by the right hand side 
of (1.1.143). Then z(t) > 0, 2(0) = c, u(t) < (2(t))'/? and 


Z(t) =fe(u(t) + i, h(t, 0)g(u(o))do 


< falco)" + | ne.oye((elo)"" do 


s g((c(t))!/”) lr + [ove a)d. (1.1.146) 
0 
From (1.1.145) and (1.1.146), it follows that 
d 7 Z(t) 
dO) = e@M 
<f@+ [ ieorae (1.1.147) 
0 


By setting tf = s in (1.1.147) and integrating it from 0 to f, we can get 


G(z(t)) < G(c) + A(). (1.1.148) 
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Since G~! is increasing, from (1.1.148) we can derive 
z(t) < G'[G(c) + A(t)]. (1.1.149) 


Using (1.1.149) in u(t) < (z(t))'/”, we conclude the required inequality in (1.1.144). 
If c is non-negative, we carry out the above procedure with c + ¢ instead of c, where 
€ > Ois an arbitrary small constant, and by letting ¢ + 0*, we can obtain (1.1.144). 
The interval 0 < tf < ft, is obvious. oO 


Remark 1.1.9 We note that the definition of the function G in (1.1.145) is motivated 


from the work of Medved’ [387]. If tes FGI) = +00, then G(+00) = +o and 


the inequality in (1.1.144) is true for all t €e Ry. 
The next result is a special version of Theorem 1.1.25. 


Corollary 1.1.5 (The Pachpatte Inequality [519]) Let u,f,h,c,p be as in Theo- 
rem 1.1.25. If, for allt € Ry, 


u(t) <c+ a ore + [v6. a)u(ade | ds, (1.1.150) 
0 0 


then, for allt € R+, 
p-1 1/(p-1) 
u(t) < nae + r= *A00 | ; Cais i) 
p 


where A(t) is defined by (1.1.145). 
Proof Let g(u) = u in Theorem 1.1.25. Then (1.1.143) reduces to (1.1.150) and 


= -1 7 = 
G(r) = - ae = ri? D/P), Cp= [Z ; jek r( eae 1) 


and consequently the bound in (1.1.144) reduces to the bound in (1.1.151). 


Remark 1.1.10 In the special case when p = 2, then inequality given in Corol- 
lary 1.1.5 reduces to a variant of the inequality given in [507]. For an example, a 
bound on a different version of the inequality (1.1.150), see also, Willett and Wong 
[673]. 


Willett [671] (see also Willett and Wong [673]) generalized the Gronwall 
inequality to functions in L?(J) (1 < p < +00). 


Theorem 1.1.26 (The Willett Inequality [671]) Let v,g,h be non-negative func- 
tions of class of LP(J) (1 < p < +00), J = [0,7], and for allt € J, 


t 1/ 
v(t) < gf) + A(t) (/ (dr) i. (1.1.152) 


46 1 Nonlinear One-Dimensional Continuous Integral Inequalities 


Then for allt € J, 


t 1/p t 1/p 
(/ woe) <(f #(oe(ede) /{(l—[1—e()]!} (1.1.153) 
0 0 


where 


e(t) = exp (- [ weoae) . 


Proof Define a function #(t) on J by 


t 
B(t) = a(t) } g?(s)ds. (1.1.154) 
It follows from inequality (1.1.152) that 


HO) = eOe?O — WOH (H s Gell? + poly — prs. 


Since # (a) = 0, we obtain next by integration 


dO < foee + wl! Pds — [ w? dds. 


But by the triangle inequality; 


t 1/p t 1/p t 1/p 
(/ (fel? ae vo'lnyras) 2 (/ eds) ze (/ weds) 
t 1/p t 1/p t 1/p 
(9 +f we) — ) vo) < (/ ire) ' (1.1.155) 


The left-hand side of inequality (1.1.155) is a function of the form m(x) = (a + 
x)!/p — x!/P_ For any p > 1 and a > 0, m(x) is a non-increasing function of x for all 
x => 0. Thus, we may replace a w? dds in inequality (1.1.155) by a larger quantity 
and still have a valid inequality. 

It is easy to see from the definition of (1), given by equation (1.1.154), that 


/ w' dds < (/ a) (/ evras) = (1 - eo) [ g’ds. (1.1.156) 


The conclusion (1.1.153) follows by substituting from equations (1.1.154) and 
(1.1.156) into equation (1.1.155). oO 


hence, 
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Theorem 1.1.27 (The Willett-Wong Inequality [673]) Let the functions 
v(dw?(t), v(t)w?(t) and v(t)uj(0) be locally integrable non-negative functions 
on I. If the following inequality holds for 1 < p < +00, and for allt € I, 


t 1/p 
u(t) < u(t) + w(t) (/ v(onP(\as) ; (1.1.157) 
0 
then for allt € I, 
t 1/p t 4 1/p 
, cP v(s)up(s)e(s)ds) 
(/ v(s)u (as) < {=o (1.1.158) 
where 
e(t) = exp (- i; v(oweas) ; (1.1.159) 
0 


Proof Theorem 1.1.27 with v(t) = 1 is proved as Theorem 1.1.26. The case for gen- 
eral v(t) follows easily from this case by multiplying inequality (1.1.157) by v!/?(t) 
and identifying v!/?(t)u(t) with u(t). A bound on u(t), which is independent of u(t), 
can be obtained now by substituting for ( (i v(s)u? (s)ds)'/? in equation (1.1.158). 
Oo 


The next result, due to Deo and Murdenshwar [196], which generalizes the 
Gollwitzer inequality. 


Theorem 1.1.28 (The Deo-Murdeshwar Inequality [196]) /f 


(i) x,n and F are positive continuous functions on [0, +00), 
(ii) Q is a positive, continuous, sub-additive and non-decreasing function on 
[0, +00), 
(iii) h: (0, +oo) > (0, +00) is a non-decreasing continuous function and 
(iv) for allt € (0, +00), 


x(t) <n() +h ( i “F(}Qx(6).d) 


then for allt € I, 


xO) <n +h }o lo ([ Faces) 3) 


where 


t 


Fioas|| (1.1.160) 


_ u dy 
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and G"' is the inverse function of G and 


l= f E (0, +00)|G(+00) = o([ F(s}(n(9)s) +f Fis)dl 


Proof Without loss of generality, we may assume that x(t) > n(¢). Let T € J be any 
arbitrary number. From the hypothesis (iv), we have, for all 0 < t < T, using the 
sub-additivity of Q and the monotonicity of h, 


t T 
x(t) — n(t) <h (/ F(s)QQ(x(s) — n(s))ds + / F(s)n15)\d5) : (1.1.162) 
0 0 
Denote the expression in the parentheses by u(t). Then for all ¢ € (0, 7], 
FNQ(Ux(1) — 1) < FOLQ[AC()), 
which implies for all t € (0, 7], 


v(t) 
lawn] = 


Using (1.1.161), this further reduces to, for all t € (0, 7], 
“G(vo) < FO 
dt ~ ; 


Now integrating from 0 to T, we may obtain 


i 
Gv(T)) = Gv) = [Float 
0 
which, together with (1.1.162), gives us 


x(T) — (7) < Alv(T)] 


wb vi 
<ilo" t6(/ F(s}(n(9)\s) +f F(oast |. 
0 0 


This thus completes the proof. Oo 


Theorem 1.1.29 (The Deo-Murdeshwar Inequality [196]) Jf in addition to 
the assumptions (i), (ti) and (iti) in Theorem 1.1.28, Q is an even function on 
(—oo, +00) and 

(iv) for all t € (0, +00), 


x(t) > n(t)—h (/ F(s}2(a(9)as) ; 
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then for allt € I, 


x(t) > n(0) + hyo"! E (/ F(s)2(n(0)) +f Fioas|} (1.1.163) 


where the function G is the same as (1.1.161). 


Proof As in Theorem 1.1.28, we derive from (iv), for all t € (0, T], 
x(t) — n(t) = —h(v()). 
Hence for all t € (0, T], 


FQ) — nO) = FOL(AW)). 
Now we can complete the proof by following the argument as in Theorem 1.1.28. 
The details are omitted. Oo 


Remark 1.1.11 The inequality (iv) has been studied, when (i) h(u) = u, n(t) = 
constant in [82], (ii) h(u) = u in [402], and (iii) h = Qu! in [250]. A lower estimate 
for x(t) has been obtained by considering the inequality (iv) when (i) h(u) = u in 
[328], and (ii) h = Q7! in [250]. 


The following inequality, considered in (1.1.164), combines the features of the 
inequalities in [50, 82], since on the right-hand side we consider two integrals, one 
containing a linear term and the other a nonlinear term. The bound obtained in 
(1.1.165) contains several special cases from the existing literature. 


Theorem 1.1.30 (The Dhongade-Deo Inequality [197]) Suppose 


(i) y(x), f(x), g(x) : (0, +00) > (0, +00) and continuous on (0, +00), 
(ii) Q(u) be a non-negative, monotonic, non-decreasing, continuous, sub- 
multiplicative for all u > 0. 


Tf, for all0 < x < +00, 


yx) <k+ i “f(dy(s)ds + / 2(5)2(y(s))as, (1.1.164) 


where k > 0 is a constant, then for all0 < x < b, 


y(x) exp (- [ ros) <G! jaw) + [ g(s)Q (exe [reo«r) as , (1.1.165) 


where 


cw = | mn 0 < up <u (1.1.166) 
ug Q(s) 
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and G~' is the inverse of G and x is in the sub-interval (0, b] of (0, +00) so that 
G(k) + i * 9(s)2 («xp [ : float) ds € Dom (G""). 
Proof Define, for all 0 < x < +00, 
nia) =k+ J e(s)20(9)ao 
Then (1.1.164) can be written as, for all 0 < x < +o, 
ye) sno) + [Ploy as 


Since n(x) is monotonic, non-decreasing on [0, +00), we may derive from Theo- 
rem 1.1.4 in Qin [557], for all 0 < x < +o, 


y(x) < n(x) exp ( / : fls)as) (1.1.167) 


which implies, since (2 is sub-multiplicative, 


QAy(x)) < A(m(x))O («x ( / fis\as) | 


Hence, 


LOWE) aa 
cGy = («x (/ f(s) )). 


This, because of (1.1.166), reduces to, for all 0 < x < +00, 


£ G(s) < 82 («xp ( i: | fis\as) | 


Now integrating from 0 to x, we can get, for all0 < x <b, 


G(n(x)) — G(n(0)) < / * (5) (ex ( i . fat) ds. (11.168) 


Thus the desired result (1.1.165) follows from (1.1.167) and (1.1.168). The sub- 
interval (0, b] is obvious. Oo 


Remark 1.1.12 
(i) The result in (1.1.161) is due to Bellman [50], when Q(y) = 0. 
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(ii) In inequality (1.1.164), when Q(y) = y, the inequality (1.1.165) reduces to, 
for allO <x < +c, 


y(x) exp (-/ fls)as) < kexp | g(s) exp (rear) as ‘ 


This is a linear generalization of the integral inequality resulting from Bellman 
[50]. 

(iii) When Q(y) = y’,p # 1 > O, Theorem 1.1.30 reduces to Theorem 1.1.6, 
proved by Willett and Wong [673]. 


If the constant k > 0 is replaced by a continuous function p(x) in (1.1.164), the 
function p(x) in (1.1.164) must be sub-additive. The sub-additivity property was first 
employed by Muldowney and Wong [402]. 


Theorem 1.1.31 (The Willett-Wong Inequality [673]) Let, in addition to assump- 
tions (i), (ii) of Theorem 1.1.30, the function Q be sub-additive, the functions 
p(x) > 0, V(x) = 0 be non-decreasing in x and continuous on (0, +00) for all 
x>0. 

Tf, for all x > 0, 


y(x) < p(x) + [ Ff (s)y(s)ds + (/ £(0)(9)as) ,  (1.1.169) 


then, for all0 <x <b, 


yG@) exp (- / | fis\as) 296 vje'tal [ 2(s)2(p(s) exp / feds 


+ [ e(o)atexp [roanash | (1.1.170) 
0 0 
where G(u) is defined as 
“ds 
cw = | QW)’ 0< uo <u, (1.1.171) 


and G"' is the inverse of G and x is in the sub-interval (0, b] so that 


| / a(s)2 (v9 exp / fot) as 
+ [ g(s)Q (ex [ roa) ds € Dom(G"!). 


Proof We can complete the proof by following the same argument as in Theo- 
rem 1.1.30, together with Theorem 1.1.28. The details are omitted. Oo 
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The inequality (1.1.169) was studied in [402] when W(u) = u and the linear term 
in (1.1.169) is absent. Further, when p(x) is constant, V = Q7!, and Q is a concave 
function, (1.1.169) reduces to the inequality in [250]. The case where the linear term 
on the right-hand side of (1.1.169) is absent, was first studied in [196]. Vidyasagar 
[656] has also studied the inequality (1.1.169), without assuming monotonicity of 
p(x). However, the estimates there are different from (1.1.170). 

Now we give the following lemma concerning some properties of class F;. 


Lemma 1.1.12 ({311]) 


(1) Ifw(u) € Fi, then w(u) is sub-additive; 
(2) If w(u) satisfies (i) and is convex on R4, then w(u) € Fj. 


Proof (1) For any u,v € R+, without loss of generality, we assume v < u. Then 
v = Au,0 <A < 1. Because w(u) € Fi, w(u) satisfies (ii). Hence 


li + Aju] < w(u), 
1.e., 

w(u+ Au) < w(u) + Aw(u), (1.1.172) 
which, using (ii) again, yields 

wu + v) < w(u) + w(v). (1.1.173) 


So w(u) is sub-additive. 
(2) Let w(u) is convex on R+, ie., for alla > 0,8 >0,a+ 8 = 1, 


w(au; + Bur) > aw(u,) + Bw). (1.1.174) 
Let uw; = u, uz = 0 in (1.1.174). Considering w(0) > 0, we get for allO < a < 1, 
aw(u) < w(au). 


For fixed v > 1, let 


Hence 
“w(u) <w (-) . 


Therefore w(u) € Fi. Oo 
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Lemma 1.1.12 explains that all non-negative, non-decreasing and convex func- 
tions belong to ¥;. In fact, besides those functions, there are many functions in F;. 
For instance, 


a 1 . at 
w(u) = u ( + sin a) 


is not a convex function, but we can prove that it is in Fy. 
In [686], condition (2) of Lemma 1.1.12 is modified as to 


~olu) < woyw (=) 


for all u > 0,v > 0, where w > 0 is non-decreasing, 4 > O, and under that 
condition, the following inequality 


ut) <a) +5- / Flt, s) Q(u(s))ds 
i=1 


is discussed. But except for power functions, verification of the above condition and 
selection of jz(v) are rather difficult. In fact, Corollary 2 in [686] is not true because 
the jz(v) is unsuitable. Furthermore, with an example, we shall see, the exactness of 
its estimate is also not satisfactory. 


Theorem 1.1.32 (The Kong-Zhang Inequality [311]) Let 


(i) y(x), f(x) : (0, +00) > (0, +00) and be continuous on (0, +00), 
(ii) wEF, 


(iii) n > 0 be monotonic, non-decreasing and continuous on [0, +00). 


Tf, for allx > 0, 


y(x) < n(x) + i . f(s)wO(s))ds, (1.1.175) 
0 
then forall0 <x <b, 
y(x) < n(x)G"! jou) n [roa (1.1.176) 
0 
where (0, b] C (0, +00), 
aw =| =. 0<u <u (1.1.177) 
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and G~' is the inverse of G and the sub-interval (0, b] is so chosen that 


G(1) + [ fou € Dom (G"'). 


Proof Since n(x) is monotonic, non-decreasing and w € ¥F, we derive from 
(1.1.175) that 


ds<1+ [ foweDoas 0<x< +00. 
0 


yO) oy fice x9 
0 


Now, considering y(x)/n(x) as a function, by Bihari’s inequality [82], i.e., Theo- 
rem 1.1.1, the result (1.1.176) follows; the existence of the sub-interval (0, b] C 
(0, +00) is obvious. Oo 


Note that the above theorem provides a nonlinear generalization of the lemma 
stated above. The next two theorems depend heavily on this result. 


Theorem 1.1.33 (The Kong-Zhang Inequality [311]) Let the conditions (i), (ii) 
of Theorem 1.1.32 hold, andw € F. 
If, for allx > 0, 


y(x) <k+ / “f(s)wO(s))ds + / “g(2(y)ds, —«.1.178) 


where k > 0 is a constant, then, for allO0 < x < b, 


x —l 
yx) fo (ow i / fis)as) 
0 


ap pre [eoalor (cay + [ rina) ash, elie) 
0 0 


where G(u) is defined as in Theorem 1.1.32, F is defined as 


u ds 
Fw) = | =. Us ee, (1.1.180) 
uy S2(s) 


and G~', F~ are the inverse of G, F, respectively and x is in the sub-interval (0, b] 
of (0, +00) such that 


GC) + [ fora € Dom (G"), 
0 
and 


F(k) + [so Jo (ow + [ soa)] ds € Dom (F~'). 
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Proof Define, for all x > 0, 


neh =ka i * els) Q(y(s))ds. 


Then (1.1.178) can be written as, for all x > 0, 


y(x) = n(x) + [ f(s)w(s)ds. 


Since n > 0 is monotonic, non-decreasing, and w € ¥F, we obtain, in by 
Theorem 1.1.32, for all 0 < x < b’, 


y(x) <n()G! eu + [ soa]. (1.1.181) 
0 
Further, 
QO) < Anw)R jo" (ow +f “Foyts) 
0 


since Q is sub-multiplicative. Hence, for all 0 < x < b’, 


&2(y(x)) g(x) =i . 
Qin) S g@)Q E (cu +f fas) . 


Because of (1.1.180), this reduces to 


4 raw) < g(x)Q \o (ow + [ ro)! , OK<x<b’. 
dx 0 


Now, integrating from 0 to x, we obtain 


F(n(x)) — F(n(0)) < [ “ g(s)Q Jo" (cw + / ; fio) | ds. (1.1.182) 


The result (1.1.179) now follows from (1.1.181) and (1.1.182) on the sub-interval 
(0, b] c (0, 5’). 

If the constant k > 0 in (1.1.178) is replaced by a monotonically non-decreasing 
function p(x), we require Q to be sub-additive. Oo 


Theorem 1.1.34 (The Kong-Zhang Inequality [311]) Jf in addition to assump- 


tions of Theorem 1.1.33, Q is sub-additive, and the functions p(x) > 0, Y(x) = 0, 
be non-decreasing, continuous on (0, +00), and if, for all x > 0, 


roncr i fOvOOia+e ( i | g(6)(0) as) (1.183) 


56 1 Nonlinear One-Dimensional Continuous Integral Inequalities 


then, for all0 <x <b, 


x = 
x as S)ds 
v)| 6 (cw + [ rove) 


< p(x) + WF-HE| i * g(8)@[p(s) GGA) + / “fldtds 


+f e(s)Q[G7"(G() + [ f(tdt)\ds\], (11.184) 
0 0 
where G is defined as in Theorem 1.1.30, and F is defined as 
u ds 
Fw) = | —#§_—., 0< uw <4, (1.1.185) 
uy 2((s)) 


and G~', F—! have the same meaning as in Theorem 1.1.33, and x is in the sub- 
interval (0, b) so that 


G(1) + [fou € Dom (G"') 


and 


m4 4 x 
F\ f g(s)Q Ec (ow +f fiyas) a| 
x 4 x 4 
+{ g(s)Q lo (cu + i fas) ds € Dom(G*). 


Proof We can complete the proof of Theorem 1.1.32 by following the argument of 
Theorem 1.1.33. The details are omitted. Oo 


Corollary 1.1.6 ((311]) In Theorem 1.1.33, let 
wy) =y?, 0<B<1, QH)=y’, 0<4<1, 
and 
Wu)=u', r>1. 


Tf, for allx > 0, 


ya) < p@) + i. “Fs (ods + ( i s(o)»"()) (11.186) 
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then for all x > 0, 


x —l/a x a 4 é 
y(x) 1 + af fia] < p(x) + (/ g(s) E (s) (: + af roar) | as) 
+3 f g(s) ite f fod is ; 


where 5 = 1—r0 anda =1- 6. 


Note that in Corollary 1.1.6 w € ¥F and Q are sub-additive, and sub- 
multiplicative. 

We now apply Corollary 1.2.4 and Corollary 1.2.16 in Qin [557] to establish the 
following interesting and useful integral inequalities. 


Theorem 1.1.35 (The Pachpatte Inequality [441]) Let x(t), fi(,f2(0,f() and 
fa(t) be real-valued non-negative continuous on I = [0,+00), and w(u) be a 
positive, continuous, non-decreasing, sub-multiplicative function for all u > 0, with 
w(0) = 0. Furthermore, assume the following inequality holds for all t € I, 


x(t) < x0 + [ fi (s)x(s)ds + [ 0M fACe)x(e)aeas + i fa(s)w((s))ds_ — (1.1.187) 
where Xo is a positive constant. Then 
10) £E"Goo) + [ AEweonaloo, (1.1.188) 
0 


where G(r) = a (ds/w(s)), r > 19 > 0; G"! is the inverse of G; and t is in the 
sub-interval [0, b] of I so that 


G(x) + i fals)w((s))ds € Dom (G7). 


Proof Since in (1.1.187) the term xo + Jo fals)w(x(s))ds is non-decreasing. From 
Corollary 1.2.16 in Qin [557] we find 


x(t) < d(t)[x0 + i" fa(s)w(x(s))ds]. 
Let 


R(t) =x + / fa(s)w(x(s))ds, R(O) = x0; 
0 
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then, on using the assumption on w, it follows that 


R'(t)/W(RO) < HOw). 


Integrating the above inequality, the result (1.1.188) follows. oO 


Corollary 1.1.7 (The Pachpatte Inequality [456]) Let x(t), f(t), g(t) and h(t) 
be real-valued positive continuous functions defined on I; W(u) be a positive, 
continuous, monotonic, non-decreasing and sub-multiplicative function for all u > 
0, W(O) = 0, and suppose further that the following inequality holds for all t € I, 


x(t) < x9 +f fooxiyas+ [ 70) (| e(ox(e)de) as+ [ h(s)W(x(s)) ds, (1.1.189) 
where Xo is a positive constant. Then, for all 0 < t < b, 
x(t)<G! | Gt) + / mow (1 + i f(t) exp ( / “(f00 + g(k)) at) ac) as 
0 0 0 
«fis [ree (/ (/(2) + a(e)) de) as). (1.1.190) 
0 0 
where 
me ee > >0 11.191 
=| ao r=1o > 9, (1.1.191) 
and G~' is the inverse function of G, and t € {0, b) of I so that 
Gt+ f h(s)W (1+ [ro exp ([ rw + g(k)) at) ar) ds € Dom (G"'). 
0 0 0 
Proof Define 
n(t) = xo + / h(s)W(x(s)) ds, n(O) = x0. 
0 
Then (1.1.189) can be rewritten as 
vio sn + [’flaioyas+ [p00 (J etoxeyar) as 
0 0 0 


Since n(t) is positive, monotonic, non-decreasing on J, we have from Corollary 1.2.5 
in Qin [557] 


x(t) < n(t) (: + / F(s) exp (fv + f(t)) ar) as) .  (1.1.192) 
0 0 
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Furthermore, since W is sub-multiplicative, we have 


W(x(D) < Win) W (1 + i f(s) exp (/ (f(t) + s(n) ar) as) 


Hence 


h(t)W(x(t)) t s 
Wn) = mow (1 ss i f(s) exp ( / (f(t) + g(t) ar) as). 


Because of (1.1.191), this reduces to 
d t RY 
por) < h(t)W (: + / f(s) exp (/ (f(t) + g(t)) ar) as) ; 
0 0 
Now integrating from 0 to t, we may obtain 


G(n(t)) — G(n(0)) < / h(s)W (1 + [ f(t) exp (/ (f(k) + g(k)) a) ar) ds. (1.1.193) 


Thus the desired bound in (1.1.190) follows now from (1.1.192) and (1.1.193). The 
sub-interval [0,b] is obvious. oO 


Theorem 1.1.36 (The Pachpatte Inequality [456]) Let x(t), f(t), g(t) and h(t) 
be real-valued positive continuous functions defined on I; W(u) be a positive, con- 
tinuous, monotonic, non-decreasing, sub-additive and sub-multiplicative function 
for allu > 0, W(O) = 0, the functions p(t) > 0, M(t) = 0 be non-decreasing in 
t and continuous on I, M(0) = 0, and suppose further that the inequality holds for 
alod<t<b tel, 


x) < p(t) + i fsa / f(s) ( [ eORO ar) ds 


+M ([ moro as) . (1.1.194) 


Then for all 


x(t) < [po+m(c" [ot fms (oO (1 + [10 exp ([ rw + g9(k)) at) ar)) ws) 
+f nooww (1 4. [10 exp ([ rw + s(t))at) ar) ds])] 


x E + [iv exp (fv + g(t) ar) as (1.1.195) 
0 0 
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where 
Gn) [ a > 1 >0 (1.1.196) 
r)= SSS rr zY, als 
» W(M(s)) : 


and G~' is the inverse of G, and t € [0, b) of I so that 


of | nioyW (po) (1 4 [ foo (/ qa + #(8)) dk) ar) ss) 
+ f now (14 [seer ([ rw+ewyar) ar) ds € Dom (G"'). 


Proof The proof of Theorem 1.1.36 follows by the similar argument as in the proof 
of Corollary 1.1.7, together with Theorem 1.1.28. We omit the details. oO 


In [197], the authors have studied the integral inequalities in Corollary 1.1.7 and 
Theorem 1.1.36 when the second integral term on the right-hand side in (1.1.189) 
and (1.1.194) is absent. However, the bounds obtained in Corollary 1.1.7 and 
Theorem 1.1.36 are different from those given in [197]. 

Next, we introduce some integral inequalities, by considering one linear and two 
nonlinear terms on the right-hand side. 

Before giving these results, we first introduce the following theorem which is 
useful in our further discussion. 


Theorem 1.1.37 (The Pachpatte Inequality [456]) Let x(t), g(t) be real-valued 
positive continuous functions defined on I, n(t) be a positive, monotonic, non- 
decreasing continuous function defined on I, and H € F, for which the following 
inequality holds for allt € I, 


x(t) < n(t) + [ ([ g(t)A(x(t)) a) ds. (1.1.197) 


Then for all0 <t <b, 


x(t) < n(t) (14 [oor (cw + [ sar) as), (1.1.198) 
0 0 
where 


"ds 
G(r) = —., r>rn>Q0, 1.1.199 
() [ sere : (1.1.199) 


and G~' is the inverse of G, and t € [0, b) of I so that 


G(1) + [ ds € Dom (G""). 
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Proof Since n(t) is positive, monotonic, non-decreasing and H € ¥, we have 


x) x8). [* g()H (2) ) 
n@) = +f so (SF + | ay 


7 x(s) x(t) 
<i+ x06) (9 + i, g(t)H (2) 4 r) a (1.1.200) 


Define v(t) by the right-hand side of (1.1.200). Then 


vo=ao (B+ +f e(t)H (2 ) ar). Hoyt 


which, in view of (1.1.200), implies 


v’(t) < g(t) (v + [ scouw ar) : (1.1.201) 


If we put 


m(t) = v(t) +f g(t)H(v(t)) dt, m0) = v(0) = 1, (1.1.202) 
0 
then, it follows from (1.1.201), (1.1.202) and the fact that v(t) < m(f), and 
m (t) < g()(m(t) + H(m())). (1.1.203) 


Dividing both sides of (1.1.203) by (m(t) +H (m(2))), using (1.1.199) and integrating 
from 0 to t, we can obtain 


G(m(t)) — G(m(0)) < [ ds. (1.1.204) 


Then from (1.1.201) and (1.1.204), we derive 


v'(t) < g(t\G! (ow + fw as) ; (1.1.205) 
0 


Now, integrating both sides of (1.1.205) from 0 to f and substituting the value of 
v(t) in (1.1.197), we can obtain the desired bound in (1.1.198). oO 


We note that the estimate for x(t) in (1.1.197), when n(t) is not monotonic 
non-decreasing and H is a positive, continuous, non-decreasing and sub-additive 
function for u > 0, h(0) = 0 is already obtained in [445]. 

We now apply Theorem 1.1.37 to establish the following more general integral 
inequalities. 
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Theorem 1.1.38 (The Pachpatte Inequality [456]) Let x(t), g(t) and h(t) be 
real valued positive continuous functions defined on Ir H € F, and W is the 
same function as defined in Corollary 1.1.7, and suppose further that the following 
inequality holds for allt € I, 


x(t) < xo + [ (x09 + [ scone ar) ds + [ wowewsn ds, (1.1.206) 
0 0 0 


where xo is a positive constant. Then for all 0 < t < b, 


<27}2 h w(t : c' (au ; jak) ar) a 
x(t) < (xo)+ f (s) + [eo a+ f g(k)dk) de) ds 
x [i+ [ eoro" (cw [«) as (1.1.207) 


where G, G~! are as defined in Theorem 1.1.37, Q is defined by 
"ad. 
Q(r) = [ Tar r>m>0, (1.1.208) 
and Q7 is the inverse function of Q, and t € [0, b) of I such that 
t 
G(1) + i g(s) ds € Dom (G"") 
0 
and 
t AY T 
2%0)+ | nooyw (1+ f g(t)G! (cw+ f g(k) at) ar) ds € Dom (Q7'). 
0 0 0 
Proof Define 
t 
n(t) = x9 + h(s)W(x(s)) ds, n(O) = x0. 
0 
Then (1.1.206) can be restated as 
t S 
x(t) <n(t) + / a(s) (x09 + i e(t)H(x(c)) ar) ds. 
0 0 


Since n(t) is positive, monotonic, non-decreasing, and H € F, we derive from 
Theorem 1.1.37, 


x(t) < n(t) + (: + [aoc (cw + ['«o) as). (1.1.209) 
0 0 
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Further, since W is sub-multiplicative, 


W(x(t)) < Win(t))W (1 + [ soo (ow + rh g(t) ar) as) F 


Hence 


A(QW(x(t)) _ 1 7 ; 
W(n(t)) < mow (1+ i 8(s)G (cu + [ s(c)dr) as), 


Because of (1.1.208), this reduces to, for all 0 < t < b’, 


“2(n() <h()w (: ++ [ soo (ow + : g(t) ar) as) . 


Now, integrating from 0 to t, we may obtain 


Q(n(t)) — Q(n(0)) < [ h(s)W (1+ / g(t)G"! (ou + / s(b at) a) ds, 


(1.1.210) 
Thus the desired bound in (1.1.207) follows from (1.1.209) and (1.1.210) on the 
sub-interval [0, b) c [0, b’] of J. oO 


Finally, we now introduce a more general form of Theorem 1.1.38 under some 
additional conditions. 


Theorem 1.1.39 (The Pachpatte Inequality [456]) Let x(t), g(t) and h(t) be 
real-valued positive continuous functions defined on I, H € F, and W is the 
same function as defined in Theorem 1.1.36, the functions p(t) > 0, M(t) => 0 
be non-decreasing in t and continuous on I, M(O) = 0, and suppose further that the 
following inequality holds for allt € I, 


x(t) < p(t) +f g(s) (x09 + [ sconce ar) ds+M (/ h(s)W(x(s)) as) . 
0 0 0 
Then for all0 <t <b, 
a t Ss 
x s [po +m(o-"[2( f noyw(po(1+ [ee 


xG-"(GU) " [ sw dk) dt ) as) 

0 
+f mow(i+ [emor(ca+ [ eat) dr) ds)])] 
x[i+ Preoo" (ou + fear) as). 
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where G is as defined in Theorem 1.1.37, and QQ is defined as 


rds 
Q(r) = [ Wie)’ r>rnm>0, 


and G™', Q7" are the inverse functions of G and Q, respectively, and t € [0, b] of I 
so that 


G(1) + [ ds € Dom (G"'), 


and 


Q (nsw (9 (1 i ih * e(t)G7! (ow ns / “s(koat) a)) ws) 


t S 1 T -1 
+f mooyw (1 +f g(t)G (ow +f s(t ak) ar) ds € Dom (Q~*). 


Proof The proof of this theorem follows by the similar arguments as in the proof of 


Theorem 1.1.38. We omit the details. Oo 
Theorem 1.1.40 (The Denche-Khellaf Inequality [193]) Let u(t), f(t) be non- 
negative continuous functions in a real interval I = [a,b]. Suppose that k(t, s) 


and its partial derivatives k,(t,s) exist and are non-negative continuous functions 
for almost every t,s € I. Let @(u(t)) be real-valued, positive, continuous, strictly 
non-decreasing, sub-additive, and sub-multiplicative function for u(t) = 0 and let 
W(u(t)) be real-valued, positive, continuous, and non-decreasing function defined 
for all t € I. Assume that a(t) is a positive continuous function and non-decreasing 
forallte lL If foralla<t<s<t<b, 


u(t) < a(t) + / f(s)u(s)ds + i row ( / oe rib (u(e))ae Jas (1.1.211) 


a 


then foralla<t<t, 


d=} alt+ i fv WO+ / “Ks, 6 (oro i, flo\do ae ash, 


(11.212) 
where 
p(t) =1+ / f(s) exp ([ x(o)do ds, (1.1.213) 
b 
f= / k(b, s)$(p(s)a(s))ds, (1.1.214) 
x ds 
v(x) = | ———, x= xm>0. (1.1.215) 


x» P(W(s)) 
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Here W~' is the inverse of w and t, is chosen so that, for alla < s < ty, 
Ss T 
Ww) + i, k(s, nocoreo( f flo\de)dn € Dom (W~'). 
a a 
Proof Define a function z(t) by 


z(t) = a(t) + / rew( / re rb (u(e))ar Jas (1.1.216) 


then (1.1.216) can be rewritten as 


u(t) < z(t) + [ fosuores. (1.1.217) 


Clearly, z(t) is non-negative and continuous in ¢ € J, using Theorem 1.1.4 in Qin 
[557] to (1.1.217), we can get 


t s 
u(t) < z(t) + i S (s)z(s) exp (/ fo\de) ds. (1.1.218) 
Moreover, if z(f) is non-decreasing in ¢t € J, we can obtain 


u(t) < z(t)p(t), (1.1.219) 


where p(f) is defined by (1.1.213). Thus from (1.1.216) it follows that 


z(t) < a(t) + / f(s)W(v(s))ds, (1.1.220) 


where 
v0 = [keys (1.1.21) 
From (1.1.219), we derive that 
v= f kesolooviac) + fA eWOoCodD)es 
=a “H(t, 9)6(pls)(als))ds + / “Kt, (006) y “S(E)W(v(«))dt)ds 
< [ Hu.s6(voaoyds+ f Ker6(00 [Fed oN w))ds 
<t+ [Kase (01 [ rear) ooveoioynas (1.1.222) 


where ¢ is defined by (1.1.214). 
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Since @ is sub-additive and sub-multiplicative, W and v(t) are non-decreasing. 
Define r(f) as the right-hand side of (1.1.222), then r(a) = € and v(t) < r(f), r(t) 
is positive non-decreasing in t € J and 


(0) = kl 6 (rt / fle\de) oC") 
+ / loll 0( 009 i Fle)ae) BOW (o(9))a 


< scweocry)] ke 6 (p00 i f(c)ar) 


+f 0 s)(p(s) [ seoanae. (1.1.223) 
Dividing both sides of (1.1.223) by #(W(r(1))), we can obtain 
— < / re 6(r6) / : fic)dr as] (1.1.224) 
Note that for 


+ d. 
veo =f spy FEO 


it follows that 


r(0) 


vir) = FW)” (1.1.225) 
From (1.1.225) and (1.1.224), we have 
[Wir]! < i: “kt. s)b(p(s) / “peeydey) (1.1.226) 
Integrating (1.1.226) from a to t leads to 
vor) sv + f “Kts)p (0 / ‘Plode ds, 
then 
ro <0" (WO + [me #(rOn0( ['foae)ds). 1.227) 


By (1.1.227), (1.1.221), (1.1.220) and (1.1.219), we have the desired result. oO 
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The above theorem is a generalization of the result obtained in Theorem 2.1 by 
Pachpatte in [517]. 


Theorem 1.1.41 (The Denche-Khellaf Inequality [193]) Let u(t), f(t), b@, h(t) 
be non-negative continuous functions in a real interval I = [a,b]. Suppose that 
h(t) € C'(I,R+) is non-decreasing. Let $(u(t)), W(u(2)) and a(t) be as defined in 
Theorem 1.1.40. Ifforalla<t<s<t<b, 


u(t) < a(t) + i “ouae / IHW : “b(e}(u(e))ar Jas 


then for alla <t < h, 
u(t) < pt a(t) + i F(syh(sy v7 (Wn) 


+ / Dino veao( / floyi(o)doyac at 


where p(t) is defined by (1.1.213), W is defined by (1.1.215) and 


b 
= i b(3)6(p(s)a(s))ds, 


the ty is chosen so that for alla < s < t, 


vv) + / wiryo(ocenrot / Floyia\de )ate € Dom w-). 


Proof The proof of this theorem follows from similar arguments as the proof of 
Theorem 1.1.40. Therefore we omit it. Oo 


Theorem 1.1.42 (The Denche-Khellaf Inequality [193]) Let u(d), f(t), a(d), 
k(t, s), @ and W be as defined in Theorem 1.1.40, let g € Fi. If, foralla<t<s< 
t<b, 


u(t) < a(t) + / fls)e(u(s))ds + i: ow ( ( Ks, rb (u(e))ar) i 


(1.1.228) 
then for alla < t < ts, 


u(t) <P) | a(i)+ i Fw ®)+ / a 6 @())4( i fo\doyae ash 
(11.229) 
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where 
pit) = Q*! (ew + / Fas), (1.1.230) 
- b 
p= | k(b, s)¢ (p(s)a(s))ds, (1.1.231) 
5 ds 
Q(6) = , Pe 6>e€>0. (1.1.232) 


Here Q7' is the inverse of Q and w, W~' be as defined in Theorem 1.1.40, t3 is 
chosen so that Q(1) + {.f(s)ds € Dom (Q7'), and 


v@ + [K.06@m6( | Foda) ar € Dom Ww, 
Proof Define the function 
2(t) = a() + [row( [oe rb (u(a))de a (1.1.233) 
Then (1.1.228) can be restated as 
ui <a) +f Foyeluls)as (1.1.234) 


When z(x) is a positive, continuous, non-decreasing in x € J and g € F,, then it can 


be restated as 
<1 + [foe (2 2) as S. (1.1.235) 


The inequality (1.1.235) may be treated as the one-dimensional Bihari-LaSalle 
inequality (see, e.g., [42]), i.e., Theorem 1.1.4, which implies 


u(t) < p(t)z(1), (1.1.236) 
where p(t) is defined by (1.1.230). By (1.1.233) and (1.1.236), we derive 
un <p [ac + [ feowor)as| 


where 


v(s) = i ‘Kapaa 
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Now by following the argument as in the proof of Theorem 1.1.40, we can obtain 
the desired inequality in (1.1.229). oO 


Theorem 1.1.43 (The Denche-Khellaf Inequality [193]) Let u(t), f(9), 
b(t), h(t), d(u(t)), W(u(d), and a(t) be as defined in Theorem 1.1.41, let g € F\. 
Ifforalla<t<s<t<b, 


u(t) < a(t) + / F(s)e(u(s))ds + / fm) W( / | b(ryptu(e))de Jas 
(1.1.237) 


then for alla < t < ta, 
t S 4 
u(t) < Pw at + [fom (vm + [ voo@empocf foyh(a\doar) a 


where p(t) is defined by (1.1.230), w is defined by (1.1.215) and 


b 
ve / b(s)p(B(s)a(s))ds, 


the t4 is chosen so that 


W() + / | bimwpeye( / floyia\de ) ae € Dom (w-"). 


Proof The proof of the above theorem follows similar arguments as the proof of 
Theorem 1.1.42, we omit it. oO 


The next is a nonlinear Bihari inequality in [450]. 


Theorem 1.1.44 (The Pachpatte Inequality [450]) Let x(t), f(t), g(), A(t) and 
k(t) be real-valued non-negative continuous functions defined on I = [a,b], H(u) 
be a positive, continuous, strictly increasing, sub-multiplicative and sub-additive 
function for all u > 0; H(O) = 0, and suppose further that the following inequality 
holds for allt € I, 


x(t) <f( +8 / h(s)H (a9 + 9(s) / ; k(t)H(x(z)) ar) ds|. 
(1.1.238) 


Then for all t € Ip, 
x) <fO+ sO 
x E + [roneoc (cw + [ H(g(t)) (A(t) + k(t) az) as ,  (1.1.239) 
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where 
b s 
c= / nove (109 + ats) [ k(t) A(f(t)) da, (1.1.240) 
Hal = vense 11.241 
=] ao r>1r > 0, (1.1.241) 
and G~ is the inverse function of G, and 


Ih = f € 1: G(+o0) = G(c) + [ aec@nne) + k(t)) ar| ; 


Proof Without loss of generality, we may assume that x(t) > f(t). Using the sub- 
additivity of H, we have from (1.1.238) that 


x0) -fO < of | h(s)H(x(s) — f(s) + a) [ k(t)H(x(t) — f(t)) dt) ds 


b Ss 
+f h(s)H (s0) + ets) [ k(t) A (f(t)) ar) a (1.1.242) 


Let u(t) = x(t) — f(t) and define 


v(t) = [ h(s)H (wo + g(s) i k(t)H(u(t)) a) ds+c, v(a)=c. 
‘ : (1.1.243) 


Then (1.1.242) can be restated as 
u(t) < g(t)v({). (1.1.244) 


Differentiating (1.1.243) and using (1.1.344) in view of the properties of H, we can 
get 


v(t) < AMA(g((v(t) + / ko) e(e)H(o(e))d0)). (1.1.245) 
If we put 


m(t) = v(t) + [ komen) dt, m(a) = v(a)=c, (1.1.246) 


a 


then it follows from (1.1.245), (1.1.246) and the fact that v(t) < m(ft) that 


m'(t) < H(g(t))(h(t) = k(t) H(m(0)). (1.1.247) 
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Dividing both sides of (1.1.247) by H(m(t)), using (1.1.241) and integrating from a 
to t, we may obtain 


G(m(t)) — G(c) =| A(g(g(t))(A(t) + k(t) dt. (1.1.248) 


Then from (1.1.245) and (1.1.248), it follows 


v'(t) < h()H(g(t)G! (cio 4 / ‘H(g(D) (h(n) + k(t)) az)). (1.1.249) 


Now, integrating both sides of (1.1.249) from a to ¢ and substituting the value of 
v(t) in (1.1.244), we obtain the desired bound in (1.1.239). oO 


Theorem 1.1.45 (The Pachpatte Inequality [450]) Let x(t), f(0), g(t), h(t) and 
k(t) be real-valued non-negative continuous functions defined on I, H(u) be a pos- 
itive, continuous, strictly increasing, sub-multiplicative and sub-additive function 
for allu > 0; H(u) = 0, and H™ denotes the inverse function of H, for which the 
following inequality holds for allt € I, 


a 


x) <f() + gH / “h(s)H(x(s)) ds 
a / ‘h(s\H(e(s)) ( / * k(t)H(X(t)) ar) al (1.1.250) 
Then for allt € I, 
x0) <f(O + @(QH" / “h(s) (mer + H(g(s)) 
| exp ( / "H(g(n))(h(c) + K(c)) ar) f “H(F(o)) (h(x) + K(x) 


x (- [ A(g(n))(h(n) + k(n))an) a) a (1.1.251) 


Proof Since H is sub-additive, sub-multiplicative and monotonic, we may derive 
from (1.1.250) 


A(x(t)) < A(f(O) + A(s) 
a4 | h(s)H(x(s))ds + / h(s)H(g(s)) ([ Kotor ar) as . (1.1.252) 
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Define a function v(t) such that 
vo= | “h(s)H(x(s))ds + i “h(s)H(g(s)) ( i K(a)H(a(e))de) ds, v(a) =0, 
then we may obtain 

v'() = hO) (How) +H) [ “KH (ste))ar) 


which, in view of (1.1.252), implies 


v'() < Ale (HF) + He} v(t) + / k(c)(H(f (2) + i(e(2))o(e))ar} ) | 
(1.1.253) 


If we put 


m(t) = v(t) + / k(t)(H(f(t)) + H(g(t))u(t))dt, ma) = v(a) = 0, 
(1.1.254) 


then it follows from (1.1.253)—(1.1.254) and the fact that v(t) < m(f) that 
m'(t) < (g(t) (h(t) + k())m(t) + AFO)MAD + k(), 


which further implies, noting that m(a) = 0, 
m(t) < exp ( / “H(g(x))(h(c) + k(o)) ar) / “H(f(e) (h(t) + K(0)) 
x exp (- / * H(g(n))(h(n) + k(n))dn) dt. (1.1.255) 
Then from (1.1.253) and (1.1.255), it follows 
v(t) < A) (nv +a) exp (A(g(r))(A(t) + k(t)) dr) 
x / “HU@)h(t) + ka) exp (- / * H(e(n))(h(n) + K(n))dn) a ) (1.1.256) 


Now integrating both sides of (1.1.256) from a to ¢ and substituting the value of v(t) 
in (1.1.252) and then applying H~! to both sides of (1.1.252), we obtain the desired 
bound in (1.1.251). oO 
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Finally, we establish the following integral inequality which can be used in 
obtaining the lower bounds on unknown function. 


Theorem 1.1.46 (The Pachpatte Inequality [450]) Let x(t), g(t), h(t) and k(t) 
be real-valued non-negative continuous functions defined on I, H(u) is the same 
function as defined in Theorem 1.1.45; and for alla <5 <t <b, 


x(t) > x(s) — g(t)! If h(t) (x(t))dt + ic (ener) ar] : 
: ° : (1.1.257) 


Then, foralla<s<t<hb, 


t t = 
x(t) > x(s) er [1 +H1¢0) [roe ( / (n(n) H(g(0)+K(0) a) az] 
: ; (1.1.258) 


Proof Yn fact, we may rewrite (1.1.257) as 


x(s) < x(t) + g()H! | h(t)H(x(t)) dt + / h(t) (/ k(n) (x(n) ar| : 
: : : ({.1.259) 


Since H is sub-additive, sub-multiplicative and monotonic, we may derive from 
(1.1.259) 


H(x(s) < H(x(t)) + ais] / h(c)H(x(c))dt 


+ fe h(t) (easter) ae} (1.1.260) 


For fixed ¢ in the interval J, we define fora < s < t, 


v(s) = H(x(t)) + 0] ‘ h(t) H(x(t))de 


+f mo) ([ Hnperexmyan ac} v(t) = A(x(d)). (1.1.261) 
Thus from (1.1.261), it follows that, 


v'(s) = —H(g(t))h(s) | Ho) + [ eeonttesenyan] ; (1.1.262) 


Ss 
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which, in view of H(x(s)) < v(s), implies 
v'(s) > —H(g(t))h(s) Ee + [ Kno(ayae| ; (1.1.263) 
If we put 


m(s) = v(s) + [ konvtondn, m(t) = v(t), (1.1.264) 


Ss 


then it follows from (1.1.263)—(1.1.264) and the fact that v(s) < m(s), that 
m'(s) + (h(s)H(g(t)) + k(s))m(s) = 0 (1.1.265) 


which implies, noting that m(t) = H(x(t)), 


m(s) < H(x(t)) exp (/ (h(t) A(g(t)) + K(t)) ar) : (1.1.266) 


Then from (1.1.263) and (1.1.266), it follows that 


v!(s) = —H(g()) H(x(0))h(s) exp ( / (H(e)H(g(@)) + ke) dr). (1.1.267) 


Now integrating both sides (1.1.267) from s to t and substituting the value of v(s) in 
(1.1.260), we obtain the desired bound in (1.1.258). oO 


Note that in [258, 328], the authors have obtained the lower bounds on unknown 
functions. However, the bound obtained in Theorem 1.1.46 is different from those 
given in [258, 328]. 

Next, we introduce a retarded Bihari inequality, a generalization of the Gronwall- 
Bellman inequality. 


Theorem 1.1.47 (The Lipovan Inequality [355]) Let u, f € C(t, 7), R+). 
Moreover, let mw € C(R+,R+) be non-decreasing with w(u) > 0 on (0, +00) and 
a € C!([t, T), [to, T)) be non-decreasing with a(t) < t on [t, T). 

Tf, for allty < t < T, 


a(t) 
u(t) <k+ i: f (s)o(u(s))ds, (1.1.268) 
a(to) 


where k is a non-negative constant, then for all tp < t < th, 


(to) 


a(t) 
u(t) <G! (<u + rey) : (1.1.269) 
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where G(r) = Fi aa y > 0, and t; € (to, T) is chosen so that, for all t € [to, ti), 


a(t) 
G(k) + f(s)ds € Dom (G"!). (1.1.270) 


(to) 
Proof Assume first that k > 0 and let us denote by U(¢) the right-hand side of 
(1.1.268). Then U(to) = k and 
U'(t) = f(a(t))w(u(ae()) or (Y) 
< f(a(t) )o(U (a) or" (0). 


As a(t) < ton [fo, T), we deduce that 


U'(t) < f(a(t))o(U())a" (0). 


From the definition of G and the above relation, we may infer 


GUO) < flaia'(). 


An integration on [f, tf] shows now that 


a(t) 
G(U(t)) < G(k) + f(s)ds. 


a(to) 


Since G~! is increasing on Dom (G~'), the above inequality thus yields, for all 
to St<h, 


a(t) 
Ui) <G! (cw + f)ds). 


a(to) 


The required inequality (1.1.269) is obtained in view of the relation u(t) < U(t) on 
[to, T). If k = 0, we carry out the above procedure with « — 0, instead of k and 
subsequently let ¢ > OT. o 


Remark 1.1.13 (i) For a(t) = tin Theorem 1.1.47, we obtain Bihari’s inequality 
[82], i.c., Theorem 1.1.12. 

(ii) Note that if f,*°° = +00, then G(+o0) = +00 and (1.1.269) is valid on 
[to, 7). Examples of such functions are w(u) = u and w(u) = uln(1 + u). 


Setting w(u) = u in Theorem 1.1.47, we may obtain the following corollary. 


Corollary 1.1.8 (The Lipovan Inequality [355]) Let u, f € C((t,7),R+). 
Furthermore, let a € C'([to, T), [to. T)) be non-decreasing with a(t) < t on [to,T), 
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and let k be a non-negative constant. If the inequality holds for all ty < t < T, 


a(t) 
u(t) <k+ / f(s)u(s)ds, 
a(to) 


then for all ty < t < T, 
a(t) 
u(t) < kexp i; f(s)ds}. 
a(t) 


(i) With a(t) = ¢ in Corollary 1.1.8, we may obtain the celebrated Gronwall- 
Bellman inequality, i.e., Theorem 1.1.2 in Qin [557], see [65, 82, 165, 175, 210, 
259]. 

(ii) Let us assume that tf) = 0 and T = + oo. In this case, note that w(0) = 0 and 
the hypothesis (1.1.268) of Theorem 1.1.47 implies that for all t > 0, 


Remark 1.1.14 


u(t) <k-+ / ONC ONS 


Hence Bihari’s result [82] could also be applied in order to obtain an upper 
estimate for u(t). However, the estimate provided by Theorem 1.1.47 is sharper. 
To see this, take w(u) = u, a(t) = In(t+1), andf() = a: Bihari’s inequality 
yields 


u(t) <kt+1), 120, 
while Theorem 1.1.47 gives the estimate 
u(t) <k(n(t+1)4+1), t20. 
Similarly as the same of the proof of Theorem 1.1.47 we may obtain the next 


result. 


Theorem 1.1.48 (The Lipovan Inequality [355]) Let u, f, g € C(t, T),R+), 
and w € C(R+,R+) be non-decreasing with w(u) > 0 for allu > 0, anda € 
C! (to, T), [fo T)) be non-decreasing with a(t) < t on [to, T). If, for all ty < t < T, 


a(t) 


u(t) <k-+ / Fo(u(s))ds + _s(ojnus))s 


(to 
where k is a non-negative constant, then for all tp < t < t, 
a(t) 


u(t) < G7'(G®) + . Fls)ds + if e(s)ds), 


(to) 
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with G being in Theorem 1.1.47 and t, being chosen so that the right-hand side 
above is well-defined. 


Theorem 1.1.49 (The Pachpatte Inequality [520]) Let a(t) € C(R+,R+), 
b(t,s) € C(R+,R+) for allt) < s < t < Tandg ©€ C(R4+,R+) be a non- 
decreasing function with g(u) > 0 for allu > 0. Leta € C'(Ry,R1) be 
non-decreasing with a(t) < ton R+ and k < 0 be a constant. If for allt € I, 


AY 


a(t) 
u(t) <k+ i Bona + / 


(to) a(to 


b(s, a)a(u(a))ao | ds, (1.1.271) 
) 


then for allt) <t<h, 
u(t) < G '[G(k) + A()], (1.1.272) 


where A(t) is defined by 


a(t) s 
A(t) =| ats) +f b(s, ada ]as, 
a(to) a(to) 


G"! is the inverse function of 


G(r) = / a FS ty > 0; (1.1.273) 
ro a(s) 


and t, € 1 is chosen so that G(k) + A(t) € Dom (G~!) for all t € [to, ti]. 


Proof Let k > 0 and define a function z(f) by the right-hand side of (1.1.271). Then 
z(t) > 0, z(to) = k, u(t) < z(t), we get 


z(t) a(t) 
ae) ~ [aoe 7 me Hot. a(t). (1.1.274) 


From (1.1.273) and (1.1.274), we derive 


/ a(t) 
< Geld) = — < aoe) + [. Hat, 0he a'(t). (1.1.275) 


Integrating (1.1.275) from fp to t,t € J and by making the change of variables, 
we have 


G(z(t)) < G(k) + A(t). (1.1.276) 
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Since G™!(z) is increasing, from (1.1.276) it follows 
a(t) < G'[G(k) + AW). (1.1.277) 


Using (1.1.277) in u(t) < z(t), we get (1.1.272). The case k > 0 can be easily 
completed in the same way. The sub-interval fg < ¢ < t, for tis obvious. oO 


Theorem 1.1.50 (The Pachpatte Inequality [520]) Let a,a be as in Theo- 
rem 1.1.49. Assume k,w € C(R+,R+) are non-decreasing functions with k(O) > 


0, w(t) > 0 for all t > 0 and (is to) = +o0. Ifu € C(R+, R+) satisfies for all 
t> 0, 


a(t) 
u(t) < k(t) + : a(t, s)w(u(s))ds, 
0 
then for all t = 0, 
a(t) 
u(t) < G! (cu + / a(t, syd). (1.1.278) 
0 


where G(t) = i as, for allt = 0. 
Proof Let T > 0 be fixed and denote z(t) = Oa s)w(u(s))ds, t > 0. Our 


assumptions on b, a imply that z is non-decreasing on R+. Hence for all ¢ € [0, 7], 
we have 


a(t) 
Z(t) = alt, a(t) w(u(a(t)))a' (t) + i, 0,a(t, s)w(u(s))ds 


lA 


a(t) 
a(t, a(t))w{k(a(t)) + 2(a(2))] +f d,a(t, s)wl(z(s) + k(s))]ds 


A 


a(t) 
< a(t,a(t))o' (Nw{k(a(T)) + <(d)] + wlk(a(T)) + 2(0)] | 3,a(t, s)ds 


IA 


a(t) 
(00 a(t) oe’ (t) + / 0,a(t, vas) w[k(a(T)) + z(2)], 


and for all t € [0, 7], 


Z(t) d a(t) 
wIk(T) +29] ~ dt ( / ate va (1.1.279) 
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Integrating both sides of (1.1.279) on [0, ¢], we get, for all ¢ € [0, T], 


a(t) 
G(k(T) + z(t)) < G(K(T)) + / a(t, s)ds. 


or, equivalently, for all t € [0, T], 


a(t) 
K(T) + 2(t) < G'[G(K(T)) + / a(t, s)ds]. (1.1.280) 
0 


Note that the right-hand side of (1.1.280) is well defined as G(+o0). Letting t = T 
in the above relation, we can obtain 


a(T) 
u(T) < k(T) + 2(T) < G'[G(K(T)) + / a(T, s)ds], 


and since T > 0 was arbitrarily chosen, we get (1.1.278). oO 


Corollary 1.1.9 (The Pachpatte Inequality [520]) Assume a,w,k,a are as in 
Theorem 1.1.50. Suppose u € C(R+,R+) is a solution to the nonlinear Volterra 
integral equation, for all t = 0, 


a(t) 
u(t) = k(t) +f a(t, s)w(u(s))ds. (1.1.281) 
0 


If k is bounded and lim;-+00 i a(t, s)ds < +00, then u is bounded. 


Theorem 1.1.51 (The Pachpatte Inequality [520]) Leta,b,k ¢ C(R+,R+),a € 
C!(R4,R+) and assume that a, k, o are non-decreasing functions with a(t) < t for 
allt > 0. Let also w € C(R+, R+) be a non-decreasing function such that w(t) > 0 
forallt > 0 and - 4° — +00, Ifu € C(R+, R+) satisfies, for all t > 0, 


w(t) 
a(t) 
u(t) < k(t) + a(t) | b(s)w(u(s))ds, (1.1.282) 
0 
then, for allt = 0, 
a(t) 
u(t) < c'(caw) + ato | bis). (1.1.283) 
0 


where G(t) = Vk 54s, t> 0. 


80 1 Nonlinear One-Dimensional Continuous Integral Inequalities 


Proof Let T > 0 be fixed. Then for all ¢ € [0, 7], relation (1.1.282) together with 
the hypotheses on a, k implies 


a(t) 
u(t) < kK(T) + ar) [ b(s)w(u(s))ds. (1.1.284) 
0 


By the retarded version of Bihari’s inequality, i.e., Theorem 1.1.47, relation 
(1.1.284) implies for all ¢ € [0, 7], 


a(t) 
u(t) < (Gur +a(T) / bij. 
0 


Now let t = T in the above relation to obtain 


a(T) 
u(T)<G! (cry + a(T) i wows) : 
0 


and since T > 0 was arbitrarily chosen, we can get (1.1.283). oO 


Corollary 1.1.10 (The Pachpatte Inequality [520]) Assume a,b, w,k,a are as in 
Theorem 1.1.51. Suppose u € C(R+,R+) is a solution to the integral equation, for 
allt > 0, 


a(t) 
u(t) = k(t) + a(t) b(s)w(u(s))ds. (1.1.285) 
0 
Ifa, k are bounded and [ha b(s)ds < +00, then u is bounded on Rx. 


Using the similar arguments to those in the proofs of Theorems 1.1.50-1.1.51, 
we obtain the next result. 


Theorem 1.1.52 (The Pachpatte Inequality [520]) Leta,b,k ¢ C(R:,R+),a€ 
C!(R4,.R4) and assume that a is non-decreasing with a(t) > t for all t > 0. If 
u € C(R4+,R+) satisfies for all t > 0, 


a(t) 
u(t) > k(t) + a(t) | b(s)u(s)ds, (1.1.286) 
0 


then for all t = 0, 


a(t) ae (t 
u(t) = k(t) + a(t) / elt a MOMM>H Or) K(r)ds, (1.1.287) 
0 
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Corollary 1.1.11 (The Pachpatte Inequality [520]) Assume a,b,k,a are sa in 
Theorem 1.1.51. If u € C(R+,R+) is a solution to the integral equation, for all 
t>0, 


a(t) 
u(t) = k(t) + ato | b(s)u(s)ds. 


Then each of the following conditions is sufficient for u to be unbounded: 


(i) ais unbounded and b,k,a = 0; 
(ii) lim sup,_, 4..,4(t) > 0 and io b(s)k(s)ds = +00. 


Theorem 1.1.53 (The Pachpatte Inequality [520]) Leta,b,k ¢ C(Ri,R+),@ € 
C!(R4,R+) with a,k are non-increasing on R and assume that a is non- 
decreasing with a(t) = tforallt > 0. Let also w € C(R+,R+) be anon-decreasing 
function such that w(t) > 0 for allt > 0. Ifu € C(R+, R+) satisfies for all t => 0, 


a(t) 
u(t) > k(t) + ac | b(s)w(u(s))ds. 
0 


then for all t, > t > 0, 
a(t) 
ui) > "(GECainy) +a | b60.4), 
0 


where G(t) = hi ae t > 0, and t, is chosen so that G(k(a(t))) +a(t) ras b(s)ds € 
Dom (G"!), for allt € [0, t)]. 

Setting a(t) = 1,k(t1) = k > O in Theorem 1.1.53, we obtain the following 
inequality, which may be regarded as a reverse version of Bihari’s inequality [42]. 


Corollary 1.1.12 (The Pachpatte Inequality [520]) Consider k > 0,b € 
C(R,,R+),a € Cl(Ri,R4), assume that a is non-decreasing with a(t) > t for 
allt > 0. Let also w € C(R+, R+) be a non-decreasing function such that w(t) > 0 
for allt > 0. Ifu € C(Rz, R+) satisfies for all t = 0, 


a(t) 
u(t) >k+ / b(s)w(u(s))ds, 
0 
then for all t; > t > 0, 
a(t) 
u(t) > G! (ow + / bis). 
0 


where G(t) = i ds, for all t => 0, and t, is chosen so that G(k) + ie b(s)ds € 
Dom(G"!) for allt € {0, t)]. 


82 1 Nonlinear One-Dimensional Continuous Integral Inequalities 


Corollary 1.1.13 (The Pachpatte Inequality [520]) Assume k,b,a,w,G are as 


in Corollary 1.1.12. Suppose in addition G(+00) = ie & s = L < +oo. Let 


u € C((0, to), R+) is a solution the integral equation for all t > 0, 
a(t) 
u(t) =k +f b(s)w(u(s))ds. 
0 


Suppose also that [0, to) is the maximal interval of existence for u. If T = inf \t = 
0: G(k) + Fae b(s)ds = u exists and is finite, then ty < T. 
Proof Suppose T exists and is finite and the maximal existence time fo satisfies 


to > T. Take nowt < T. Then 0 < G(k) + HP b(s)ds < Land hence G(k) + 
Pee b(s)ds € Dom (G"'). By Corollary 1.1.12, we can get, for all 0 < t < T, 


a(t) 
u(t) > c'(at) + / bis). 
0 


Letting t > T in the above relation, we can deduce lim,,;u(t) > G~'(L) = +00, 
which contradicts our assumption f > T. Oo 


Theorem 1.1.54 (The Zhao-Meng Inequality [722]) Let 9 € C(R1,R+) be 
an increasing function with g(+o0) = +00. Let wy € C(R+,R+) be a non- 
decreasing function and let c be a non-negative constant. Let a € C!(R+,R4) 
be non-decreasing with a(t) > ton R+. Ifu,f € C(R+,R+) and for allt € Ry, 


+00 
p(u(t)) <e+ f(s)p(u(s))ds, (1.1.288) 
a(t) 
then forall0 < T<t<+o, 
+00 
u(t) <@! (o Jao + / riya) (1.1.289) 
a(t) 


where G(z) = i; aman tee > 2 > 0,971, G"! are, respectively, the inverse of p 


and G,T € Rx is chosen so that for allt € [T, +00), 


+00 
G(c) + / f(s)ds €Dom(G"'), (1.1.290) 
a(t) 


+00 
ola + Flas € Dom (g"'). (1.1.291) 


a(t) 
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Proof Define a non-increasing positive function z(t) by, for all t €¢ R+, 


+00 
z(t) =c+et+ i f(s)W(u(s))ds, (1.1.292) 
a(t) 


where ¢ is an arbitrary small positive number. From inequality (1.1.288) it follows 
that 


u(t) < @ '[z()]. (1.1.293) 


Differentiating (1.1.292) and using (1.1.293) and the monotonicity of g~! and yw, 
we can deduce that 


Z(t) = f(a()) Wlue@)la’ () = f(a) Wle' ca@))]a’ 
> fla) wip (Oa). (11.294) 
Noting that 
vie '(e)] = vip (co))] = vIp (c+ 8)] > 0 
from the definition of G, (1.1.294) thus gives us 
z(t) 
vie" (z@)] 


Setting ¢ = s, and integrating (1.1.295) from ¢ to +00 and letting e — 0, we 
conclude for all t € Ry, 


< Glel) = > —f(a(t))ar' (2). (1.1.295) 


+00 
G(z(t)) < G(c) + f (s)ds 
a(t) 


Thus from (1.1.290), (1.1.291), (1.1.293) and the above relation, we obtain the 
inequality (1.1.289). oO 


In fact, we can regard Theorem 1.1.54 as a generalized form of the Ou- Yang 
inequality with advanced argument. 


Theorem 1.1.55 (The Zhao-Meng Inequality [722]) Let u, f and g be non- 
negative continuous functions defined on R, and let p € C(R+,R+) be an 
increasing function with p(+0c0o) = +00 and let c be a non-negative constant. 
Moreover, let w,, #2 € C(R+, R+) be non-decreasing functions with w;(u) > 0 (i = 
1,2) on (0, +00),a@ € C!(R4,R4) be non-decreasing with a(t) > t on Rx. If for 
allt € R+, 


+00 +00 
g(u(t)) <c+ Ff (s)@1 (u(s))ds + / g(s)@2(u(s))ds, (1.1.296) 
') t 


a(t 


then forall0 < T<t<+o, 
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(i) for the case w(u) < @(u), 


+00 +00 
u(t)< og! (a Javed + f(s)ds + / etoyds}). (1.1.297) 
a(t) t 


(t 


(ii) for the case @,(u) < @2(u), 


+00 +00 
u(t)< go! (a Joe + / : f(s)ds + / etoyds}), (1.1.298) 


where 
G(r) / os > >0,i=1,2 
i= —a™: 612% > U1 = 1,2, 
ry (G7 !(s)) 
and gp, Gil (i = 1,2) are, respectively, the inverse of p, G;, T € R+ is chosen 


so that for allt € [T, +00), 
+00 +00 
f(s)ds + / g(s)ds € Dom (G;'), i= 1,2. (1.1.299) 
) 


t 


Gi(c) + 


(t 
Proof Define a non-increasing positive function z(t) by, for all0 < T < t < +o, 
+00 +oo 
zt) =c+tet+ i Ff (s)@1(u(s))ds + / g(s)@2(u(s))ds, (1.1.300) 
a(t) t 


where ¢ is an arbitrary small positive number. Thus from inequality (1.1.296), it 
follows that for all t € R,, 


u(t) < g '[e(0)]. (1.1.301) 


Differentiating (1.1.300) and using (1.1.301) and the monotonicity of gy! , 1,2, 
we can deduce 

Z(t) = f(a())ari (ula) Jo" (0) — g(Do2[u)] (1.1.302) 
faa ly c(a()))]e’ — g(Herlgy™!(z()] 
f(a())oi [Ww eM)le’ (0) — g(Ner[p™ | (c()].- 


IV 


IV 


(i) When w2(u) < @(u), we have, for all t € Ry, 


Z() = fear lv! (c@)la’ (0) — sQerlo7|(c)I. (1.1.303) 
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which, by noting that 


oi [Ww | (2(t))] < aig! (z(+00))] = wily '(c + 8)] > 0, 
from the definition of Gi (y), gives us, for all t € Ry, 


d _ Z(t) _ 1G) 
oie) = ole) = —f(a(d))a (1) — g(0). 


Setting f = s and integrating it from ¢ to +00 and let ¢ — 0, we get, for all 
te Ri, 


+00 +oo 
Gile() < Gi(c) + / | Fas 1 e(s)ds, 


a(t 
whence, for allO < T <t < +o, 


+00 


+00 
z(t) < G|! (cu + F(s)ds +f s()ds) : 


a(t) 


Using (1.1.301), we can conclude for all 0 < T < t < +00, 


+00 +00 
u(t) < yo (a'[o (+f Flyas+ / e(osds}). 
a(t) t 


(ii) When @;(u) < @2(u), the proof can be done similarly. Oo 


Theorem 1.1.56 (The Zhao-Meng Inequality [722]) Let u,f and g be non- 
negative continuous functions defined on Rx and let c be a non-negative constant. 
Moreover, let gp € C(R+,R+) be an increasing function with y(+00) = +00, ¥ € 
C(R+,R+) be a non-decreasing function with y(u) > 0 on (0,+00) anda € 
C!(R+, R+) be non-decreasing with a(t) > t on Ry. If for allt € Rx, 


+ 


eu) 264 / LF(s)u(s)¥ Gals))ds + g(s\uc(s) Ids, (1.1.304) 


a(t) 


then for all0 < T < t < +00, 


+00 +00 
u(t) <p! (2"'[6"(e]20 + [. e(o)| + ras) |) : 
: oe (1.1.305) 
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where 
ds 


an = f rane: GE 


; =% > 0 
7» 9 '(s) 


oy ds : 
deg VEG“ "|Q7 (SF 


and Q7',g~', G"! are respectively the inverse of 2,,G andT € Rx is chosen so 
that for all t € [T, +00) 


+00 +00 
G (20 + / e(o)ds) + / f(s)ds € Dom (G™') 
a(t) a(t) 
and 


G! (g[2 + [~ _ ) 
g(s)ds| + f(s)ds } € Dom (Q™~). 
a ) 


(t) a(t 


Proof Let us first assume that c > 0. Define the non-increasing positive function 
z(t) by the right-hand side of (1.1.304). Then z(-++oo) = c, u(t) < g~![z(t)] and 


Z(t) = —[f(a())u(a(t)) w[u(e(t))] — (a(t) u(a()) Jo’ (1) 
> —[f(a())¢7 | (la) Wig! (z(w(1)))] — g(a())g™ | (z(w(1))) Jae’ (1) 
> [fae | cM) wie | Z@(O))] — g(a) 9 (Je). (1.1.306) 


Since g~!(z(t)) > g~!(c) > 0, we have 


20 — -1 : 
g(a) ~ (Fla) wip (z(@(1)))] + g(a(t))) a" (0). 


Setting tf = s and integrating it from ¢ to +00, we arrive 


+00 +00 


Q(E(t)) < AC) + / sisyds+ f fovlg eis. 


a(t) 


Let T < T; be an arbitrary number. We denote p(t) = Q(c) + ia, g(s)ds. From 
the above relation, we can deduce that for all T; < t < +00, 
+00 
Q(z(t)) < p(T) + f(s)wlp'<(s)]ds. 
a(t) 


Now applying Theorem 1.1.55 gives us, for all T; < t < +00, 


+00 
2) = QT (anny +f fas) 
a(t) 
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Therefore, for all T; < t < +00, 


+00 
u(t) <¢! (2-'[oomy + : ras)}) 


Taking t = T; in the above inequality, since 7, is arbitrary, we can prove the 
desired inequality (1.1.305). 

If c = O, then we carry out the above procedure with ¢ > 0 instead of c and 
subsequently let ¢ — 0. oO 


Theorem 1.1.57 (The Zhao-Meng Inequality [722]) Let u,f and g be non- 
negative continuous functions defined on R+, and let p € C(R+,R+) be an 
increasing function with p(+co) = +00 and let c be a non-negative constant. 
Moreover, let w,,@2 € C(R+, R+) be non-decreasing functions with w;(u) > 0 (i = 
1,2) on (0, +00) anda € C!(R+,R+) be non-decreasing with a(t) > t on Ry. If 
for allt € Rx, 
+00 +00 
g(u(t)) <ce+ i F(s)u(s)@, (u(s))ds + / g(s)@2(u(s))ds, (1.1.307) 
a(t) t 


then forall0 < T<t<+o, 


(i) for the case w2(u) < @,(u), 


+00 +00 
u(t) <p" (2-167 Gace) + . fosyas + | e(6)d5)]) 


(1.1.308) 
(ii) for the case @\(u) < w2(u), 
+00 +00 
u(t)<@! Ge [arta + i: f(s)ds + i «(ods ; 
a(t) t 
(1.1.309) 


where 


"ds 
a(n) = | —, r>rn>Q0, 
rm & '() 


3 ds 
Gio = | ——_—_—_, z>y%>0,i=1,2, 
eg OLY "[Q“"(s)]} . 
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and Q7!, gp, G"! are, respectively, the inverse of 2,g¢,G, and T € R+ is 
chosen so that for all t € [T, +00), 


+00 +00 
G; (2 4. f(s)ds + / s()ds) € Dom (G;'), 


a(t) 


+00 +00 
G;' (aww + / f(s)ds + / «(s)ds)) € Dom(Q7'). 
a(t) t 


Proof Let c > 0, define the non-increasing positive function z(f) as 
+00 +oo 
z(t) =ct+ / Ff (s)@ (u(s))ds + / g(s)a@(u(s))ds. (1.1.310) 
a(t) t 


From inequality (1.1.307) it follows 


u(t) < g '[e(0)]. (1.1.311) 


Differentiating (1.1.310) and using (1.1.311) and the monotonicity of gy! , 1,2, 


we can deduce 

Z(t) = f(a) ue (a [u(a(t)) Jo’ () — g(Qu(t)er[u(a)] 
> f(a) 9" (e(a()) or lw (ela) la’ (D) — g(Ne | (e())@2[o~ (2())] 
—f(a())o~ "(ear lw (e@)lo’ () — gem (e))o2[e~'(e(M)]. (..1.312) 


V 


IV 


(i) When w(u) < @:(u), 


z(t) 
gp ' (z(t) 


settingt = s and integrating from f to +00, we have 


> —f(a(t)ori ly! (2) Jo! () — gar[o7| (c)I, (1.1.313) 


+00 +00 
Q(z() < Qc) + [. f(syorlp (2) lds +f g(sor ly”! (e()]ds. 


From Theorem 1.1.55, we can conclude, for all 0 < T < t < +c, 
+00 +00 
z(t) < QT! (a G (20 + f(s)ds + t «(osds)}) : 
a(t) t 


Using u(t) < g'[z(t)], we can get the inequality in (1.1.308). If c = 0,we can 
carry out the procedure with ¢ > 0 instead of c and subsequently let ¢ > 0. 
(ii) When @)(u) < @2(u), the proof can be completed similarly. Oo 
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Lipovan [355] improved Bihari’s results by investigating the following so-called 
retarded Bellman-Gronwall-like inequalities 


b(t) 
u(t) <at f(s)w(u(s))ds, to <t<ht, (1.1.314) 


b(t) 


and 


t b(t) 
u(t) <at / f (s)w(u(s))ds +f g(s)w(u(s))ds, to <t< ty. (1.1.315) 


b(t) 
Their results were further generalized by Agarwal et al. [13] to the inequality 


dD) 


v(t) < a(t) + ey gi(t, s)wi(u(s))ds, to <t<h, (1.1.316) 
i=1 AC) 


where the constant a is replaced with a function a(t) and wis are continuous and non- 
decreasing positive functions such that each ratio w;+1/w; is also non-decreasing. 
The following result is to establish some nonlinear retarded inequalities, which 
extend the results in [306]. 
First we introduce some notation, J = [a, 6] is the given subset of R. Denote by 
C'(M,N) the class of all i-times continuously differential functions defined on the 
set M to the set N fori = 1,2,..., and C°(M,N) = C(M,N). 


Theorem 1.1.58 (The Agarwal-Ryoo-Kim Inequality [17]) Let u(t) and a(t) be 
non-negative continuous function in J = [a, B] and let fi(t,s), i =1,...,n, be non- 
negative continuous functions for alla < s < t < B which are non-decreasing in 
t for fixed s € J. Suppose that 6 € C!(J,J) is non-decreasing with b(t) < t on 
J, g(u) is a non-decreasing continuous function for all u € R+ with g(u) > 0 for 
allu > 0, and g € C(R+,R+) is an increasing function with o(+00) = +00. If, 
for allt € |a, B], 
oO) o(n) P(tr—1) 
oun) 00+ f feero( [O” torer---f fltrnstndeCulnd)dn)-* Jd, 
o(a) pla) pla) 
(1.1.317) 


then for all t € [a, T,], 


B oO) 
u(t) < go! Go (crow + »), Silt vas). (1.1.318) 
i=1 & 


where 


"ds 
G(r) = —, r>r>0, 1.1.319 
(r) [ aa) r=ro ( ) 


90 1 Nonlinear One-Dimensional Continuous Integral Inequalities 


and G~! denotes the inverse function of G, and T, € J is chosen so that G(a(t)) + 


ar HanAG s)ds € Dom (G"!). 


Proof Let us first assume that a(t) > 0. Fix T € (a, f]. For alla < t < T, we 
derive from (1.1.317) 


p(t) o(n) $(tr—-1) 
(u(t) < a(T) + [ A, mf fx(T, ta) ++ Gs f(T, in)e(uln))n al. 


(1.1.320) 


Now we introduce the functions 


g(t) g(t) P(tn—-1) 
m(t) = a(T) + [ fran [ ACT, ty) ots (/ f(T, indus) va 


g(a) 


ot) 


p(t) 
mt) = m—1(t) + rn [ Seti(T, tepid 
(a) (a) 


(on—1) 
x (/ S(T, in)e(ms—1(6) a) wer )a, (1.1.321) 
(a) 
for all t € [a, T] andk = 2,..., n. Then we have m(a) = a(T) fork = 1,..., n, 


and mj (t) < m(t) < --- < m,(t), t € [a, T]. From the inequality (1.1.320), we 
obtain u(t) < @!(m(2)), or u(t) < g7!(m, (2) for all t € fa, T]. Moreover, the 
function m)(f) is non-decreasing. Differentiating m)(t), we may get 


o(t) $(tn—1) 
m (1) = f(T, 6) / pica ( / FAT. rte) a v0) 
(a) (a) 
< LA(T.0(0)6' (Om) +AlT, 6(0)6 (Om). (1.1322) 


Thus induction with respect to k gives us for all t € [a, T], k= 1,2,...,n—1, 


k-1 
m,(t) < (Sac. RUT. #eonr om + 117.600) o' (m+ 1(). (11.323) 


i=1 


From the definition of the function m,(¢) and inequality (1.1.323), we have 
my (t) = my) + fn(T. OO) 80m (69) 0" 


< (Ser 6(0)) ni) + foul.) + ft oot) oO) 
i=1 
n—-1 

< | (Seer 6(0))ma( + f(T Horton o') 


< SAT. $0)’ (7m + gOm(D)). (1.1.324) 


i=1 
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that is, 


m0) aa . 
mal) + smi) = hh POO: (1.1.325) 


Taking t = s in (1.1.325) and then integrating it from a@ to any ¢ € [a, 6], changing 
the variable and using the definition of the function G, we conclude for alla < t < 
c= fp, 


ds o() 
G(m,(t)) < Gm (a)) + ba [ = f(T, s)ds, (1.1.326) 
i=1 a 


or 


ot) 


n(t) < G! | Gm, Ly 
m,(t) < (cinco a 


f(T, ods) ; (1.1.327) 
(a) 


Now a combination of u(t) < ~!(m,(t)) and the last inequality gives us the 
required inequality in (1.1.318) for T = ¢. If a(t) = 0, we replace a(t) by some 
€ > 0 and subsequently let € — 0. This completes the proof. oO 


For the special case g(u) = uv? (p > 0 is aconstant), Theorem 1.1.58 gives us the 
following retarded integral inequality for iterated integrals. 


Corollary 1.1.14 (The Agarwal-Ryoo-Kim Inequality [17]) Let u(t), a(t) fi(t), 
b(t) and y(u) be as in Theorem 1.1.58, and let p > 0 be a constant. Suppose that, 
for allt € [a, B], 
(2) g(t) #(tm—1) 
glu()) < a(t) + / Silt, (| falti,t2)-** (/ fulto-astoi? (ad) da 
$(@) $(a) $(a) 
(1.1.328) 


Then for any t € [a, T\], 


be ot 
u<o! Ge (cin + Be | fit, oa) ; (1.1.329) 
i=) ¥ P(@) 


where 


ra 
G,(r) =| a r>ro > 0, (1.1.330) 


TO 


and Gy! denotes the inverse function of G,, and T, € J is chosen so that G,(a(t)) + 


ea Wen s)ds € Dom (G{'). 
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Remark 1.1.15 


(i) When g(u) = u and g(u) = u, from Theorem 1.1.58, we may deduce the 
following retarded integral inequality: 


u(t) < a(t) exp xf" 


(ii) When g(u) = u in Theorem 1.1.58, we may obtain the following retarded 
integral inequality: 


g(t) 
Silt, vas) (1.1.331) 


I ot 
u(t) < Gu! (cio) +> [ « fit, va (1.1.332) 


(iii) When g(u) = wu? (p > O is aconstant) in Theorem 1.1.58. we may derive the 
following retarded integral inequality: 


nr pot) P 
u(t) < fo (<iew) + >| Silt, oa) . (11.333) 
i=1 o(a) 


Now we introduce the following notation. For a < f, let J; = {(t1,h,...,t)) € 
Ri: a<#<...< <p} fori=1,...,n. 


Theorem 1.1.59 (The Agarwal-Ryoo-Kim Inequality [17]) Let u(t) and a(t) be 
non-negative continuous functions in J = |a, B| with a(t) non-decreasing in J, and 
let p(t), i = 1,...,n, be non-negative continuous functions for alla <t < Bp. 
Suppose that @ € C'(J,J) is non-decreasing with $(t) < t on J, g(u) is a non- 
decreasing continuous function for all u € R+ with g(u) > 0 for all u > 0, and 
gy € C(R+, R+) is an increasing function with p(+00) = +00. If foranyt € J, 


g(t) 
elu) a0) + f pi(tie(u(ty))dn 


(a) 
p(t) o(n) o(ti—2) 
Fs y, mto( patry(--( f pitied 
3 ‘4s(0) 141 e) 2N42 ie 1 i] 
o(ti-1) 
xf pilt)e(ult))atd dtd, (1.1.334) 
(a) 


then for all t € [a, To], 


u(t) < gy '[G!(G(a(t)) + F(d)| (1.1.335) 
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where T, € I is chosen so that G(a(t)) + F(t) € Dom (G~'), 


7 ds 
G(r) = [ Haney: r> 71> 0, (1.1.336) 


and G~' denotes the inverse function of G, and for all t € I, 


g(t) $(t) $(ti—2) 
FQ = I Pi(ti)dty + 2 “outd( rale)(~ (/ Pi-1(t-1) 
p(a) (a) (a) (a) 
$(i-1) 
x( / pita) dr) ata, (1.1.337) 
$(a) 


Proof Assume the function a(f) is positive. Define a function v(t) by the right-hand 
side of (1.1.334). Clearly, v(#) is non-decreasing continuous, u(t) < @~'(v(t)) for 
all t € and v(a) = a(a). Differentiating v(t) and rewriting, we arrive at 


v'(t) —a'(t) 


= t))) < v1 (4), 1.1.338 
Tonio) 7 8UGO) = 1 (1.1.338) 
where 
o(t) nr pot) (02) o(ti-2) 
n= [ op Pua d+ [ . patt( [ . pate)(--( [ 4) Pritie) 
b(ti-1) 
«(| pilt)e(u(t))d) de) ++ ats) (1.1.339) 
¢(@) 


Now differentiating v;(t) and rewriting, we may get 


v(t) 


#OpG() Sun: 1.1.340 
FOpoo) SPO) s 2 ' 
go) p(t) (ts) acs 
“we be Caen a en pa) ( + (/., Pi-1(ti-1) 
(ti-1) 
«(f° pilt)e(u(t))dt) dt) + ats) oe 
(a) 


Continuing in the same way, we may obtain 


v)_5(t) 


POPri@) g(u(P(t))) < Vn-1(0), (1.1.342) 
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where 


v(t) 
yAO= / Palin et) (1.1.343) 
) 


o(a 


From the definition of v,—;(¢) and the inequality u(t) < g~!(v(t)), we may find 


rai yy 1.1.344 
Woop < ¢'(O)pr(o(). (1.1.344) 


Integrating the inequality (1.1.344), we get 


t v!_,(s) , 
= n(s)ds. 1.1.345 
[ eG) dig : 


Now integrating by parts the left-hand side of (1.1.345), we may obtain 

t / ni (t t js ee | / 

jo ae ee Oe 
a 8(Y *(v(s))) SET) Ja Ser) — gle" 0)] 


Un-1 (t) 


> —————_.. (1.1.346) 
g(y!(v(1))) 
Thus from the inequality (1.1.345) and (1.1.346), we may derive 
g(t) 
a < " pn(s)ds. (1.1.347) 
se (VD) ~ Jee) 


Next, from the inequality (1.1.342), we observe that 
V1 0) S P'(OPn-1 (OO) BUD) +P OPn-1(G(D)Un-1. (11.348) 
Thus it follows that 


viol), e(u(o(0))) 
oo) =? OPO) =wO) 


<P (O)Pn-1(GO) + Y'(OPn-1 (GO) 


; tet 
+o Opn (OO) wm) 


Un-1 (t) 
ap "(v(t))) 


Using the same procedure from (1.1.345) to (1.1.347) to the inequality (1.1.349), 
we may get 


(1.1.349) 


Un—2(t) 9) oO Vp—1(t1) 
= ee n— di i ————_———- dt. 1.1.350 
a(o"(v()) a) Pa) n+ fo Pie) | 
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Now combining the inequalities (1.1.347) and (1.1.350), we may conclude 


eat o(0) 70) o(t) 
ef peultdn + fo pratt) fo palededn. (11.351) 
8G 'UM) ~ Joa $(a) $(a) 


Proceeding in this way, we may conclude 


v1 (t) 7 g(t) 
2g) ~ Ve P2(t)dt) +++: 
o) (ti) b(tn—2 

era n(tn—1)dtn—1 °° dt). 

Fa nin( fi pate ( I Pa(tn—1)dtn—1 ) at) t1 
(1.1.352) 

On the other hand, from the inequality (1.1.338), we may get 

VO — a < OPPO) gu) + HOPG). 0.1353) 


or 


vO-dO _, eu(o(n)) v1) 
som) =? OPO GM) +? OPCO oO) 
vi (0) 


< (pi (oD) + FOG) e@y (1.1.354) 


that is, 


v1 (1) 
s(g (v(t) 
(1.1.355) 


v(t) a(t) j j 
2@O)  e@a®) <P OpPiOM) +o Opie) 


Setting ¢ = f,, and integrating from a to f, and using the definition of G, we may 
obtain 


x0) g(t) v1(t1) 
G(v(t)) < G (x0 + [ Pilti)dty + [ rider st) , (1.1.356) 


Consequently, using (1.1.352) to the inequality (1.1.356), we may conclude 
v(t) < G'[G(a(t)) + FO), (1.1.357) 
where the function F(t) is defined in (1.1.337). Now, the desired inequality in 


(1.1.340) follows by the inequality u(t) < # '(v(2). If a(t) = 0, we replace a(t) 
by some € > 0 and subsequently let € > 0*. This completes the proof. oO 
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For the special case ¢(u) = uw? (p > 1 is aconstant), Theorem 1.1.59 gives us 
the following retarded integral inequality for iterated integrals. 


Corollary 1.1.15 (The Agarwal-Ryoo-Kim Inequality [17]) Let u(t), a(t) p;(t), 
(t) andg(u) be as in Theorem 1.1.59, and let p > 0 be a constant. If, for any t € J, 


p(t) 
W(t) < alt) + / pitig(u(ti) at 


g(a) 


a o(t) $(t1) $(ti—2) 
+> f nior( [ patey(---( f aCe 
eC) $(a) $ (a) 
$(ti-1) 
«(| pi(s)e(ult) aa.) dt) an (1.1.358) 
$ (a) 


then, for allt € [a, T3], 


u(t) < [G-(G(a(t)) + FO)? (1.1.359) 


where T; € I is chosen so ai Gi(a(t)) + F() € Dom (Gy ) Gi) = 


ds > r9 > 0, and G"! denotes the inverse function of G, and the function 
© gv? (s)) 


ee is defined in (1.1.336) for anyt € I. 


Theorem 1.1.60 (The Agarwal-Ryoo-Kim Inequality [17]) Let u(t) and a(t) be 
non-negative continuous functions in J = |a, B| with a(t) non-decreasing in J, and 
let f(t), p(t), i= 1,...,n, be non-negative continuous functions for alla <t < Bp. 
Suppose that @ € C'(J,J) is non-decreasing with o(t) < t on J, g(u) is a non- 
decreasing continuous function for all u € R+ with g(u) > 0 for all u > 0, and 
gy € C(Rz, R+) is an increasing function with (+00) = +00. If, forallt € J, 


x0) 
g(u(t) < a(t) +f Pi(tifi(ti)u(t)g (u(t) )dti 


$(a) 


(ty (tt) o(ti—2) 
+f pinr( fr ptt) (+ (J. Pi-1(ti-1) 
o(ti-1) 
x ( / paryite)utee(utt))d) )ata)an, 
(a) 


(1.1.360) 


then for all t € [a, T4], 


u(t) < g | (®'[Gy!(G,[®(a@))] + F()]) (1.1.361) 
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where Ty € Lis chosen so that G2[®(a(t))]+ Fi (t)€Dom (Gy'), Gy! (G2[®(a(t))] + 
F,(t)) € Dom (®~'), 


¢ ds "ds 
ain = | To’ on =f pag P20 (1.362) 


and Gy! denotes the inverse function of G2, for any t € I, 


ot) oy $(ti—2) 
Fi = Piti)F1(t)dt +f “oun( fi ” “mt ( fe Pi-1(ti-1) 


$(ti-1) 
«(| pi(adF(tda ar) arn), (1.1.363) 
(a) 


Proof Let the function a(t) be positive. Define a function w(t) by the right-hand 
side of (1.1.360). Clearly, w(t) is non-decreasing continuous, u(t) < ¢~'(w(t)) for 
allt € J and w(a@) = a(q). Differentiating w(t) and rewriting, we may have 


w’(t) — a’ (t) 


POpilo) —filo@)ul@M)gu(o)) < wid, (1.1.364) 


where 


g(t) 
moe [ _ Paealeate) tule) 


be oo g(t) o(ti—2) 
+yf patto( pt) (-- (/ pi-alticn) 
SF Jo(a) (a) (a) 


$(ti-1) 
x (/ piaf(adute)ta))at Ja) eee )ats) a, (1.1.365) 


(a) 


Now differentiating the w;(t) and rewriting, we get 


w(t) 


P Opib) —frloM)u(d()g(U(P()) < wo(t), (1.1.366) 


where 


p(t) 
w2(t) = i; _, Poteau) 


ot (13) $(ti-2) 
+f rtey( pales (/.. Pi-1(ti-1) 


$(ti-1) 
«(| piy(t)uttda) at Ja) dt) at 


$ (a) 


(1.1.367) 
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Continuing in this way, we may obtain 


Who (t) 


Op.) —fr-1(P DO) ud) gO) < Wr-1(), ~~ 1..1.368) 


where 
$(t) 
Wr-1(t) = / Pulta)fn (tr) U(th) g(U(tn) )dtn- (1.1.369) 
o(@) 
From the definition of w,_;(f) and the inequality u(t) < 6 ~'(w(2)), we may find 


oe <$'puG OG O)@ Ov). .1.370) 


Integrating the inequality (1.1.370), we can get 


, b(t) 
I a = 1. bis Pnls)fn(s)g(p | (w(s)))ds. (1.1.371) 


Now integrating by parts on the left-hand side of (1.1.371), we can obtain 


[ wy,_1(S) _ Wr—1 (0) +f Wr—-1W 
ew) 1M) (gw)? 9'(@-"(s)) oo” 


Wn—1 (t) 


= FO)’ (1.1.372) 
From the inequality (1.1.371) and (1.1.372), we have 
g(t) 
ate / Pu(S)fu(s)a(¢ | Gv(s)))ds. (1.1.373) 
gp! (v(t) (a) 


Next, from the inequality (1.1.368), we may derive 


wh_9(t) < $! (OPn—1 (OO) Wn—10) + 6" (OPn—1 GO fn-1 (OM) | Ov) g(G | (W()). 
(1.1.374) 


Also from the inequality (1.1.374), it follows that 


w,,-9(0) Wri ay : 
Fay <P PAGO py + HOP HOY (O)8(O™"H(0). 


(1.1.375) 
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Using the same procedure from (1.1.371)—(1.1.373) to the inequality (1.1.375), we 
may conclude 


Wn—2 (t) < Me Wn-1 (t) 


ow) = Pn—1(t) 


ot) 
-1 
7 Free yt + ff, Po Hehe a(ea(o™ Noe). 


(1.1.376) 


Next, using (1.1.374) in the inequality(1.1.376), we can get 


Wy—2(t) (20) p(t) 4 
Foy = fi, Prien ff Palstoralo" "rs 


o()) 
+ / Pn—1(ti)fr—1(t1) g(@™ | (w(t1))) dt. (1.1.377) 
(a) 


Proceeding in this way, we arrive at 


wi(t) ot) 24 
0) = i. PatyAlte(@ ~ (wt)))dt ++ 


$(1) $(tm—2) 
+f patn)( f paltsfltsde(@™'Ovlt)))ds- a. (1.1.378) 
) $(a) 


g(a 


On the other hand, from the inequality (1.1.364), we may derive 


wd) < ¥ OrGOAEOG WOE WO) + 4’ Ori1GOwi, — (1.1.379) 


or 
wO-ad _,, wild) ' -1 
eOhay <$¢ Or1¢O) = a@ + PY OPIGOAOO)(G CwM)).  (1.1.380) 


Now the left-hand side of the inequality (1.1.380) implies that 
Ww) dQ w)-a0 
ew) ge Ma)) ~ er '(w()) © 


In the inequalities (1.1.380) and (1.1.381), setting f = ft, integrating from a to f, 
and using the definition of ®, we can obtain 


(1.1.381) 


$(t) 
a I, ) Pd rea) 


oo 
+f | Pudfilnya(e"(w(n)))dn. (1.1.382) 


g(a 
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Consequently, from the inequality (1.1.378) and (1.1.382), we can conclude 
w(t) < ® {k(A)], (1.1.383) 


where the function k(t) is defined in by, for some fixed T, t < T < B, 
go 


k(t) = ®(a(T)) + [ piltiyfi(ie(o7! (wlt)))dn 


$(a) 


p(t) (ti) 
as pueo( fr P2(t2) 


$(ti-1) 
«(--( / © paryie)a(e"w(a)))at) +» aaa, (1.1.384) 


dla 


Clearly, k(t) is a non-decreasing continuous function and k(a) = ®(a(T)). 
Differentiating k(t) and rewriting, we can get 


k(t) 4 
POpilo) —fil@Male W@M))) <i, (1.1.385) 


where 


p(t) 
ki) = [. _ Paleavaledalo™ Onl) 


(1) (12) $(ti-2) 
+> | vrced( pata)( + (/ Pi-1(ti-1) 
$(a) (a) $(@) 


$(ti-1) 
x( / pily(tdgte”Mone)))dr) de +» ds) dt (1.1.386) 


g(a) 


Using the same procedure from (1.1.366)—(1.1.380) to the equality (1.1.386), we 
can conclude 


ky (t) g(t) 
mS) < is am P2(t2)f2(t2)dt2 


g(t) $(t2) $(t—-1) 
on vptt)( fr ' paa)( ts payed) + at), 


(1.1.387) 


k(t) k(t) 
Ap-HO-NKD)) = < ¢' (pi (6) =—— ow) + $' Opi MAG). (1.1.388) 
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In the inequality (1.1.388), setting t = s and integrating from @ to f, using the 
definition of G2, we can obtain 


ot) k v(t) 
Go(k(t)) < Ga(k(a)) + i, . ra — a+ | 9 PUSMCsids. (1.389) 


Finally from the inequalities (1.1.387) and (1.1.389), we may get 
k(t) < Gy'[G2(®(a())) + Fi), (1.1.390) 


where the function F\(f) is defined in (1.1.363). In particular, for T = t, we 
can conclude that the desired inequality (1.1.363) follows from by the inequalities 
u(t) < & '(w(d) and w(t) < ©7!(k(2)). This thus completes the proof. Oo 


1.1.2. Nonlinear One-Dimensional Bellman-Gronwall 
Inequalities 


Now we introduce the Viswanatham inequality which is a generalization of Bell- 
man’s Lemma. We shall first prove the following result. 


Theorem 1.1.61 (The Viswanatham Inequality [657]) Jf 
oy ent [ f6.6))ds (1.1.391) 
x0 


where f (x, t) is continuous and monotonic increasing in y in the region R defined by 
|x — xo] < a; |y— | < b, where a and b are positive real numbers; and (x) is 
continuous in the interval |x — xo| < a, then 


P(x) < x) (1.1.392) 


where x(x) is the maximal solution of the differential equation z’ = f(x, z) through 
(xo,) for all x > xo (We shall call this differential equation the associated 
differential equation of the above integral inequality). 


Proof Take $(x) as the zero approximation of the solution of the differential 
equation z’ = f(x,z) through (xo,7) and set up the successive approximations 
recursively by 


dx+i(x) = 9 +f f(s, be(s))ds. 


These successive approximations exist at least on the interval |x—xo| < @ wherea = 
min(a, b/M) where M is a positive number such that | f(x, y)| < M. Furthermore, 
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this sequence of successive approximations is equicontinuous in this interval, since 


CW Co a / (ebial= i; “to dectOlas 


x] 


< [x1 — x2|M <ef if x1 — x2| < €/M =6. 
It is further uniformly bounded because 
lon(x)| < |n| + M|x2 — xi] < 7 + Maw. 


We can show by induction that these successive approximations form a monotonic 
increasing sequence, for, suppose that ¢,(x) > dy) (x). Then 


B10) — dle) = | (f06.0x(9)) - 6.44169) ds = 0 


since f(x, z) is monotonically increasing in z. Therefore ¢,41(x) > x(x). But 
the basic hypothesis on our theorem is that the zero approximation < first 
approximation. So the successive approximations form a monotonically increasing, 
equicontinuous, and uniformly bounded function sequence in the interval |x —x9| < 
a, and therefore must converge uniformly to a function (x). Further, it is clear that 
w(x) is a solution of the associated differential equation through (xo, 7) and for all 
Xo SX SX + a, 


p(x) < wa). 


Therefore, for all x <x <x+a, 


$(x) < xQ), 


when y(x) is the maximal solution through (x, 7). 


As a counterpart to Theorem 1.1.61, we can similarly prove the following 
theorem. 


Theorem 1.1.62 (The Viswanatham Inequality [657]) Under the same condi- 
tions as in Theorem 1.1.61 if, for all x € [xo,x0 + a], 


ox) = n+ / f(s, 6(s))ds, (1.1.393) 


then $(x) = minimal solution of the associated differential equation through (xo, )) 
forallxy <x <x +a. 
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Proof The proof is the same except that in this case the successive approximations 
form a monotonically decreasing sequence converging to a solution of the associated 
equation. We leave the proof to the reader as an exercise. oO 


The following may be obtained as corollaries to the above Theorems 1.1.61- 
1.1.62. 


Corollary 1.1.16 (The Viswanatham Inequality [657]) Under the condition of 
Theorem 1.1.61, if, for all x = xo, 


$0) < Wa) + / f(s, G(s))ds, (1.1.394) 
then for all x = xo, 


(x) < W(x) + x@), (1.1.395) 


where x(x) is the maximal solution of 7 = f(x,z + W(x)) through (xo, 0) as far as 
this maximal solution exists. 


Proof Put r(x) = $(x) — W(a) and the inequality becomes 
r(x) < / f(s, r(s) + W(s))ds. 


Applying Theorem 1.1.61 to the above inequality, we can obtain r(x) < x(x). 
Therefore d(x) < W(x) + x(a). Oo 


The counterpart to this may be stated as the next corollary. 


Corollary 1.1.17 ([The Viswanatham Inequality [657]) Under the condition of 
Theorem 1.1.61 if, for all x = xo, 


(x) > ¥@) + / Fs, (s))ds (1.1.396) 
then for all x = xo, 


h(x) = W(x) + x), (1.1.397) 


where x(x) is the minimal solution of the associated equation in Corollary 1.1.16. 


Similar theorems may also be proved for intervals with xo as the right end point. 
A very special case of Theorem 1.1.61 is what is known as Bellman’s 
Lemma [69], i.e., Theorem 1.1.2 in Qin [557] which is as follows: 


bl <M + / LP|ly(s)|ds 
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then 
x)| < Mex : dt). 


This is obtained by putting f(x, y) = | f(x)|y,x0 = 0 and n = M in Theorem 1.1.61. 

Another special case of the same theorem is obtained by putting f(x, y) = v(x) - 
g(y) where v(x) is non-negative and g(y) is monotonic increasing in y. This case 
was considered in [82] and also in [328]. It is not necessary to work through the 
details to prove results of [82] and [328] from Theorem 1.1.61. 

It is clear that in many situations in ordinary differential equations where we 
use a Lipschitz condition or Lipschitz-like condition, we may obtain more general 
results by applying the above theorems. For example, [156] contains the following 
proposition on approximate solutions. 

Suppose f satisfies a Lipschitz condition with Lipschitz constant k; ¢; and ¢2 are 
€ and €) approximate solutions of the differential equation x’ = f(t, x) and for some 
T, we have |¢,(t) — $2(t)| < 6. Then for all t > t, we have 


Ib1(0) — de] < Se + F(e™ — 1). 
If € = €; + 2, then /f satisfies the more general condition 


| f(x, 91) —f(%, y2)| < @(x, |y1 — y2I) 


where w(x, z) satisfies conditions of Theorem 1.1.61, we may show easily by 
applying Theorem 1.1.61, that |@1(t) — @2(4)| < x(4) for all t > t where y(f) is the 
maximal solution of z’ = w(t, z)+ € through (¢, 6). Further, the first few examples of 
page 37 of [156] can all be solved by the application of Corollary 1.1.17. Similarly 
Theorems |.1.61—1.1.62 can be used in a natural way to extend the results of [328] 
concerning bounds on the norm of a solution of a differential equation. 

The next result is concerned with a system of integral inequalities 


g(t) < c+ : fit, @1(2),---, @n(t))dt, i=1,...,n, (1.1.398) 


for all t € [to, 1] = J,t) < +00. 
For simplicity, we introduce the relation “<” in R"”, namely, we set for any two 
points of R’,x = (41,...,%,) andy = (y1,...,y,), foreachi = 1,...,n, 
x<y iff x; <y;. (1.1.399) 


Relation (1.1.399) is a semi-order in R” and it is easy to see that for any bounded 
set A C R", there exists the sup A with respect to relation (1.1.399), 


sup A = min{z € R”: x < z for each x < A}. (1.1.400) 
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We shall need (1.1.400) only for two point sets. In that we have 
sup{x, y} = 2 = (Z1,---, Zn) (1.1.401) 


where z; = max(vj, y;), (x; and y; are coordinates of x and y, respectively). 
We can now write (1.1.398) in a shorter form, namely, for all ¢ € J, 


p(t) <c+ [ scar. (1.1.402) 


where gy, c and f are now n-vectors. 

The next result is to present a simple and very short proof of a result due to Opial 
[435] concerning inequality (1.1.402) (Theorem 1.1.63 below). The proof is based 
on an idea used by Cafiero [130, 131] to prove an analogous result on differential 
inequality (cf. also [433]). 


Theorem 1.1.63 (The Opial Inequality [435]) Let a map f : J x R" > R" be 
continuous and assume that for any x < y, 


f(x) <ftt,y). (1.1.403) 


If a continuous map ~ : J > R" satisfies inequality (1.1.402) and w : [to, ta] > 
IR” (t2 < t1) is the maximal solution of 


x(t) =c+ i: f(t, x(t))dt, (1.1.404) 
then for all ty < t < h, 
g(t) < wo). (1.1.405) 


A solution w is the maximal solution of (1.1.404) if for any other solution x(f) of 
(1.1.404), the inequality x(t) < w(d) holds on the common interval of existence; if 
(1.1.403) holds, then the maximal solution of (1.1.404) exists, cf. [666]. 


Proof Put 


F(t,x) = f(t, sup{x, g(1)}). (1.1.406) 


By (1.1.401), g(t) < sup{x, g()}; therefore from (1.1.403) and (1.1.406) we 
derive for each x, 


F(t,x) > f(t, o(). (1.1.407) 
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Let X : [to, t2] — R" be the maximal solution of 


x(t) =c+ i adele (1.1.408) 


i) 


Then, using (1.1.407) and (1.1.402), we conclude 


X=ct+ [ Fe. xcnar >ct+ [ soca >(t), (1.1.409) 


It follows from (1.1.409) and (1.1.401) that sup{X, g(t)} = X. Therefore by 
(1.1.406) we have F(t, X(t)) = f(t, X), whence X is also the maximal solution of 
(1.1.404). Thus (1.1.409) proves (1.1.405) and completes the proof. oO 


Remark 1.1.16 The monotonicity assumption (1.1.403) is essential for Theo- 
rem 1.1.63 (cf. [435]). 


The corresponding result concerning a system of differential inequalities in [666] 
requires that fj(t, x1,...,Xn) is non-decreasing with respect to x; only for j # i. In 
that sense differential inequalities theory is more general. In fact, we can reduce a 
proof of Theorem 1.1.63 to a corresponding result on differential inequalities (cf. 
[667]). A special case of Theorem 1.1.63, namely n = 1 and f linear in x, is the 
celebrated Gronwall’s inequality. 

There exist various generalizations of the Bellman-Gronwall-Reid inequalities. 
The next result is a sufficiently general result in this direction which includes and 
unifies several works [126, 196, 250, 325]. 

We wish to develop a variation of constants formula for the scalar differential 
equation 


uw = XA(t)g(u) + R(t, u), u(to) = vo = 0 (1.1.410) 


where A € CUR), g € C(R+, R+), g(0) = 0, g(u) > 0 for all uu > 0,R € CU x 
R+,R) and J = [f, To]. It is well-known that a solution v(t) of 


v' = A(t)g(v), v(to) = vo = 0 (1.1.411) 


may be expressed in the form, for all t € Jo, 
t 
G(v(t)) = / A(s)ds + G(v0), (1.1.412) 
1 


where 


u d. 
cw = | Saale u>u>0 
up 8(S) 
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and 
t 
Ih = fre I: G(vo) + / A(s)ds € Dom (G') ‘ 
to 


Let us now apply the variation of constants method. To this end, we need to 
determine vo as a function ¢ such that v(f) is a solution of (1.1.410). Thus, we find 


G,(u(t))v'(t) = A(t) + Gu(vo) v9, 
which, in view of definition (1.1.412) of G and (1.1.410), reduces to 


— g(Vo) 
° g(v()) 


= 


R(t, v(t). 
Using now (1.1.412) to eliminate v(t), we obtain the differential equation 
Up = W(t, Vo), Vo(to) = Vo, (1.1.413) 


where 


g(vo) R(t, G! (G(vo) + ff, A(s)ds)) 


w(t, Vo) = e[G-1(G(vo) + Si X(s)ds)| 


Let vo(t) be a solution of (1.1.413) existing on Jy. Then (1.1.412) gives us the 
integral equation satisfied by a solution v(t) of (1.1.410) in the form, for all t € Jo, 


t 1g (G'(G(v(s)) — fr, AE) aE) 
v()=G! ( [ A(s)ds + G (» + i a), v(s))ds 


(1.1.414) 


We thus have proved the following result. 


Theorem 1.1.64 (The Bellman-Gronwall-Reid Inequality [323]) Let’, g,r and 
I be as given above. Then a solution v(t) of (1.1.410) can be exhibited in the form 
(1.1.414) on Ip, which can be obtained by the method of variation of constants. We 
note, in passing, that the linear case is covered by (1.1.414). 


Corollary 1.1.18 (The Bellman-Gronwall-Reid Inequality [323]) Jf in addition 
to the assumptions of Theorem 1.1.61, we assume that 4 > 0, R(t,u) = a(t) = 0 
and g is non-decreasing in u, then the following bound is true for u(t): for all t € Io, 


u(t) < o| | A(s)ds + G(vo + [ owas]. (1.1.415) 
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Let R” denote the real n-dimensional, euclidean space of elements u = 
(uy), U2,-** , Un). Sometimes, we shall denote also the (t+ 1)-tuple (f, u;, u2,--+ , Un) 
as an element, and R”*! shall denote the space of elements (ft, u1,U2,--* , Up) OF 
(t, u). Let ||u|| be any convenient norm. As usual, we shall mean by C(E, R”) the 
class of continuous mappings from EF into R”. If f is a member of this class, one 
writes f € C(E, R"). Let us consider a system of first-order differential equations 
with an initial condition 


u = g(t,u), u(to) = uo, (1.1.416) 
where u! = a Up = (Uj0,U20,°-- , Uno), and g € C(E,R”). A solution of the 
initial value problem (1.1.416) is a differentiable function of f such that u(fo) = 
uo, (t,u(t) € E, and u'(t) = g(t, u(t) for a t-interval J containing fo. This means 
that u(t) has a continuous derivative. From these requirements on the continuous 
function u(t), it follows that it satisfies the integral equation 


u(t) = ug + [ u(s))ds, teJ. 


The following theorem shows the fundamental property of such a family of 
functions, the proof of which will be omitted. To prove Theorem 1.1.65 below, we 
need the following lemmas. 


Lemma 1.1.13 (Ascoli-Arzela Theorem) Let F = f be a sequence of functions 
defined on a compact u-set E C R", which is equicontinuous and equibounded. 
Then, there exists a subsequence f,, n = 1,2,-+-+, which is uniformly convergent 
on E. 


Lemma 1.1.14 (Peano’s Existence Theorem) Let g € C(Ro, R”), where Ro is the 
set [(t, u) ity <t<t+a,|lu—uoll < b|; g(t, u)|| < M on Ro. Then, the initial 
value problem (1.1.416) possesses at least one solution u(t) on to < t < to +a, 
where a = min(a, 4 : 


Proof Let uo(t) be a continuously differentiable function on [fo — 4, fo], 6 > 0, such 
that uo(to) = uo, ||uo(t) — uol| < 5, and ||u,(t)|| < M. For 0 < € < 4, we define a 
function u. = uo(t) on [fp — 4, fo] and 


Ue = Up +f g(s, Uc(s — €))ds (1.1.417) 


i) 


on [to, to + a1], where a; = min(a, €) > 0. Observe that u.(f) is differentiable and 
||we(t) — uol| < b (1.1.418) 


on [fo —6, to + a]. If a, < a, we can use (1.1.417) to extend u,(t) as a continuously 
differentiable function over [fo — 6, to + @2], @2 = min(a@, 2e), such that (1.1.418) 
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holds. Continuing in this way, u,(f) can be defined over [fo — 6, to + a] so that it has 
a continuous derivative and satisfies (1.1.418) on the same interval. Furthermore, 
\|u!.(t)|| < M, and therefore u,(¢) forms a family of equicontinuous and uniformly 
bounded functions. An application of Lemma 1.1.13 shows the existence of a 
sequence {e,} such that ¢. > € > ++: > & — Oasn > ov, and u(t) = 
lim, 00 Ue, (t) exists uniformly on [fo — 6, fo + a]. Since g is uniformly continuous, 
we can obtain that g(t, u.,(t — €,)) tends uniformly to g(t, u(t)) as n — oo, and, 
hence, term-by-term integration of (1.1.417) with € = €,, a; = a@ yields 


u(t) = uo + / g(s, u(s))ds. 


to 
This proves that u(t) is a solution of (1.1.416). oO 
The following corollary of Peano’s Theorem is useful in applications. 


Corollary 1.1.19 (Peano’s Existence Theorem) Let E be an open (t,u)-set in 
R"*t! and Ey be a compact subset of E. Suppose that g € C(E, R") and ||g(t, u)|| < 
M on E. Then, there exists ana = a(E, Eo, M) such that, if (to, up) € Eo, (1.1.26) 
has a solution, and every solution exists on to, to + a]. In that case, when g is not 
bounded on E, we can replace the set E by an open subset E, having a compact 
closure in E and containing Eo. 


We adopt the following notation for Dini derivatives: 
D* u(t) = limsuph"'[u(t +h) —u()],  D4yu(t) = lim infh'[u(t +h) —u(d)], 
hoot h->0 


D u(t) = lim suph'[u(t +h)- u(t), D_u(t) = lim inf A~'[u(t +h)- u(t) |, 


h->0- 


where u € C([fo, f + a), IR). When Dt u(t) = Du(2), the right derivative will be 
denoted by u', (t). Similarly, u‘_(t) denotes the left derivative. 


Lemma 1.1.15 Let E be an open (t,u)-set in R* and g € C(E,R). Assume that 
Uwe C([to, to +a), R) and (t, v(t)), (t, w(t) € E, t € [to, to + a). Suppose further 
that 

v(to) < w(to), (1.1.419) 


and, for all t € (to, t9 + a), the inequalities 


D,(t) < g(t, v0), (1.1.420) 
Dy(t) > g(t, w(t), (1.1.421) 


hold. Then for all t € [to, to + a], 


v(t) < w(t). (1.1.422) 
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Proof If assertion (1.1.422) is false, then the set 
Z = [t € [to +a): w(t) < v(d)| 
is nonempty. Defining ft; = inf Z, it is clear from (1.1.419) that tg < t;. Furthermore, 
v(ti) = w(t) (1.1.423) 
and for all t € [fo, t1), 
u(t) < w(t). (1.1.424) 
Using (1.1.423) and (1.1.424), we can obtain, for small h < 0, 


v(ty + h) _ v(t) x w(t} + h) _ w(t) 


1.1.425 
A hy ( ) 


which in its turn implies 
D,(t1) = Dw(t). (1.1.426) 
The inequalities (1.1.420), (1.1.421) and (1.1.425) together with (1.1.420) lead us 


to the contradiction 


g(ti, v(t1)) > g(t, w(t). 


Hence Z is empty, and the statement (1.1.422) follows. Oo 


Remark 1.1.17 It is obvious from the proof that the inequalities (1.1.420) and 
(1.1.421) can also be replaced by 


D,(t) < g(t, v(d)), (1.1.427) 
Dy (t) < g(t, w(d), (1.1.428) 


respectively. 

Lemma 1.1.16 (Zygmund) Suppose that u € C([to, to + a), R) and the inequality 
Dv(t) < 0 for all t € [to, t) + a) — S, D being a fixed Dini derivative. Then, u(t) is 
non-increasing in t on [to, to + a). 

Lemma 1.1.17 Suppose that u € C([to, to + a),R) and for some fixed Dini 
derivative Dv(t) < w(t) for all t € [to, to + a) — S, Then, D,(t) < w(t) for all 
t € [to, 9 + a). 


Proof Define the function 


m(t) = v(t) -[ w(s)ds. 


i) 
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It then follows from the assumption that for all t € [fo, 9 + a) — S, 
Dm(t) = Dv(t) — w(t) < 0. 


Hence, by Lemma 1.1.16, m(f) is non-increasing in t on [fo, fo + a). 
Consequently, for all t € [t,t + a) —S, 


Dy, (t) = D,(t) = w(t) <0, 


and the lemma is proved. oO 


Remark 1.1.18 From Lemma 1.1.17, it is clear that Lemma 1.1.15 remains true 
when the inequalities (1.1.420) and (1.1.421) hold for all t € [fo, 9 +a) —S, D being 
any fixed Dini derivative. 


Definition 1.1.5 Let E be an open (t, u)-set in R? and g € C(E,R). Consider the 
scalar differential equation with an initial condition 


u = g(t,u), u(to) = uo. (1.1.429) 


Suppose v € C([to, to +a), R), v’, (t) exists for all t € [f, fo + a), and (t, v(t)) € E. 
If u(¢) satisfies the differential inequality for all t € [f, t + a), 


v(t) < g(t, v(t)), 


it is said to be an under-function with respect to the initial value problem (1.1.429). 
On the other hand, if for all ¢ € [to, t9 + a), 


v(t) > g(t, v(0)), 


u(t) is said to be an over-function. 


Definition 1.1.6 Let r(f) be a solution of the scalar differential equation (1.1.429) 
on [fo, & + a). Then r(f) is said to be a maximal solution of (1.1.429) if, for every 
solution u(t) of (1.1.429) existing on [fo, fo + a), the inequality for all t € [fo, to +), 


u(t) < r(t) (1.1.430) 
holds. A minimal solution p(t) may be defined similarly by reversing the inequality 


(1.1.430). 


We shall now consider the existence of maximal and minimal solutions of 
problem (1.1.429) under the hypothesis of Peano’s existence theorem. 


Lemma 1.1.18 ((325]) Let g € C[Ro, R], where Ro is the rectangle ty < t < tp +4, 
|u — uo| < b, and |g(t,u)| < M on Ro. Then there exist a maximal solution and a 
minimal solution of (1.1.429) on [to, to + a], where a = min(a, at): 
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Proof We shall prove the existence of the maximal solution only, since the case 


of the minimal solution is very similar. Let 0 < ¢ < 4. Consider the differential 


equation with an initial condition ° 
uw =g(t,u)+¢, ulto) =u +e. (1.1.431) 
Observing that 
8e(t,u) = g(tu) +e 
is defined and continuous on 


ReitySt<tt+a, |u-—(ut+e)|< 


’ 


NI 


R. C Ro and |g. (t,u)| < M+ g on R,, we deduce from Lemma 1.1.14 that the 
initial value problem (1.1.431) has a solution u(t,€) on the interval [fo, t + @], 


. b 
where @ = min(a, sara): For 0 < €2 < €; < €, we have for all t € [f, t + a], 


Uu(to, €2) << u(to, €1), 
u(t, €2) < g(t,u(t,e2)) + ©, 
u'(t,€1) < g(t,u(t,€1)) + ©, 


We can apply Lemma 1.1.15 to get for all t € [to, t + a], 
u(t, €2) < u(t, €1). 


Since the family of functions u(t, €) is equicontinuous and uniformly bounded on 
[to, to + @], it follows from Lemma 1.1.13 that there exists a decreasing sequence €,, 
such that €, — 0 asn — +00, and the uniform limit 


r(t) = lim u(t, €n) 
noo 


exists on [fo, fo + a]. Clearly, r(to) = uo. The uniform continuity of g implies 
that g(t, u(t, €,)) tends uniformly to g(t, r(t)) as n — +00, and thus term-by-term 
integration is applied to 


t 
u(t, En) = Up + Ey + i g(s, u(S, €n))ds, 


to 


which in turn shows that the limit r(f) is a solution of problem (1.1.429) on [fo, to + 
a]. 

We shall now show that r(f) is the desired maximal solution of problem (1.1.429) 
on [fo, + a] satisfying (1.1.430). Let u(t) be any solution of problem (1.1.429) 
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existing on [fo, t9 + a]. Then, for all t € [fo, % +a] ande < f 


u(to) = Uo < Up + € = Ufo, €), 
u'(t) < g(t,u(t)) +, 
u'(t,€) > g(t, u(t,e)) +. 


By Remark 1.1.17, we can obtain that for all t € [fo, to + a], 
u(t) < u(t,€). 


The uniqueness of the maximal solution shows that u(t, €) tends uniformly to r(¢) 
on [fo, f9 + a] as € > 0. This thus proves the lemma. oO 


Lemma 1.1.19 ([325]) Let g € C(E,R"), where E is an open (t,u)-set in R"*', 
Let u(t) be a solution of problem (1.1.416) on an interval t) < t < aga < +o. 
Assume that there exists a sequence {t,} such that ty < tk > +oo ask > +00 
and u? = limy-++00 u(t) exists. If g(t, u) is bounded on the intersection of E and a 
neighborhood of (a, u°), then 


lim u(t) = u°. (1.1.432) 
ta 


If, in addition, g(a, u°) is defined such that g(a, uv) is continuous at (a, u°), then u(t) 
is continuously differentiable on [to,a] and is a solution of problem (1.1.416) on 
Ito, al. 


Proof Lete > 0 be sufficiently small. Consider the set R : 0 <a-t <e, ||lu—v°|| < 
e. Let M(e) be so large that IIs, u)|| < M(e) for all (t,u) € E()R. If, for k 


sufficiently large,0 <a—-—t < 1G) and ||u(t,) — u°|| < 5, then 
€ 
lle) — u(t) || < ME) — th) S 5 (1.1.433) 


for all t, < t < a. If this is not true, there is a f; such that for all tf < t) <a, 


|u(t1) — u(t] = M(©)a ~ ) = 5. 


It therefore follows that for all t, < t < fy, 
0 € 
u(t) — wll S 5 + lulls €. 
Consequently, 


l|u(t1) — u(t) || < M(e)(t — th) < M(e)(a— th). 
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This proves (1.1.433), which, in turn, shows that (1.1.432) holds. The last part of 
the lemma follows from the fact that 


u'(t) = g(t, u(t)) > g(a, u’), ast—>a. 
This lemma is thus proved. oO 


The next lemma deals with the problem of extending the solutions up to the 
boundary of E. 


Lemma 1.1.20 ({325]) Let E be an open (t, u)-set in R"*!, and let g € C(E,R") 
and u(t) be a solution of problem (1.1.416) on some interval ty < t < ao. Then u(t) 
can be extended as a solution to the boundary of E. 


Proof Let E\,E,--- be open subsets of E such that E = UE,, the closures 
E\, E,--: are compact, and Ei c E,+1. It then follows from Corollary 1.1.19 that 
there exists an €,, > 0 such that, if (t, uo) € E,,, all solutions of problem (1.1.416) 
exist ON fo <t<to +&. 

Chose n; so large that (ao, u(ao)) € Ba, Then, u(t) can be extended over an 
interval [ag,dao + €n,], and, if (49 + €n,,u(ao + €n,)) € En; u(t) can be further 
extended over [ap + €n,, 40 + 2€,,]. This argument can be repeated until we get the 
extension of u(t) over the interval fp < t < a,, where a) = ado + Nién,, Ni is an 
integer > 1, such that (a), u(a,)) ¢ En,. 

Chose ny so large that (ao, u(ao)) € E,,. Arguing as before, we arrive at an 
integer N. > 1 such that u(t) can be extended over fo < t < do, ag = a) + No€n, 
and (4, u(a2)) ¢ Eny. 

Proceeding in this way, we are led to a sequence of integers n} < nz < --- and 
numbers dy < aj < da) < --- such that u(t) has an extension over [f, a), where 
a = limg-+o0 ax and that (az, u(ag)) €¢ E. Thus, the sequence {a,, u(a,)} is either 
unbounded or has a cluster point on the boundary of E. 

To show that u(t) tends to the boundary of E as t > a, we must show that no 
limit point of {t,, u(t,)} is an interior point of E as t, — a. Since this follows from 
the Lemma 1.1.19, the lemma is proved. Oo 


Lemma 1.1.18 together with the extension of Lemma 1.1.20, implies the 
following lemma. 


Lemma 1.1.21 ({325]) Let g € C(E,R), where E is an open (t, u)-set in R? and 
(to, Uo) € E. Then problem (1.1.429) has maximal and minimal solutions that can 
be extended to the boundary of E. 


Lemma 1.1.22 ((325]) Let the hypothesis of Lemma 1.1.21 hold, and let to, to +a) 
be the largest interval of existence of the maximal solution r(t) of problem (1.1.429). 
Suppose [to, t1| is a compact sub-interval of |to, t) + a). Then there is an0 <€ < €, 
the maximal solution r(t, €) of equation (1.1.431) exists over [to, t;|, and 


pn r(t,€) = r(t) 


uniformly on [to, ti]. 
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Proof Let Ey be an open bounded set, Ey C E, and (t, r(t)) € E for all t € [t,t]. 
We can choose a b > 0 such that, for all t € [fo, t)], the rectangle 


Ri [t+], \u-@O+6)| <4, 


is included in Eo for alle < a Let |g(t, u)| < M on Ep. Then it follows that 


b 
Ie(t.u) +el <M +5 


on R*, for all t € [t,t] andO < € < a Consider the rectangle Rj,. It follows 


from Lemma 1.1.18 that the maximal solution r(t, €) of equation (1.1.431) exists on 
[to,to + ny], 7 = min (b, apt): Note that 7 does not depend upon e. Furthermore, 
proceeding as in Lemma 1.1.18, we can conclude, in view of the uniqueness of the 
maximal solution r(t) of problem (1.1.429), that 


lim r(to + n,€) = r(to + 7). 


Consequently, there is an €; < g such that, for all 0 < € < €|, we have 
r(to +9, €) < r(t +n) +€. 


We can now repeat the foregoing argument with respect to the rectangle Ri... € < 


€,, to show that there exists an €2 < €; such that, for all € < €, the maximal solution 
r(t, €) of 


u=eg(tu)t+e, ut+n=rtt+nt+e 
exists on [f + 7, fo + 2n], and 
lim r(t,€) = r(t) 


uniformly on [fo + 7, f + 27]. For all « < €2, we can extend the function r(t, €) by 
defining for all ¢ € [f) + 7, to + 2n], 


r(t,€) = F(t, €). 


It is clear that r(t, €) is the maximal solution of equation (1.1.431) on [f, t + 27], 
and 


lim r(t,€) = r(t) 


uniformly on [fo, fo + 27]. 
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By induction, it can be shown that there is an €9 = €,, such that [fo, t] C [tfo, 4) + 
nn], that the maximal solution r(t, €) of equation (1.1.431) exists on [f, 4 + ny] for 
all 0 < € < &, and that 


lim r(t,€) = r(t) 


uniformly on [fo, t) + 17]. The lemma is thus proved. Oo 
Lemma 1.1.23 ((325]) Let E be an open (t, u)-set in R? and g € C(E, R). Suppose 
that [to, t9 + a) is the largest interval in which the maximal solution r(t) of problem 
(1.1.429) exists. Letm € C((to,t + a@),R), (t,m(t)) € E for allt € [t,t + a), 
m(to) < uo, and for a fixed Dini derivative, for all t € [to, to + a) — S, 

Dm(t) < g(t, m(t)). (1.1.434) 
Then for all t € [to, to + a), 


m(t) < r(t). (1.1.435) 


Proof From Lemma 1.1.17, it follows that (1.1.432) can be replaced by for all t € 
Ito, to + a), 


Dnt) < g(t, m(t)). (1.1.436) 


Let t) < t < tf +a. By Lemma 1.1.22 the maximal solution r(t,€) of problem 
(1.1.431) exists on [fo, t] for all ¢ > 0 sufficiently small, and 


r(t) = lim r(t,€) (1.1.437) 


uniformly on [fo, t]. Using (1.1.431) and (1.1.434) and applying Lemma 1.1.15, we 
derive that for all ¢ € [fo, Tt], 


m(t) <r(t,€). (1.1.438) 


The last inequality, together with (1.1.435), proves the assertion of the theorem. O 
Now we consider the functional inequality, for all ¢ € J, 
t 
f@@)) < a(t) +b + hfe + / k(t, s)w/(s, x(s))ds], (1.1.439) 
ri) 
under a variety of conditions on h. 


Theorem 1.1.65 (The Bellman-Gronwall-Reid Inequality [323]) Let x,a,b,c € 
CU, R+),f,h,€ C(UR+, R+),f be strictly increasing, g be non-decreasing, k € 
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Cd x I,R+),@ € CU + R+,R+) and w(t,u) be non-decreasing in u for each 
t > 0. Define 


and 


Then 


A) = ymax a(s), BO) = max D(s), Ci) = max c(s) 


K(t,s) = max k(o, S). 


(i) for allt € Io, 


x(t) < f~'[a(t) + bA(rt, to. C())], (1.1.440) 
where r\(T, to, rio) is the maximal solution of 
4 = K(T, Nolt.f- (a) + bOh(n))], 710) = no, (1.1.441) 


existing on I, C1. 


(ii) If, in addition, h,(u) exists, is continuous and non-decreasing in u, then for all 


(iii) 


t € In, 
x(t) <f~'[ro(t, 1, AM + BOR(C())I, (1.1.442) 
where r2(T, to, r29) is the maximal solution of 


r, — A(T) 


—_— -1 
ry, = B(T)h, E ( BQ) 


) «cr to(t,f—'(r2)), ro(to) = ro, 
(1.1.443) 


existing on I, C1. 
If, h—”(u) is convex, sub-multiplicative and a, B > 0, continuous on I such 
that a(t) + B(t) = 1, then the following two types of estimates are valid: 


(iiia) forall t € Iz, 
x(t) < F | [r3(t, to, C(d))]. (1.1.444) 
where r3(T, to, 39) is the maximal solution of 
r, = K(T, Hot, F_'(m(t) +. n()r3)],r3(to) = r30. (1.1.445) 
existing on Ig C I. Here 


F=h'!-f, m(t) =a(th '[a(a(t) "| 
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and 
n(t) = BINH [DB 
(iiib) for allt € Igo, 
x(t) < F"'[ra(t, to, M(t) + N()C(D)], (1.1.446) 
where r4(T, to, r49) is the maximal solution of 
r, = N(T)K(T, tho(t, F_'(ra)), ra(to) = rao, (1.1.447) 
existing on Iy C I. Here F is as in (iiia), 


He) guns ie) cee NO) ges 0 


In each of the above cases, Ig, i = 1,2,3, 4, is the appropriate interval 
contained in I subject to the domains of the inverse functions involved. 


Proof (i) We observe that for to < t < T < To, we have from (1.1.439), 
fx) < a(t) + bMAl[vG, T)], (1.1.448) 


where 


v=ov(t,T) =C(T) + [xa t)w/(s, x(s))ds. (1.1.449) 


10 


Thus, it follows that 
v' < K(T, Nolt,f'{a() + bOA()}). 
By Lemma 1.1.23, we readily get, for all T > to, 
v(T,T) <ri(T, t, v(t, T)), 


where 7\(7,f,710) is the maximal solution of equation (1.1.441) with rio = 
v(t, T). By (1.1.448) and (1.1.449), we have, for all T > to, 


f@(L)) < a(T) + D(ThA[r (7, to, C(T))], (1.1.450) 


which implies the stated estimate (1.1.440). 
(ii) In this case, we may write (1.1.439), for all f9 < t < T < To, as 


SM) < A(T) + B(T)A(v), (1.1.451) 
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where v = v(t, T) is the same function defined in (1). Setting 
z= 2(t,T) = A(T) + B(T)A(v), 
we easily get 


z—A(T) 


/ -1 
: < BT) ( aa 


) K(T, tho(t,f—! (2). (1.1.452) 


Again Lemma 1.1.23 yields, for all T > fo, 

2(T,T) < ro(T, to, z(to, T)), (1.1.453) 
where r2(T, fo, 720) is the maximal solution of equation (1.1.443) with 

ro = A(T) + B(T)A(C()). 


By (1.1.441) and (1.1.443), the bound (1.1.442) follows because of the definition of 
Z, arguing as before. 

(iii) The inequality (1.1.439) can be written as, by using the convexity and 
submultiplicity of h~', 


ht - fa) < aA (aoa) 
+ BOK (OBO) Eo =F [we sys.xto)ds| 


i) 


which reduces, because of the definition of f, m and n, to 


F(x(t)) < m(t) + n(t) jet + [uw sjs.xto) | : (1.1.454) 


10 


If we treat (1.1.454) as a special case of (i) with h(u) = u, F = f,a = mandb =n, 
we arrive at (1.1.444) and (1.1.445) from (1.1.440) and (1.1.441) under appropriate 
substitutions. If, on the other hand, we treat (1.1.454) as a particular case of (ii), we 
get (1.1.446) and (1.1.447) from (1.1.442) and (1.1.443), respectively. oO 


Employing the above theorems, we shall show that the results in [126, 196, 250, 
325] can be derived as special cases. First, in order to get the result of Gollwutzer 
[250], we take f(u) = u,c(t) = 0,k(t,s) = 1, a(t,u) = A(tg(u) andh = g!. 
Then it follows from Theorem 1.1.65 (iiia) that, for all ¢ € J, 


x(t) < g'[m(t) + n()rs(t, 0, OD], 
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where 


r3(t,t,0) = / exp (/ ACn(Gas) A(s)m(s)ds. 


Also, by Theorem 1.1.65 (iiib), we get for all ¢ € J, 
t 
x) <a IMexp( | NACA) 
to 


Recall that the work of Butler and Rogers [126] follows from the above results on 
noting that h(u) = u,c(t) = 0 and w(t, u) = g(u). We then get by Theorem 1.1.65 
(ii), 
x(t) <f'[ro(t, , AM), 
where 
t 
ro(T, to, A(T)) = QT" (sam) + i BT)K(T, 3) , 
i) 


and Q is given by 


u ds 
au) = | —S—, uz > 0. 
uo g-f—'(s) 


Next, we derive the result due to Deo and Murdeshwar [196]. Choosing f(u) = 
u, b(t) = 1,k(t,s) = 1 and w(t,u) = A(Ag(u), g(u) being sub-additive, then by 
Theorem 1.1.65 (i), we have 

x(t) < a(t) + A(n(4, to, 0)), 
where r| (ft, fo, 0) is the maximal solution of 


r =AOA(n) +o() 


with H = g-hando(t) = A(t)g(a(t)). This, by Corollary 1.1.18, nothing that H is 
non-decreasing, we arrive at 


ri(t,t,0)<G! | [ aioas+ o([ ous) | = r(t, to, 0), 


where 


G(u) [ ual > uy >0 
u) = —~, U>up : 
uo H(s) 


1.1 Nonlinear One-Dimensional Bellman-Gronwall Inequality, Reid. . . 121 


We therefore obtain 
x(t) < a(t) + h(r(t, to, 0)). 


Finally, let f(u) = u, b(t) = 1,h(u) = u, c(t) = 0 and k(t, s) = 1, then we deduce 
Corollary 1.9.4 in [325] from (1.1.440) which is a generalization of the Bellman- 
Gronwall-Reid inequality in a rather general form. Clearly, for various choices of 
the functions involved in (1.1.439), we can derive from above results respective 
explicit bounds. 

In 1981, Zahrout et al proved the following Bellman-Gronwall-Reid inequality 
(see, e.g., Kuang [315]). 


Theorem 1.1.66 (The Bellman-Gronwall-Reid Inequality [714]) Let f,g,u,v 
be continuous on Rx. If there exist non-negative constants C,p (0 < p < 1) such 
that for allt € Rx, 


u(t) <C+ i; oe [H6) rn / Pe ( i ‘Tf@Ou(t) + e(ou (la) ar ie 


then we have 


u(t) < C+ i vo(cs i “ v(rexp if [v(t) + flat) 


; t 1/(1—p) 
xjorr+c1—p) | coer | - =p) [ (0) +F0n49]a4 ira 


Proof The proof is left to the reader as an exercise. Oo 


Theorem 1.1.67 (The Pachpatte-Pachpatte Inequality [525]) Let u(t), a(t), b(t) 
be real-valued non-negative continuous functions defined for all t € Ry and L : 
Ri — R + be a continuous function which satisfies the condition for allu => v = 0, 


0 < Lit, u) — Lit, v) < M(t, v)(u—v), 


where M(t, v) is a real-valued non-negative continuous functions defined for all 
t,u € Rx. [ffor allt € Ry, 


+00 
u(t) < a(t) + bo | L(s, u(s))ds, (1.1.455) 
then for allt € R+, 


+00 
u(t) < a(t) + b(eexp( i M(s,a(s))b(s)ds), (1.1.456) 
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where for allt € R, 


+00 
e(t) = L(s, a(s))ds. (1.1.457) 


Proof Define a function z(t) by 


+00 
z(t) = / L(s, u(s))ds. (1.1.458) 
0 
Then from (1.1.455), we have 
u(t) < a(t) + b(#z(0). (1.1.459) 


From (1.1.458), (1.1.459) and the hypotheses on L, we derive that 


+00 
a(t) S / [L(s, a(s) + b(s)z(s)) — L(s, a(s)(s)) + L(s, a(s))]ds 


+00 
<e(t)+ M(s, a(s))b(s)z(s)ds (1.1.460) 


where e(f) is defined by (1.1.457). Clearly e(t) is real-valued non-negative, contin- 
uous and non-increasing in t € R+. An application to Theorem 1.1.5 in Qin [557] 
to (1.1.460) yields 


+00 
2(t) < coe Mas). (1.1.461) 


The desired inequality in (1.1.456) follows from (1.1.459) and (1.1.461). oO 
Theorem 1.1.68 (The Pachpatte-Pachpatte Inequality [525]) Let u(t), a(t), b(0), 


M(t, v) be as in Theorem 1.1.67 and L : Ri — Ry be a continuous function which 
satisfies the condition for allu = v = 0, 


0 < Lit,u) —L(t,v) < M(t, v)o7!(u— v), 


where @ : Rx — Rx be a continuous and strictly increasing function with $(0) = 
0,7! is the inverse function of @ and for all u,v € Ry, 


@ '(uv) < ¢ |W '(v). 


If for allt € Ry, 


+00 
u(t) < a(t) + b(oo( ‘| L(s, u(s))ds), (1.1.462) 
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then for allt € R+, 


+00 
u(t) < a(t) + bp (e(exp( / M(s,a(s))o7! (b(s))ds)), (1.1.463) 
where e(t) is defined by (1.1.457). 
Proof Define a function z(t) by (1.1.458). Then from (1.1.462), we have 
u(t) < a(t) + b(t)b(z(A). (1.1.464) 


From (1.1.458), (1.1.464) and the hypotheses on L and ¢, we observe 


+ Oo 
zOs / [L(s, a(s) + b(s)b(z(s))) — L(s, a(s)(s)) + L(s, a(s))]ds 
+00 


se+ M(s, a(s))@ | (b(s))(z(s))ds 


t 


+00 
< e(t) + / M(s, a(s)) $7" (b(s))z(s)ds 


where e(t) is defined by (1.1.457). Now by following the last arguments as in the 
proof of Theorem 1.1.67, we get the required inequality in (1.1.463). oO 


We next establish the following inequality which can be used in more general 
situation. 


Theorem 1.1.69 (The Pachpatte-Pachpatte Inequality [525]) Let u(t), a(t), b(f) 
be as in Theorem 1.1.67 and L : Ri — Ry be acontinuous function which satisfies 
the condition for allu = v = 0, 


0 <L(t,u) —L(t,v) <M(t,v)(u—v), 


where M(t, v) is a real-valued non-negative continuous functions defined for all 
t,v € R4. Iffor allt € Rx, 


+00 +00 
u(t) < a(t) + / b(s)u(s)ds + i L(s, u(s))ds, (1.1.465) 
then for all t € R4, 
+00 
u(t) < E([a(s + A(Dexp( / M(s, E(s)a(s))E(s)ds) J (1.1.466) 


+00 +00 
u(t) < a(t) + b(t) exp i Ms, a(so¢sysh exp i L(s, a(s)ish ,  (1.1.467) 
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where for allt € R+, 


+00 +00 
E(®) = exp( i b(s)ds), A(t) = i; L(s, E(s)a(s))ds. (1.1.468) 


Proof Define a function z(t) by (1.1.458). Then (1.1.465) can be restated as 


+00 
u(t) < a(t) + 2(t) + / b(s)u(s)ds, (1.1.469) 


since a(t) + z(f) is non-negative, continuous and non-increasing for all t € R+, by 
applying Theorem 1.1.5 in Qin [557] to (1.1.469), we have 


u(t) < (a(t) + 2(2))E(0). (1.1.470) 


From (1.1.458) and (1.1.470) and the hypotheses on L, we observe that 


+00 
z(t) < / [L(s, E(s)a(s) + E(s)z(s)) — L(s, E(s)(s)) + L(s, E(s)a(s))|ds 


+00 
< A(t) + M(s, E(s)a(s))E(s)z(s)ds. (1.1.471) 


t 


Clearly, A(t) is non-negative, continuous and non-increasing for all t € R4. Now an 
application of Theorem 1.1.5 in Qin [557] to (1.1.471) yields 


+00 
z(t) < A(exp( Ms, E(s)a(s))E(s)ds). (1.1.472) 


t 


Using (1.1.472) in (1.1.470), we get the required inequality in (1.1.466). The proof 
of (1.1.467) is similar. oO 


Recall that, Bihari [82] and Langenhop [328] have extended the classical integral 
inequalities of Gronwall [259] to cover certain non-linear situations. Since then, 
many works have appeared in generalizing the above mentioned results. These 
results, though quite similar in their conclusions, are quite different in their 
approaches. For instance, Antosiewicz [34] used the direct method of Lyapunov, 
Lakshmikantham [321] took the approach of maximal and minimal solutions; 
Stokes [625] applied the fixed point theorem of Tychonoff in certain abstract 
function spaces; Nohel [423] discussed his results from an integral equation point 
of view, and Viswanatham [657] based his proof on the method of successive 
approximations. Moreover, Bauer [46] has improved the results of [34] with 
simplified proofs; Waltman and Hanson [661] presented a lattice theoretical proof 
of the result given in [657], and Redheffer [572] gave a proof of all to the results of 
[82] and [328]. However, almost invariably in all the above mentioned works, the 
general scheme has been to compare two differential equations in order to conclude 
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that the solution of one bounds the solution of the other if the derivative of one is 
bounded in some appropriate way by that of the other. The next result, due to [679], 
is to present a generalization of the result of Viswanatham which removes certain 
monotonity assumptions. 

Consider the following first order equation: 


u(t) =f(t,u) u(0) =c, (1.1.473) 


where f(t, u) is continuous in the region R defined by 0 < t < +00 and —co <u < 
+ oo, and its corresponding differential inequality: 


v'(t) <f(t,v) v0) =c, (1.1.474) 


also defined over the region R. 
The next result, due to [679], is as follows. 


Theorem 1.1.70 ([679]) Let v(t) be a continuous solution of problem (1.1.474) and 
u(t) be a maximal solution to equation (1.1.473). Then v(t) < u(t) forall t = 0. 


Proof Consider the difference function 5(t) = u(t) — v(t). If d(f) = 0 for all t > 0, 
then there is nothing to prove. Otherwise, there exists an interval [f,f],0 <t < 
ty < +00 such that 6(t;) = 0 and 6(t) < 0 fort; < t < t). Consider now the 
following one parameter family of differential equations, 0 < ¢ < 1, 


ZH=f%2a+e, 2h) = ult), (1.1.475) 


restricted over the region defined by ty < ft < th and |z| < M, for some sufficiently 
large M. Since u(t) is the maximal solution, there exists a family of solutions {u,(t) : 
0 < « < I}, each u,(f) is a solution to equation (1.1.475), and a number £3, f; < 
tz < t) and fz independent of ¢, such that lim,_,9 u,-(t) = u(t) uniformly over [f,, £3] 
(see, e.g., [156, 301]). Denote by 6,(t) the difference u,(t) — v(t). For each ¢ > 0, 
we have 6,(t;) = 0 and d/(t;) > 0. Thus there exists, by continuity, a number f4, 
(t4 may depend on ¢), such that 6,(t) > 0 fort) < t < ty < 45. If t4 < fs, then 
there must exist ts, t4 < ts < ft; such that 5,(ts) = 0 and 6/(ts) < 0; but we have 
on account of (1.1.474) and (1.1.475) that 6’ (ts) > e > 0. Hence ty = f3, and fg is 
independent of each e. Finally, we have 6(t) = limo 6,(t) > 0 uniformly for all 
t € [t,, 3], which is the desired contradiction. oO 


Corollary 1.1.20 ([679]) Let w(t) be any solution of the following differential 
equation 


w(t) = g(t,w) w(0)=c, 


where g(t, w) is continuous over R and g(t,x) < f(t, x). Then w(t) < u(t), where 
u(t) is the maximal solution of equation (1.1.473). 
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Corollary 1.1.21 ((657]) If w(t) < f(t,x). Then w(t) < u(t) where f(t,w) is 
continuous and monotonic increasing in w in the region defined by t = 0 and 
—oo < w < +0, and wi(t) is continuous for all t => 0, then w(t) < u(t), where 
u(t) is the maximal solution to equation (1.1.473). 

Proof Let v(t) = c+ {fs. w(s))ds. Observe that v’(t) = f(t, w(t) < f(t, vO), 
by the monotonicity of f. Therefore, the conclusion follows readily from the main 
theorem. Oo 


Remark 1.1.19 Let f(t,uw) = a(t)u where a(t) is any integrable function over 
[0, +00). Then Theorem 1.1.70 reduces to a result on differential operators as given 
in [34] (Theorem 1, p. 133-134). 


Remark 1.1.20 Note that, Corollary 1.1.20 may be used in a similar way as that of 
Lakshmikantham [321] to prove results on systems of differential equations. 


Remark 1.1.21 We note that the monotonicity condition of f in Corollary 1.1.5 
cannot be waived, although it is certainly not needed in Theorem 1.1.65. Let 
f(t,v) = ae v(t) = f and vo = 1. Clearly, v(t) < 1+/5 f(s, v)ds for0 <t < 2.5. 
In this case, the maximal solution of equation (1.1.473) is easily computed to be 


u(t) = /10f + 3 — 1; but u(2) = /23 —1 <4 = v(2). 


As an application to Theorem 1.1.65, we present the following result on 
approximate solutions which also generalizes the application given in [657]. Let 
61 (t), 62(t) be €1(f), €2(t) approximate solutions of (1.1.473), and for some time 
tT, |0:(t) — 62(t)| < 6. If f(t, uw) satisfies, in addition, the condition 


lf (t, u1) —f(t, u2)| < g(t, |u1 — ue]) 


where g(t, w) satisfies the condition of Corollary 1.1.20, then we may easily show 
that, for all tf > t, 


1Ai(t) — 2(| < x, 
where y(f) is the maximal solution of 
w’ = g(t,w) +e(), w(t) =5 


with e(t) = |e1(2)| + |eo(t)|. In case g(t, z) = k(t)z, then we can easily verify that 


x) = dexp (Hos) + fw exp ([ kau) ds, 


which is just the result of Rao [562]. 
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Theorem 1.1.71 (The Opial Inequality [435]) Let the mapping f : [0, t] x R" > 
IR” be continuous and satisfy that for any x,y € R", 


xS yf») <fy). 


Here the relation “<” between any two points x = (X1,°++ ,Xn),Y = 1,°°* » Yn) in 
IR" means that 


x<y if and only if x; <y; for i=1,2,-++,n. 


If the continuous n—vector function u(t) mapping [0,t] into R" satisfies the 
inequality, for all0 < t < Tt, 


t 
u(t) << n+ / f(s, u(s))ds, (1.1.476) 
0 
where n is an n—vector in R", then for all0 < t < tT, 
u(t) < d(t), (1.1.477) 


where @(t) is the maximal solution of, for all0 < t < Tt, 


x(t) =n + [ f(s,x(s))ds. (1.1.478) 


In fact, the above inequality was established by Opial [435] in 1957. This theorem 
for the special case of n = 1 was firstly established by Viswanatham [657], and may 
easily be modified to include the case when 7 itself is a continuous map of [0, t] into 
RR" and f depends on three arguments f, s, u (see, e.g., Viswanatham [657]). We can 
also obtain as a special case (n = 1 and f(t, u) = g(t)w(u) were g(t) > 0 and w(u) is 
non-decreasing in u ) some useful nonlinear generalizations of Theorem 1.1.1 which 
is due to LaSalle and Bihari (see, e.g., Kuang [315]). However, we should point out 
that in Theorem 1.1.72 below, we have used the fact that nonlinear function f is 
non-decreasing in its second argument. In fact, the above result may not hold if f is 
non-increasing instead of non-decreasing. By considering the second iterate of the 
mapping defined by the right-hand side of (1.1.476), however, Ziebur [715] succeed 
in proving the following result in which f may be either non-decreasing or non- 
increasing. 


Theorem 1.1.72 (The Ziebur Inequality [715]) Define the operator P by 


Px(t) =n+ [ foxes O<t<t. (1.1.479) 
0 
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Let f(t,u) be continuous and be either non-decreasing or non-increasing in its 
second argument. Suppose the integral equation 


x(t) = P?x(t) (1.1.480) 
has amaximal solution ¢ (t). If a continuous function u(t) satisfies, for all0 < t < tT, 
u(t) < P°u(t), (1.1.481) 

then for all0 <t<t, 
u(t) < d(e). (1.1.482) 


Remark 1.1.22 If f is non-decreasing and continuous and if @ is the maximal 
solution of equation (1.1.478), then it was shown in Ziebur [715] that ¢@ is also 
the maximal solution of equation (1.1.480). Further, (1.1.482) is satisfied whenever 
(1.1.481) holds. Hence Theorem 1.1.71 is contained in Theorem 1.1.72. 


The following result, due to Agarwal, Deng and Zhang [13], generalizes a 
Lipovan’s result of the Bellman-Gronwall inequalities [355] to a new type of 
retarded inequalities which includes both a nonconstant term outside the integrals 
and more than one distinct nonlinear integrals, from which, Bihari’s result and 
Pinto’s result reduce readily as some special cases. 

In the next result, we shall consider such an inequality, for all tg < t < th, 


ds bi(t) 
u(t) < a(t) + >> / Fils)wi(u(s))ds, (1.1.483) 
i= ° Pilto) 


in a general form, where a(t) is a function and w;’s may be distinct, and have 
improved Lipovan’s result [355] (see, e.g., Theorem 1.1.12). Furthermore, we show 
that the results of [82, 537] can be deduced from this result some special cases. 

As in [541], we say wy & wz for wj,w2 : A C R > R \ {0} if w2/wyis non- 
decreasing on A. This concept helps us compare monotonicity of different functions. 
Consider inequality (1.1.483) and suppose that 


(H,) all w,;@i = 1,...,m) are continuous and non-decreasing functions on 
[0, +00) and are positive on (0, +00) such that w) &... & Wp, 

(Hz) a(t) is continuously differentiable in t and non-negative on [fo, t;) where 
to, t; are constants and fo < ty, 


(M3) all b; : [to,t1) > [t,t1) @ = 1,...,n) are continuously differentiable and 
non-decreasing such that b;(t) < t on [to, t1), 
(Hy) all fi(t,s), i = 1,---,n, are continuous and non-negative functions on 


[to, ti) x [to, ti). 


We shall use the notation W;(u, u;) := f* aa for all u > 0, where u; > 0 is given 


constant. It is denoted by W;(u) simply when there is no confusion. Clearly, W; is 
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strictly increasing, so its inverse we! is well defined, continuous and increasing in 
its corresponding domain. 


Theorem 1.1.73 (The Agarwal-Deng-Zhang Inequality [13]) Suppose (M1) — 
(H4) hold and u(t) is a continuous and non-negative function on |to, t1) satisfying 
(1.1.483). Then for all ty < t < Tj, 


by (t) 
u(t) < Wa | Wala) + : max f,(T, os], (1.1.484) 
b 


to<t<t 
n (10) ees 


where r,(t) is determined recursively by 


ri(t)= alta) + fas 


bi(t) 


Nit. i= we] wintoy +f 


i (to 


ma fice sas] i=1,---,n—-1, 
(1.1.485) 
and T, < t, is the largest number such that 


bi(T1) +00 dz 


Wi(ri(T1)) +f pmax filt, s)ds =| me i=1,---,n. (1.1.486) 


bi(to) 


Proof Obviously, f;(t, s) := max,)<r<,j(T, 5) is non-negative and non-decreasing in 
t for each fixed s and satisfies f; > f,(t,s) for each i = 1,--- ,n. We first discuss 
the case that a(t) > 0 for all t € [f, ¢;). It means that r,(#) > 0 for all t € [to, t)). 
In such a case, r\(t) is positive, differentiable and non-decreasing on [fp, t;) and 
ri(t) > a(t) + fi d(s)ds = ald). 

Consider now the auxiliary inequality, for all tg < t < T, 


bi(0) 


ut) <n()+>> i F(T, s)wilu(s))ds, (1.1.487) 
i=1 bi(to) 


where T is chosen arbitrarily such that f9 < T < T;. Using (1.1.487), we can claim 
for allt) <t < T < Th, 


br) _ 
u(t) < W,! warn t)) + oa ods} (1.1.488) 


bn(to) 


where 


b(t) 
n(T,) =n), recy = We | Wi.) 4 jets} (1.1.489) 


bi(to) 
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i= 1,---,n—1, and 7) < t is the largest number such that 
bi(T2) | +00 dz 
Wi(ri(T, T2)) + ij fi(T, s)ds < / —, i=1,-:-,n. (1.1.490) 
bi(to) u Wil) 


Notice that T; < T). In fact, both 7;(T, t) and f;(T, t) are non-decreasing in T. Thus, 


T> satisfying (1.1.490) gets smaller as T is chosen larger. In particular, T> satisfies 
the same (1.1.486) as 7; when T = 7;. 


To prove (1.1.488) for n = 1, we observe that (1.1.487) is equivalent to 
u(t) < ri(t) + z(t) for all t € [t, 7] where z(t) := End. s)w1(u(s))ds is a 


non-negative, non-decreasing and differentiable function on [fo, T]. Moreover, b; (t) 
is differentiable and non-decreasing in t. So b/(t) => 0 for all t € [to, T]. Since w is 
non-decreasing, z(t) + r\(t) > 0 and bi(f) < t for all t € [fo, T], we know 


ZO+KO  _ HOAT MO wiUGiO)) r) 
wi(z(t) + ri(t)) — wi(z(t) + (0) wi (z(t) + ri(Z)) 
bi (Of (T. bi (wi (z(bi (0) + ri (61) 5, 20) 
. wi (z(t) + ri(2)) wi(ri()) 
— AOA O&O +n) , 0 
~ wi (z(t) + ri(d)) wi(r1(t)) 
(2) 


A 


< BOA (T, b1() + —— wey 


Integrating both sides of the above inequality from f to t, we can obtain for all 
 <t<T, 


Wi(2(t) + ri()) < Wi(ri(t)) +f bi (fi (T, bi(s))ds 
bi(t) 
< Wi(r (4) + a “hu. s)ds. 


By (1.1.490), we may see that W(r(t)) +f; Bee ACT, ae is the domain of W;' for 


all t € [f, T] form = 1. Thus the monotonicity of Ww! implies, for allfo <t<T< 
T), 


by (t) 


bi (to) 


uf) <n +20) < Wy" [ (n() + AC, ods] 
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1.e., (1.1.488) is true for n = m. Consider, for all to < t < T, 


m+l abit) 


)<ndt+ f(T, s)w;(u(s))ds. 
u(t) <ri(0) Y hoon Jwilelo)ds 


Let z(t) = Ham ne f(T, s)w;(u(s))ds. Then z(t) is differentiable, non-negative 
and non-decreasing on [fo, T] and satisfies u(t) < ri(¢) + z(t) for all t € [to, T]. Since 
w; is non-decreasing, z(t) + 7;(t) > 0 and b/(t) > 0, we may get, for all 9 < + < T, 


m+1 


Ye OFT, bi(D)wi(u(b;)) 
ZO+n@ < = + r(t) 
wile(t) + ri() ~ wi (z(t) + ri) wi(a(t) + ri() 
m+1 


wi(z(bi()) + 1 i) 4 H(t) 


< Py b (OFC, bi (0) wi (z(t) + 71(9) wi(7r1(t)) 


i=1 
m+1 


< SHO, 4p LLOOD+ NGO) , _O 
i=1 


wi(2() + ni (d) wi(ri(2) 


m+1 
< (NAT. bi) + YOO (OFT, BO) b:i(e(bi(D) + ri) 
i=2 
r() 
wi(z(t) + ri (Q) 
7 m+1 : 
< bY (Ofi(T, bi) + ep OFC, biti M)bi41 C410) +71 G41) 
i=1 
(0) 
T@@ +O) 
where $41 (u) := a i l i = 1,...,m. Integrating the above inequality from fo 
to t, we may obtain for all tf <t < T, 


WieN+ri(—O) < Wi(n o+ | bi (s)fi (7. bi(s))ds 


1 


+> | bis 1 (s)fie (7, biti (s)) bis (2(bi41(s)) +11 (bi4-1(8)))ds 
i=1 7% 


aA | 
< Win @))+ f(T, s)ds 
bi (to) 


the B41 © 
+f Faults. (e60)+r(9))ds 


i=] 2 Pi +1 (lo) 


132 1 Nonlinear One-Dimensional Continuous Integral Inequalities 


or equivalently, for all % < t < T, 
m biti) | - 
EO™<a(+ >| fii (7, s)bi41 (Wy (E(s)))ds, 
i=1 bi+1 1) 


the same form as (1.1.487) for n = m, where &(t) = W, (z(t) + r)(f)) and c(t) = 
Wirt) + Pray his s)ds. From the assumption (H;), each ¢j41(W;'),i = 
1,--- ,m, is continuous and non-decreasing on [0, +00) and is positive on (0, +00) 
since W,! is continuous and non-decreasing on [0, +00). Moreover, ¢2(W,!) « 
o3(W,!) x ... & dm4+i(W,'). By the inductive assumption, we thus have, for all 


to < t < min{T,T3}, 


bmi — 
£0) < Oh LOmsi(en) +f jnei(Ts)as}, (1.1491) 
bin-+1 (to) 
— ff" dz ~ _ -1: i 
where ®;4)(u) = Sis Fatwa > 0, Hi+1 = Wi(uit1), ®7! is the inverse 


of O41, i= 1,...,m, 


big) 
ci+1() = Oy | Be(oo) + / 
b 


fia(T.s)a5. i=1,..,m-—-1, 
i +1 (to) 


and T3 < tf; is the largest number such that 


bi+1(T3) Wi(+o0) dz fal 1 492) 
1(ci(T +/ i (r.syds< [ — a Pe enim CA, 
+1 3)) wit +1 ) ae bi41 (W; '(z)) 


Note that 


=f 4a-f “ses 
Si, GW) Siu wi(Wy!(2)) 
Wy (uw) 
=} We Ua), i=2,....m4+1. 
Uj wi (z) 


Then from (1.1.491) it follows, for all to < t < min{T, T3}, 


u(t) < ri (t) + z(t) = W;'(E(9) 
bm+1 (8) 


< Writ lWng1 (Wy | (cm(f)) + / fing: (T, 8)ds].  (1.1.493) 
Pbm-+1 (to) 


Let &(1) = Wy'(c)(t)). Obviously, 2() = Weel) = We! [Wi(ri()) + 
i eee s)ds] = Wr '[Wi(ri()) + Sf, ne, s)ds]. Moreover, with assumption 
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that C(t) = Tm+1(T, t), we can see that 


bnti Z 
Cm+1 = Wy! oslo) sh i ' ae ods 
Pin+1(t0 
Pbm+1(t) 


= Warts [Wns Wr Cento) + f 


Pm-+1 (to) 


tna, s)ds| 


Pmn-+1 (t) 


= Wert [Wns Gn(o) + f 


Dm+1 (to) 


bm+1(t) im 


- Wri| Wnt Ginsu (T t)) +f Smt (7, s)ds| = Fm42(T, ft), 
bm-+1(to) 


eee s)ds| 


which proves 
ci(t) = ri41(T, ft), i=1,...,m. 
Therefore, (1.1.492) becomes 


bj+1(T3) Wi (co) dz 


Wi+1 (741 (1, T3)) + [ i fit (1, s)ds < a dn (Wo() 


Te dz : 
= ——., i= ]l,..,m, 
Uj+1 wi+1(Z) 


i 


implying that T, = T; and T < T3. From (1.1.493) it thus follows, for all fo < t < 
T < Th, 
Om (t) 


ult) < Worl [Wort Foei(T0)) + / Froui(Z, Sas]. 
bn-+1 (to) 


This proves (1.1.487) by induction. Finally, from (1.1.483) we derive 


b(T) _ 
u(T) <a(T) + >> | ” F(T, sywi(u(s))ds 


i=1 bi(to 
Mn pbi(T) _ 
En + yf jur.swntueyas, 
i= ° Pi (to) 


namely, the auxiliary inequality holds for t = T. By (1.1.487), we may get for all 
o <T<Th, 


bn(T) 


w(T) < Wy'| Wulin(T,7)) + / 


bn(to) 
by, (T 


alt. s)ds| 


= Ww,'[Watt) + f ‘FAs, 


bn(to) 
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where we have used the facts that 7,(7,T) = r,(T) and T, = T,, which can be 
easily verified and found in the sentences after (1.1.489) respectively. This proves 
(1.1.484) because T is arbitrarily chosen. 

In case a(t) = 0 for some t € [f, t,). Let ry,¢(t) := ri (t) + € for all t € [t%, 1%), 
where € > 0 is arbitrary. Then 7;.(t) > 0 for all t € [f,t) since ri(t) > 0. Using 
the same arguments as above, where 1) (ft) is replaced with the positive r)-(f), we 
can derive, for all f9 < t < Tj, 


by(t) 


u(t) < W,! Wale + FACS ods] 


bn (to) 


Letting « + 0*, we obtain (1.1.484) because of continuity of r;,- in € and continuity 
of W; and W;' fori = 1,--- ,n. This completes the proof. Oo 


Remark 1.1.23 T; is confined by (1.1.486). In particular, (1.1.484) is true for all 
t € [fo, t1) when all w; (i = 1,--- ,) satisfy oe de 


n wi (z) * 


Remark 1.1.24 Different choices of u; in W; pO a affect the above result. In fact, 
for positive constants v; # u;, let W;(u) = fis = ae 5° Then W; (u) = Wi(uj ) + W;(u), 


and Wol(v) = = Wrl(v- W;(u;)). Let fi(t, S) 1= mMaxy<r<sfi(t, 5). It thus follows 


that We "[Wi(ri(t)) + fyi Alt, s)ds}=W;"[Wi(ri(t)) + fit) filt, s)ds] and 


bi(T1) 


r bi(Ti) _ - 
Wren + / F(T,.8)ds = Wu) + WilrATy)) + / F(T ,.s)ds 
bi(to) bi(to) 


i dz i. dz i dz [~ dz 
= ———_ = ———_+ = — + —— 
v; wi(z) v, Wil) v, WilZ) uj wi(z) 


a 0° dz 
= Wren) + f 6a 


That is, (1.1.484)-(1.1.486) are independent of the choice of u; > 0. 


Suppose that (1.1.483) and (4) — (H4) hold on the closed interval [fo, t1] instead. 
By replacing the inequality T; < t, by that T; < ft in the line above (1.1.486) and 
using the same arguments in the proof of Theorem 1.1.73, we easily conclude that 
Theorem 1.1.73 also holds for all t € [fo, f)]. In particular, when a(t) = a (a non- 
negative constant), fi(t,s) = A,(s), b(t) = ¢, for all t € [t,t], i = 1,--- 7, 
inequality (1.1.483) becomes 


u(t)<at)> / Ails)wi(u(s))ds, (1.1.494) 
i=1 °0 
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which is the form of (5) in [541]. Thus Theorem 1.1.73 implies Theorem 1 of [541]. 
Even if sometimes b;(t) can be enlarged to ¢ such that (1.1.483) is changed into 
the form of (1.1.494), Theorem 1.1.73 gives us a finer estimate. For example, the 
inequality, forallO <t<h, 


t vt 
u(t) <1+ 2 | (s+ 1) /Vu(s)ds + 2 | su(s)ds, (1.1.495) 
0 0 
implies, forallO <t<h, 


u(t) << 1+ aK + 1) Vu(s)ds + 2 [ su(srs (1.1.496) 
0 0 


by enlarging ./t to t. Applying Theorem 1.1.73, we can obtain, for all 0 < t < t, 


14+(+4+0? 
u(t) < ee ei (1.1.497) 
where T; = t; because [re & dz — +00 and [r°s 4 — +400. On the other hand, 


Theorem | of [541] gives us from (1.1.496) that, for all O0<t<h, 


2 
u(t) < ee (1.1.498) 
Clearly, (1.1.497) is sharper than (1.1.498) for large ¢. In [182, 541], there are some 
examples of integral inequalities where the function term a(t) also reduces to a 
constant by dividing a(t) in (1.1.483). However, all functions w;’s are required to be 
given in the class F, as defined in [181, 541] (see, Definitions 1.1.3 and 1.1.4). With 
Theorem 1.1.73, the restriction to the special class is not needed. 
The next result, due to [306], is a new interesting Gronwall-like integral 
inequality involving iterated integrals. 


Theorem 1.1.74 (The Kim Inequality [306]) Let u(t) be non-negative continuous 
function in J = |a, B] and let a(t) be positive non-decreasing continuous function 
in J, and let fi(t,s), i= 1,...,n, be non-negative continuous functions fora < s < 
t < B which are non-decreasing in t for fixed s € J. If for allt € I, 


u(t) < a(t) + / A, n( “falti te) pi (/ ee 1)? nn) ae Jan (1.1.499) 
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where p => 0, p # 1, is a constant. Then u(t) < Yi (t,t), where Y\(T,t) can be 
successively determined from the formulas for all t € [o, B,), 


pn-l 
Y,(T,t) = exp (} LAr, oa 


x jay + a f halt. s) exp (- if Dir our) as] (1.1.500) 


with q = 1 —p and , is chosen so that the expression between |---| is positive in 
the sub-interval |a, B,), and fork =n—1,---,1,a<t<t<T<fB, 


Who Hn0, alan + i f(T 5) aa . is} 
. (1.1.501) 


E,(T,t) = exo f paz t) —f(T, |e). 


i=1 


Proof Fix T € (a, B]. Fora < t < T we obtain from (1.1.499), 


u(t) <a(T) + / AlT.ty) 


(fa. oe (fo sur. in)? nd) ~) dt. (1.1.502) 


Now we introduce the functions 


m(t) = a(t) + f filT-n) 


. ( / Oe ( Rr, tn) Und) ) iy. 


eee ; filth) 


' Ch en ( er, inymf(s)dt) ea 2) dty, 


for all t € [a,T] and k = 2,---,n. Then the inequality (1.1.502) implies that 
m(a@) = a(T),k = 1,--- ,n, and for all t € [a, T], 


u(t) < m(t) <---< m,(2). 
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Thus, induction with respect to k gives 


k-1 
mo = (Spry fn) m0 +00. 9 m0 (1.1.503) 


i=1 


n—1 
m,,(t) < (Hae ») m,(t) + f(T, tm? (t) (1.1.504) 


i=1 


for all t € [a,7],k = 1,2,---,n— 1. Lemma 1.2.1 and the inequality (1.1.504) 
imply that fora <t<T < f, 


pn-l 
exp (b DAC, vas) 
t gs nol i 
x (wen + af Sir(T, s) exp (-« SCAT, ou] is) 
ad ae il 


Y,(T, ¢). 


m,(t) 


IA 


Applying Lemma 1.1.1 in Qin [557] to inequality (1.1.503) fork = n—1,--- ,2,1, 
we obtain 


Ye41(T, 5) 


mi ET.) (a+ f fcr. EO 


as) = Y,(T,t), 


where the function E;(T, ft) is defined by (1.1.501). Hence we get fora <t<T < 
B, 


u(t) < m(t) < (7.9), 


which implies the result u(t) < Y\ (t,t) for T = t. Oo 


1.2 The One-Dimensional Ou-Yang Inequality 
and Its Generalization 


In 1957, Ou-Yang Liang [438] established the Ou- Yang Inequality. Because of its 
fundamental importance, over the years, many its generalizations have been estab- 
lished. Such inequalities are in general known as the Bellman-Gronwall inequalities 
in the literature (see, e.g., [42, 47, 82, 140, 143, 144, 365, 395, 397, 507, 518]). 
Among various branches of Bellman-Gronwall inequalities, a very useful one is 
originated from Liang Ou- Yang. In his study of the boundedness of certain second 
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order differential equations, Ou- Yang [438] established the following result which 
is generally known as Ou-Yang’s inequality. 

The importance of the Ou- Yang inequality stems from the fact that it is applicable 
in certain situations in which the other available inequalities do not apply directly. 
During the past few years, various investigators have discovered many useful and 
new integral inequalities centered around the celebrated Gronwall inequality, but 
the significance of the above inequality seems to have skipped any notice in the 
literature (see, e.g., [47, 54, 253, 476, 478, 663]). 

Unlike many other types of integral inequalities, Ou-Yang-type inequalities 
or more generally, Gronwall-Bellman-Ou- Yang-type inequalities provide explicit 
bounds on the unknown function, and this special feature makes such inequalities 
especially important in many practical situations. In fact, over the years, such 
inequalities and their generalizations to various settings have proven to be very 
effective in the study of many qualitative as well as quantitative properties of solu- 
tions of differential equations. These include, among others, the global existence, 
boundedness, uniqueness, stability, and continuous dependence on initial data (see, 
e.g., [65, 82, 140-145, 147, 271, 345, 358, 360, 361, 365, 366, 388, 389, 397, 500, 
507, 512, 520, 528, 695, 696]). 


Theorem 1.2.1 (The Ou-Yang Inequality [438]) Suppose that functions u(t) = 
0, v(t) => O for all t => 0 satisfy, for all t = 0, 
t 
(p< c+ | u(s)u(s)ds (1.2.1) 
0 
with c > 0 being a constant, then, for all t = 0, 


lu(t)| < J/e+ 5 [vos (1.2.2) 
0 


Proof Suppose that w(t) = iT u(s)u(s)ds, ie., oe = uv. Thus from (1.2.1) it 
follows 


uy? < v*(c + Ww), 


dw 
Ce <v(c+w), 


which implies 


< vdt. 
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Integrating the above inequality from 0 to t, we have 
1 1 t 
2(c + w)? —2c2 < / v(s)ds, 
0 

then 

1 1 

jul s(c+w)? s Vet 5 J v(s)ds, 
0 


which completes the proof. Oo 


While Ou-Yang’s inequality is having a neat form and is interesting in its own 
right as an integral inequality, its importance lies equality heavily on its many 
beautiful applications in differential and integral equations (see, e.g., [507]). 

Recent results in this direction include the works of Pachpatte [500], Pang and 
Agarwal [528], Ma [358], Meng and Li [388], Cheung [141], Cheung and Ren [147] 
and Ma and Cheung [360]. 

Note that, Ou-Yang’s result [438] was generalized by Pachpatte [500] to the 
following inequalities 


w(t) <a +2 [rom + g(s)u?(s))ds, for allt > 0, (1.2.3) 
0 


w(t)<a +2 [rou + g(s)u(s)w(u(s)))ds, (1.2.4) 
0 


which actually includes Dafermos’s generalization [180] (see below in Section 1.3). 
The next result is a corollary of the Ou-Yang inequality, which can be found in 
Renardy, Hrusa and Nohel [573]. 


Corollary 1.2.1 Let f(t) € L'(0,T) such that f(t) => 0a. e. on (0, T], and let a > 0 
be a constant. Assume that w(t) € C[0, T] satisfies 


2 t 
ro sSt [ foworas (1.2.5) 


Then for any t € [0, T], we have 


wool sat f fla (1.2.6) 


The next result is a generalization of the Ou-Yang inequality of a non-negative 
continuous function y(t) (see, e.g., Caraballo, Rubin, and Valero [132]). 


Theorem 1.2.2 (The Caraballo-Rubin-Valero Inequality [132]) Suppose that 
0 < g(t) € L'(0,T) andM = 0,0 < @ < 2. Let y(t) be a non-negative continuous 
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function on [0, T] such that, for all t € [0, T], 


y(t) <M+ a g(t)y%(t)dt. (1.2.7) 
0 


Then for all t € [0, T], 
1/-a) 
y(t) < (e~ +(Q2 -a) [ cou] , fa<2, (1.2.8) 
0 


y(t) < Mexp (sm). ifa=2. (1.2.9) 
0 


Proof Denote U(s) = ,/M? +2 Io g(Dy*(t)dt, which is a non-decreasing func- 


tion. Differentiating U?(1), we have 


24()—O = 22(s)y*(s) < 2g(s)U%(s). (1.2.10) 


Since U(t) is non-decreasing, there exists 0 < 6 < T such that U(t) = M, for 
all t € [0, 6], and U(t) > M, for all 8 € [8,7]. Clearly, (1.2.10) is satisfied for 
t € [0, 6]. Ift > B, then integrating over (6, f), we obtain 


2—-a 2—a t 
yo Ss —+] g(s)ds if a <2, (1.2.11) 
2-a 2-a 0 
U(t) < Mexp (/ s()as) if a=2. (1.2.12) 
0 


It follows that 
t 1/(2—a) 
y(t) < U(t) < [Me + Qa) | e(oya| if a<2, (1.2.13) 
0 


y(t) < U(t) < Mexp ([ e¢ors) if a=2. (1.2.14) 
0 


The proof is complete. Oo 


We easily prove the following result which may be viewed as variants of the 
Ou- Yang inequality. 


Theorem 1.2.3 Assume that T > 0, f(t) € L'(0,T), é(0) € W!!(0,T),f() = 0 on 
[0, T], 6(t) = 0 on [0, T] such that for all t € [0,7], 


= < 2f() Vol. (1.2.15) 
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Then for any t € [0, T], we have 
Vo(t) < Vo(0) + / f(s)ds. (1.2.16) 


Proof Let h(t) = (ft). It follows from (1.2.15) that 


2h(t)h'(t) < 2f(Hh(), 


h(t) < f(t). (1.2.17) 


Integrating (1.2.17) with respect to t implies (1.2.16). oO 


The next result, obtained by Kawashima, Nakao and Ono [304] in 1995, can be 
regarded as a generalization of Ou- Yang’s inequality. 


Theorem 1.2.4 (The Kawashima-Nakao-Ono Inequality [304]) Let y(t) be a 
non-negative function on [0,T), 0 < T < +00, and satisfy the integral inequality 
forallt € [0,T), 


yi) <ho(l +9" +k: f (4 ts PL) Ty )ds (1.2.18) 
0 


for some constants ky, k; > 0, a, B, y => Oand0 < yu < 1. Then 


y(t) < c+? (1.2.19) 
for some constant c > 0 and 
-1 
CRT ey fee Mee ce ht, (1.2.20) 
l1-pw Il-p 


with the following exceptional case: If a = 6 and (B+y-l)/d-p = A274 
where 


6 = min{£, ar (1.2.21) 


—_ 
then for allt € [0,T), 
y(t) < c+.) flog(2 +n] G-”, (1.2.22) 


Remark 1.2.1 Once we have known that y(t) is a bounded function, we can also 
apply Theorem 1.2.4 to the case 4 = 1. In particular, if y > 0 and B + y—1 > 0, 
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we obtain (1.2.19) with 
6 = min{a, B}. (1.2.23) 


We note that even for the exceptional case, (1.2.19) is valid if 6 is replaced 0,,0 < 
e<<l. 


Proof The case jz = 0 is well-known. We define M(t) by 


M(t) = sup {(1 + s)°y(s)}. (1.2.24) 
O<s<t 
Then we derive from (1.2.18) and (1.2.24) that 


y(t) < ko 1+) % +k fu +t—s)F(1 + 5)” #?dsM*" (1) 
0 
Zig bi tcl 497 


with a constant c > 0 and 0« = {6,y + uwB,B + y + wd — 1}, where we have 
assumed that 6 ~# 1 andy + w@ F 1. Here it is easy to see that min{a, 0*} = 6, 
and hence 


(1+ 2)°y(t) < ko + cM(t)". (1.2.25) 


Since 0 < pw < 1, (1.2.25) implies M(t) < C < +00, which is equivalent to 
(1.2.19). The exceptional case where 8 = 1 or y + wO = 1 can be proved in the 
same manner. oO 


The following lemma is the differential form of Theorem 1.1.6, which is due 
to Oguntuase [428]. The proof presented here is differential from the one of 
Theorem 1.1.6. 


Lemma 1.2.1 (The Oguntuase Inequality [428]) Let v(t) be a positive differen- 
tiable function satisfying the inequality, for all t € I = [a, b], 


v'(t) <fOv + Ov, (1.2.26) 


where the functions f(t) and g(t) are continuous in I, and 0 < p # 1, is a constant. 
Then for all t € [a, B), 


t t 5 I/q 
v(t) < exp (/ fls)as) Ea ++ af g(s) exp(-a | fodnas , (1.2.27) 
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where q = 1 —pand B is chosen so that the expression 


t S 1/q 
Eo sig / a(s)exp(—¢ | feds 


is positive in the sub-interval [a, B). 


Proof We reduce (1.2.26) to a simpler differential inequality by the following 
substitution. Let z(t) = v4(t)/q. Then by (1.2.26), noting that ¢q = 1 — p, we have 


Z (1) = vt Ov) < ov "O(FOvO + gv? (9) 
= fo + sO, 


which gives us 


2(t) < v4/qexp ([ aes) + [wo exp (/ af(odt as 
That is, 


z4(t) < exp (| areas) je + [ even( — [ afta), 


which concludes 
t t s 1/q 
z(t) < exp (/ fis)as) era + af g(s) exp ( - af float) as ; 


Theorem 1.2.5 (The Oguntuase Inequality [428]) Let u(t), f(t) be non-negative 
continuous functions in a real interval I = [a,b]. Suppose that the partial 
derivatives k,(t, s) exist and are non-negative continuous functions for almost every 
t,s € I. If the following inequality holds foralla<t<s<t<b, 


oO 


u(t)<ct+ [ fosuyas + fro(f k(s, ul (de)a (1.2.28) 


where 0 < p< 1,g=1-—pandc > Oare constants, then for allt = a, 


u(t) <ct+ i: J (s) exp (roar) 


F t 1/(—p) 
5 le Ea a -») | k(t, t) exp ( -(1 -») | 18) a| ds. (1.2.29) 
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Proof Define a function u(t) by the right hand-side of (1.2.28) from which it follows 
that 


u(t) < v(t). (1.2.30) 


Then by (1.2.30) 


v(t) =fOu() +f) i k(t, uP(x)d(t), v(a) = c 


<fO (vo + [iu ow(ode), (1.2.31) 
If we put 
m(t) = v(t) + i “kl t)v?(t)d(r), (1.2.32) 
then 
v(t) < m(2). (1.2.33) 


Hence by (1.2.31)-(1.2.33), we obtain 


m (t) = v'() + k(t, Dv? () + lic t)v?(t)dt, m(a) = v(a) =, 


a 


v'(t) + k(t, Dv?) < fm) + Kt Dv? (YD) < fOm(s) + Kt? (). 
By Lemma 1.2.1 or Theorem 1.1.6, we have 


t s 5 1/ 
m(t) < exp (/ fls)as) i + af k(s, 8) exp ( — af fie)dr as] 7 


(1.2.34) 
Substituting (1.2.34) into (1.2.31), we arrive at 


t s s 1/ 
v(t) < f(t) exp (/ fis\as) [ + af k(s, 8) exp ( _ af flcjar ab : ; 
. : : (1.2.35) 


Integrating both sides of (1.2.35) from a to t and using (1.2.32), we can obtain 


1 
™ 


Dp 


u(t) <c+ [iv exp ([ ro) [e--ci—p) a k(t, t) exp (-«-» [ re) a] ds. 


This thus completes the proof. Oo 
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Remark 1.2.2 If, in Theorem 1.2.5, we put k(t,s) = g(s), then Theorem 1.2.5 
reduces to Theorem 2 in [441]. 


Theorem 1.2.6 (The Oguntuase Inequality [428]) Let u(t), f(t), h(t) and g(t) be 
non-negative continuous functions in a real interval I = [a, b]. Suppose that h'(t) 
exists and is a non-negative continuous function. If the following inequality holds 
foralla<t<s<t<b, 


u(t) <c+ [ rosueyas + [rom s(t (dt ds, (1.2.36) 


where 0 < p < 1,q = 1-—pandc > 0 are non-negative constants, then for all 
t>a, 


uy set [ few ( / ‘float 
x ae + (1-p) 7 ; (nore + h(t) / 6)d8) exp (--» / 116) a] oT de 


Proof This follows by similar argument as in the proof of Theorem 1.2.5. We also 
omit the details. Oo 


Remark 1.2.3 If, in Theorem 1.2.6, we set h(t) = 1, then Theorem 1.2.6 reduces to 
the estimate in Theorem 2 in [441]. 


Remark 1.2.4 If, in Theorem 1.2.6, h'(t) = 0, then Theorem 1.2.6 is more general 
than Theorem 2 in [441]. 


In 1994, Pachpatte [496] established some new generalizations of the Ou- Yang 
inequality. Next, we shall introduce these results. To this end, we first give some 
basic notation and definitions which are used in our subsequent discussion. Let 
define the differential operators L;, 0 < i <n, by 


Lox(t) = x(0), Ljx(t) = —Lj-\x(t), 1<ix<n, 


ld 
r,(t) dt 


with r,(t) = 1, where x(t) and 7;(t) > 0 are some functions defined for all t € Ry. 
For all f € Ry and some functions 7;(f) > 0, i= 1,--- ,n—1, and r(t) > 0 defined 
for all t € R41, we set 


t th—2 tn 
Alt, Yy,°°° Tn-15 7] = y nin) f rniltn-t) f (ty) dtydty—1 -+dt, 
0 0 0 


where fo = t. 


Theorem 1.2.7 (The Pachpatte Inequality [496]) Let F(t) > 0,r(t) > 0, and 
ri(t) > Ofori = 1,...,n—1 be real-valued continuous functions defined on all 
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t € Ry and let p > 1 be aconstant. If for allt € Ry, 
Pe) SC Ale Pisesta eta e |, (1.2.37) 


where c => 0 is a constant, then for allt € R+, 


1 


—T 


@=)) p-1 P 
FO=\e "  +(— Abhi hetl ; (1.2.38) 
Pp 


Proof 1n order to establish the inequality (1.2.38), we first assume that c > 0 and 
define a function z(t) by 


z(t) =c+Alt,ri,...,%—-1, °F]. (1.2.39) 
From (1.2.39), it easily follows 
Lrz(t) = r(HF(). (1.2.40) 
Using the fact that F(t) < ¢/z(t) in (1.2.39), we have 
Lyz(t) < r(t) /2(0). (1.2.41) 


From (1.2.41) and using the facts that z(f) is positive, (d/drt)[ 2/z(t)] and L,-12z(t) 
are non-negative for all t € R;, we obtain 


L,(t) (d/dt)[ 4/2) \Ln—-12(0) 
Jan oe [/<()? 
1.€., 
d Ln—12(t) 
= ZO <r(t). (1.2.42) 


By setting ¢f = ¢, in (1.2.42) and integrating with respect to ¢, from 0 to ¢ and using 
the fact that L,—-;z(0) = 0, we can obtain 


Ly—12(t) ‘ 
ay <| r(ty)dtn, 


which implies 


(d/dt)Eno2(t) 


n— ‘natn. 1.2.43 
a <tratd [rn (1.2.43) 
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Again as above, from (1.2.43), we may get 


d Ly-12(t) : 
= Jap < rid [ (ty) dty. (1.2.44) 


By setting tf = ¢,-, in (1.2.44) and integrating with respect to ¢,-; from 0 to ¢ and 
using the fact L,-2z(0) = 0, we can conclude 


Ln-22(t) : nol 
Van <|[ ratte) [ r(ty)dty. 


Computing in this way, we may obtain 


(d/dt)z(t) ED 2 


a/c) a/c) 


t—2 tr—-1 
ri [irate Palio) [Medan dla. (0.2.45) 
0 
By setting ¢ = f, in (1.2.45) and integrating with respect to f, from 0 to ¢, we arrive at 
-1 
[YeOP7 -(e/2OP! < (Alt ri,..-smerrl (1.2.46) 
Dp 


Thus from (1.2.46) and using the fact that F(t) < /z(t), we derive 


(p—1) Dp — 1 a 
F(t)<|c ?) +(—)Altn,....m-17 . (1.2.47) 
P 
Now suppose that c = 0. Then from (1.2.37) we derive that the inequality 
F(t) <e+Altyn,...,%m-1,7F] 


holds for every arbitrary positive small number € and all tf € R+, which, by the 
above argument, yields 


(p=!) p-1l p—l 
F(t)<je ?) +(— Alt r,....m-17 . (1.2.48) 
P 


Since F(t) > 0 and € > 0 is an arbitrary number independent of t € R+, then as 
€ > 07, it follows from (1.2.48) that 


F(t) < | ate Tiss. rev 
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This shows that (1.2.47) gives us the upper bound on F(t) for all c > 0. This thus 
completes the proof. Oo 


Another useful inequality is given in the following theorem which can also 
regarded as a variant of the Ou- Yang inequality. 


Theorem 1.2.8 (The Pachpatte Inequality [496]) Let u(t) > 0, v(t) = 0, 7;(t) > 
0 fori = 1,...,n—landh,(t) = 0 forj = 1,,2,3,4 be real-valued continuous 
functions defined for all t € R+ and let p > 1 be a constant. If ci, c2 and [1 are 
non-negative constants such that for all t € R+, 


u(t) <cy +A[tn,..-.%—1, uu] + Altri, ..., m1, 20], (1.2.49) 

v(t) < co + Altri... %m—1, 3] + Alt.ri,...,%n—1,h4v], (1.2.50) 
where u(t) = exp(—pyt)u(t) and V(t) = exp(pyt)v(t) for all t € Rx, then for all 
te Ri, 


1 


pl 
u(t) < exp(nn | 27-Mer +e! p—V)/P 4. 9p— (e ~)ale, Pssst] , 
Pp 


(1.2.51) 
or 
v(t) < Jere + cg} PD/P 4 2P- io ; ~ ate, HigsaesTa= strcistl]| , (1.2.52) 
where for allt € Ry, 
h(t) = max{[hi (1) + A3(0)], [to () + ta]. (1.2.53) 


Proof Multiplying (1.2.49) by exp(—pyzt) and observing that 
exp(—pyt)u? (t) < cy + Alt.ri,..-,%n—1, mt] + Altr,....tm—-1,d2v]. (1.2.54) 
Define 
F(t) = exp(—pt)u(t) + v(t). (1.2.55) 


By taking the p-th power on both sides of (1.2.55) and using the elementary 
inequality 


(di + dy)? < 2! (di + df), (1.2.56) 
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where d,, dz are non-negative reals and q > 1, and inequalities (1.2.54) and (1.2.50), 
we observe that 


FP(t) < 2°"! (exp(—pyetu? (1) + v? (0) 
< P(e, + co + Alt, aera ee [hy + h3]a]) 
+Alt, ae , [ho + halv]]. (1.2.57) 
Now using the fact that exp(—pyt) < exp(yt) and (1.2.53) in (1.2.57), we conclude 
F(t) < 2? "(ey +n) + Alri... 1,2? AF]. (1.2.58) 


Thus the bounds in (1.2.51) and (1.2.52) follow from an application of Theo- 
rem 1.2.7 to (1.2.58) and splitting. The proof is thus complete. Oo 


The next result was proved by Vaigant [654] (see also Kaliev and Podkuiko 
[300]), which can be regarded as a generalization of the Ou- Yang inequality. 


Theorem 1.2.9 (The Vaigant Inequality [654]) Jf y(t) is continuous and non- 
negative function satisfying for all t € [0, T], 


y'(t)<at bf c(t)y" |(t)dt (1.2.59) 
0 


where a,b > O.andn > | are constants, c(t) € L'[0, T], then there holds that for all 
te [0,7], 


b t 
y(t) <a'/" + | c(t)dt. (1.2.60) 
n JO 


Proof Without loss of generality, we assume that c(t) is a continuous and non- 
negative function. For the general case of c(t), we may use the continuous functions 
from L![0, T] to approximate c(t). 

Let z(t) = i c(t)y" |(r)dt. Then it is easy to know that z(f) is a continuous 
function verifying 


2(0) =0, 2) =c(Oy"" (0. (1.2.61) 
From (1.2.59), we derive 
y"() <a + bet) (1.2.62) 


which, along with (1.2.61), implies 


z(t) 1/(n—1) 
(= ) <atbzt), Z(t) < c(t)(a + bet)! 
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ka (a+ bz(t))\/” < arene (1.2.63) 
dt n 


Integrating (1.2.63) with respect to t, we arrive at 
b t 
[a + bz(t)]/" < al/" + | c(t)dt 
n Jo 


which, together with (1.2.62), proves the theorem. oO 
The following theorems are some variants of the Ou- Yang inequality. 


Theorem 1.2.10 (The Yang Inequality [695]) Leta > 0,b > Oandc > 0 be 
real constants. Then the following conclusions are true : If u, E € C(R+,R+), the 
following integral inequality holds for all t € Ry, 


w(t)<c+ / E(s)|[au(s) + bu*(s)]ds, (1.2.64) 
0 
then for allt € R4, 
a b b f' 
u(t) < = {al + — v0) exp[5 | E(s)ds| = 1}. (1.2.65) 


Remark 1.2.5 A slightly more general version of inequality g[u(f)] < c+ 
i. F(s)W[u(s)|ds, t € IR can be found in Butler and Rogers [129]. However, 
it was assumed in [129] that the function ¢ is strictly decreasing while function y 
is non-increasing, and it was treated on a finite closed interval. 


Remark 1.2.6 We compare the bounds obtained by applying Theorem 1.2.10 to 
inequalities u?(t) < k? + 2 fo[H(s)u(s) + F(s)u2(s)|ds, t € Ry, as follows: from 
inequality uw°(t) < Re + 2 fj[A(s)u(s) + F(s)u(s)|ds, t € Ry, we have for all 
te Ri, 


w(t)<k +2 7 "E(s) [u(s) + u?(s)]ds. (1.2.66) 
0 


where E(t) := max[F(t), H(1)]. An application of Theorem 1.2.10 (witha = b = 1) 
to (1.2.66) yields for all t € R_, 


u(t) < {a +k) expls i Te Oa yh. (1.2.67) 
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Theorem 1.2.11 (The Pachpatte Inequality [500]) Let u,f,g,h be real-valued 
non-negative continuous functions defined on R+ and c be a non-negative real 
constant. 


(a\) Ifforallt€ Ry, 
u-(t) < c? +2 / i f(s)u2(s) + h(s)u(s)|ds, (1.2.68) 
then for allt € R+, 
u(t) < pd) exp ( : Lious) | (1.2.69) 
where for allt € Ry, 
p(t) =c+ [ h(s)ds. (1.2.70) 


(az) If for allt € R4, 


w(th<ce+ 2f [risus (wo + [ e(ou(e)dr) + hoon) ds, 
: : (1.2.71) 


then for allt € Rx, 


u(t) < p(t) 1 + [ f(s) exp (fre ++ s(o)|ar) as ' (1.2.72) 


where p(t) is defined by (1.2.70). 
(a3) Ifforallt € R4, 


w(t) <c +2 / [risus ( / ; e(ou(e)dr) + hoon) ds, (1.2.73) 
0 0 


then forall0 <t<f,f€ R4, 


u(t) < p(t) exp ( / f(s) ( [ s(o)dr) as) : (1.2.74) 


where p(t) is defined by (1.2.70). 
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Proof Since the proofs resemble one another, we shall only give the details for (az). 
(az) Define a function z(t) by 


2(t) = (c +6)? +2 / [risue) + (wo + / “a(o)u(o)de) + hots ie 
0 0 
(1.2.75) 


where ¢ > 0 is an arbitrary small constant. Differentiating (1.2.75) and then using 
the fact that u(t) < ,/z(t), we have 


Z(t) < 2V/2(0) Lr ( 2(t) + / s(0) year) + 7) ; (1.2.76) 
0 
Now differentiating ./z(t) and using (1.2.76), we can get 


d J i 
—( v2) = Ta < [re ( a + i g(t) sar) 4. 7) - (1.2.77) 


By taking ¢ = s in (1.2.77) and then integrating the above inequality from 0 to t, we 
know 


Vat) < pe(t) + i r1)( z(s) + i sic) Ver) ds, (1.2.78) 


where p,(t) is defined by (1.2.70) by replacing c by c + e. Since p,(f) is positive 
and monotone non-decreasing for all ¢ € R +, the inequality (1.2.78) implies the 
estimate (see, e.g. [456]) 


VaO < pelt) + I + ['fovexp ( [ro+ «(o)\tr) as 4.2.79) 
0 


Now using the fact that u(f) < ./z(t) in (1.2.79), and then letting ¢ > 0*, we get 
the desired inequality (1.2.72). Oo 


Theorem 1.2.12 (The Pachpatte Inequality [500]) 
(1) Ifforallt € R+, 


u(t) < (4 + 2 [sours (2 + 2 [ nisuyas) : (1.2.80) 
0 0 


then fort € R4, 


u(t) < po(t) exp (/ [H0) (/ f(e)dr) + f(s) (/ nine) as) ; 


(1.2.81) 
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where for allt € Ry, 
po(t) = cie2 i fee + Gf (sds. (1.2.82) 
(2) Ifforallt € Ry, 
PO <et [lew + iioucytas+ | ‘g2(5)0%s) + ha(6)T()]ds, (1.2.83) 
vosat f ‘igs(6)(s) + hs(s)@(6)|d5 + i ‘iga(s)07() + ha(s)v(s)]ds, (1.2.84) 


where u(t) = e u(t), U(t) = e“ v(t) for all t € R4, then for allt € Rx, 


u(t) < e“p*(t) exp ([ cows) ; (1.2.85) 
0 
v(t) < p*(t) exp ([ Gon) F (1.2.86) 
0 
where 
p(t) = V2(ci +2) + / H(s)ds, (1.2.87) 
0 

where for allt € R+, 
G(t) = max{[gi(t) + g3(9], [g2 + gs(]}. (1.2.88) 
A(t) = max{[hi(t) + ha(t)], [A2(Q) + ha(d}}- (1.2.89) 


Proof Here we only give the proof of assertion in (2), the proof of assertion in (1) 
can be done similarly. 
Multiplying both sides of (1.2.83) by exp(—21t), we observe that 


W(t) < c+ [iw + hy (s)u(s)|ds 
0 


=F / Bere + h(s)u(s)]ds. (1.2.90) 
0 


Define 
F(t) =u v(t). (1.2.91) 


Now by squaring both sides of (1.2.91) and using the elementary inequalities (a + 
b)? < 2(a* + b), (a? + Bb?) < (a+ b)*,a > 0,b > O reals, and using (1.2.90), 
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(1.2.84), (1.2.88), (1.2.89), it is easy to observe that 
t 
F(t) < 2(cy +c2) +2 i [G(s)F?(s) + H(s)F(s)]ds. (1.2.92) 
0 
The bounds in (1.2.85)—(1.2.86) follow from an application of the inequality given 


in (1) to (1.2.92) and splitting. oO 


Theorem 1.2.13 (The Pachpatte Inequality [500]) Let u(t) > uw => 0 bea 
real-valued continuous function defined on R+, uo is a real constant. Let f,g,h 
be real-valued non-negative continuous functions defined on R+ and c be a non- 
negative real constant. Let W(u) be a continuous, non-decreasing real-valued 
function defined on I = |[ug, +00) and W(u) > 0 on (uo, +00), W(uo) = 0. 


(1) iffor allt € Ry, 
HO 2 +2 [ LA yuls)Wlul)) + hus) (1.2.93) 
then for all 0 <1 < th, 
u(t) < 27 | a(n) +f F005] , (1.2.94) 
where p(t) is defined by (1.2.70) and 


rg 
— (1.2.95) 


Q(r) = Wo)’ peat 


and Q7 is the inverse of Q and t, € Rx is chosen so that for all t € [0, t1], 


Q(p(t)) + / f(s)ds € Dom (Q7"). 


(2) If for allt € R+, 


w(th<e+ 2f [rine Go + [ e(o)Wu(e))dr) + hoon) ds, 
0 0 
(1.2.96) 


then for all0 < t < th, 


u(t) < pi) + i f(s)E" [En +f [f(t) + etd] | ds, (1.2.97) 
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where p(t) is defined by (1.2.70) and 


° ds 
E(r) = —_., > 10 > uo, 1.2.98 
(r) | vo r= fro 2 uo ( ) 


E~' is the inverse of E, and ty € Ro is chosen so that for all t € {0, t2], 


E(p() + [ (f(t) + e(t))dt € Dom (E“). 


(3) Ifforallt € Rx, 


u(t) < c? + an [risus ([ e()W(u(=))dr) + hoon) ds, 
: ° (1.2.99) 


then for all0 < t < b, 
u(t) < QT! [avn + [v0 (sear) as : (1.2.100) 
0 0 


where p(t) is defined by (1.2.70) and Q, Q7! are as defined in (1) and t3 € R+ 
is chosen so that for all t € (0, ts], 


Q(p(t)) + i [f(s) (/ s(o)dr) ds € Dom (Q7'). 


Proof The proof is similar to that of the above two theorems, so we omit the details. 
Oo 


Corollary 1.2.2 (The Cheung Inequality [142]) Let k => 0 and p > 1 be 


constants. Let a,b € C(I,R+),a,y € C'(,D, andy € C(R,,R,) be functions 
satisfying 

(i) a, y, are non-decreasing with a, y < id;; and 

(ii) @ is non-decreasing with g(r) > 0 for allr > 0. 


Ifue C(A, Ry) satisfies for all x € I, 


p a(x) p y(x) 
u? (x) < k + — a(s)u(s)ds + | b(s)u(s)p(u(s))ds, 
p— 1 a(xo) P— 1 y (xo) 


then for all x € |x, x1], 


u(x) < {or [ep1arv” + A(x)) + Boy} (1.2.101) 


p- 
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where 


a(x) (a) 
A(x) := if b(s)ds, B(x) := [ b(s)ds, 
a Y 


(xo) (xo) 
and x, € I is chosen in such a way that ®,_| (k'“!/P 4+ A(x)) + B(x) € Dom (71) 
for all x € [xo, x1]. 
Remark 1.2.7 


(i) Same as before, in case ®,—-1(-++oo) = +00, inequality (1.2.101) holds for all 
xel, 

Gi) Corollary 1.2.2 generalizes part (1) of Theorem 1.2.13. In fact, if we impose the 
conditions p = 2,x9 = 0, and a(x) = y(x) = x for all x € J, Corollary 1.2.2 
reduces to part (1) of Theorem 1.2.13. 


Theorem 1.2.14 (The Yang Inequality [695]) Letc > 0,p >0Oandq > 0 be real 
numbers. Suppose that u, F € C(R+,R+), and the inequality holds for allt € R+, 


t 
u(t) <c +f F(s)u4(s)ds. (1.2.102) 
0 
If p = q, then for allt € Rx, 
1 t 
u(t) < cl’? exp (- i. F(sus) (1.2.103) 
P Jo 


while if p > q, then for allt € Ry, 
t 1/(p—q) 
u(t) < Ga + (1-q/p) | F(s)ds) (1.2.104) 
0 


Theorem 1.2.15 (The Yang Inequality [696]) Let p > 1 be a constant, u(t), f(t) 
be real-valued, non-negative and continuous functions defined on R+. Let further 
g(t, s), h(t, 5), j(t, 8), k(t,s) be real-valued, non-negative and continuous functions 
defined on R4 x Ry and being non-decreasing in t for every s fixed. If the integral 
inequality holds for allt € R4, 


wWin<f+ [or ji s) + k(t, s)u(s) + j(t, s) ic muta] ds, 
0 0 
(1.2.105) 


then for allt € R+, 


u(t) < K(t)Q(t) lego ea i; “WG sds| exp (-xo / ilt, sds), (1.2.106) 
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where 


K(t) := exp ( i k(t, | (1.2.107) 


Q(t) := 14+ xo [iat S) [exp ([ ex cois.m + g(s, mam) ds. (1.2.108) 


Proof Fix any positive number M and define on [0, M) a function w(t) by 


w(t) = pay [ pe" mm. s) + k(M, s)u(s) + j(M, s) [ sou. muta] ds. 
(1.2.109) 


From (1.2.105), we have for all t € [0, M), 
u(t) < w!/?(2). (1.2.110) 
By differentiation with respect to t, we derive from (1.2.109) that 
d = ; , 
How) = pwr (| RA, 1) + KM, u(t) + i, J g(M,m)u(n)dm |, 
0 
whence, for all ¢ € [0, M), 
d , 1 d 
—q@!/P n= t (1—p)/p = t 
FOO = Sool” Fo 
t 
= (M1) + KM, ute) +00) J g(a muted 
t 
< h(M,t) + k(M, tho"? (t) + j(M, m) i g(M, m)w'/? (m)dm, 
0 


where we have used the relation (1.2.110). Letting t = s in the last inequality and 
integrating its both sides from s = 0 to f, then we obtain 


w!/?(t) — w!/?(0) < [iv s)ds + [ov s)o'/? (s)ds 
0 0 
] : 1/p 
+ fim | g(M,m)o (man as, 


y(t) < Ni) + i k(M, s)(s)ds + / i(M, | / “9(M, syo(m)an as 
(1.2.11) 
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where y(t) := w!/?(t) and M(t) := f!/?(M) + fin, s)ds. Now applying 
Corollary 5.4.13 in Qin [557] to (1.2.111) yields, for all t € [0, M), 


w'/?(t) < N(t)k*(M, 1)O* (M, 1) exp xc t) fiw sas] ; (1.2.112) 
0 
where K*(M, t) := exp (, k(M, s)ds) and 


O*(M,t) := 1+ K*(M, of J(M,s) ([ teow, m) + 2K*(M,s)j(M, m)jdm ds. 


Letting t > M in (1.2.112) and using (1.2.110), then we arrive at 


M M 
u(M) < K(M)Q(M) [ron + [ h(M, sas] exp |-Kan i j(M, os], 


since k*(M,M) = K(M) and Q*(M,M) = Q(M). Hence the desired inequality 
(1.2.106) is valid for t = M, here M being any positive number. By (1.2.105), we 
see that (1.2.106) holds, then we observe that in the inequality, for all t ¢ R+, 


u(t) < f(t) +o A(t, s)u?—|(s)ds, 


implies, for all t € Ry, 


u(t) < fl/?(t) + i ie s)ds. 


Obviously, the last result contains Ou- Yang’s inequality as a particular case when 
p = 2,f() = cand A(t, s) = v(s)/2. Oo 


Remark 1.2.8 Obviously Pachpatte’s inequalities (1.2.71) and (1.2.73) are special 
cases of inequality (1.2.105). By Theorem 1.2.15, a better bound than (1.2.72) can 
be derived from inequality (1.2.71). However, the bound on solutions of inequality 
(1.2.73) given by Theorem 1.2.15 is more complicated and it is not comparable with 
the bound (1.2.74) in Theorem 1.2.11. From the proof of Theorem 1.2.15, we also 
note that the function u!/?(t) on the right-hand side of inequality (1.2.105) can not 
be replaced by u4(t),with q being other than p — 1. 


The next result is also due to Pachpatte [454], which generalizes the above 
theorem. 


Theorem 1.2.16 (The Pachpatte Inequality [454]) Let u;(t), f;(t) be real-valued 
non-negative continuous functions defined on I = [0, +00), and a;(t,s), bi(t, s) be 
continuous real-valued functions defined on I x I — R+, for which the following 
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inequality holds for allt € I, 


uj(t) <fi(t) + / eau i “ailt.9)( / “ )ui(t)de) ds, (1.2.113) 


where i = 1,--- ,n. Define, for allt € I, 


g(t)h(s) = maxa;(t, 8), 23 15-22 5H, (1.2.114) 

g(t)k(s) = max bi(t, S), t=1,---,n, (1.2.115) 

f= \ofO. (1.2.116) 
i=1 


Then for allt € I, 


n 


Duy sf + 900( f m6) 76) + e6yexo( fet) + eae) 


0 0 


i=1 
x [rence + kp exp (=f eoncicn) + ko)dn)ae}as). (1.2.117) 


Proof Substituting i = 1,--- ,n in (1.2.113), adding these inequalities and using 
(1.2.114)-(1.2.116), we obtain 


n 


duo <sro+eo([ Ho) onto i “n(sye(s)( i “Ko tei). 


i=1 0 


Now applying Theorem 1.2.14 in Qin [557] yields the desired bound in (1.2.117). 
Oo 


Now we shall study Henry’s version of the Ou- Yang-Pachpatte inequality 


u(t) < a(t) + i ies 5s)! F(s)w(u(s))ds, (1.2.118) 
0 


where f > 0 is a constant. Inequalities of such type with 6 = 1 and F continuous 
was studied by Pachpatte in [500]. 
We shall introduce the following theorem. 


Theorem 1.2.17 (The Medved’ Inequality [384]) Let a(t) be a non-decreasing, 
non-negative C! function on [0,T) (0 < T < +00), F(t) be a continuous, non- 
negative function, w be as in Theorem 1.4.1 in Qin [557], and u(t) be a continuous, 
non-negative function satisfying the inequality for all t € [0,T) and for a constant 
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B>0O 


u(t) < a(t) + , (t— s)®-' F(s)@(u(s))ds. 


Then the following assertion hold: 
(i) Suppose B > ; and w satisfies the condition (q) (see, Definition 1.4.1 in Qin 
[557]) with q = 2. Then for all t € [0,T1), 


u(t) < ée AS [Azo + « [ PoRods]| : : (1.2.119) 
0 
where 
(2B — 1) "do 
k=. A(v) = [ eG v>v9>0, (1.2.120) 


and T, € Rx is such that A(2a?(t)) + K fy F?(s)R(s)ds € Dom (A!) for all 
te [0, T)). 

(ii) Let B € (0, 5] and © satisfies the condition (q) (see, Definition 1.4.1 in Qin 
[557]) with q = z+ 2, where z= Le. ie., B = = Then for allt € [0,7], 


t 1/24 
wince {a [Aare +2-xe [ Fr R(Oads|| » C.2,131) 
0) 


where 


1 
Td — Bp) |? 1 z+2 
K, = = 4 B = 7 Pp — ‘ 
pi-PP z+1 z+1 
and T, € Rx is such that A(2%'a%(t)) + 20-1 K4 fo F4(s)R(s)ds € Dom (A“') 
for allt € [0,7]. 


Proof First let us prove the assertion (i). Following the proof of Theorem 1.4.1 in 
Qin [557], we can show that 


v(t) < a(t) + K / " F2(s)R(s)co(v(s))ds, (12,122) 
0 


with 


T(2p — 1) 


v= (Cu), a) = 20), K = 


(1.2.123) 
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Let V(t) be the right-hand side of (1.2.122). Then v(t) < V(t). This yields 


w(v(t)) < w(./ V(t) and thus 
V'(0) a(t) + KF*(t)R(tho(v(t)) 


o(/VO) — w(/V(0) 
_ vo) 
~ w( fa) 


+ KF*(t)R(t) 


which yields 


d py do d tt do " 
ah am sah mgaey TROD: 


Thus we have 
“A(Vi)) < LA) + KORO 
dt ~ dt , 
where A is defined by (1.2.120), which yields 
t 
V(t) < AT! |Acaw) +K i PC)RG as 
0 


whence 


v(t) < VV(t) < yan | Acai) +K / PORE] 
0 


Using (1.2.123), we can obtain (1.2.122). 


Nie 


(1.2.124) 


Now we shall prove the assertion (ii). Following the proof of the assertion (ii) of 


Theorem 1.4.1 in Qin [557], we can show that 


v(t) < b(t) + 20-1 K4 [ Feerrorveas 
0 
where 


v(t) = (e u(t)", (0) = 27 'a"(0). 


Following the procedure from the proof of the assertion (i), we can obtain 


v(t) < {AT (A(@(d)) + ates [ProsR(oash 
0 


and using (1.2.123), we can obtain (1.2.121). 


(1.2.125) 


(1.2.126) 
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The next result is due to Lipovan [356] who introduced some retarded Ou- Yang- 
like integral inequalities. 


Theorem 1.2.18 (The Lipovan Inequality [356]) Let u, f, and g be non-negative 
continuous functions defined on R+ and let c be a non-negative constant. Moreover, 
let w € C(R+,R+) be non-decreasing with w(u) > 0 on (0,+00) and a(t) € 
C!(R4,R+) be non-decreasing with a(t) < ton Rx. Ifforallt € Ry, 


a(t) 
w(t) <c+ 2 | [f(s)u(s)w(u(s)) + g(s)u(s)] ds, (1.2.127) 
0 


then forall0 <t< ht, 


a(t) a(t) 
u(t) < QT! E (« + 1. cou] + i rox , (1.2128) 
0 0 


" ds 
an = | ao) r>0, 


and Q7 is the inverse of Q, for all t € {0, t1], 


where 


a(t) a(t) 
Q (« +f cou] +f f(s)ds € Dom (Q7!). (1.2.129) 
0 0 


Proof Let us first assume that c > 0. Define the non-decreasing positive function 
z(t) by the right-hand side of (1.2.127) and let, for all t > 0, 


a(t) 
p(t)=ct+ / g(s)ds. 


Then z(0) = c*, u(t) < ./z(t), and 


Z(0) = Lf@eM)ula)w(ula()) + g(a) u(a(o)Ja! (0) 
< 2V2(a@) [flaw ( Vz@@)) Jo". 


Since a(t) < ton R+, we deduce that 


20 < 2Vz0 [flaw (Vze@)) + go) ] a" 
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which gives us 


z(t) ! 
; Tay < Yew ( ea) + g(a()] a (0. 


An integration on [0, ¢] yields 


V2(t) < p(t) + [ro ( Vz)) ds. 


Let T < t, be an arbitrary number. From above relation, we deduce for all 0 < t < 
T, 


Vit) < p(T) + [ fo (ve) ds. 


Now applying the retarded form of Bihari’s inequality, i.e. Theorem 1.1.1 (see also, 
e.g., [355]) gives us for all 0 < t < T, 


a(t) 


Va) <Q! [ary + ; roa 


Taking t = T in the above inequality and using the fact that u(t) < ./z(f) is true for 
t = T, we can obtain 


a(t) 


u(T) < Q7" [ary 7 ro 
0 


Since T < tf is arbitrary, we prove the desired inequality (1.2.128). If c = 0, then 
we carry out the above procedure with ¢ > 0 instead of c and subsequently let 
e>or. o 


Remark 1.2.9 
(i) Setting a(t) = tin Theorem 1.2.18, we obtain Pachpatte’s generalization [500] 
of Ou-Yang’s inequality [438]. 


qi) If {7° /w(s))ds = +00, then Q(+00) = +00 and (1.2.128) is valid on Ry. 
Examples of such functions are w(u) = u and w(u) = uln( + wv). 


Corollary 1.2.3 (The Lipovan Inequality [356]) Let u and g be non-negative 


continuous functions defined on R+ and let c be a non-negative constant. If a € 
C!(R4,R4) is non-decreasing with a(t) < ton Ry, and for all t > 0, 


a(t) 
w(t)<c? +2 / g(s)u(s)ds, (1.2.130) 
0 
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then for all t = 0, 


a(t) 
u(t) < c+ | g(s)ds. (1.2.131) 
0 


Remark 1.2.10 For a(t) = t, Corollary 1.2.3 becomes Ou-Yang’s inequality, i.e., 
Theorem 1.2.1 (see, e.g., [507]). 


Corollary 1.2.4 (The Lipovan Inequality [356]) Let u,f and g be non-negative 
continuous functions defined on R+ and let c be a non-negative constant. Moreover, 
leta € C!(R4,R4+) be non-decreasing with a(t) < ton Rx. If for all t = 0, 


a(t) 
w(t)h<c?+2 / (f(s)u?(s) + g(s)u(s)) ds, (1.2.132) 
0 
then for all t = 0, 
a(t) a(t) 
u(t) < (« + / cou] exp re : (1.2.133) 
0 0 


Remark 1.2.11 


(i) Corollary 1.2.4 is a retarded version of an inequality due to Pachpatte ({500], 
Theorem 1(a;)). Here we note that the hypotheses of Corollary 1.2.4 imply that 
for all t > 0, 


2) < 242 / POrOeaOiee 
0 


Hence Pachpatte’s inequality [500] could be applied in order to obtain an upper 
estimate for u(t). However, the estimate provided by Corollary 1.2.4 is sharper. 
To see this, letc = 1, a(t) = In(t+1), and f(t) = g(t) = 1/(t+ 1). Pachpatte’s 
inequality yields, for all t > 0, 


u(t) < (t+ 1) + In(t+ 1), 
while Corollary 1.2.4 yields, for all t > 0, 
u(t) < 0 + In(@t+ 1))C1 + Ind 4+ In(t+ 1))). 


Gi) For g = O, Corollary 1.2.4 becomes a retarded Gronwall-like inequality 
established in [355]. 


Theorem 1.2.19 (The Lipovan Inequality [356]) Let u,f, and g be non-negative 
continuous functions defined on some interval [0,T) and let c be a non-negative 
constant. Moreover, let w € C(R+,R+) be non-decreasing with w(u) > O on 
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(0, +00) and Sir? 1/w(s))ds = +00. Ifa € C!(Ri,R+) is non-decreasing with 
a(t) < ton R, and forall0 <t <T, 


a(t) a(t) 
w(it)<e+ 2 | Ff (s)u(s)w(u(s)) + 2 | g(s)u(s)w(u(s))ds, — (1.2.134) 
0 0 
then for all0 < t < T, 


a(t) 
ay sa") 009 + [ U1) + ya, (1.2.135) 
0 


where Q : (0, +00) > (Q(0), +00) is the C!-diffeomorphism defined by 


" ds 
an = f a r>0 


and Q7' is its inverse. 


Proof Similarly to the proof of Theorem 1.2.18, let us first assume that c > 0. 
Denoting the right-hand side of (1.2.134) by z(t), the same steps as in the case of 
Theorem 1.2.18 lead to 


an < fla()w( <(a(0)) a! (t) + g(a()w ( z(a(0)) 


Integrating the above inequality on [0, f], we can get for all 0 < t < T, 


@ sed i ™ plow (V2) ds + i ™ g(a)w (Vz) as, 


An application of Theorem 1.1.47 yields, for all 0 < t < T, 


a(t) a(t) 
Va <0" a+ f fisyds-+ f ous. 
0 0 


Since u(t) < z(t) on [0, 7), inequality (1.2.135) follows immediately. The case 
c = Ocan be handled by repeating the above procedure with ¢ > 0 and subsequently 
letting e > OF. Oo 


The next three corollaries are direct conclusions of Theorem 1.1.56. 


Corollary 1.2.5 (The Zhao-Meng Inequality [722]) Let u,f and g be non- 
negative continuous functions defined on R+ and let c be a non-negative constant. 
Moreover, let p € C(R+,R+) be a non-decreasing function with y(u) > 0 on 
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(0, +00) anda € C!(Ry,R4+) be non-decreasing with a(t) > t on R4. If for all 
te Ri, 


+00 
W(t) <4 / _, Ueousyylals)) + ston 


then for all0 < T < t < +00, 


1 rte 1 rt 
u(t) < Qo! (9 (« + I. x(t) Po fas) 


" ds 
an = f ag =| 


and Q7 is the inverse of Q and T € Rx is chosen so that, for allt € [T, +00), 


where 


] +00 1 +00 

Q(ce + >| g(s)ds) + >| f(s)ds € Dom (Q7"'). 
2 Jai 2 Jat) 

Corollary 1.2.6 (The Zhao-Meng Inequality [722]) Let u,f and g be non- 

negative continuous functions defined on R4 and let c be a non-negative constant. 

Moreover, let a € C'(R+,R4+) be non-decreasing with a(t) > t on R. If for all 

te Ri, 


+ 


Hi) <2 + ; “OL O seule 


a(t) 


then, for allt € R+, 


+00 +00 
u(t) < (c+ I, s(o\ds) exp (; : fls)as) : 


Corollary 1.2.7 (The Zhao-Meng Inequality [722]) Let u,f and g be non- 
negative continuous functions defined on R4. and let c be a non-negative constant. 
Moreover, let a € C'(R+,R+) be non-decreasing with a(t) > t on Rx. If for all 
re Ri, 


+00 
W(t) <ct : , Uo) + stout 
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then for allt € R+, 


1-1 p- 1 +00 ot 1 +00 
u(t) <|c 7? +—— g(s)ds exp | -— f(s)ds}, when p= q, 
P a(t) P Ja(t) 


P=9 


_1 aD fre pT 
u(t) < cP + ' / g(s)ds 
P a(t) 


The following results, due to Pachpatte [523], are retarded Ou- Yang inequality. 


Theorem 1.2.20 (The Pachpatte Inequality [523]) Let u,a;,b; € CU, R+), and 
a; € C!(I, 1) be non-decreasing with a(t) < ton I = [t,T) fori = 1,2,-++ ,n. Let 
p> landc = 0 be constants. 


(1) Ifforallt €T, 


ets 


Pq 


1 _ +00 
+ — / Sf (s)ds , When p> q. 
P a(t) 


aj (to 


a a(t) 
w(t) <ct+p > [ [a;(s)u?(s) + b;(s)u(s)| ds, — (1.2.136) 
i=1 


then for allt € I, 


u(t) < 
aj(to) 


n a; (t) 1/(p-1) 
A(t) exp G vy | aiovie)| , (1.2.137) 
i=1 


where for allt € I, 
n ax; (t) 
A(t) = cP -D/P 4 (p= Sp 2e | bi(a)do. (1.2.138) 
i=1 aj (to) 
(2) Letw € C(R+,R+) be non-decreasing with w(u) > 0 on (0, +00). If, for all 
tel, 
is ox; (t) 
w(t)<c+p pay | [a;(s)u(s)w(u(s)) + b;(s)u(s)] ds, (1.2.139) 
i=1 


ai (to) 


then for allt) <t < hy, 


u(t) < 


i(to) 


Nn ney(t) 1/(p-D 
G! [ow +r-d | ate ,  (1.2.140) 
i=l *% 
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where A(t) is defined by (1.2.138), G~' is the inverse function of 


‘ ds 
G(r) = [ wien 7 > 1% > 0, (1.2.141) 


and ro > 0 is arbitrary and t, € I is chosen so that for all t € (0, ty], 


G(A(t)) + (p— 1) 3) fa aj(a)do € Dom (G~'). 


ai(to) 


Proof We only give the details of the proof for (1); the proof of (2) is similar. 
From the hypotheses, we observe that a/(t) > 0 for all t € I,ai(t) > 0 for all 
tel, Bi(y) = Oforally € bh. 
(1) Let c > 0 and define a function z(t) by the right-hand side of (1.2.136). Then 
z(t) > 0, (to) = c, z(t) is nondecreasing for all t € I, u(t) < {z(t)}'/? and 


Z() = p>) [alai(t))u? (au(t)) + bilor(t))u(ai())] a) 


i=1 


<p> [ai(ai(s))c(oi(t)) + bi(oei(t)){z(an(0))$'/” | (0) 


i=1 


=p Yalan) ){lai()}P-P”? + bai(0))] {eal ()}/Pah(0) 


i=1 


<p> [alai){e(ai() 3?” + bi(ai(t))] {e(D}'/? ax} (1), (1.2142) 


i=1 


Z(t) 


{2(py}l/P <p es [ai(ou;(t)){z(ai(t))} PP” + bi(ai(t))| a(t). (1.2.143) 
i=1 


By taking ¢ = s in (1.2.143) and integrating it with respect to s from fp to ft, we can 
get 


tn 


(()'F <P YP 4 (p—1) [ pa [ailats))tz(as()3}P-P”” + bi(a(s)) | sa (0). 


(1.2.144) 
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Making the change of variables on the right-hand side in (1.2.144) and rewriting, 
we can get 


(<()” < AW + (P=1) > iL. ao) e(0)) "do. 


ai(to) 


Clearly, A(t) is a continuous, positive and non-decreasing function for all t € J. 
Now following the idea used in the proof of Theorem 1.2.18 (see also [356] or 
[518]), we can obtain 


(e()) PY? < A(t) exp C -1) 5 mT 


aj (t) 


ao)do). — (1.2.145) 
i(to) 


Using (1.2.145) in u(t) < {z()}!/?, we can get the inequality in (1.2.137). 

If c => 0, we carry out the above procedure with c + ¢ instead of c, where ¢ > 0 
is an arbitrary small constant, and subsequently pass to the limit e > 0+ to obtain 
(1.2.137). Oo 


Remark 1.2.12 If we take p = 2,n = la, = a,a; = fib) = g in 
Theorem 1.2.20, then we recapture the inequalities given in [356] (see, Corollary 2 
and Theorem 1). 


Pachpatte [523] established further generalization (Theorem 1.2.21) of Theo- 
rem 1.2.18 as follows. 


Theorem 1.2.21 (The Pachpatte Inequality [523]) Let u, a;b; € CU, R+) and 
let a; € C'(I, 1) be non-decreasing with a(t) < t on I fori = 1,-++ ,n. Letp > 1 
and c = 0 be constants and w € C(Rz,R+) be non-decreasing with w(u) > 0 on 
(0, +00). Iffor allt € I, 


w(t) <ct+ = nie u(s)(aj;(s)W (u(s)) + bi(s))ds, (1.2.146) 


aj (to) 
then foralltj <t<h, 


a; (t) 


1/(p-1) 
w= (o owe += 0¥ f ate , (1.2.147) 


i(to) 


where 


Gi) = . ds 7 0 
O= J, wereny 7= 7% 


(1.2.148) 
A(t) = c'?—D/P + (p= 1) oa il b\(a)do, 


ati(to) 
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and ry > 0 is arbitrary, G~! is the inverse function of G and t, € I is so chosen that, 
forallt) <t<ht, 


G(A(t)) + (p— 1) 3 a\(o)do € Dom(G"'). (1.2.149) 


ai(to) 


Proof The proof is similar to that of Theorem 1.2.20. oO 


In 2008, Agarwal, Kim and Sen [14] established some new retarded integral 
inequalities. 


Theorem 1.2.22 (The Agarwal-Kim-Sen Inequality [14]) Let u, fi, g; € 
CU, Ri)i = 1,...,n, and let a; € cd, be non-decreasing with a(t) < t 
on I fori = 1,-++,n. Letq > Oandc > 0 be constants, y € C'(Ri,R4) is 
an increasing function with @(+00) = +00 on I, and w(u) is a non-decreasing 
continuous function for all u € Ry with y(u) > 0 for allu > 0. If for allt € I, 


fn ai(t) 
g(u()) <e+ / gf MHHUS)) + Bids, (1.2.150) 
then forallty <t<h, 


n a(t) 
u(t) < ¢! (fea + a ' i) (1.2.151) 


i=1 


where 
. ds 
G(r) = ———, r>nm>0, 
O= | rer ’™=” 
a a(t) ds 
V(r) = / —_————— , ror > 0, 
» ait) VIP (G(s))] : hed?) 
a;(t) 
K(to) = G(c) + 3 [. gils)ds, 
a(t) 


and G~' and &~! denote the inverse functions of G and WV, respectively, for all 
t eI. t; € lis so chosen that for all ty < t < ty, 


a; (t) 


W(k(to)) + ae fils)ds € Dom (YW '). (1.2.153) 


ati(to) 


Proof Assume that c > 0. Define a function z(f) by the right-hand side of (1.2.150). 
Clearly, z(t) is non-decreasing, u(t) < @ '(z(t)) for all t € I and z(t) = 
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Differentiating z(t), we can get 


Z() = Duar) Lila) W(u@i()) + gilor(t))]e% (0) 


i=1 


< [6 ' EO)! Dili) VO ai())) + gai) (0. 


i=] 
Using the monotonicity of ¢~! and z, we may deduce 

[p-'(e@)I4 = [67 (eo) = [9 (ON > 0, 
that is, 


J) 


GF = 2 Liles Clos) + gi(ai(t))]o/ (2). 
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(1.2.154) 


(1.2.155) 


(1.2.156) 


Setting tf = s in the inequality (1.2.156), integrating it from fp to ¢, using the 
function G on the left-hand side, and changing variable on the right-hand side, we 


can obtain 


Gan) = G+ > [ 


i=1 ati (to) 


aj(t 


From the inequality (1.2.157), we find 
nt a(t) 
Ge) < p+ >> / ME EOD) + silos. 
i=] ° ai 


where 
a@;(t) 


p(t) =G)+ >> gi(s)ds. 


i=1 aj (to) 


Thus from the inequality (1.2.158) it follows that for all t < 4, 


n aj (t) 
Gtet) < pln) + | LOWE Cl) 


1 
i= 2 oi(to 


) 
Lfi(s) WP" (e(s))) + gi(s)]ds. 


(1.2.157) 


(1.2.158) 


(1.2.159) 


(1.2.160) 
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Now, define a function k(t) by the right-hand side of (1.2.160). Clearly, k(t) is non- 
decreasing, z(t) < G_!(k(t)) for t € I and k(t)) = p(t;). Differentiating k(t), we 
can get 


Ki) = Lil WO cu) loi < VO (GE KO)) Y_LiaM)ef (0. 


=! i=1 


(1.2.161) 
Using the monotonicity of UV, ¢~!, G7! and k, we deduce 
k(t) n ; 

Tee "ko = 2 [filet )lai(0. (1.2.162) 


Setting ¢ = s in the inequality (1.2.162), integrating it from f to ¢, using the function 
W on the left-hand side, and changing variables on the right-hand side, we may 
obtain 


ne poi) 
W(K(t)) < Wek) + >> / 7 fils)ds. (1.2.163) 
i=1 ° Vo 


From the inequalities (1.2.161) and (1.2.163), we conclude that for all f9 < ¢t < 
t, 


am a(t) 
a(t) < G"[Y"(U(pa)) + >> | fils)ds))- (1.2.164) 


i=] 2 %ilto) 


Now acombination of u(t) < @~!(z(#)) and the last inequality in (1.2.164) fort; = t 
produces the required inequality. If c = 0, we carry out the above procedure with 
€ > 0 instead of c and subsequently let € > 0+. This thus completes the proof. O 


For the special case @(u) = u? (p > q > 0 is aconstant), Theorem 1.2.22 gives 
us the following retarded integral inequality for nonlinear functions. 


Corollary 1.2.8 (The Agarwal-Kim-Sen Inequality [14]) Let u, fi, g;, and a; € 
CU, R+), 7 = 1,...,n, and let a; € cd, I) be non-decreasing with a;(t) < t 
on I fori = 1,---,n. Let gq > O and c > 0 be constants, y € C!(R4,R4) is 
an increasing function with @(+00) = +00 on I, and w(u) is a non-decreasing 
continuous function for allu € Ry with w(u) > 0 forallu > 0. Iffor allt €1, 


a CAG) 
u(t) <ct+ eh u4(s)(fi(s)W(u(s)) + g9;(s))ds, (1.2.165) 
i=1 ¥ aM 


1.2 The One-Dimensional Ou-Yang Inequality and Its Generalization 173 
then for all t € [to, f), 


(0) A 
nts) (1.2.166) 


aj (to) 


u(t) < (ve" (Wo(ki(to)) + >—4 as 


where 


axj(t) ds 
wor) = | ae es 
a; (10) y(sl/(P-9) 


= (1.2.167) 


ki (to) = c'?~ Dip 4 2 Ft pwd =o gi(s)ds, 


aj(to) 


and Ww! denote the inverse functions of Vo for all t € I andt € I is so chosen that, 
forallt) <t<t 


a(t) 


Wo (ki (to)) oo — =D a, ae € Dom (Wp'). (1.2.168) 


Proof The proof follows by an argument similar to that in the proof of Theo- 
rem 1.2.22 with suitable modification. We omit the details here. oO 


Remark 1.2.13 When q = 1, from Corollary 1.2.8, we derive Theorem 1.2.22. 
When p = 2, q = 1, from Corollary 1.2.8, we derive Theorem 1.2.18. 


Theorem 1.2.22 can easily be applied to generate other useful nonlinear integral 
inequalities in more general situations. For example, we have the following result. 


Theorem 1.2.23 (The Agarwal-Kim-Sen Inequality [14]) Letu ¢ CU,R)), fi, 
gi€ st Ri), i=1,...,n, and let a; € C'!(I,D) be non-decreasing with a;(t) < t, 
i= 1,--- ,n. Suppose thai c > 1 isaconstant, ¢ € C!(Rz,R4+) is an increasing 
ion with o(+oo) = +00 on I, and Wj(u),j = 1,2, are non-decreasing 
continuous functions for all u € Ry with wj(u) > 0 for all u > 0. Iffor allt € 1, 


plu) S e+ a [- u"(s)(fi(s) Wi (U(s)) + gils)Wallog(u(s))))ds,  (1.2.169) 


ai(to) 


then 


(i) as the case Wi (u) > Wo(log(u)), we have for all t € [to, th), 


u(t) <¢ "|G G for (1 (G(c)) + > ee 


ai(to) 


[Als) + 2: cows]). (1.2.170) 
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(ii) as the case Wi(u) < Wo(log(u)), we have for all t € [to, tr), 
ds a(t) 
u(t) <g7! (- [vst waco) +e / mi + cio) » “G217j 
i=1* U0 


where 


a aj(t) ds 
es ae WeGo "= "7° 


i=1 


(1.2.172) 


and G"', aa | = 1,2, denote the inverse functions of G and Vj, j = 1,2, 
respectively, the function G(t) is as defined in Theorem 1.2.22 for all t € I and 
i; € 1, j = 1,2, are so chosen that, for all to) < t < t,, 


7 aj(t) 
wi(G(c)) + >> [fi(s) + gi(s)]ds € Dom (W>'). — (1.2.173) 
i=1 


ai (to) 


Proof Let c > 0. Define a function z(t) by the right-hand side of (1.2.169). Clearly, 
z(t) is non-decreasing, u(t) < @ !(z(t)) for all t € J and z(to) = c. Differentiating 
z(t), we can get 


Z0) < Dui) Lie) Wi (U@i(D)) + gi(@i(D) Y2log(u(@i(0))) Jax; (0) 
i=1 


n 


a mCONDS teu (@"((au())) 
i=] 
+8i(ai(t))Wr(log(¢ ((a:(0))» Jai. (1.2.174) 
Using the monotonicity of ¢~' and z, we can deduce 
[o '(c@))]? = [0 eM) 4 = [6 TOV > 0, (1.2.175) 
that is, 


Z(t) 


——<§<——— ee : (OL; =l ; ais 5 -1 ; (ty. 
Tana = Llieone (c(ai())) + gi(ai(t)) W2llog(g (ela) ] of) 


(1.2.176) 
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Setting tf = s in the inequality (1.2.176), integrating it from fp to ¢, using the 
function G on the left-hand side, and changing variable on the right-hand side, we 
may obtain 


be aj (t) 
Ga) < Go) + YO [ Lfi(s)rn (P| (z(s))) + gi(s)Wrlog ("| (c(s)))]ds. 
= (1.2.177) 
When y1(u) > W2(log(u)), from the inequality (1.2.177), we derive 


aj (to 


ut a(t) 
Ge) <6 +> | _ Lilo) + OWA). 1.2.178) 
i=1 i 


Now, define a function k(t) by the right-hand side of (1.2.178). Clearly, k(t) is non- 
decreasing, z(t) < G7! (k(#)) for all t € J and k(to) = p(t). Differentiating k(t), we 
may get 


K() = DUO) + sia) Wi (Oa) (0) 


i=1 


< Wo "(GE TN(KO)) DTH@O) + s(a@M)loi. (12.179) 


i=1 


Using the monotonicity of 1, ¢~', G7! and k, we may deduce 


k(t) n ; 
TENG = 2 [ileue (0). (1.2.180) 


Setting ¢ = s in the inequality (1.2.180), integrating it from f to ¢, using the function 
W, on the left-hand side, and changing variables on the right-hand side, we may 
obtain 


if a(t) 
Wik) = Wilko) +O fH) Fads. 1.2181) 
i=1 aj (to) 
From the inequalities (1.2.181), we derive that for all ¢ € J, 
ai(to) 


n a;(t) 
af) <G" [wrtence +0 / LA(s) + eco _ (1.2.182) 
i=1 


Now acombination of u(t) < #7! (z(#)) and the last inequality produces the required 
inequality in (1.2.170). 


176 1 Nonlinear One-Dimensional Continuous Integral Inequalities 


When yf (u) < W2(log(u)), from the inequality (1.2.177) it follows 


a(t) 


ate) = 600 +> ie (Fils) + gis) Wi(P'(cls)))ds. (1.2.183) 


Now, by the suitable application of the process from (1.2.178) to (1.2.181) in the 
inequality (1.2.183), we conclude that for all t € J, 


at) <G 5 ‘cus + [- 


(fils) + ato) . (1.2.184) 
aj (to) 
Now a combination of u(t) < @~!(z(2)) and the last inequality produces the required 
inequality in (1.2.171). If c = 0, we carry out the above procedure with e > 0 
instead of c and subsequently let € — 0. This completes the proof. Oo 


For special case @(u) = u? (p > q > Ois aconstant), Theorem 1.2.22 gives us 
the following retarded integral inequality for nonlinear functions. 


Corollary 1.2.9 (The Agarwal-Kim-Sen Inequality [14]) Let u € CU,R)), fi, 
gi € CU,R+), i= 1,...,n, and let a; € C!(1, 1) be non-decreasing with a;(t) < t 
i= 1,---,n. Suppose that c = 1 and p > q > O are constants, and Wj(u), j = 1,2, 
are non-decreasing continuous functions for all u € Ry with yj(u) > 0 for all 
u>0.Tfforallte I, 


wo set [- u'(s) (fils)Yr(u(s)) + gi(s)¥r(log(u(s)))) ds (1.2.185) 


Aj (to) 


then 


(i) as the case Wr (u) > WoCog(u)), we have for all t € [to, th), 


1/(p—q) 
u(t) < G (Gi(c?— i = [ "(0+ 5409) 


ati(to) 


(1.2.186) 
(ii) as the case W(u) < W(log(u)), we have for all t € to, tr), 


1/(p—q) 
u(t) < (ce (Gy(c'P-9/P) 4. PTF 3 [- "(0+ s4o)) 


aj (to) 


(1.2.187) 
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where G;", j = 1,2, denotes the inverse functions of G;, j = 1,2, for allt € I, 


2 ds 
G(r) = [ Gory’ r>ro>0, (1.2.188) 


and t; € I, are so chosen that for all ty) < t < t, 


G(cle-9/r) 4 PAF 2 (fils) + gi(s))ds € Dom (G71). (1.2.189) 
a; (to) 
Proof The proof is similar to that of Theorem 1.2.23. We omit the details here. O 


Theorem 1.2.22 can easily be applied to generate another useful nonlinear 
inequalities in more general situations. For example, we have the following result. 


Theorem 1.2.24 (The Agarwal-Kim-Sen Inequality [14]) Let u,fi, gi € 
CU, Ri), i=1,...,n, and let a; € C'(I, 1) be non-decreasing with a(t) < t onI 
fori = 1,-++ ,n. Suppose that q > 0 and c = 0 are constants, w € C!(R+,R4+) is 
an increasing function with @(+00) = +00 on I, and L, M € C(R2_,R+) satisfy, 
for allt, v, w € R4, 


0 <Li(t,v) —L(t,u) < MG, w)(v —w), (1.2.190) 


with v > w= 0. Ifforallt € I, 


Huo) 20+ [°° eouiieyt6.u6s)) + gisuiopas, 4.2.91 


i(to) 


then for all t € [to, ty), 


nt a@;(t) 
u(t) <1)" [a (210 +f viome + econ) | 
= (12.192) 
where 
f ds 
nO fn PO —— 
(1.2.193) 


ko(to) = G(c) + D aL (uls))ds, 


i—1 2% Hi (to) 


and G~' and Q™ denote the inverse functions of G and Q, respectively, the function 
G is as defined in Theorem 1.2.22 for all t € I. t; € I is so chosen that, for all 
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aj(t 


n ) 
Q2(ko(t0)) + >> fi(s)ds € Dom (Q7'), (1.2.194) 


i=1 aj (to) 


Proof Let c > 0. Define a function z(t) by the right-hand side of (1.2.191). Clearly, 
z(t) is non-decreasing, u(t) < o~!(z(#)) for all t € J and z(to) = c. Differentiating 
z(t), we can get 


Z(H= YS [uo ai) L(@i(0), u(@i(t))) + 8i(@i() (a(t) Joes (2) 


i=1 
< eco (svete, 6 "(lau(t))) +aeulOvo~elau())) aii(t). 


i=1 


(1.2.195) 


Using the monotonicity of ¢~! and z, we may deduce 


ari 2 (Filai(D)L@i(), (6 (e(ai()))) +8i(ou()~ ' (z(@i()))) oF). 


(1.2.196) 
Setting ¢ = s in the inequality (1.2.196), integrating it from f to ¢, using the function 
G on the left-hand side, and changing variable on the right-hand side, we may obtain 


" ax; (t) 


Gi) < GO + > , Lf(s)L(s, 6 "(c(s))) + gi(s)p~(e(s))]ds. (1.2.197) 


i=1 ai (to) 


Thus from (1.2.190) and (1.2.197), we derive for all t < fy, 


7 ar; (t) n a(t) 
Gen) = G+ [ HoILe""elods-+ > [LM 
i=1 aj (to) i=1 aj (to) 
+gi(s)]p | (z(s))ds. (1.2.198) 


Now, define a function k(t) by the right-hand side of (1.2.198). Clearly, k2(f) is 
non-decreasing, z(t) < G~'(k2(t)) fort € I. Differentiating k(t), we get 


B(t) = Yo (fila) M@iO) + giloi(t))) 6" (e(s) ari) 


i=1 


< @'(GE'(ko(D)) Yili) Mi) + gilai(t)))a}(). (1.2.19) 


i=1 
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Using the monotonicity of ¥, ~', G7! and ky, we deduce 


k(t) 


Ty 5 D_Lfila) Mail) + sai) oi). (1.2.20) 
W(e-'(G"(ka())) a3 

Setting ¢ = s in the inequality (1.2.200), integrating it from f to ¢, using the function 
Q on the left-hand side, and changing variables on the right-hand side, we obtain 


Q(ko(t)) < Q(k2(to)) + % i. (fi(s)M(s) + gi(s))ds. — (1.2.201) 


ai (to) 


From (1.2.198) and (1.2.201), we conclude that 


et) <G" E —!(Q(ka(t0)) + 3 i 


(fi(s)M(s) + ato . (1.2.202) 
a; (to) 
for tf) < t < t. Now a combination of u(t) < ¢7~!(z(t)) and the last inequality 
produces the required inequality in (1.2.192) for t, = t. If c = 0, we carry out the 
above procedure with € > 0 instead of c and subsequently let € — 0. This completes 
the proof. Oo 


For the special case @(u) = u? (p > q > Ois aconstant), Theorem 1.2.24 gives 
us the following retarded integral inequality for nonlinear functions. 


Corollary 1.2.10 (The Agarwal-Kim-Sen Inequality [14]) Let u, fi, g;, anda; 
be as defined in Theorem 1.2.24. Suppose that c = 0 and p > q > 0 are constants, 
andL, Meé C(R?., R+) satisfies (1.2.190). If for allt € 1, 


u(t) <ct+ ay u!(s) (fi(s)L(s, u(s)) + gi(s)u(s)) ds,  (1.2.203) 


ati(to) 


then for all t € to, ty), 


u(t) < (2: (21 (ka(t0)) + 4 => f° (fi(s)M(s) + cio) 


(1.2.204) 


where 


"ds 
2,() = | Top oe 
rO 


a; (t) 


ks(to) = c-O/P 4 PG , 15 fils)L(s)ds, 


pC) 


(1.2.205) 
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and oF denotes the inverse functions of Q, for all t € I and t, € I is so chosen 
that, for alltpy <t < th, 


a(t) 


Qi(kaCo)) +P=E I? | (HIMES) + ais))ds € Dom (87) 
j=] © UO 


(1.2.206) 


Proof The proof is similar to that of Theorem 1.2.24 with suitable modification. We 
omit the details here. Oo 


Pachpatte also showed the following inequalities (see, Kuang [315]). 


Theorem 1.2.25 (The Pachpatte Inequality [499]) Let y,f,g be real-valued 
non-negative continuous functions defined on R+ and cy, C2 be non-negative real 
constants. If for allt € R4, 


y(t) < (« + i; bi (v(ons) (<: + i e(o)v()as) : (1.2.207) 
0 0 
and c\C2 i R(s)Q(s)ds < 1, for allt € R+, then for allt € Rx, 
c1€20(1) 
ee 1.2.208 
y(t) < To cies FR@OWds ( ) 
where for allt € R, 
R(t) = let if f(t)dt +f) / e(ode] ; (1.2.209) 
0 0 
Q(t) = exp ( i [cig(t) + cof()lar) ; (1.2.210) 
0 


Proof We first assume that cj, cz are positive and define a function z(t) by 


z(t) = (« + / FAs)x(ohs) (c: +f s(o)v()as) F (1.2.211) 
0 0 


Differentiating (1.2.211) and using the facts that y(t) < z(t) and z(t) is monotone 
non-decreasing for all t € R+, we observe that 


Z(t) < [eigd) + of] + ROL, (1.2.212) 


which, implies 


c1c2O(t) 


ne 1— cco [i R(s)Q(s)ds- 


(1.2.213) 
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The desired inequality in (1.2.208) now follows by using y(t) < z(t). 

If c,, cp are non-negative, we carry out the above arguments with c; +¢ and cy+e 
instead of cy and co, where ¢ > 0 is an arbitrary small constant, and subsequently 
pass to the limit as ¢ — 0 to obtain (1.2.208). The proof is thus complete. oO 


Remark 1.2.14 Note that in the special case when g(t) = 0 and c. = | or f(t) = 0 
and c; = 1, the inequality given in Theorem 1.2.25 reduces to the well-known 
Gronwall inequality [79]. 


The next result is a corollary of Theorem 1.1.60. 


Corollary 1.2.11 (The Agarwal-Ryoo-Kim Inequality [17]) Let u, fi, pi, @ and 
g(u) be as in Theorem 1.1.60 and let p > | be a constant. If, for allt € J, 


g(t) 
PO 204 i. piltiyfilti)u(ti)g(u(tn)) dh 
(a) 


3 o(t) o(n) o(ti—2) 
+ a) nito( J patt)( ~~ (/ Pi-1(ti-1) 
(a) (a) o(a) 


o(ti-1) 
«(f psaf(adutadeta))a Ja) dtd, (1.2.214) 
(a) 


then for t € [a, Ts], 


pol 1/(p-l) 
u(t) < 165" E (a'?-)/P (t) + Fi o|| (1.2.215) 


where T3 € I is chosen so that G3(a'?~))/? (t)) + POF (t) € Dom (G;'), 


ds 
G3(r) =| ———, r=m>0, (1.2.216) 
rm g(ul/(P-))(s) 


and G;! denotes the inverse function of G3, and F(t) is defined in (1.1.363) for any 
tel. 


In the sequel, we introduce some new nonlinear delay integral inequalities, due 
to Ma and Yang [365], of Ou- Yang type, which generalize some results of Pachpatte 
[498] and Yang [438]. 

Pachpatte [498] discussed the following delay integral inequalities, which gen- 
eralize the Ou-Yang inequality, by means of the same argument as that used by 
Tsamatos and Ntouyas [652], for all t€ R,, 


P()<C?+2 / ‘x(a(s)){ f(s)W[x(a(s))] + h(s)}ds, (1.2.217) 
0 
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OQ se +2 7, x(o(s)) f(s) ( i g()W[x(o()]ar + mio} ds, (1.2.218) 
0 0 


ef) =e + 2 [ ro) 10) ce s(c)Wllog.(o(2))]dr + noo) ds, 
0 0 


(1.2.219) 
with the initial condition 
x(t) = w(t), for all t € [a, 0], 
(1.2.220) 
w(o(t))<c forall te Ry; with o(f) <0. 


Pachpatte [498] proved the following result. 


Theorem 1.2.26 (The Pachpatte Inequality [498]) Let f,g,h and W eé€ 
C(Ri,R+), o € C(R+,R) with o(t) < tand—-o < a := inffo() : t € 
Ri} < 0, Ww € C(la,0],R+) and x € C({a, +00], R+). Furthermore, let W be 
non-decreasing and let W(u) > 0 hold for all u > 0. Then 


(i) from (1.2.217)-(1.2.220), we have for all0 < t < v4, 


2 lo (c+ [ 102s) + [res] : 
0 0 


(ii) from (1.2.218)-(1.2.220), we have for all0 < t < v2, 


7 4 t t ; S 
x(t) <G lo (c +f hiojds) + | f(s) (/ s(n) as ; 


(iii) from (1.2.219)-(1.2.220), we have for all0 < t < v3, 


x(t) < exp (" lo (108 + / hioyds) + / f(s) ( i : s(n) as ) 


where 
u ds 
cw [ oe. ue w>0, 
uo W(s) 


and G™' denotes the inverse function of G, and the positive numbers v1, v2 
and v3 are chosen so that the quantity in the square brackets of (i), (ii) and (iii) 
is in the range of G. 


Next, we generalize the conclusions (i)—(iii) of Theorem 1.2.26. A delay integral 
inequality similar to inequality (1.2.219) is also discussed. 
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We define R; = [1,-+00), and denote by C(M,5S) the class of all continuous 
functions defined on set M with range in the set S. The basic assumption in the 
following Theorems 1|.2.27—1.2.29 is as follows: 


Assumption (H): 


(i) f,g,h, andn € C(R+, R+) with n(t) non-decreasing. 
Gi) W € C(R4+, R+) is non-decreasing with W(u) > 0 for all u > 0, 
(ili) o € (Ry, R), o(f) < t for all t € R+, with —oo < a:= inf{o(t) : t € Ry} < 
0, 
(iv) w € C({a, 0], R+) and x € C([a, +00), R+), 
(v) ¢ € C!(R, R+) with ¢’ non-decreasing and $’(u) > 0 for all u > 0. 


Consider first the next generalization of inequality (1.2.217), for all t € R+, 


$(x(t)) < n(t) + i $'b(o(s) IL) Wlo(s)] 
+9(s)x(o(s)) + h(s)}ds, (1.2.221) 


with the initial condition 


| x(t) = W(t), forall? € [a, 0], 
(1.2.222) 


wia(t))<@ '(n(t), for every t>0 with o(t) < 0. 


Theorem 1.2.27 (The Ma-Yang Inequality [405]) Let Assumption (H) hold. Then 
inequality (1.2.221) with condition (1.2.222) implies, for all0 <t <a, 


alo («x / «(6)ds) (#0 + / iioyds) 


+ exp («x [ eva) [nous , (1.2.223) 
0 0 


where G and G"! are as defined in Theorem 1.2.26 and the positive number a is 
chosen so that the quantity in the curly brackets of (1.2.223) is in the range of G. 


x(t) << G! 


Proof Let ¢ > 0 be an arbitrary small constant. Fixing any positive number T(< a), 
we define a positive non-decreasing function u(t) by, for all t € J = [0, T], 


pu) = nT) + € i $'[x(o(s) IF (8) W x(a (s))] 


+9(s)x(a(s)) + h(s) fds. (1.2.224) 
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Then u(t) > 6! (n(T) + €) > 0 for allt € J and for allt € J, 
x(t) < u(t). (1.2.225) 
Thus for every t > 0 with o(t) > 0, we have 
x(0(t)) < u(o(t)) < u(d) 


since u(t) is non-decreasing and o(t) < t. By condition (1.2.223), for every t > 0 
with o(t) < 0, we have for all t € J, 


x(o(t)) = WOM) < $"M) < o' MM) < Gn) +8) <u), 
since @~! is non-decreasing. Hence we always have the relation, for all t € J, 
x(a(t)) < u(t). (1.2.226) 
By differentiation, we derive from (1.2.224) that 
CO = $' (x(a (D) NK F(QWIx(o(1)] + gx(o(1) + ACY} 
< PUONSOWlUO] + gut) + AO}, 


& < f(QWlut)] + g(Oult) + hC) 


since u(t) > 0 for all t € J, ¢’ is non-decreasing with ¢’(u) > 0 for all u > 0, and 
(1.2.226) holds. 

Integrating the both sides of the last inequality from 0 to ¢, then we can obtain 
for all t € J, 


u(t) =m + [ston 
0 
where 
n(t) = '(n(T) +e) + i: h(s)ds + [ roomwonas, 
0 0 


From the last inequality and the well-known Gronwall inequality, it follows that 
for all t € J, 


u(t) < [etary + of h(s)ds + / WW) exp [ e(o)ds) 
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Tr t T 
< [etn + af h(s)ds + i Fu) exp (/ x(t). 
(1.2.227) 


Setting, for all t € J, 


T t T 
vi): = [ontr) + af h(s)ds + / (us) exo [ s(o)ds) 
(1.2.228) 


then by (1.2.227), we have for all t € J, 
u(t) < v(Z). (1.2.229) 


Differentiating (1.2.228) and using (1.2.229), we derive, for all t € J, 


d T 
v0 («x ( [ e(o)ds) ) OWL) 


d T 
aso) = — < («x ( i) s(o\ds) ) FOdr 


or 


since by (1.2.228), u(t) > 0 for all tf € J and the condition (11) in assumption (H). 
Integrating the both sides of the last relation from 0 to f, and in view of v(0) = 


(on) +e) fo h(s)ds) exp (ff, g(s)ds) from (1.2.228), we have for all t € J, 


Givi] < G| («x ( i “e(onds) (en ++ f “hionds)t 
+/ : (exp ( / “w(ods) ) Fs. 


Taking t = T in the last inequality and then letting ¢ — 0, we can obtain 


G[v(T)] < cf (cx [ eas) (em +f mows) | 
T T 
+ (ex [ sods) | f(s)ds. 
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Since T € (0, a] is arbitrary, from the last relation we have for all tf € R+, 


Gp] < of (0 / s()as) (ew) +/ wows) | 


+ (ex [ e(oyas) [roy (1.2.230) 


or for allt € R,, 


v(t) < G! 


Tin h 
| (ex | g()ds) (° (n(t)) +f nooyas) 
+ (ex [ s(s)ds) / root 


Hence, by (1.2.225), (1.2.229) and (1.2.230), we conclude for all0 <t<a, 


t a t 
| (ex | s()as) (° (n(t)) +f nooyas) 
+ (cx [ 0) [10x : (1.2.231) 
0 0 


By (1.2.221), (1.2.231) holds also when t = 0. oO 


xt)<G! 


Now we consider the next generalization of inequality (1.2.218), for all t € R+, 
orato) < nto + | #etova} ([ s@metorar) 
0 0 


+h(s)x(o(s)) + k(s)? ds. (1.2.232) 


Theorem 1.2.28 (The Ma-Yang Inequality [405]) Let k(t) © C(R+:,R+) and 
Assumption (H) holds. Then inequality (1.2.232) with condition (1.2.222) implies, 


forall0 <t< 8B, 
s lin Ss 
| (ex | h(s)d. ) (0 (n(t) +f k( vas) 
+ (cx [ noas) [46 ([ «our) al , (1.2.233) 
0 


x(t) < G! 
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where G and G~' are as defined in Theorem 1.2.26, and the positive number B is 
chosen so that the quantity in the curly brackets of (1.2.233) is in the range of G. 


Proof Fixing any positive number T(< #) and taking an arbitrary positive small 
constant ¢, we define on interval j = [0, T], a function u(r) by, for all t € J, 


AY 


$0): = nT) e+ / #(009)} 10 ( 7 | g()WIx(o(e)]ar 


+h(s)x(a(s)) + k(s)? . (1.2.234) 
Thus from (1.2.232) and (1.2.234), we can derive for all t € J, 
x(t) < v(t). (1.2.235) 


Using the same argument as used in the proof of Theorem 1.2.27, we can obtain for 
allt e J, 


x(o(t)) < vd). 
Differentiating (1.2.234) and using the last relation, we can derive for all t € J, 


MO < Ky + Av +40 / s(t) Wlv]dr. 
dt 7 


Integrating the both sides of the last inequality from 0 to t, and using v(0) = 
o '(n(T) + «), then we derive 


v(t) < [etamro+ [ k(s)ds + : f(s) ( [ e(W(o(0)|ar) a 


+ / h(s)u(s)ds. 


Using the Gronwall inequality to the last inequality, we can get 
t t s t 
u(t) < oncry+ey+ | kisyas+ f f(s) (/ e(o)Wlo(e)|ar ds exp | h(s)ds 
0 0 0 0 


< H(T)0,(T)+H(T) / f(s) ( / (o)W[o(e)lar) ds, teJ, (1.2.236) 
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where H(t) = exp (i h(s)ds), 0. = @& '(n(T) + €) + eh k(s)ds. Setting 


x= nena) +401) [p09 f° ecowtoceride as, 
by (1.2.236), we can conclude for all t € J, 
u(t) < X(t). (1.2.237) 
Differentiating X(t) and using (1.2.237), we may obtain for all ¢ € J, 


dx (t) 


=F nr | g(t)W[v(r)]dt 


< H(T)f() / e(t)WIX(c)]dz 
< H(T)F() / e(r)fdrWIX()]. 


Because X(f) is positive and W(u) > 0 for all u > 0, the last relation can be rewritten 
in the form: for all t € J, 


dG|[X(1)] = Tae < H(T)f (1) ( i s(ode) dt 


Integrating the both sides of the last inequality from 0 to ¢, then we obtain, for all 
te J, 


G[X())] < GIH(6-(7)] +H | f(s) cs e(o)de) ds. 


Since T € (0, B), taking t = T and letting ¢ — OT, then we derive from the last 
inequality that 


T s 
X(T) < G' ) G[A(T)60(T)] + H(7) i f(s) ( [ s(n) a| , 


Because T is any number from (0, 6], by (1.2.235), (1.2.237), and the last inequality, 
we can obtain the validity of (1.2.233) on (0, 8]. By (1.2.232), inequality (1.2.233) 
holds also when t = 0. oO 


Now, we consider the following nonlinear delay inequality which is a variant of 
the inequality (1.2.219), for all t €¢ R+, 


x (t)h<c + / x’ (a(s)) (f(s)x4(a(s)) + g(s)) ds. (1.2.238) 


1.2 The One-Dimensional Ou-Yang Inequality and Its Generalization 189 


Theorem 1.2.29 (The Ma-Yang Inequality [405]) Letc > 0, g>0, r>0be 
constants, and f, h, x and o are defined as in Theorem 1.2.26. Then inequality 
(1.2.238) with condition (1.2.220) implies for all0 < t < v, 


t 1 t Ss —I/q 
x(t) < (cx / £045) Is -| ve) (cx [ BO 4) a| 


(1.2.239) 
where v is a positive number satisfying 
1 Vv s 
—> i: Hs) («xo( Oar) ds. 
cd 0 r 0 r 
Proof Define, for all t € R+, 
t 
W(t) := c+ / x"(a(s)){ f(s)x4(a(s)) + g(s)}ds. (1.2.240) 
0 
By (1.2.238), we have, for all t €¢ Ry, 
x(t) < w(t). (1.2.241) 


Applying the same argument as used in the proof of Theorem 1.2.27, we can obtain, 
for allt € R4, 


x(a(t)) < w(t). 
Differentiating (1.2.240) and using the last relation, we derive, for all t € R+, 


lA so wn + witaQy, (1.2.242) 


In view of w(0) = c, by a well-known comparison theorem for ODEs, from 
(1.2.242) we infer that for all t € J, 


w(t) < y(t), (1.2.243) 


where J = (0, :) is the maximal existence interval of the solution y(t) to the 
following initial value problem of the Bernoulli equation: 


dy(0) = sO, + 1, 


= forallte Ry, y(0) =c. 
a : ora +, yO) =e 


The unique solution of the last equation is, for all 0 < t < v, 


t t s =I); 
yo = (ex [ sas) jem -| ve) (cx [ BO ar) a| Z 
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Hence the desired inequality (1.2.239) follows from (1.2.241), (1.2.243), and the 
last relation immediately. Oo 


Letting @(u) = v? in Theorem 1.2.27, then we obtain the following corollary. 


Corollary 1.2.12 (The Ma-Yang Inequality [405]) Let p => 1 be a constant and 
assumption (H) holds. Then the nonlinear delay inequality, for all t € Ry, 


¥() <nlt) + [ vaio} f(s) Whx(o(s))) 
4+-8(s)x(a(s)) + noo) is (1.2.244) 


which condition (1.2.224) implies: for all0 <t< y, 
x(t) < G" (c¢,0) 4 (ew [ 8(9) a) [ f9 as). (1.2.245) 


where &,(t) = (exp fy sds) (n'/P() zi i fas), and the positive number y is 
chosen so that the quantity in the curly brackets of (1.2.245) is in the range of G. 


Remark 1.2.15 


(i) In Corollary 1.2.12, letting p = 2, n(t) = c’, f(t) = 2a(t), g(t) = 0, and 
h(t) = 2b(0), then it follows conclusion (i) of Theorem 1.2.26. 

(ii) The special case of inequality (1.2.244) when W(u) = u, g(t) = 0, ando(t) = 
t was studied by Yang in [694]. 


Corollary 1.2.13 (The Ma-Yang Inequality [405]) Let x(t) € C([a, +00), Rj), 
n(t) € C(R+,R+), p > 0 be a constant and assumption (H) holds. Then the 
nonlinear delay integral inequality, for allt € R+, 


¥() <n) + / oi) f(s) Wllog x(0(s))] + g(s) log. x(o(s)) + mio} ds 
° (1.2.246) 


with condition (1.2.224) implies, for all0 < t < 6, 
x(t) < exp lo" | ot) = («x le 89 4 as) [“ OF as , (1.2.247) 


where &,(t) = (exp fj a) (2 logn(t) + fy as), G and G"' are defined as in 
Theorem 1.2.26, and the positive number 6 is chosen so that the quantity in the curly 
brackets of (1.2.247) is in the range of G. 
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Proof Taking u(t) = log x(t), then inequality (1.2.246) reduces to for allt €¢ R+, 


MO <n + ; eP(oW)| F(s)Wlu(a(s))] + a(s)u(o(s)) + h(s) has, 
0 


which is a special case of inequality (1.2.221) when ¢(u) = exp(Pu). By 
Theorem 1.2.26, we get the desired inequality (1.2.247) directly. B| 


Remark 1.2.16 The inequality (1.2.246) with p = 2 is different from the inequality 
(1.2.219) of Theorem 1.2.26. 


Letting @(u) = uw? in Theorem 1.2.28, then we obtain the next corollary. 


Corollary 1.2.14 (The Ma-Yang Inequality [405]) Let p > 1 be a constant and 
assumption (H) holds, then the inequality, for allt € R+, 


P(t) <n) + i MoU} f0 ( i: e()WLx(o())ldr) 


+h(s)x(a(s)) + k(s)¢ ds, (1.2.248) 


with condition (1.2.222) implies: for all0 < t < n, 
= noe a i 
x(t) < G™ | G[A,()6()] + Ap) “7 g(t)dt}ds}, (1.2.249) 
0 0 


where H,(t) = exp (fi a) , O,(t) = nl/P(t) + fo “ds, and the positive number 
n is chosen so that the quantity of the curly brackets of (1.2.249) is in the range of G. 


Remark 1.2.17 In Corollary 1.2.14, letting p = 2, n(t) = c’, f(t) = 2a(t), h(t) = 
0, and k(t) = 2b(f), then we derive the conclusion (ii) of Theorem 1.2.26. 


Corollary 1.2.15 (The Ma-Yang Inequality [405]) Let x(t) € C([a, +00), Rj), 
n(t) € C(R4,R+), p > 0, be a constant, and assumption (H) holds. Then the 
nonlinear delay inequality, for allt € R4, 


¥() <n + 7 ¥(o(s))) FCs) ( / s()Wllogx(o(e))]4r 


+h(s) log x(a(s)) + k(s)¢ ds, (1.2.250) 
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with condition (1.2.222) implies 


x(0) exp Jo" | i460) +H) [| ( / «(o)dr) ash 
(1.2.251) 


where 6,(t) — ; logn(t)+ is “ds, H,(t) is defined as in Corollary 1.2.14, and the 
positive number ut is chosen so that the quantity of the curly brackets of (1.2.251) is 
in the range of G. 


Proof Taking u(t) = log x(t), then inequality (1.2.251) reduces to 
t AY 
eu <tr f a [ to @owwompiar) 
0 0 


+h(s)u(o(s)) + k(s)e ds, te Ry. 


This is a special case of inequality (1.2.233) when @(u) = exp(Pu). An application 
of Theorem 1.2.28 to the inequality yields the desired inequality (1.2.251). oO 


Remark 1.2.18 In Corollary 1.2.15, letting p = 2, n(t) = c’, f(t) = 2a(t), h(t) = 
0, and k(t) = 2b(f), then it follows conclusion (iii) of Theorem 1.2.28. 


Remark 1.2.19 In Theorem 1.2.29, if r obeys the more restrictive condition r > 1, 
then (1.2.238) can be considered as a particular case of inequality (1.2.244) when 
p=r, h(t) =0, n(t) =c’, and W(é) = £91; ie, for allt € Ry, 


vind + [ x(t) {fox (o(9) + g6)} a 
0 
By definition, we have G(u) = Gu — uy“) and hence 


G"(0) = fw? — guy". 


An application of Corollary 1.2.12 to the last inequality yields, for all 0 < t < v, 


x(t) < (cx [ sas) 


1 ‘ (s\(q+ 1) * af(s) 4 
x ao (cx / Ot as) | 14 » (1.2.252) 
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where v is positive number satisfying 


1 ” af(s) ” e(s)(q+ 1) 
a > (/ 19 45 (<( [ ——. «)) : 


Obviously, in many situations, the bound in (1.2.239) is not only better than that 
given in (1.2.252), but also the validity of (1.2.252) when 0 < r < 1 cannot be 
established by using Corollary 1.2.12. 


1.3. The One-Dimensional Dafermos Inequality 


Dafermos established the following generalization of Ou-Yang’s inequality in the 
process of establishing a connection between stability and the second law of 
thermodynamics. 


Theorem 1.3.1 (The Dafermos Inequality [180]) Assume that the non-negative 
functions y(t) € L®[0, T] and g(t) € L'[0, T] satisfy the inequality, for all x € [0,T], 


y(x) < M’y’(0) + / “Pay?(1) + 2Ng(t)y()]dt, (1.3.1) 
0 


where a, M,N are non-negative constants. Then for all x € [0, T], 


x 


y(x) < Me*y(0) + Ne / : g(t)dt. (1.3.2) 
0 


Proof Let z(x) = M*y?(0) + 2 folay’ + Ne(t)y(t)]dt. Then, z(x) = ary? (x) + 
2Ng(x)y(x). Thus, using inequality (1.3.1), we have z’(x) < 2az(x) + 2Ng(x)/z(x). 
Hence, 


d 
a (e-* Vz0)) < Ne*g(x) < Ng(x). 


Thus now integrating the above inequality, inequality (1.3.2) follows readily. oO 


Remark 1.3.1 In Theorem 1.3.1, if @ = 0, then the result reduces to an inequality 
of Ou- Yang [438], i.e., Theorem 1.2.1.. 


Remark 1.3.2 It is clear from the proof that inequality (1.3.2) is not best 
possible. Its right-hand side can be improved by replacing the integral 


Jp g(a)dt by fy e “' g(t)dt. 
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Theorem 1.3.2 (The Snow Inequality [620]) Let x(t) be a real-valued, positive, 
continuous function and f(t) be a real-valued non-negative continuous function 
defined on I = [0, +00), suppose that p > 2. If it holds that for allt € I, 


x(t) <x) + [ fossa (1.3.3) 
0 


where Xo is a positive constant. Then for allt € T, 


/ q t 1/q 
x(t) < (6 Po / fls)as) ; (1.3.4) 
0 


where p—q= 1. 


Proof Differentiating x’ (t) with respect to t, we may have 
po "()x (0) < fOx(0), 
then 
po ()x'() sf. 


Now, integrating both sides the last inequality from 0 to t, we may obtain 
t 
Pac — Pao) < ffs) 
q q 0 
But from (1.3.4) x°(0) < x(0), thus x7(0) < xii . Hence, for all ¢ € J, 


t 
Pag = Pasir + | pooyas 
q q 0 


which gives us the desired bound in (1.3.3). oO 
We now apply Theorem 1.3.2 to establish the following interesting and useful 
integral inequality. 


Theorem 1.3.3 (The Snow Inequality [620]) Let x(t) and f(t) be real-valued non- 
negative continuous functions defined on I = [0,+00), and n(t) be a positive, 
monotonic, non-decreasing continuous function defined on I and if p = 2. If it holds 
that for allt € T, 


Y(t) <n’ (+ [ osmoves (1.3.5) 
0 
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then forallt €I 


f 1/ 
x(t) < n(0) E ee i ("as 7 (1.3.6) 
qd Jo 


where p—q= 1. 


Proof Since n(t) is positive, monotonic, non-decreasing, we derive from (1.3.5) that 


(t)/n()P <1 4 ; F(s){x(s)/n? Olas, 


[x(1)/n(? < 1+ foomnayia(s)/nbsas 
Let 
m(t) = x(t)/n(t), m(O) < 1. (1.3.7) 


Hence, for allt € I, 


m(th< 1+ [ form ormeas 
0 


From Theorem 1.3.2, we have, for all ¢ € I, 


m(t) < [1+ 2 pisyn-"orast (1.3.8) 
qd Jo 


Thus the desired bound in (1.3.6) follows from (1.3.7) and (1.3.8). This thus 
completes the proof. oO 


Some interesting and useful integral inequalities are embodied in the following 
several theorems. 


Theorem 1.3.4 (The Snow Inequality [620]) Let x(t), f(t) and g(t) be real-valued 
non-negative continuous functions defined on I = 0, +00), for which the inequality 
holds, for allt € I, 


x(t) <xp+ [ f(s) e?(s) + / " g(z)x(r)dr]ds, (1.3.9) 


where xo is a non-negative constant and 0 < p < 1. Then forallt € I, 


x(t) < x9 + [rom (s) exif g(t)x(t)dt)ds, (1.3.10) 
0 0 
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where 


t Ss 1/q 
k(t) = 6" +a | fo)exr(-a | e(odejas | (1.3.11) 


wherep+q=1. 


Proof Differentiating x(t) with respect to t, we have for all t € J, 


¥() <fOwWO + i} e(s)x(s)ds]. 


Define the function y(t) by, for all t € J, 


y(t) = (0) + i a(s)x(s)ds, y(0) = x2, 
Hence for all ¢ € /, 


x(t) < fy). (1.3.12) 


Differentiating y(t) with respect to ¢, and using (1.3.9) and the fact that x(4) < 
y(t), we have 


YO) = px? (Ox) + BOxO < pfOy’O + sv. 


which implies, for all ¢ € J, 


y(t) < ki exp ( [ s(o)ds) 


where kj (f) is as given in (1.3.11). From (1.3.12), we have, for all t € J, 


YO) <fOK( expl i: (s)ds). (1.3.13) 


Now, integrating both sides of (1.3.13) from 0 to ft, we obtain the desired bound 
in (1.3.10). This completes the proof. Oo 


In the special case when p = 0, Theorem 1.3.4 takes the following form which 
is found to be convenient in some applications. 


Corollary 1.3.1 (The Snow Inequality [620]) Let x(t), f(t) and g(t) be real- 
valued non-negative continuous functions defined on I = [0, +00), for which the 
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inequality holds, for allt € T, 


x sx0+ [f+ [ eox(eacya, 


where Xo is a non-negative constant. Then for allt € I, 


x(t) <x + [ir exp ([ «(o)dr) ds. 
0 


Theorem 1.3.5 (The Snow Inequality [620]) Let x(t), f(t) and g(t) be real-valued 
non-negative continuous functions defined on I = [0, +00), for which the inequality 
holds, for allt € T, 


t RY 
x(t) <xo + / f(s) pe? (s) + i g(t)x?(t)dt]ds, (1.3.14) 
0 0 
where Xo is a non-negative constant and 0 < p < 1. Then for allt € I, 
t 
x(t) S xo + / F(s)k2(s)ds, (13:15) 
0 
where for allt € I, 
t 1/q 
kat = (6 +4 [ (ort) + a(s)as) (1.3.16) 
0 


andp+q=1. 


Proof Differentiating x(t) with respect to t, we have, for all ¢ € /, 
t 
0) < FOO + | ax? as. 
0 


Define a function y(t) by 


vt) =) + | a(9x")ds, 90) = 270) = %, 
Hence, for all t € /, 


X() <fOy(O. (1.3.17) 


Differentiating y(t) with respect ¢t and using (1.3.14) and the fact that 


x(t) < y(), 
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we have 
Y(t) = pr? "(OX (0) + gO < [PO + 8OW’O 
which implies, for all ¢ € J, 
y(t) < ka), 
where k(t) is as given in (1.3.16). From (1.3.17), we have, for all t € J, 
x(t) <f(Dko(0). (1.3.18) 


Now, integrating both sides of (1.3.18) from 0 to ft, we obtain the desired bound in 
(1.3.15). This completes the proof. Oo 


Theorem 1.3.6 (The Snow Inequality [620]) Let x(t), f(t) and g(t) be real- 
valued non-negative continuous functions defined on I = [0,+00), and n(t) be 
a positive, monotonic, non-decreasing continuous function defined on I, for which 
the inequality holds for all t € T, 


x(t) < n(t) + [iv [x(s) + is g(t)x?(t)dt]ds, (1.3.19) 
0 0 
and0 <p < 1. Then for allt € I, 
x(t) < n(t) [ + [tom exp( [fara] ; (1.3.20) 
0 0 
where for allt € I, 
t Ss 1/q 
k3(t) = [ + af g(s)n “(s) exp (-«/ fc)ar) as ; (1.3.21) 
0 0 
andp+q=1. 


Proof Since n(s) is a positive, monotonic, non-decreasing continuous function, we 
derive from (1.3.19) that 


ion] 1+ fF) Kouo +f Co" One| és 
= s) | x(s)/n ; n? x n(t)|? Ss. 
+f 0) (9 /m6s) + f° gCen*Ceye) (nC) ar] 
Let 


m(t) = x(t)/n(t), m(0) < 1, (1.3.22) 
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then we obtain 
mt) < 1+ [ro (m0) + [ g(n-"(c)n (ode ) ds. 
0 0 


Define a function R(t) by 


R(t) = mp) + [ stsm-eon as R(O) <1, 


thus for all ¢ € J, 


m(t) <1+ [rovreoas 
0 
m'(t) < f()R(). (1.3.23) 


Differentiating R(t) with respect to t, and using (1.3.19) and the fact that m’(t) < 
R’(t), we have for all t € J, 


R'(t) = m'(t) + gn “(tm (t) 
<f(ORM + gn *OR'(d), (1.3.24) 


which implies for all ¢ € J, 
R(t) < ka(d) exp (/ fs)as) 
0 


where k3(f) is as given in (1.3.21). From (1.3.23), we derive for all ¢ € J, 


m!'(t) <f(Oka(1) exp ( i fls)as) | 


By integrating from 0 to t, we obtain for all ¢ € J, 


mt) < 1+ [ sos exp ([ roar) ds. (1.3.25) 
0 0 


The desired bound in (1.3.20) follows from (1.3.22) and (1.3.25), this completes the 
proof of the theorem. Oo 


Remark 1.3.3 Ifn(t) = no (whichis a positive constant), then the integral inequality 
in [441] follows. 


Theorem 1.3.7 (The El-Owaidy-Ragab-Abdeldaim Inequality [437]) Let 
x(t), f(t) and g(t) be real-valued non-negative continuous functions defined on 
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J = [a, Bl, suppose p > 0,p # 1, and n(t) be a positive, monotonic, non- 
decreasing continuous function defined on J. If the inequality holds, for allt € J, 


x(t) < n(t) + [ fess + [ sows (1.3.26) 
then for alla <t < By, 
x(t) < n(t)k4(0), (1.3.27) 
where, 


k4(t) = exp ( fls)as) + + af g(s)n_“(s) expt—a [fo pdeias : 
(1.3.28) 


where p+ q = 1, and f is chosen so that q > 0 on [a, Bi) C J, (Bi = Bifq > 0). 


Proof Since n(t) is positive, monotonic, non-decreasing continuous function, we 
observe from (1.3.26) that 


b)/n(a)] < 14+ / F(s)be(s)/n()|as + i a(s)[x? (s)/n(]ds, 


1e., 
[x(t)/n(] < 1+ F(s)be(s)/n(0)|ds + i e(s)n="(s)[x(s)/n(s) Pas. 
Let 
m(t) = x(t)/n(t), m(@) < 1. (1.3.29) 
Thus 


t t 
mt) <1+ / Ff (s)m(s)ds +f g(s)n4(s)m?(s)ds. 
Now we derive from Theorem 1.1.6 that for all t € J, 
m(t) < k4(0), (1.3.30) 


where ky, is as given in (1.3.28). The desired bound in (1.3.27) follow from (1.3.29) 
and (1.3.30). This thus completes the proof. Oo 


Now, we now apply Theorem | and Theorem 4 in [452] to establish the following 
integral inequalities. 
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Theorem 1.3.8 (The El-Owaidy-Ragab-Abdeldaim Inequality [437]) Let 
x(t), g(t), A(t) and h(t) and be real-valued positive continuous functions defined on 
I = [0,+00), W(t, u) be a positive, continuous, monotonic, non-decreasing, sub- 
additive and sub-multiplicative function in u > 0, for each fixed t € I, the functions 
m(t) > 0, E(t) = 0 be non-decreasing in t, and continuous on I, E(O) = 0, and 
suppose further that the inequality holds for allt € T, 


x =mo+neoe(f atoms) + [19] 0 


Ss t q 
+f g(t) mio + h(t)E (/ a(0)W(@, s(0))A8 code] ds, 
0 0 
(1.3.31) 


where0 <p<1,p+q=1. Then, forallt € I, 


x(t) < ks(t) mio + mine" lol [awe ks(s)m(s))d 
0 


+ [awe morstopas] (1.3.32) 
0 
where 
t s i 1/q s 
ks(t) = f+ | 69 -+4 | g(t) exp (-«/ (od?) exp food a, 
(1.3.33) 
Gu) = f lds/W,EG))}, uw >0 (1.3.34) 


and G~' is the inverse of G and t € [0, b] C I so that 
t t 
o( [ af) W(sks(s))m(s)as) +f q(s)W(s, h(s)ks(s))ds € Dom (G~'). 
0 0 
Proof Define the function n(t) by 
t 
n(t) = m(t) + moe [ a1) W(s.x46))d). (1.3.35) 
0 
Then (1.3.30) can be restated as 


x(t) < n(t) + [F 9 + q. e(oyn" a ode [as 
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Since n(f) is positive, continuous, monotonic, non-decreasing on J, we have from 
Theorem | in [452] that 


X(t) < n(tks(t), (1.3.36) 


where ks(f) is as given in (1.3.33). Now from (1.3.35) and (1.3.36), it follows 


x(t) < ks(0) jm +moe( [ a(o)W(s.x10)as) | 
Let 

x(0) < kel) + ADEWO)] (1.3.37) 

where, for all t € J, 
v9 = [ aowe.xeas 
Differentiating with respect to t, we have 
V'() = GWE,x(0) < WE, ksOlm(t) + MEW), 
since W is a sub-additive and sub-multiplicative function for all u > 0, 
V') S NWO, ks(m(0)) + GWU A(Dks(O)WE, EW), 
Le., using (1.3.34) and the fact that n(f) > m(#), 
[v/()/WE, EVO) < la WE, ks(m()]/ WE, EWO))] + WE A(Ks(O), 
which further reduces to 
cw s6(f “G(0)(ks)m(9)ds) + [acm es.msyes(syas: 


Hence 


v(it)<G! le [ awe. ks(s)m(s)) as + inha(s) (5, sto) 
0 
(1.3.38) 


The desired bound in (1.3.32) follows from (1.3.37) and (1.3.38), and thus this 
completes the proof. Oo 
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Theorem 1.3.9 (The El-Owaidy-Ragab-Abdeldaim Inequality [437]) Let 
x(t), g(t), f(), A() and q(t) be real-valued positive continuous functions defined 
onl = [0, +00), W(t, u), m(t), E(t) are as defined in Theorem 1.3.8, and suppose 
Jurther that the following inequality holds for allt € I, 


x(t) < m(t) + nioe( ['awo.x4s) + [ forsoras 
0 0 


S 


t s q 
+f e(o} mos + nioye( f oc) (c.x(e)\dr) x’(s)ds, (1.3.39) 
0 0 
and0 <p<1,p+q=1.Then for allt € I, 
x(t) < k(t) [mt + mne(o" Jol [arm e.totormesyas) 
0 


: / | q(s)W(s, nioytts)ias) |]. (1.3.40) 
0 


where for allt € I, 


t t 5 1/q 
k(t) = exo f fas) | +a g(s) exp(—a fle)tr ds] » (1.3.41) 


and G(u) is as given in (1.3.34) such that 


t 


G (/ q(s)W(s, ke(s)m/(s))ds + ; q(s)W(s, h(o)kls))ds) € Dom (G'). 
0 0 


Proof Define the function n(t) by 
n(t) = m(t) + nine / : u(s)W.x10)\d). (1.3.42) 
Then (1.3.39) can be restated as 
x) en) + [LF )x) + eno)" lds 


Since n(f) is positive, continuous, monotonic, non-decreasing on J, we conclude 
from Theorem 4 in [452] that 


x(t) < n(t)ko(0), (1.3.43) 
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where k¢(t) is as in (1.3.41). Now from (1.3.42) and (1.3.43), we have 


nid) < held in(t + MOE G(5)W(.218))4] (1.3.44) 
Let 
x(0) = ke(Oln(t) + hE), (1.3.45) 
where for all ¢ € J, 
wee | GOWER. 
Differentiating the above equality with respect to t, we derive 


v'() = q()W(t, x) 
S MWe ko(Olm@ + AOE), 


since W is sub-additive and sub-multiplicative function for u > 0, using (1.3.34) 
and the fact that n(t) > m(t), we have 


[v'()/WE, EVO))] < AW, ko(OmO))|/Wt, EVO) + (OWE, Ako). 


which further reduces to 


t 


G(v(1)) <G( i 4s) W(s, ke(s)m(s))ds + i als) Ws. (sls) 


Hence 


va<G! lo (/ q(s) W(s, ke(s)m(s))ds + / q(s)W(s, k(t) as ; 


(1.3.46) 
The desired bound in (1.3.40) follows from (1.3.44) and (1.3.46), this completes the 
proof of the theorem. Oo 


Theorem 1.3.10 (The El-Owaidy-Ragab-Abdeldaim Inequality [437]) Let 
x(t), f(t), g(t), A(t) and q(t) be real-valued positive continuous functions defined 
on I = [0,+00), W(t,u),m(t) and E(t) are as defined in Theorem 1.3.8, and 
suppose further that the following inequality holds for allt € I, 


x(0) < mo) + OE : u(o)W(s.x68))d5) + / f16)| x6) + i e(oya(e)de as, 
(1.3.47) 
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then for allt € I, 

x(t) < k(t) jt + nine (o' la( i “g(s)W(s, kn(sym(s))ds) (1.3.48) 
0 
+f q(s)W(s, h(s)k7 cas} | F (1.3.49) 
0 
where 
k(t) =1+ i, f(s) exp (fv + «()de) ds, (1.3.50) 
0 0 


and G is as defined in Theorem 1.3.9, where 


of [awe kr(oyms)s) + [ owes. nisevopas € Dom (G"'). 
0 0 


Proof Define the function n(t) by 


n(t) = m(t) + nine i u(0)W(s.x10))d). 
0 


Then (1.3.47) can be restated as 


S 


x nto) + f FOB) + [ etorx(e)aeas. 


Since n(f) is positive, continuous, monotonic, non-decreasing on J, we have from 
Corollary 1.2.4 in Qin [557] that for all t € J, 


x(t) < n(k;(0), 


where k7(t) is as given in (1.3.50). Now, we can complete the proof by following 
the argument as in the proof of Theorem 1.3.9. oO 


Remark 1.3.4 If W(t,x(t)) = W(x(t)) in the Theorem 1.3.10 and A(t) = 1, 
Theorem 1.3.10 is the same as Theorem 3 in [456]. For W(t, x(t)) = w(x(2)), m(t) = 
Xo, Xo is a positive constant), h(t) = 1 and E(u(t)) = u(t), Theorem 1.3.10 is 
the same as Theorem 2 of [456]. In [21], the authors studied the general form 
of the integral inequalities with linear and nonlinear terms on the right-hand side. 
However, the integral inequalities considered in Theorems | .3.7—1.3.10 are different 
from those considered in [21]. We note that the integral inequalities obtained in 
Theorems 1.3.7—1.3.10 allow us to study the stability, boundedness and asymptotic 
behavior of the solutions of a class of more general differential and integral 
equations similar to those obtained in [21, 446, 674]. 
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1.4 The One-Dimensional Gollwitzer Inequality 
and Its Generalization 


The following results are due to Gollwitzer [250]. 


Theorem 1.4.1 (The Gollwitzer Inequality [250]) Let u(t), f(t), g(t) and h(t) be 
non-negative, continuous functions on the interval [a,b]; G(u) be a continuous, 
strictly increasing, convex and sub-multiplicative function for all u > 0; G(O) = 
0, lim,+9 G(u) = +00; a(t), B(t) be continuous on [a, b]; a(t), B(t) > 0, a(t) + 
B(t) = 1; andforalla<t<b, 


u(t) < f(t) +g(G! ( / Gluls)yh(sas) ; (1.4.1) 
Then for allt € [a, bl, 


if G(u(s))h(s)ds < / on(s)G(f(s)ax(s)~")A(s) exp ( / Bl)G(s)B()- HG) ds 
: (1.4.2) 


Furthermore, if, foralla <x <t <b, 


u(t) > u(x) — cone" / Glu(s))Ms\as), (1.4.3) 


a 


then, foralla<x<t<b, 


u(t) = a()G' (Gomace) exp ( — BG(g@BO") i) . (1.4.4) 


Proof Let a(t), B(t) > 0, a(t) + B(t) = 1. Then 


u(t) < alfa) + pun(acnpcoyo~"( : Glu(s))M\as), 


a 


Since G is convex, sub-multiplicative and monotonic, for all a < t < b, 


Glu(t)) < a()G(f(a(t') + BOG(g(NB(") i G(u(s)h(s)ds. 


Thus (1.4.2) follows from Theorem 1.2.7 in Qin [557]. From (1.4.3), we derive for 
alla<x<t<hb, 


u(x) < a(t)(u(da(t)") + peosmpo'e"(f G(u(s))h(s)ds). 
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Since G is convex, sub-multiplicative and monotonic, we conclude for alla < t < b, 


a(tG(f(Na(t)') = G(ux)) — BOG(g@BO™) / G(u(s)h(s)ds, 


and (1.4.4) follows immediately from Theorem 1.2.10 in Qin [557]. oO 


Corollary 1.4.1 (The Gollwitzer Inequality [250]) JfG(u) = vw’, 1 <p<+a, 
then for alla<t <b, 


f u?(s)h(s)ds < [ a(s)'?f? (s)h(s) exp ([ pls)" onto) ds, 
i: . ° (1.4.5) 


andfora<x<t<b 


u(t) > (a(t))!—'/? u(x) exp (“vw / “h(oid) (1.4.6) 


In order to compare the estimate in Corollary 1.4.1 with that given by Willett 
[671], we take g(t) = 1, f(t) =C,a=p= 5 and obtain, from Corollary 1.4.1, 
for all t > 0, 


t 1/p 
u(t) < 1+ (exo | h(s)ds) — 7) : 
Taking p = 2 and h(t) = 1, we have 
u(t) <C [exp(—2) +(1- exp(—21))!/7] exp(f), (1.4.7) 
and from Willett’s estimate [671], we may obtain 
u(t) < C[1 + (1 — exp(—2))'/?] exp(2). (1.4.8) 


The estimate given in (1.4.7) is definitely sharper for large t, while for small values 
of t, the estimate given in (1.4.8) is sharper. Thus the two estimates are, in general, 
not comparable. 

The left-hand side of (1.4.5) is independent of a(t). It is unknown whether or not 
there is an optimum function a(t) which minimizes the right-hand side of (1.4.5) 
for any reasonable class of functional parameters f, g, and G. We also note that 
if 0 < g(t) < 1, then the sub-multiplicative hypothesis on G can be omitted in 
Theorem 1.4.1. 

If G(u) = u in Theorem 1.4.1, we have the well-known Gronwall inequality and 
a case similar to the Langenhop inequality [328]. If G(u) = uv? in Theorem 1.4.1, 
p = 1, then Willett [671] has studied (1.4.1) in connection with a singular 
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perturbation problem. The purpose here is to introduce new estimates for u(t) if 
G is a convex or concave function. 

If G is concave, the previous techniques are clearly not applicable. The following 
theorem gives us partial results in this case. 


Theorem 1.4.2 (The Gollwitzer Inequality [250]) Let u(t), h(t) be non-negative, 
continuous functions on the interval [a, b|; G(u) be a continuous, concave function 
for all u = 0, and continuously differentiable for all u > 0; G’(u) > 0 for all 
u > 0, G(O) = 0, lim,o G(u) = +00; C => 0a constant, and for alla < t < b, 


u(t) <C+G!' ( / Gluls))h()as) ; (1.4.9) 


a 


Thena<t<b, 


u(t) <G (ao exp ( i: “hioids)) ; (1.4.10) 


Furthermore, if, foralla<x<t<b, 


u(t) > u(x) —G! ([ Gluls))h(sas) , (1.4.11) 


x 


thena<x<t<b, 


u(t) > G! (Gwe exp(— ; hio)ds) ; (1.4.12) 


Proof Itis sufficient to assume that C is positive, since a standard limiting argument 
can be used to treat the remaining case. Consider (1.4.9) and define y(t) as, for all 
a<t<b, 


w(t) =C+Gla@t [ cwusyneasy a> 0. (1.4.13) 


a 


We note that y(t) majorizes the right-hand side of (1.4.9), and hence y(t) > u(t). 
Since G(u) is concave, the derivative G’(u) is non-increasing for all u > 0. Since 
w(t) — C > 0 (note that we use the constant a), for alla < t < b, 


GW) < G(WM — ©). (1.4.14) 


Furthermore, by the fundamental theorem of integral calculus, 


InG(W(t)) —InG(C + G!(@)) = i. G'(Win)GW()) |W’ (s)ds, (1.4.15) 
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where, for alla < t <b, 


w'(s) = G(u(s))h(s) (G(s) — ©). 


Since y(t) > u(t) and (1.4.14) holds, the integrand in (1.4.15) is majorized by h(s). 
Hence, for all a < t < b, 


In (GW) /G(C + G'(a))) < i “H@ds (1.4.16) 


a 


or foralla <t <b, 


G(u(t)) < G(C) exp ([/m.) , 


since the continuity of G permits us to let w approach zero. Thus the first assertion 
(1.4.10) has been proved. 
Consider (1.4.11) and define ¢(x) as, for alla <x <f, 


(s) = u(t) ++G!( i, G(u(t))A(t)dt). (1.4.17) 


We note that #(x) > u(x). Assume that u(t) is positive on [a, b]. Since G is concave 
and continuously differentiable, we can use the techniques given in the first part of 
the proof to show that for alla<x<t<b, 


In G(P(t)) — NnG(¢(@)) = — / h(s)ds, (1.4.18) 


x 


whence, foralla<x<t<b, 


G(u(t)) = G(u(x)) exp(— | hiss), (1.4.19) 


The estimate given in (1.4.11) is now clear. If u(f) is not positive on [a, b], we can 
replace u(t) by {u(t) + €} in (1.4.10), € > 0 in (1.4.19) to complete the theorem. O 


Corollary 1.4.2 (The Gollwitzer Inequality [250]) Jf Gju) = w’,0 <p < 1, 
then foralla<t<b, 


u(t) < Cexp ( po : hio)ds) (1.4.20) 


and for alla<x<t<b, 


u(t) > u(x) exp (-"' / “h(o)d)) ; (1.4.21) 
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In Theorem 1.4.3 below, we shall introduce a general version of the inequality 
obtained by Gollwitzer in 1969. 


Theorem 1.4.3 (The Gollwitzer Inequality [250]) Let f(t), u(t), g(t), h(t) and 
k(t) are real-valued non-negative continuous functions defined on I; G(u) be 
a continuous, strictly increasing, convex and sub-multiplicative function for all 
u > 0;G(0) = 0,limy+4+0G(u) = +00; a(t), B(t) be continuous functions on 
T;a(t), B(t) > 0, a(t) + B(A) = 1; and there holds for allt € I, 


u(t) <f(o) +s" | nisyGtu(s)ias+ [ h(s)B(s)G(g(s)B- '(s)) 
-( i : Keyaias)is is) (1.4.22) 
0 
Then for allt € I, 


u(t) <10)+6-"(«00( / h(s) 


a(s)G(f(s)a"(s)) + B(s)G(e(s)B~! 0) 
x exp ( / “B(X)G(e(t)B-! (2) (h(t) + Ks) / a(t)G(f(r)a-"(r)) 


+(h(t)k(t)) exp (- i B(n)G(g(n)B' (n)) (AC) + Kap) a| is)) 
(1.4.23) 


Proof We may rewrite (1.4.22) as 
u(t) < a(af((a-'(A) + BeNe@B“"OYG*( [| “(s)G(u(s))ds 
+ : “HS\BUELAB'U9)( i “K()G(u(e))dr) ds). 
Since G is convex, sub-multiplicative and monotonic, we have 
Glu() < anGAa") + BOGE)" ( [ “h(s)Gluls))ds 


+ [ nypoyateiap'n( f KcGtuce).dr)a). 


Now applying Theorem 1.4.2 yields the desired bound in (1.4.23). The proof is thus 
complete. oO 
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Setting G(u) = wv’, 1 < p < +o, in Theorem 1.4.3, we arrive at the following 
corollary. 


Corollary 1.4.3 (The Gollwitzer Inequality [250]) Let f(t), u(t), g(t), h(@) and 
k(t) are real valued non-negative continuous functions defined on I, let a(t), B(t) be 
positive continuous functions on I such that a(t), B(t) > 0,a(t) + B(t) = 1, let 
1 < p < +00 and suppose that the following inequality holds for allt € I, 


ult) <£0 + 8(0( [hon ods + / h(s)B(s)(@(9)B-()” 


x( / “k(c)u®(x)de) ds), 
0 


then for allt € I, 
wd) =f + a( / h(s){ex(s)G(fF(s)a-" (8)? + B(s)(g()B'()? 
x exp ( / B(o)(e(2)B" (2) (h(x) + k(x) i a(r)(f(r)a~!()) 


+cn(eye(e)exp (= f° BOn(eCn6ony" aay + Kon) )dn)ac}as) 


The next result is due to Dhongade and Deo [198]. 
Theorem 1.4.4 (The Dhongade-Deo Inequality [198]) Suppose that 
(i) the functions f (x), g(x), h(x) and 6(x) are defined as 


(a) 0(x), h(x) : (0, +00) > (0, 00), 
(b) f(x) : (0, +00) — (0, +00) and monotonic non-decreasing in x, 
(c) g(x) : (0, +00) > [I, +00), 


and 0,h,f, and g are continuous functions on (0, +00). 
(ii) Q,W €F and Q is sub-multiplicative. 
If for allx €T, 


ats) <0) + acoh( | h1s)2(068))a), (1.4.24) 
then forallx eT’, 


A(x) < fg)| + v{Fol( / “h(s)2(g(s))ds)\]. (1.4.25) 
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where F' is the inverse of F defined by 


* dt 
Fw =f O04 voy’ 0<uo <u (1.4.26) 


andx € I' CI so that 
; h(s)Q(g(s))ds € Dom (F~'). 
0 


Proof Since f(x) is monotonic, non-decreasing, g(x) > 1 and Q, w € F, we can 
derive from (1.4.34) that for all x € J, 


aw 1+ seven [ nisyo( 7) s| 


< gel + wf nis) @( as )]. (1.4.27) 


Define, for all x € /, 


R(x) = [ h(s)Q (Ta 


Then it follows from (1.4.27) that 


A) 
2( 5) < eH) QU + WR). 


since Q is non-decreasing and sub-multiplicative. Now, multiplying both sides by 
h(x) and using the definition of R(x), we may obtain 


R(x) 
QU + w(R@))] ~ 


which, combined with (1.4.26), reduces to 


S A()L2(g(x)) 


dF(R) 
=a < A(*)2(g(x)). 

x 
Now integrating the above inequality from 0 to x, we can get 


R(x) < Fo! ( [ *h(s)2(g(s))as). 


Thus (1.4.25) now follows from (1.4.27) and the above estimate of R(x). oO 
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The following theorem, due to Dhongade and Deo [198], provides pointwise 
estimate of the solution of the integral equation (1.4.30) under suitable conditions 
on the kernel k(x, s). 


Theorem 1.4.5 (The Dhongade-Deo Inequality [198]) Suppose that 


(i) the functions Q,y € F and are sub-multiplicative, 
(ii) k(x, s) (x = s) is defined and continuous on I x I, such that 


k(x, x) = 0, (1.4.28) 
ae) < g(x)h(s), (1.4.29) 
where g(x), h(s) are continuous functions on (0, +00). If y(x) is a solution of 

Tei v( / "te )Q((8))ds) (1.4.30) 
existing on I, then for all x € I, 
bol <foomea[ + uF [ h(s)Q((s))ds)}], 1.4.31) 
where F~ is the inverse of F defined in Theorem 1.4.4 and x € I' C I so that 
i * h(s)2(fa(s))ds € Dom (F7) 


and 


a(x) = 14 v( / *g(s)ds). (1.4.32) 
Proof Since y(x) is a solution of (1.4.30), we have, for all x € J, 
peal s £0) + ( [Ks s)@y(9))ds). (1.4.33) 
Define, for all x € J, 
Rw) = | * K(x, 3) A(ly(s))as, 


Ok(x, 
R(x) = k(x, 2) AU y(a)) + i Gs) 


Ulva. 
0 X 
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Integrating the above equation from 0 to x, we may obtain 


Rw) s [aio( [ moadvea)ar)as: 


Now replacing in the limits s by x, the inequality still holds and becomes the product 
of two integrals. In view of the definition of R(x), and the fact that y € F, we can 
write (1.4.33) as follows: 


ina] fla) + morn ( fs) 2UIy(s))as). 
0 
This is just of the form (1.4.24), which, by the application of Theorem 1.4.4, gives 
us the desired result (1.4.31). oO 


In the following theorem, due to Dhongade and Deo [198], we introduce a more 
general inequality which contains n-linear terms and one nonlinear term. 


Theorem 1.4.6 (The Dhongade-Deo Inequality [198]) Suppose that 


(i) the functions f(x), gi(x), hi(x),@ = 1,2,...,n + 1) be defined as in Theo- 
rem 1.2.44 in Qin [557], 
(ii) the functions Q, w be defined as Theorem 1.2.44 in Qin [557]. If, for all x € I, 


A(x) <F0) + Yraie) | h(6)06)ds + geviGO¥( | tner(6)20))a), 
i=1 
(1.4.34) 


then forallx €I', 


9G) < ENENenieoyfi + vr" f “hn 1(0) QUE" Sut (8))) ds} 
: (1.4.35) 


where E” is defined inductively as Theorem 1.2.44 in Qin [557] and F~' has the 
same meaning as in Theorem 1.4.4 and x € I’ C J such that 


/ hina (8)2(E" Sue 1(s))ds € Dom (F-). 
0 
Proof Define 


T(s) = £0) + grail JP hrs). 
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Then (1.4.34) can be written as, for all x € J, 
A(x) < Te) + Dats [ niyeeas 
In view of Theorem 1.2.44 in Qin [557], this inequality gives us the estimate 
A(x) < E"(T(x)) 
= BLP) + erea(2d( J fine r(s)S(0(s))as)] 
= £1) + Beni f tns(206))as)] 
= ENA) + sri ( i hina (3)2(0(s))d) 
x[E"gn-(x)exp( / “HOE (g, (s))ds) | 
whence 
B(x) < EXP) + EGnsiQW( [nv (3)(666))). 


This inequality is of the form (1.4.33). Thus the bound (1.4.35) now follows from 
Theorem 1.4.4. oO 


The pointwise estimate of the solution of the integral equation, for all 0 < x < 
+oo, 


y(x) =f) + [ k(x, s)y(s)ds + v(f k* (x, )2(y(3))ds), (1.4.36) 


which contains two different kernels is obtained in the following theorem. 
Theorem 1.4.7 (The Dhongade-Deo Inequality [198]) Suppose that 


(i) functions, Q, € F and are sub-multiplicative, 
(ii) k(x,s), (x > s),k(x,x), 0k(x, s)/0x are defined as in Theorem 1.2.45 of Qin 
[557], 


(iii) k*(x, 8), (x = s) is continuous on I x I and further 
k*(x,x) = 0, (1.4.37) 


Ok* (x, 8) 
x 


9 S 8nt1(x)hn41(s), (1.4.38) 
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where 8n41(x) and hy+\(x) are defined and continuous on (0,-+00) and 
[1, +00), respectively, and if y(x) is a solution of (1.4.36) existing on I, then 
forallxel', 


peal saeymea[t + vfe( [ m@qvyas)}], 0.439) 


where F—! is the inverse of F defined as in Theorem 1.4.4 and x € I' C I such 


that 
[ tesor@2oveas € Dom 
and 
W(x) = 1+20)y/( : i gni(s)ds), (1.4.40) 
2(x) = E'{ f@) + i *foom(s) exp ( i : m(t)dt) ds}. (1.4.41) 
2(x) = 6(E""!Q,,) exp (ne (Qn(s))ds). (1.4.42) 
where 


‘S12 / m(s)exp( / m(_)dt) ds, Oj(x) = [ gilxexp( / m(_)dr) ds. 
Proof Since y(x) is a solution of (1.4.36), we have, for all x € J, 
peal <6) + fk sbiolas+ v( fe G.I Adyoak). 

Let, for all x € J, 

T(x) = “(x.8)@(\y(6)))ds). 

@) = Fo) + 0( [eG IAvo)as) 
Then the above inequality takes the form 
ra] s Ta) + [kx s)bvodles 
0 


This inequality is of the form (1.2.333) of Theorem 1.2.45 in Qin [557]. Applying 
Theorem 1.2.45 in Qin [557], we have 


ly@)| < E"(p@)), 
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where 
p(x) = T(x) + / : m(s)T(s)exp( i: : m(t)dt) ds. 
0 s 
Substituting for p(x), we can get 
ly(x)| < E"|T(x) + i m(s)T¢syexp( | m(t)dt)ds| 
0 Ss 
= FE "k(x. 8) A(ly(s)))d 
[rer +0 (fee sadvorhas)] 
+ [mofo + ¥( [ ee.sQy@bexw(f meyaryas)}. 
0 0 t 
Rearranging the terms and applying (1.4.41) and (1.4.42), we may obtain 
pa] <2) + 20( [kG s)UUy(9))45). (1.4.43) 
Define 
Rea) = [GUIDA 


so that 


* AK.) ADD 1, 


Re) see ayoo) + [/ =S" 


Using (1.4.37) and (1.4.38), we have 
R(x) < Sn+i (x) [ hn+1(s)Q(|y(s)|)ds. 
Integrating from 0 to x, we may get 
RO) =f enrs(o( [hn 2UyODdr)as 


which, in view of (1.4.43), yields 


X S 


ly] < zx) + ayy / : gn i6s)( / ) In (QQ \y(O)dt) ds]. 


218 1 Nonlinear One-Dimensional Continuous Integral Inequalities 


This, by using (1.4.40) and the fact that w is sub-multiplicative, further reduces to 


ney] Sate) + WO | nes (6)2Uy(6)) ds) 
0 
which is of the form (1.4.24). Now applying Theorem 1.4.4 gives us the desired 
result (1.4.39). oO 
Let us consider the following example of the type (1.4.36), for all x € J, 
y(x) =e + [ e* “y(s)ds + [ sin(x — s)?y'/3ds, 
0 0 
We note that 


k(x,x) =1=m(x), k*(x,x) =0. 


Since 


ae 
ram , 


* 


k 
ax 


= cos(x — s)?2(x — s) < 2xs. 


We assume that 
gi(xs)=e, hy(s)=e%, g(x) =x, Mo(s) = 2s. 


Thus from (1.4.40)—(1.4.42), we can obtain 6 = e*, Q(x) = xe*, Qo(x) = e*—-1—x. 
Hence 


2x) = (+ x)xe2t"/2(¢% -—1 —xjexp( | Qsert*/2 (es -1l- s)ds), 
0 
x oet2/2 - 2/2 
w(x) = 1+ id be (2g  xpexo( | ie Fea t= s)ds). 
0 
Furthermore, 


Fu) = su es 


Now, substituting the above values in (1.4.39), we can get the estimate of the 
solution y(x). 


Theorem 1.4.8 (The Pachpatte Inequality [455]) Let x(t), f(t), g(t), and h(t) 
be real-valued positive continuous functions defined on I, let W(u) be a positive 
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continuous, monotonic, non-decreasing and sub-multiplicative function for all u > 
0, W(0) = 0, and suppose further that the inequality holds for all t € I, 


x(t) < xo + oc F(s)x(s)ds) + i h(s)W(x(s))ds, (1.4.44) 
0 0 
where Xo is a positive constant. Then for all 0 < t < b, 
x(t) < G! |G) + [rw 
0 
x WI + 8(s)( / “f (0) exp( / . e(kyf(iydK)dr))as (1.4.45) 
0 T 
x ! +0¢f foyexn¢ “e(of(oaryas)| | 
where 
G(r) = [ a r>ro>9, (1.4.46) 
and G~ is the inverse function of G, and t is in the sub-interval (0, b] of I so that 
Gt) + f mya + ay f Fe exrcf” eyfl&akrde))ds € Dom (G~*) 
0 0 
Proof Define 
n(t) = xo + [ h(s)W(x(s))ds, n(O) = xo. (1.4.47) 
0 
Then (1.4.44) can be restated as 
x0) <n) + 8(6f Fo)x(0)) 
0 


Since n(f) is positive, monotonic, non-decreasing on J, we have from Theorem 1.2.7 
in Qin [557] 


x(t) < n((1 + g(0)( i f(s) exp / e(r)f(t)dr)ds)). (1.4.48) 
Further, 


Wiad) < Win) WA + e( / Fs) exp / e(x)f(r)dr)ds)) 
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since W is sub-multiplicative. Hence, 


h(t) W(x(t)) 


Wa) | <AQWO + sinc] F0) exp( ['e(ftede)és) 


Because of (1.4.46) and (1.4.47), this reduces to 


<Gln(o)) < NWA + 8(0( / f(s) exp if e(r)f(r)dr)ds)). 


Now, integrating from 0 to f, we obtain 


G(n() — G(n(0)) < / h(s)W(1 + g(s)( [ F(x) exp fl spade) 
(1.4.49) 


Thus the desired bound in (1.4.45) follows from (1.4.48) and (1.4.49). The sub- 
interval [0, b] is obvious. Oo 


Theorem 1.4.9 (The Pachpatte Inequality [455]) Letx(t), f(t), g(t), and h(t) be 
real-valued positive continuous functions defined on I; let W(u) be a positive, con- 
tinuous, monotonic, non-decreasing, sub-additive and sub-multiplicative function 
for allu > 0, W(O) = 0; let the functions p(t) > 0, w(t) = 0 be non-decreasing in 
t and continuous on I, (0) = 0; and suppose further that the inequality holds for 
allt € I, 


x) <plt) + (0) ( [ Fls)x(s\s) +y ( [ his) WOxs))45) 


Then for all0 < t < b, 


x) < ro two la( - “a(S 


xW(pis) 1 +2(9) ( [roe ( [ «(kyf(bydk) ar) yas) 
+f “h(s)W (1 + 2) ( [roe ( i “glbof(bat) ar)) «) | 


x [ + a0)( if F(s) exp / s(mftoaeas)| ; 


where 


"ds 
an=| ooo r>r>O0, 
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and G~' is the inverse of G, and t € [0, b] of I so that 


G ( i “h(s)W(p(s){1+8(8)( / "Fl(c) expl / s(bof(balyde)})ds) 


i / h(s)W (14200) ( / f(x) exp ( : . «(kyf(bydk) ar)) ds € Dom (G"). 


Proof The proof of this theorem follows by an argument similar to that in the proof 
of Theorem 1.4.8, together with Theorem 1.2.7 in Qin [557]. oO 


The following theorems are the corollaries of Theorem 1.4.9. 


Theorem 1.4.10 (The Pachpatte Inequality [512]) Let u, a, b, g, h be real-valued 
non-negative continuous functions defined on R4 and p > | be a real constant. 


(a1) If for allt € Ry, 
vo att) +610 [ “(g(s)u(s) + h(s)u(s)) ds, (1.4.50) 
then for allt € Ry, 
u(t) < Jac) + b() [ (« (s)a(s) + h(s)(2— - 40 ) 


h(o) 


1/ 
x expt [ b(a)(g(a) + Mga - (1.4.51) 


(az) Let c(t) be a real-valued positive continuous and non-decreasing function 
defined on R. If for allt € R, 


vn se +00 | “(g(s)u(s) + h(s)uts)) ds, (1.4.52) 
then for allt € Rx, 
ui) < oto} 1 + 609 f : («e(9) + noe") 
x exp ( [ b(a)(g(a) + — ae ©) <1-»(0)) do) a ~ (1.4.53) 


(a3) Let k(t, s) and its partial derivative okt, s) be real-valued non-negative 
continuous function for 0 < s < t < +00. Ifforallt € Ry, 


u(t) < a(t) + b(t) [ k(t, s)(g(s)u? (s) + h(s)u(s)) ds, (1.4.54) 
0 


222 1 Nonlinear One-Dimensional Continuous Integral Inequalities 


then for allt € R+, 


t t 1/p 
u(t) < Ja) + bo | B(o) exp (/ A(t) a) ac} ; (1.4.55) 
0 o 


where for allt € R+, 


Ai = ke.b10 («9 +2) 4 i S101.s96) (e(0) +2) as (1.4.56) 


BO = K6.9 (etdaty + my (2 +) 
+ [ OG. Ss) (Goro + h(s) (2 + “)) ds. (1.4.57) 
0 of P Pp 
Proof (a,) Define a function z(t) by 
z(t) = , (g(s)u?(s) + h(s)u(s)) ds. (1.4.58) 
0 

Then z(0) = 0 and (1.4.50) can be rewritten as 

u?(t) < a(t) + D(t)z(t) (1.4.59) 


From (1.4.59) and using the Young inequality (see, e.g., [395]), 


xlPylac 24D (1.4.60) 


P 4 


where x > 0, y > 0, and ; + ; = 1 with p > 1, we derive that 


u(t) < (a(t) + b(A)z(t))'/? (1) /P/ PD 


eae “0 z(t). (1.4.61) 
P P 


Differentiating (1.4.58) and using (1.4.59) and (1.4.61), we can get 
: t) 
Z(t) <b) ( g() + — J 2) 


+ [ena +h) (— +)), (1.4.62) 
Pp Pp 
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Thus the inequality (1.4.62) implies 


a) < / [etsracs) + m0) (2 : ~+O)) 


x exp [oe 800) + “o) ac) ds. (1.4.63) 


The required inequality (1.4.51) follows from (1.4.63) and (1.4.59). 


(az) Since c(t) is a positive, continuous, and non-decreasing function for all t € 
R+, from (1.4.52) we can derive 


(Za) <t+00f [eo(Zp) sree (ZS) | 


Now applying the inequality given (a) yields the desired result in (1.4.53). 
(a3) Define a function z(t) by 


t 
z(t) = i, k(t, s)[g(s)u? (s) + h(s)u(s)] ds. (1.4.64) 
0 
Then as in the proof of part (a), from (1.4.54) we see that the inequalities (1.4.59) 


and (1.4.61) hold. Differentiating (1.4.64) and using (1.4.59), (1.4.61), and the fact 
that z(t) is monotonic non-decreasing in ft, we can get 


‘0 
Z(t) = k(t, Dlaouro-rhouco+ [ ake sNig(s)uP(s)+h(s)u(s)] ds 


< k(t, 0) incor o¢0ec) +m (2— 7 +0 a 20) 


‘i } FH.) fe es see) +x )) | a 
0 P 


< [He.n00 (sor?) 4 ba s)b(s) (20+ “) as] «0 


+K(t1) (cncan+nn (— = +@)) 
Pp Pp 


t a 4 
+f ake s) (cise +H09 (2+) 4 


= A(t)z(t)+B(t), (1.4.65) 


which implies 


z(t) < [ 20) exp (x ar) do. (1.4.66) 
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Inserting (1.4.66) into u(t) < a(t) + b(t)z(t), we can get the required inequality in 
(1.4.55). Oo 


Theorem 1.4.11 (The Pachpatte Inequality [512]) Letu, a, b, g be real-valued 
non-negative continuous functions defined on R4 and p > | be a real constant. 

(b,) Letf : Ri — R4+ be a continuous function such that for all t € R+ and all 
Raye 0, 


Osft.x) f(y) < mt y)@—y), (1.4.67) 


where m : Ri — R4 is a continuous function. If for allt € R+, 


u’(t) < a(t) + b(t) [re u(s)) ds, (1.4.68) 
0 


then for allt € R4, 


u(t) < Jao) +b) / 7 (s. 4 | 


f = 1/p 
x exp( m (« deals + <0) aC) do) a| . (1.4.69) 
8 P P Pp 


(bz) Let f : Ri — Ry be a continuous function such that for all t € R4 and all 
xzy20, 


0 <f(t.x) —f(t,y) < myo" '(~—-y), (1.4.70) 


& 2 . . . —1 . . . 
where m : Ri, — Rx is a continuous function and @~'is the inverse function of 
and for x,y € R4, 


6 'Qy) < ¢ '@)¢'6). (1.4.71) 


If for allt € Ry, 


u(t) < a(t) + b(H¢d (| V6. u(s)) as) ; (1.4.72) 
0 


then for allt € R4, 


u(t) < Ja) + b(t¢ (fr(.% 1 a “)) 
0 Dp Dp 
t _ : 
a (/ m (oP + “o) o-1 (2) ac) a 7 (1.4.73) 
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(b3) Let W(r) be a real-valued continuous non-decreasing sub-additive and sub- 
multiplicative function defined on R+ and W(r) > 0 on (0, +00). If for allt € R+, 


u?(t) < a(t) + b(t) [ sowwoy ds, (1.4.74) 
0 


then forall0 <t< ht, 


(s) ue 
u(t) < }a0 +506"! Jao + [ ow (2 72) | . (1.4.75) 


where for allt € R, 


D(t) = [ g(s)W ‘a + “OY as, (1.4.76) 
P P 
ds 
G(r) = —., r>=nm>QO0, 1.4.77 
=f go rE” (1.4.77) 
and G™' is the inverse function of G, and ty € IR is chosen so that for allt € [0, t)], 


cw) + [ eoow(? 2) ds € Dom (G"'). 


Proof (b,) Define a function z(t) by 


z(t) = [t u(s)) ds. (1.4.78) 


Then as in the proof of Theorem 1.4.10 (part (a;)), from (1.4.68) we see that the 
inequalities (1.4.59) and (1.4.61) hold. From (1.4.78), (1.4.61), and the condition 
(1.4.67) it follows that 


ZO = f(t uO) 


<f(n2— pet Oa) 2-1) -(t par) 
P P P P 
af (1 pel =) 
P P 
2 m (2 +4 “O) BM) as +5(. a. “Oy. (1.4.79) 
P p) p P 
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which implies 


sf (.2— +) 
x EXP ([ («2 + “) “© aa) ds. (1.4.80) 


From (1.4.80) and (1.4.59), the desired inequality (1.4.69) follows. 

(bz) Define a function z(t) by (1.4.78) and following the arguments as in the 
proof of Theorem 1.4.10 (part (a1)), we see that corresponding to the inequalities 
(1.4.59) and (1.4.61) hold, and 


u(t) < a(t) + bd (z(t) (1.4.81) 
and 
(27 3 + Opi (). (1.4.82) 
pp P 


Thus from (1.4.78), (1.4.82), and the condition (1.4.70), (1.4.71) it follows that 


2 =f “o) 
<f(.2= a + Oo ©) -r(t Be) 5, “| 
P P Pp 


P 
eae 
P P 
< m( 2 + “O) i (Poe @) 
Pp Pp 
+f (.2 42) 
P P 
<m(nP 4 OY oo (“2) ct) + (12 - = +0), (1.4.83) 
Dp Pp Pp 


which implies 
= fr (.®= 8 
x exp (fm (« i r AO) go! (“) ac) ds. (1.4.84) 


The required inequality (1.4.73) follows from (1.4.81) and (1.4.84). 
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(b3) Define a function z(t) by 


z(t) = / g(s)W(u(s))ds. (1.4.85) 


Then as in the proof of Theorem 1.4.10 (part (a;)), from (1.4.74) we derive that the 
inequalities (1.4.59) and (1.4.61) hold. From (1.4.85), (1.4.61), and the conditions 
on W it follows that 


z(t) < Dt) + / ‘e(s)W (72) W(<(s)) ds, (1.4.86) 


where D(t) is defined by (1.4.76). The rest of the proof can be completed by 
following the proof of Theorem 1.4.9. We omit here the details. Oo 


Remark 1.4.1 We note that in the special cases when (1) g = 0, (2)g = 0, p= 2 
in Theorem 1.4.10, and (3) p = 2 in Theorem 1.4.11, we can get new inequalities 
which may be convenient in certain applications. 


As mentioned previously, the integral inequalities established in Theorems 1.4.8 
and 1.4.9 are the further generalizations of the corresponding inequalities obtained 
in [197]. However, the integral inequalities established in [456] are different from 
those obtained in Theorems 1.4.8 and 1.4.9. 


Theorem 1.4.12 (The Pachpatte Inequality [455]) Let x(t), f(t), g(t), ht), 
and q(t) be real-valued positive continuous functions defined on I; let W(t, u) be 
a positive, continuous, monotonic, non-decreasing in u, u > 0, for each fixed t € I; 
let the functions p(t) > 0, W(t) = 0 be non-decreasing in t and continuous on 
I, (0) = 0; and suppose further that the inequality holds for all t € I, 


x(t) < p(t) + gs) (/ fls)x(9)d5) + how (/ a6) W(s.x46))d5) - (1.4.87) 
0 0 
Then for allt € I, 
x) <kO[PO +hOv(rM)I, (1.4.88) 
where 
k(t) =1+ g(t) ( : f(s) exp( / s(o)fto ded) ; (1.4.89) 
0 Ss 
and r(t) is the maximal solution of 


FY) = qOWE kKO[PO) +hOwr@)). 1) =, (1.4.90) 


existing on I. 
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Proof Define 


n(t) = p(t) + mow q(s)W(s, x(s))ds). (1.4.91) 


Then (1.4.87) can be rewritten as 


x(t) < n(t) + (0) ( ih fls)x(s)ds) 


Since n(t) is positive, monotonic, non-decreasing on J, we derive from Theo- 
rem 1.2.7 in Qin [557], 


x(t) < k(t)n(0), (1.4.92) 
where k(f) is as given in (1.4.89). Now from (1.4.91) and (1.4.92), it follows 


x(t) Sk(O[PO + hv), (1.4.93) 


where 
v(t) = / “g(s)W(s,x(s))ds, v(0) = 0. 
Therefore, it follows that 
V'() < qOW(L Op) + hOv(o()). (1.4.94) 
Now applying Lemma 1.1.23 to (1.4.94) and (1.4.90) yields 
vo) < r(t), (1.4.95) 


where r(t) is the maximal solution of (1.4.90) such that r(0) = v(0) = 0. Thus 
from (1.4.93) and (1.4.95), the desired bound in (1.4.88) follows. oO 


Theorem 1.4.12, in the special case when the first integral term on the right-hand 
side in (1.4.87) is absent, h(t) = 1, g(t) = 1, W(u) = u, and p(?) is constant, was 
first established in [657]. This theorem may easily be modified to include the case 
in which W depends on three arguments f, s, and x (see, e.g., [323]). Moreover, 
we also obtain as a special case a useful generalization of the Gronwall-Bellman 
inequality due to Bihari [82]. 


Theorem 1.4.13 (The Pachpatte Inequality [455]) Let x(t), f(t) be real-valued 
positive continuous functions defined on I; let n(t) be a positive, monotonic, non- 
decreasing continuous function defined on I; let ® € F ; and let H(u) be a positive, 


1.4 The One-Dimensional Gollwitzer Inequality and Its Generalization 229 


continuous, monotonic, non-decreasing sub-additive and sub-multiplicative func- 
tion for all u > 0, H(O) = 0, and H™! denotes the inverse function of H, for which 
the inequality holds, for allt € I, 


xt) = mi + HOC F)HEXs)\5}. (1.4.96) 
Then for all 0 < t <b, 
x(t) < n(t)H~'[1 + &(G'[G(O) + i f(s)ds])], (1.4.97) 
where 
G(r) = [ 1 be r>1ro>0, (1.4.98) 


and G~' is the inverse of G, and t € [0, b] of I so that 


G(0) + [ fos € Dom(G"'). 


Proof Since H is sub-additive and sub-multiplicative, we derive from (1.4.96) 


A(x(t)) < A(n(t)) + of f (s)H(x(s))ds). (1.4.99) 


Since H(n(f)) is positive, monotonic, non-decreasing and ® € ¥, we conclude 


H(x()) _ H(x(s)) 5 
Ane) of LF)” 


< 14 0 [ fs oa 


s). (1.4.100) 


Define a function v(t) such that 


— feo Ats) _ 
v(t) = / IO Faw)” v(0) = 0. 


Then 


A(x(t)) 


v'(t) flO RRO)’ 
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which, in view of (1.4.100), implies 
v(t) < fA + B(v(9)). (1.4.101) 


Dividing both sides of (1.4.101) by 1+ ®(v(#)), using (1.4.98), and integrating from 
0 to ft, we may obtain 


G(v(t)) — G(v(0)) < / f(s)ds. (1.4.102) 
0 
Then from (1.4.100) and (1.4.102), it follows 
H(x(t)) < A(n(t))[1 + ®(G7'[G(0) + / f(s)ds])). (1.4.103) 
0 


Now applying H~! to both sides of (1.4.103), we can obtain the desired bound in 
(1.4.97). Oo 


We now apply Theorem 1.4.13 to establish the following more general inequali- 
ties. 


Theorem 1.4.14 (The Pachpatte Inequality [455]) Let x(t), f(t), and g(t) be 
real-valued positive continuous functions defined on I; let ® € F; let H, Ho! 
be defined as in Theorem 1.4.13; let W be the same function as defined in 
Theorem 1.4.8, and suppose further that the inequality holds for all t € I, 


x(t) <x + H[@( i F(s)H(x(s))ds)] + / 2(s)W(x(s))ds 


where Xo is a positive constant. Then for all0 < t < b, 
xa! | 2%) + [ sow (Can +©® G joo) + [ se@«])i) as 
xH7! [ + &(G|[G(0) + : fas) 
where G, G7! are as defined in Theorem 1.4.13, Q is defined by 
Q(r) = lw r>r> 0, 
and Q7 is the inverse function of Q, and t € [0, b] of I such that 


G(0) + / f(s)ds € Dom (G~') 
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and 
t 5 
Q2 (x0) + i g(s)W(A'[1 + ®(G (GO) + / f(t)dt])))ds € Dom (Q7'). 
0 0 


Proof The proof is similar to that of Theorem 1.4.13. oO 


We next establish a more general form of Theorem 1.4.14 which may be used in 
certain situations. 


Theorem 1.4.15 (The Pachpatte Inequality [455]) Let x(t), f(t), and g(t) be 
real-valued positive continuous functions defined on I; let ® € F; let H, H™ beas 
defined in Theorem 1.4.13; let W be the same functions as defined in Theorem 1.4.8; 
let the functions p(t) > 0, W(t) = 0 be non-decreasing in t and continuous on 
I, (0) = 0; and suppose further that the inequality holds for allt € I, 


x(t) < p(t) + aac f(s)H(x(s))ds)] + v(f 8(s)W(x(s))ds). 
Then for all0 < t < b, 
Ho < | 0 = Wot f eyw(v@tH—"U1 + &E~[G00) + |’ Feoaepnp4s) 
+ feowart + oe + [’roarppasp | 
0 0 
xH—'[1 + &(G"'[G(0) + i f(s)ds])] 
0 
where G, G~! are as defined in Theorem 1.4.13, Q is defined by 
"ds 
a= | Too r>1r> 0, 
and Q7' is the inverse function of Q, and t € [0, b] of I so that 


G(0) + [ f(s)ds € Dom (G~') 


and 


9 ( i; “e(s)W( poy! : + (o ko +| ‘foae)) |b) 


+ / * o(s) WI + &(G![G(0) + / : f(t)dt])))ds € Dom (Q7"). 
0 0 
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Proof The detail of the proof of Theorem 1.4.15 follows by arguments similar to 
those in the proof of Theorem 1.4.9, by making use of Theorem 1.4.13. We omit the 
details. Oo 


Theorem 1.4.16 (The Pachpatte Inequality [455]) Let x(t), f(t), h(t), and 
q(t) be real-valued positive continuous functions defined on I; let ® € F; let 
H, H™ be as defined in Theorem 1.4.13; let W(t,u), p(t), W(t) be as defined 
in Theorem 1.4.12; and suppose further that the inequality holds for all t € I, 


x) < p(t) +H EB : FO)H(o(s) a) + AW ( / u(0)W(s.x48))d5) 
0 0 
Then for all t € Ip, 


x(t) Sh OPO + hw), (1.4.104) 


k(t) = Ho! 1 + (o" joo) + [rs])] 
0 


and G and G™' are as in Theorem 1.4.13, Ig is the largest sub-interval of I on which 
the right-hand side of (1.4.104) exists, and r(t) is the maximal solution of 


where 


r()=qO)wekhOlpo +hOver)), (0) =0, 


existing on I. 


Proof The proof is the same as that of Theorem 1.4.12, and we leave the details to 
the reader. Oo 


We note that there is no essential difficulty in obtaining the bounds for inequali- 
ties of the form, for all ¢ € J, 


t 
x(t) <n) + ® ( / FlsyH(4(6))d5) 
0 
where x, 1, f, and ® are as given in Theorem 1.4.13, H € ¥, and G is defined by 


G(r) 


r>rnm>O0, 


_ [ ds 
Jig HL + ®(5))’ 


by following partial the arguments as in the proofs of Theorem 1.2.7 in Qin 
[557] and Theorem 1.4.13. In view of this remark, we can use this inequality to 
obtain inequalities similar to those obtained in Theorems 1.4.14—1.4.16. Since this 
translation is quite straightforward in view of the above results, we leave it to the 
reader as an exercise. 


Chapter 2 
Nonlinear One-Dimensional Discrete 
(Difference) Inequalities 


In this chapter, we shall introduce some nonlinear discrete (difference) integral 
inequalities. 


2.1 Nonlinear One-Dimensional Discrete Bellman-Gronwall 
Inequalities 


Ladyzhenskaya, Solonnikov and Ural’ceva [319] established the following two 
discrete forms of the Bellman-Granwall inequalities. 


Theorem 2.1.1 (The Ladyzhenskaya-Solonnikov Inequality [319]) Suppose a 
sequence y; (i = 0, 1,-++ ,) ofnon-negative numbers satisfies the recursion relation 


yer < CbIYI*S, F=0,1,0, (2.1.1) 
with some positive constants C, € and b = 1. Then, fori =0,1,--:, 


yi< Cl +6)'—A/e pl +8) I/e?—ifey +2" (2.1.2) 


In particular, if yo < 0 = CoVep-/® and b > 1, then 
yi sob (2.1.3) 


and consequently y; > 0 as i— +00. 


Proof This conclusion can be proved directly by induction. We leave the details to 
the reader. O 
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Theorem 2.1.2 (The Ladyzhenskaya-Solonnikov Inequality [319]) Suppose 
that non-negative numbers y; and z; (i = 0,1,--- ,) are connected by the system 


of recursion inequalities 


Yin < c'(y’ 1+6 +z 1° yf), (2.1.4) 


NX 


iS Cb(y +2"), (2.1.5) 
where C,b, ¢ and 6 are some fixed positive numbers with b > 1. Then 
ys Abd, zy < (apvayer (2.1.6) 
where 
d=min(5,e/(l+e)), A= min {(2C)/?b-/O9, 2C)Ot9/ep VE 


as long as yo < A and zw < AV C+), 


Proof Indeed inequalities (2.1.6) are by condition valid for i = 0. Suppose they 
hold for y; and z;, then in view of (2.1.4)-(2.1.5), 


Vier < CHI2(AB~/4) 148 = ACAI + Spil-A48)/a) 
fay = 2CABO V4, 


But, as is easily calculated, the right-hand sides of these inequalities do not exceed 
Ab~"F)/4 and (Ab~ “+ )/4)!/C+®) respectively, and hence inequalities (2.1.6) also 
hold for y;+; and z;+1. The proof is thus complete. O 


The next result concerns a nonlinear discrete inequality 


Wk) < pWO(g+ YHik.w)), wk) < pW +qWO Ek, 21.7) 


i=1 i=1 
where 


k-1 Jj~1-1 


i(k, uw) = faut") So fill"), 
an iii (2.1.8) 


-1 1-1 


Ej(k, w) = Salt) folk) Yo filu) 


=a lh=a =a 


and aj, 1 <j <i, 1 <i <r, are non-negative constants and the constant g > 0. 
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In the following result, we shall denote a; = yas and a = max;<j<;dQj, 
Na = {a,a+1,...} where a € No = {0} UN. Let f(k) be a function defined on 
No, then we define the difference operator A as Af(k) = f(k + 1) — f(A), and the 
higher-order differences for a positive integer m as A"f(k) = A(A”"!f(k)). 


Theorem 2.1.3 (The Agarwal Inequality [10]) Let for all k € Ng the inequal- 


ity (2.1.7) hold. Then, for all k € Na, 


k-1 


u(k) < qo] [A+ AQ), if w=1, 


l=a 
u(k) < p(kK)\(q'* + (1—-a@)Qk)"'*, if aA 


where 


O(k) = )_Hilk.p)g’ 


r 


i=1 


and when a > 1, we assume that q'~% + (1 — a)Q(k) > O for all k € Ng. 


Proof The inequality (2.1.7) can be rewritten as u(k) < p(k)v(k), where 
v(k) = q+ Hk, u). 
i=] 
Thus using the non-decreasing nature of v(k), we have 
Av(k) < )(AMi(k, p)v™ (k). 
i=l 
Since v(k) > q, we can get 


Av(k) < )LAHi(k, p)q**v"(k) = AO(K)v" (&). 


i=1 


(2.1.9) 


(2.1.10) 


(2.1.11) 


If wa = 1, (2.1.9) immediately follows by using v(a) = q, and the fact that u(k) < 


P(k)u(k). 
Ifa ~ 1, we have 


Avi *(k) **" du) — Av(k) 
l-a =| v(t) — v%(k) 
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and from (2.1.11), it follows 


=" < AQ(k). (2.1.12) 


Av!*(k) 
l-a 


Summing the inequality (2.1.12), we derive 


/\-a 
v() < ("+ (0-08) 


and thus the result (2.1.10) follows from u(k) < p(k)v(k). Oo 


Theorem 2.1.4 (The Agarwal Inequality [10]) Let for all k € Ng the following 
inequality hold 


k-1 /r 
u(k) < p(k) + q(k) (Xr) . (2.1.13) 


l=a 


where | < r < +00. Then for allk € Na, 


(SEtroprew +0)" 


u(k) < p(k) + g(k) Tae) (2.1.14) 
where 
k-1 
ek) =] [d+ fOq' Oy". (2.1.15) 
l=a 


Proof Note that the function e(k) is the solution of the initial value problem 
Ae(k) = —f(q' (Ke(k+ 1), e(a) = 1. (2.1.16) 
Define the function v(k) by 
k-1 
v(k) = e(k) > f(Du'(D. (2.1.17) 
l=a 
Thus from (2.1.13) and (2.1.16), it follows 
atk yf!" (kyu'!"(k) fd (k)u(k) 


(+fia (ey) 14+ f(®a'(k’ 
(2.1.18) 


vk + I) =v) < (plo elk +) + 
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Now summing (2.1.18) from a to k — 1, transposing the second sum from the 
right-hand side to left-hand side, forming the rth root on both sides, and applying 
Minkowski’s inequality for sums to the right-hand side, we can obtain 


Od OvO ae Ir Og Mv) yr 
(9 On a} = sor ames nhs eso Oo 


(2.1.19) 


Transposing the second term of the right-hand side of (2.1.19) to left-hand side, 
we can obtain the left-hand side of the form w(t) = (c+ f'/" — t/"(ce > Or = 
1). Since w/(t) < 0 for all t > 0, we may replace ¢ by a larger quantity without 
destroying inequality (2.1.19). In this regard, we note that 


“SOKO. _ SSOP OO (Fr py, 
eo +f O = AOE (ro (x)) 


l=a l=a 


= > Fg" (De(I + n( f(c)u"(z)) 


l=a 


< Sa'et!+ n(Liowo) 


l=a 


II 


k-1 
(1 —e() FOO 


l=a 


Hence (2.1.19) implies that 


a . (=r - v(t) = vf)" < (Ssop'weu +1)" 


l=a 


= 1/r 
voir AL aye (Sica fOp"ed + 0) 
Ga. = (Xf °) Ss ree 


(2.1.20) 


Therefore using (2.1.20) in (2.1.13), (2.1.14) follows. Oo 
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Theorem 2.1.5 (The Agarwal Inequality [10]) Let for all k € Ng the following 
inequality hold 


u(k + 1) < qu?(k). (2.1.21) 


Then for allk € Na, 


1—pk—a 


gq i? uP “(a), if p#1 
u(k) < (2.1.22) 


g“u(a), if p=1. 


Proof The proof is easily verified, which is left to the reader as an exercise. Oo 


Theorem 2.1.6 (The Agarwal Inequality [10]) Let for all k € N, the following 
inequality hold 


u(k) < pik) (4 + ) E(k, u) + Sy Hilk, u)), (2:1,23) 
i=1 i=1 


where Ej(k, u), Hi(k, u) are defined in (2.1.8) respectively, and the constant q > 0. 
Then, if a; = a1 and max\<j<;,0; = a # 1, for allk € Na, 


1/l-a 
u(k) < p(kyv(k)(q-* a Gic a)O(h)) (2.1.24) 
where 
k-1 r| r 
vi) =[] (1+ OAzi(p)), Qe = DOH pug" — (2.1.25) 
l=a l=a i=1 


and when a > 1, we assume that q'~“ + (1 — a)Q(k) > O for all k € Na. 


Proof We leave the proof to the reader as an exercise. Oo 


In what follows, for the sequence v : N — (0, +00), the geometrical mean G,, 
and the harmonical mean H,, operators are defined as follows: 


an 


N n 
n 
Grv = [ [oi ; ai Se n=1,2,..., 
i=0 


i=1 Ui 


where c = {c,}c2 , is a known sequence with positive elements. 
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Theorem 2.1.7 (The Blandzi-Popenda-Agarwal Inequality [368]) 
N > (0, +00), and let the following inequality hold for alln € N, 


Unt S byGnu. 
Then for alln € N, 
see (2G 10+e/)) \ (2 TZ +e¢/)) 
pays bn []4 n tilj=i+l J uy n Lj=1 J . 
i=0 
Proof We shall find the solution of the equation, for all n € N, 
Vatl1 = byGnv. 
Since 
ntl jen ath 


carl /h TT 
Gn4iw = (G,w) met! Weed ; 


from (2.1.28) it follows that 


cen+1 
Grid = (Gyo) tren 
n — n . 


Let 


Zn = Gnv, an = bj" ’ Bn = 


then by (2.1.29) we get, for all n € N, 
Zn+1 = Zh", 


The solution of (2.1.30) can be written as 


n 
Taigs B \ Wij 8 
knat1 = (1 Qa; ZY a 


However, since 


n i+1 ae n Gj 
op eins alee 1+), 
I] 4 (14 ) 3 ILO+9) 


ee 
jeitl a j=i+2 
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Let b, c, uz 


(2.1.26) 


137) 


(2.1.28) 


(2.1.29) 


(2.1.30) 


(2.1.31) 


(2.1.32) 
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it follows that 


me , SAL se (ee? 
oy mis Bj = be Tiai+1¢ ili) (2.1.33) 
Next, since (2.1.32) is also true for i = 0, in view of z; = ve , we have 
"1B EL TT (1 +e)/j 
gag rae), (2.1.34) 


Now using (2.1.33) and (2.1.34) in (2.1.31), we get 


n n—1 . n—1 : 
= (1 ae) por/@ Ate) 
n t 1 : 


i=1 


But, Z, = Gyv, so the solution of (2.1.28) is stated as 


jaa (ca/n Ti id+e/j) \ — (cn/aT 2 +¢/)) 
Unt1 = bn [4 =i 5 v, j= ; 


i=1 
The required inequality now follows from the observation that the operator T defined 


as T{w} = b,G,w is monotonic on the set of sequences of positive real numbers. 0 


Theorem 2.1.8 (The Blandzi-Popenda-Agarwal Inequality [368]) Let b, c, u: 
N => (0, +00) and the following inequality hold for alln € N, 


Un+1 < bau. (2.1.35) 
Then for alln € N, 
n!} ‘aa bj 
Unt < ca | eer (2.1.36) 


Proof The method of the proof is similar to that of Theorem 2.1.7. Consider the 
equation, for alln € N, 


Un+1 = DnHyw. (2.1.37) 
Using (2.1.37) in the relation 


n+1 


AL..w = ————_-, 
" (n/Hnw) + (Cn41/Wnt1) 
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we may obtain, for all n € N, 


Fe (2.1.38) 
nt1iW = Dn + Catt ntti nw, ot. 
which must be satisfied by a solution of (2.1.37). Solving (2.1.38) with the unknown 
H,,w and using (2.1.37) gives the explicit form of w,+1, as, for alln € N, 


-1 
‘ n! 4 b; 
Watl = »—|[—— Wi. 
C} ibj + ci+1 


i=1 


We shall now show that the estimate (2.1.36) is the best possible. For this, let X 
be the set of positive sequences. We define the sequence of operators T,, on X as 
follows: for alln € N, 


T,w = b,Hnw. 
Let x = {xn}P° ~ {yn}? = y, Le., Xn < yn for all n € N, then we have 


nby 2 nby 
ei c/s Yi 


and hence, each T,, is monotonically increasing. Thus, if x = {x(n, 1,x)}°2, is any 
solution of the inequality (2.1.35) (with the initial value x,), and y = {y(n, 1,x1)}P2, 


is the solution of the equation (2.1.37), which is also a solution of (2.1.35), then 
Xj < yj;,i= 1,2,...,k, for each fixed k leads to 


T,x = = Thy 


Xp < Tx < Thy = yer. 


However, since x; = y;, an inductive argument proves that x, < yn, for alln € N. 
Hence, if U(x)) is the set of solutions of the inequality (2.1.35) with the initial value 
x, then this set has a greatest element, which is the solution of the corresponding 
equation (2.1.37). Oo 


In next result, we shall use the displacement operator E~*, which is defined for 
v:N-— Ras follows: 


This operator can also be defined for sequences with values in an arbitrary set X, 
with 0 as some special element of the set X satisfying the above properties. 
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Theorem 2.1.9 (The Blandzi-Popenda-Agarwal Inequality [368]) Let b, u: 
N > (0, +00), c: NR, and let the following inequality hold for alln € N, 


li, SE * (byt). (2.1.39) 
Then 
i (i 
Unj+s S > (Toss) Cts, SH1,2,...,k, fENU{O}= 
i=1 \r=i 
(2.1.40) 
Proof For each fixed s, the proof follows inductively. Oo 


Remark 2.1.1 An inequality similar to (2.1.39) has appeared in an earlier work of 
Popenda [449]. 


Remark 2.1.2 Theorem 2.1.9 can be generalized for other type of sequences, e.g., 
matrix sequences. Indeed, for any two matrices X = (#7), Y = (v2), 1 < p,q <™m, 
we write X < Y if x! < y'4 forall 1 < p,q < m. Let (ub?) p> (be) ‘s (cp) ~ ‘ 
be sequences of matrices of order m x m, with u?! > 0, urd > 0 for all n € N, 
1 < p,q < m. Furthermore, let the following inequality hold for alln EN, 


(wnt) S (cnt) +E (br) (un) - 


Then 


J 
iss <0 (Te Hd) ch), s=1,2,....k JEN, 


where 


j 
[269 = GGG, 


r=i 


Ammari and Tucsnak [32] recently established the following discrete inequality 
with a uniform bound (see, e.g., Ruach, Zhang and Zuazua [575]). 


Theorem 2.1.10 (The Ammari-Tucsnak Inequality [32]) Let {a;,}72, be a 
sequence of positive numbers satisfying for all k = 0, 


A+ < ay — Catt, (2.1.41) 
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for some constants C > 0 anda > —1. Then there is a constant M = M(C,a) > 0 
such that for all k = 0, 


< a 2.1.42 
a = Cy Cte)’ (2.1. ) 


Proof Let Fy = eae where M > 0 is to be determined later on. After a 


simple calculation, we obtain 


slime + tool — Fy )k(k + 2) 07%] = ; - > (2.1.43) 
so there is a constant ky > 0 such that, for all k > ko, 
Fe Frpi S ees pest (2.1.44) 
which implies that, for all k > kj = max{ko, 2}, 
Fy — Fri arom ; (2.1.45) 
If we now suppose that 
4 M 
(+ aMite <C, 4 pvr > ak, (2.1.46) 
then we infer from (2.1.45), for all k > k,, 
Fy — Fyy < CFT. (2.1.47) 
Thus it obviously suffices to show that for all k => ky, 
ag < Fr. (2.1.48) 


We shall prove this by induction over k. In fact, if k = k,, (2.1.48) follows 
directly from (2.1.46). If we suppose that (2.1.48) holds true for k < m, by 
combining (2.1.41) and (2.1.47), we obtain 


2+ 2+ 
Amt + Cant S Finti + CFitl 


which readily implies that a4) < Fin+1. Oo 


Theorem 2.1.11 (The Yang Inequality [687]) Let x(n), p(n), and f(n,s), g(n, 5), 
h(n, s) be the same as defined in Theorem 2.1.31 in Qin [557]; and let H(u) be a 
real-valued non-negative, non-decreasing function defined on R+, and there exists 
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a known real-valued function B(y) > 0 on R+ such that there holds for all u > 0 
andv > 0, 


~H(u) < Plo)H(u/>). 


Suppose that the following inequality holds for all n € N, 


n—-1 n—1 


x(n) < p(n) + > ( Fin, s)x(s) + g(n.s) J hls, K)H(x(b))). (2.1.49) 


s=no k=no 
Then forallne N, no <n<b, 


n—1 s—l 


x(n) < p(n)|1 + Y°M(n, JG {G() + SMa, + B(p) h(n, KY}, 


s=no k=no 


(2.1.50) 


where M(n, s) is defined by (2.1.142) of Theorem 2.1.30 in Qin [557], G~! denotes 
the inverse function of G defined by, for alln € N, 


Ar(n) 


AG(r(n)) = G(r(n + 1)) — Grn) = rn) + Hn)’ 


(2.1.51) 


and r(n) is defined for alln € N;b € N satisfies, for allno <n <b, 


s—l 


G1) + 95 [M(@, k) + B(p@))h(n, b)] € Dom (G"), 


k=no 


Proof Obviously, the inequality (2.1.50) holds when n = no. Fixing an arbitrary 
integer r: no < r < b. Since p(n) is non-decreasing and p(r) > 0, in view of the 
hypothesis on H(u), we can obtain from (2.1.49), for all ng <n <r, 


n—-1 s—l 


n-1 
a(n) < 1+ F(rs)e(s) + Yogi.) ) Ar, DB(P)) H(z). 


s=no s=no k=no 


(2.1.52) 
z(n) = x(n)/p(r). 
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Define a function L(n) by the right-hand side of (2.1.52), then L(mo) = 1, and since 
z(n) < L(n), we have, for all np < n <r, 


n—1 
AL(n) < M(r,n)[ (0) + Yh, HB(PO)HCWO)] 


k=ng 
< M(r,n)v(n), (2.1.53) 
where 


n—1 


v(n) = Ln) + SO A(r, HB(p()H(L(). 


k=ng 
Using (2.1.53) and the inequality v(m) > L(n), we may obtain 
Av(n) = AL(n) + hr, )B(pO)H(L@)) 
< M(r,n)v(n) + A(r,n)B(p)) Aun) 


< [M(r,n) + h(r,)B(PO))lv@) + Ho())]. (2.1.54) 


In view of H(u) > 0, v(no) = 1, and v(n) is non-decreasing, it follows from that, 
forallnnp <n<r, 


AG(v(n)) = A = Merny + BLOM. 
ie., 
G(u(n + 1)) < G(v(n)) + MC, n) + B(p())A(r, 0). (21,55) 
Substituting successively n = no,no + 1,...,r — 1, in (2.1.54) and in view of 


u(no) = 1, we derive for all np <n <r, 


n—1 


G(v(n)) < GI) + DOIM(,s) + BPM)h|,5)]. (2.1.56) 


s=no 


Substituting this bound for v(m) in (2.1.53) and then substituting n = 10,0 + 
1,...,7—1, successively in the obtained inequality and using L(mo) = 1, we obtain 


n—1 n—1 


L(n) <1+ SMC, GG) + SIM, s) + BO()ACr, yl]. 


s=no s=no 


Cis 
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Thus we derive from (2.1.52) and (2.1.57), 


n—1 n—1 


x(n) < pO){L + YOM(r, 8G" GC) + OMCs) + BEAL, 9)]]}. 


s=no s=no 


(2.1.58) 


Finally, letting n = r in (2.1.58) and since r is an arbitrary integer from the set 
{n|n € N,n < b}, then the proof is now complete. oO 


Remark 2.1.3 In Theorem 2 of [453], a particular case of inequality (2.1.49) in 
which f(n, 5) = g(n,s) = h(n,s) = g(s) and B(y) = 1, was discussed. Further, 
we note here that since in [453] it was assumed that the function H(u) belongs to 
the so-called class S, hence an additional restriction on p(n), that is, p(n) > 1, must 
be added there in order to ensure the desired result. We note also that, the function 
H(u) = u'*4, where g > 0 being a constant, may be chosen as an example which 
satisfies all of the conditions in Theorem 2.1.11 with B(y) = y%. In addition, we 
note that the inequality (2.1.49) is more general than those inequalities discussed in 
Theorems 5 and 6 in [610]. 


The following result is an extension of Theorem 2.1.31 in Qin [557]. 


Theorem 2.1.12 (The Yang Inequality [687]) Let x(n), p(n) and f(n,s), g(n, 5), 
h(n, s) be the same as defined in Theorem 2.1.31 in Qin [557]; and let k(n, s) be a 
real-valued non-negative function defined on N x N, and which is non-decreasing 
inn for s € N fixed. Let W(u) be a positive, non-decreasing and sub-multiplicative 
function for all u > 0,W(0) = 0. Suppose that the following inequality holds for 
allneN, 


n—-1 n—1 


x(n) < p(n) + DO f(a, s)x(s) + DIk(n, 8) Was) 


n—1 sl 
+ a(n, )( Sia, Ox@). (2.1.59) 
S=no k=no 


Then we have for allng <n < q, 


n-1 s—1 q-1 


x(n) < @'G(p) + Yok, NW(1+ J >M(n. 8) F] R@p))} 


s=ng q=Nno p=no 


n—-1 s—l 


x( + Yims) T] Ra. P)), (2.1.60) 


s=no p=no 
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where M(n, s) is defined by (2.1.142) of Theorem 2.1.30 in Qin [557], 
R(n,p) = 1+ M(v,p) + h(n, p), 
and G~' is the inverse function of G is defined by, for alln € N, 


Ar(n) 
W(r(n))’ 


AG(r(n)) = (2.1.61) 


here r(n) is defined for all n € N and the integer q € N is chosen so that the 
expression in the bracket {} in (2.1.60) belongs to Dom (G~') when ng <n < q. 


Proof Letting n = no in (2.1.60), we get x(m9) < p(n) which follows from the 
given inequality (2.1.59). Fixing an arbitrary integer r : r € N,mp < r < q, and 
setting 


n—1 


J(n) = p(r) + YOk(r, 8) W(x(s)), 


s=no 
then we derive from (2.1.59), for all ng < n < r, 


n—1 n—-1 


sl 
x(n) < Jin) + DF (.9)x(9) + Va (DAG p)x(p))-— 2.1.62) 


s=no s=no p=no 


Since J(n) is positive and non-decreasing, applying Theorem 2.1.30 in Qin [557] 
to (2.1.62) yields, for ally <n <1, 


n—-1 s—l 
x(n) < J(n)[1 +5 omcr,s)] | R(r.p)]. (2.1.63) 
s=no Pp=no 


Furthermore, 


n—1 s—l 


Woxtn)) < WU) W(1 + DMCs) PF] ROD)), 


s=no p=no 
since the function W is sub-multiplicative. Hence we have 


k(r,n x(n 
AG(J(n)) = eee) a. y 


n—-1 s—l 


kr, nW(1+ S°MCr,8) FRCP). 


s=no p=no 


lA 
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1e., forallng <n <r, 


n—1 s-l 
G(J(n + 1)) < GU(n)) + kr, nw(i + ¥omc,s) T] RC, p)). (2.1.64) 
s=ng p=no 
Substituting successively n = no,no + 1,...,7— 1, in (2.1.64) and using J(mo) = 


p(r), then we obtain for all ng <n <r, 


n—1 n—1 sl 


GU(n)) < GP) + 2k NW(1 + SOMO.) T] ROD). 


s=no s=no p=no 
Therefore, for all ng < n <r, 


n—1 n—1 s—l 


J(n) = ONG(pO)) + Deer, s)W(1 + OMCs) T] RG p))} 


s=no s=no p=no 


Substituting this value for J(n) in (2.1.63) and then letting n = r in the obtained 
inequality, since the choice of r is arbitrary, then the inequality (2.1.60) is proved. 
oO 


Remark 2.1.4 If in Theorem 2.1.12, p(n) = xo, here xo is a positive constant 
and f(n,s) = g(n,s) = f(s), h(n,s) = g(s) and k(n,s) = q(s), then we may 
derive Theorem 3.1 of Pachpatte [453]. We note also that the discrete inequality in 
Theorem 7 in Singare and Pachpatte [610] is a special case of (2.1.59). 


The inequalities established in the following theorems can be used in certain 
situations. 


Theorem 2.1.13 (The Pachpatte Inequality [515]) Let u(n), a(n), b(n) be real- 
valued non-negative functions defined for alln € No and L : No x Ry > R+ bea 
function which satisfies the condition for allu = v = 0, 


0 < L(n,u) — L(n, v) < M(n, v)(u— v), 


where M(u,v) is a real-valued non-negative function defined for alln € No, v € 
R+. [fforalln € No, 


+00 


u(n) < a(n) + b(n) S> L(s,u(s)), (2.1.65) 


s=n+1 
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then for alln € No, 


+00 
u(n) < a(n) + b(nje(n) [| [1 + M(s, a(s)b(s))]. (2.1.66) 
s=n+l1 


where for alln € No, 


+oo 
e(n)= D> L(s,a(s)). (2.1.67) 
s=n+1 
Proof Define a function z(n) by 
+00 
z(n) = » L(s, u(s)), (2.1.68) 
s=n+l1 
then from (2.1.65) it follows 
u(n) < a(n) + b(n)z(s). (2.1.69) 


From (2.1.68) and (2.1.69) and the hypotheses on L, we observe that 


OO 
a(n) < >> [L(s,a(s) + b(s)z(s)) — L(s, a(s)) + L(s, a(s))] 


s=n+1 
+00 
<e(n) + y M(s, a(s))b(s)z(s). (2.1.70) 
s=n+l1 


when e(s) is defined by (2.1.67). Clearly, e(n) is real-valued non-negative and non- 
increasing inn € No. Now applying Theorem 2.1.30 in Qin [557] to (2.1.70) yields 


+00 
z(n) < e(n) I] [1 + M(s, a(s))b(s)] < h(n + 1I)W(g(n + 1))W(A(v(n + 1))). 
s=n+l1 


(2.1.71) 


Thus the desired inequality in (2.1.66) follows from (2.1.69) and (2.1.71). Oo 


Theorem 2.1.14 (The Pachpatte Inequality [515]) Let u(n), a(n), b(n) be real- 
valued non-negative functions defined for alln € No and L: No x Ry —> R+ bea 
function which satisfies the condition for allu > v = 0, 


0 < L(n,u) —L(n, v) < M(n,v)¢7!(u—v), 
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where M(u, v) is defined as in Theorem 2.1.13, 6 : R4 — R+ be continuous and 
strictly increasing function with @(0) = 0, 6~! is the inverse function of @ and for 
allu, v € Ry, 


g'(ur) <P (WG "'(v). 
If for alln € No, 
+00 
u(n) < a(n) + b(n)d ( > Lis, u)) ; (2.1.72) 
s=n+1 
then for alln € No, 
+00 
u(n) < a(n) + b(n) (x [] b+mo, x94) , (2.1.73) 
s=n+l1 


where e(n) is defined by (2.1.67). 
Proof Define a function z(n) by (2.1.68), then from (2.1.72) we derive 


u(n) < a(n) + b(n)z(s). (2.1.74) 


From (2.1.68) and (2.1.74) and the hypotheses on L and ¢, it follows that 


+00 
a(n) < )~ [L(s,a(s) + b(s)((s))) — L(s, a(s)) + L(s, a(s))] 
s=n+l 
+00 
<e(n)+ D> M(s,a(s)) 67" (b(s) (e(s))) 
s=n+l1 
+00 
< e(n) + DY) M(s,a(s))67" (B(s))z(s), 
s=n+l 


when e(s) is defined by (2.1.67). Now by following the last argument as in the proof 
of Theorem 2.1.13, we may get the required estimate (2.1.73). Oo 


Theorem 2.1.15 (The Agarwal-Thandapani Inequality [18]) Let the following 
inequality be satisfied: 


k tl 


Au(t) < p(t) + 92 S> hy(s) A‘u(s)/u(s), (2.1.75) 


j=0 s=0 
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where p(t) is positive and non-decreasing. Then 


Afu(t) < — Oe" , 
1— dono Gui (Sel (s + 1) 
where 
il 
e) =[[D+¢nI', du =p) rn oO 
s=0 j=o0 
—< Qe 
grt) = > >d) Alu(O)h; OT 
j=0 i=0 
with 
t-1 
1—)  gu(se'(s + 1) > 0. 
s=0 
Proof Since p(t) is positive and non-decreasing, we have 
ag ie PFnodt Wu). 
P(t) 7 j=0 s=0 


We define R(t) as the right-hand side of (2.1.76), then 


k 
AR(1) < Yo AOROA u(t) = h + K()POR*(H 
j=0 


+ 2 hy oro Coal (0) 


t-k+j 
1 J 


(k 

Now using the non-decreasing nature of R(t) and p(t), we can find 
AR(1) < Gu (ORO) + b2RO, 

or 


Rt+)—[1+ de O]RM < oR (0. 


a0 Y= s- DF pORE)]. 
* s=0 


Dr" 
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(2.1.76) 


252 2 Nonlinear One-Dimensional Discrete (Difference) Inequalities 
Multiplying the above inequality by e(t + 1), we obtain 
A[R(De(1)] < due (t+ D[RMet + YP. Oi77) 


Since R(t) is non-decreasing and e(f) is non-increasing, we conclude when 
A[R@e(o)] 2 0, 


1 PP dRe(9] __ AIRMe()] 
“AIROO) =| REO = Ret + DE’ 


and hence from (2.1.77), it follows 
—ARMeO!™ < due (t+ V. (2.1.78) 
Similarly, for all t € No, when A[R(a)e(t)] < 0, we have —A[R(t)e(1)|~! < 0, hence 


obviously (2.1.78) follows. 
Now summing the inequality (2.1.78) from 0 to t; — 1 € No, we conclude 


el(t) 
R(t) Ss SS ae ee 
1 bu(s)e“(s + 1) 
and now substituting this in (2.1.78), we can get the desired result. oO 


Remark 2.1.5. As in Theorem 2.1.15, it is easy to find estimates in terms of known 
functions for the following inequalities: 


(a) Let g(t) > 1 =0,1,2,...,k); then 


t-l 


k 
A‘u(t) <p) + D> gi) D2 hls) A‘u(s)Alu(s). 


j=0 s=0 
(b) Let0 </<k-—1; then 


k t-l 


A‘u(t) < p(t) + > So hj(s)A‘u(s)Aiu(s). 


j=0 s=0 


Theorem 2.1.16 (The Agarwal-Thandapani Inequality [18]) Let the following 
inequality be satisfied: 


k t-l 


Au(t) < C+ > > *hj(s)[A*u(sy*[Au(s)|, (2.1.79) 


j=0 s=0 


where a, aj (j = 0,1,...,k) are non-negative numbers and C is a positive constant. 
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Then 
Aku(t) < a (2.1.80) 
[L+ @+B-1) Ko dis()/ete 
where B = max(a, Q,...,Q,) such that a + B > 1, and 
+ Ae Oo 2.0% 
gi3(t) = C™! | C(t) + Yo hy OO, A‘u OF "a 
r= ae “ER J)! 
if 
tl 
1-(@+ B—-1) >> dix(s) > 0. 
s=0 
Proof 1n fact, the inequality (2.1.79) can be rewritten as 
k 
BUD nis: (2.1.81) 
Cc 
where 
RQ =14 HO atu) Waist, 
j=0 s=0 
whence by using the fact that R(t) > 1 and non-decreasing on No, 
k-l k-1 (yi 
AR(t) < CR (1) | hy (QC*R*() + 0 hy 00, Au Om = 
j=0 


l t—k+j i i 
SS dX —¢- a> ay 
ar = (t—s—1) CR(s)) 
< $13R" Pin), 


or 


AR(t) 


Ro+B (pf) (1) — < $13(t). 
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Now noting that 


AIR) e+?) -{" q{R(s)]_ _ ARM 
r | 


1-(@+p) — Rs)? ~ [ROP 


we can conclude 
ARO] *?) > [1 -@ + A)]di3(0). 


Summing the above inequality and substituting the obtained estimate in (2.1.81), we 
can conclude the desired estimate (2.1.80). Oo 


Theorem 2.1.17 (The Agarwal-Thandapani Inequality [18]) Assume the fol- 
lowing inequality holds, 


n—1 k 


Au(t) < p@) + > E-(t, )) Alu) + En(t, (A*u)), 


r=1 j=0 


where p(t) is positive and non-decreasing, E,(t, *) is defined in Theorem 2.1.55 of 
Qin [557], and also the number 1 4 a > 0. Then 


1 1/(1—a) 
Aiu(t) < p(Qe1() 41+ 1 —a) 9° AE, (s,p* e's + 1) 


s=0 
where 
t—1 n—1 
et) =] JU + (AEG bat! 
s=0 r=1 
with 
k-1 j (jai k ; 
1 : (iY i) (1) 
dul) = —~ Ni0)7 a 7 
po ede Gi-i! 2 i! 
Proof The proof is similar to that of Theorem 2.1.16. O 


Theorem 2.1.18 (The Agarwal-Thandapani Inequality [18]) Assume the fol- 
lowing inequality holds, 


n t-1 k 
A‘u(t) < p(t) + >= gilt) Yo hi(s)W Nu(s) |, (2.1.82) 
i=1 s=0 0 


j= 
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where 


(i) p(t) is positive and non-decreasing, 
(ii) g(t)>1,i=1,2,...,n 
(iii) W is positive, continuous, non-decreasing, and sub-multiplicative. 


Then 
A‘u(t) < p) Teo" (G(1) + 3 5 MO vgs, 
j= s=0 i=1 
where 
Gist) = Pl) Fa * 3 3 A'u(0)- ia =! 
j=0 i=0 
k-1 t-j-1 aos 
pe 9 [20 
j=0 s=0 i! 
G(u) = — 0 <u <4, 
as long as 


c+ ye HS W(dis(6)) € Dom (6) 


s=0 i=1 
Proof The inequality (2.1.82) can be rewritten as 
Mu(t) < p(t) | [ RO. (2.1.83) 
j=l 


where 


n k 
RQ) =1+)> ae us ow WIS? Alu(s) |, RO) =1. 
j=0 


i gn 
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Thus we obtain, since R(t) is non-decreasing and R(t) > 1, 
n 


AR(t) = ea i Ow W(X Aiu(t) 


< = “OW(os(0) WRI). 


From the definition of G, we may derive 


R(t+1) A 
G(R(t + 1)) — G(R) = f , aa < anni 


whence 


hi(t) 


G(R(t + 1)) — G(R(t) < Bes a0) 


W(¢is(t)). 


Now, summing the above inequality from 0 to t; — 1 € No, we conclude 


til n 
GR(n)) - G0) < NY OwE.si), 


s=0 i=1 PY) 
or 
ti—-l n hi(s ) 
R() < G" few +o ae Mois »} 
s=0 i=1 
Thus substituting this in (2.1.83), we can obtain the desired result. Oo 


Remark 2.1.6 For several particular cases of Theorems 2.1.17 and 2.1.18, see, e.g., 
[290, 460, 467]. 


Theorem 2.1.19 (The Pachpatte Inequality [499]) Let y(n), f(n), g(n) be real- 
valued non-negative functions defined on No and c,c2 be non-negative real 
constants. If for alln € No, 


n—1| n—-1 
y(n) < (« + Frew) (« +> Howto) (2.1.84) 


s=0 s=0 
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and c\c2 ae pA(s)B(s) < 1 for alln € No, then for alln € No, 


2 (2.1.85) 


~ 1 ere. Wy A(s)B(s) 


where for alln € No, 


(ec = a(n) “OF (8) + (0) "55 8(s), 
B(n) = [PZColl + cig(s) + cof (s)]. 


Proof First assume that c;, cz are positive and define a function z(n) by 


n—-1 n— 
(n) = (« + Tren] (« + ¥ stov00). (2.1.86) 


s=0 =0 
From (2.1.86) and using the formula 
A [a(n)b(n)] = a(n) Ab(n) + b(n + 1)Aa(n), 


and the facts that y(z) < z(m) and z(n) is monotone non-decreasing in n € No, we 
can obtain 


Az(n) < [eig(n) + cof(]z(n) + A(n)z"(n), 


zn + 1) —[1 + c1g(n) + eof (nd]z(n) < AM)2"(n). 


Now following the arguments used in the proof of Theorem 2.1.36 in Qin [557], we 
can conclude 


z(n) < feck ee (2.1.87) 
1—cico a. p A(s)B(s) 


Thus the required inequality (2.1.85) now follows by using y(n) < z(n). 

If c,, cp are non-negative, we carry out the above arguments with c; +¢ and cy+¢e 
instead of cy and co, where € > 0 is an arbitrary small constant, and subsequently 
pass to the limit as ¢ > 0* to obtain (2.1.85). The proof is thus complete. Oo 


Remark 2.1.7 We note that the inequality in Theorem 2.1.19 reduces to the discrete 
analogue of Gronwall’s inequality, i.e., Theorem 1.2.25 (see also, [461, 463]) when 
g(n) = Oandc2 = 1 orf(n) = Oandc; = 1. 
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2.2 The One-Dimensional Bihari Inequalities and Their 


Generalizations 


Theorem 2.2.1 (The Agarwal-Thandapani Inequality [19]) Let the following 


inequality be satisfied 


u(t) <p) + 4(t) >> Ealt,w) 


Q=1 
where 


ty-1 tg—1—-1 


t—1 
Eo(t.u) = )~ fart) )> far(e) +++ Yo fanlta)ulta) 
t=0 


11=0 2=0 
for allt € N. Then for allt €E N 


n 


t—1 
u(t) < p(t) + q(t) )\() > AEa(s,p)) 


s=0 Q=1 
t-1 n 
x |] + So Azg(z. QI. 
t=st+1 Q=1 


Proof Define m(t) as follows 
m(t) = > Eg(t,u), m0) = 0 
Q=1 
and hence 
Am(t) = )° AEg(t,u) 
Q=1 
where 


t-1 te—1—-1 


AFa(t,u) = far(t) ) far(t) +++ Y> fealta)ulte) 


tn=0 t=0 


(2.2.1) 


(2.2.2) 


(2.23) 
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From the assumptions on the functions Am(t), hence m(f) is non-decreasing on N. 
Hence we find 


Am(t) <)> AEg(t,p +m) 
Q=1 


< 0 AEo(t,p) + >) AEa(t. am) 


Q=1 Q=1 


<)> AEa(t,p) + m(t) > AEa(t.4) 


Q=1 Q=1 
and thus 
m(t+1)—[1+ > AEo(,g)|m(t) < YO AEo(t,p). 
Q=1 Q=1 


Multiplying the above inequality by Tieealt + 5°64 AEQ(s, q)]7! and summing over 
from 0 to t — 1, we get 


mo TT + = AEg(s.q)|"! < OE AEg(s.p)) 


s=0 Q=1 


x rl fl + Do AFate gl 
t=st+l 
whence 


m(t) < Boy AEo(s,p)) x I [1 + > AEo9(t,q)]. 


s=0 Q=1 t=st+l 


Substituting this estimate in (2.2.1), we obtain the desired inequality (2.2.3). Oo 


Theorem 2.2.2 (The Agarwal-Thandapani Inequality [19]) Let the following 
inequality be satisfied for all t € N, 


n—-1 


u(t) < plu + Y> Ealt.u) + Ex(t.u*)] (2.2.4) 
Q=1 
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where uy >= Oand0 < a < 1. Then for allt EN 


t-1 
u(t) < pe |(t)4 uy * + (L—a@) ) AE, (s, p*)fe(s + 1)]'™ 
s=0 
where 


t-1 n—-1 


eW) =[ [I+ 0 AZo. py". 


s=0 Q=1 


(2.2.5) 


Proof Let R(t) be the term inside the bracket of right-hand side of (2.2.4). Then 


u(t) < p@)R(d), 
n—1 
AR() = > AE g(t, u) + AE,(t,u") 
Q=1 
n—1 
< Do AEa(t. pR) + AEn(t, p°R") 
Q=1 


n—-1 
< 7 AEa(t.p)R(t) + AEn(t, p)R (1) 
Q=1 


or 


n—-1 


RO—1)—[1+ }0 AEoG,p)IRO < AE,(t PR". 


Q=1 
Multiplying the above inequality by e(f + 1), we obtain 


A[R(t)e(t)] = R(t + Le(t + 1) — R(De(2) 


< AE,(t, p%) x e! "(t+ 1)[RMe(t + 1]. 


For all t € N when A[R(‘e(t)] = 0, we have 


AIR(e()]* _ [" dIR()e(s)] 
Ia 1 ROO! 
_ ARMe() 


~ [ROeO! 


(2.2.6) 
(2.2.7) 
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and from (2.2.6), we obtain 


A[R(te(n)|!* 
SRO 2 KEE pet + 1); (2.2.8) 
Similarly, for all t € N when A[R(je(t)] < 0, we have ARG)" < 0. 
Hence (2.2.7) follows. Summing up both the sides of (2.2.7) from 0 to t—1, we 
get the desired result. Oo 


Theorem 2.2.3 (The Agarwal Inequality [10]) Let for all k € N, the following 
inequality be satisfied 


k-1 


u(k) < p(k) + Da (k, u) + > raw, (u()), (2.2.9) 


where (i) p(k) = 1 and non-decreasing; (ii) pi(k) = 1,1 <i < 1a; (iii) Wi € Fi, 1 < 
i < ry. Then for allk € Ng, 


u(k) < pbv(ketk)] [Ui), (2.2.10) 


i=1 
where 


k-1 


e(k) =] ]Pi), v®) =] (1+ 2Azi(.)). 
i=1 


l=a i=1 


k-1 —1 


Job) = 1, J) = G (6 i) + Padvede(o[ 400). l<j<n 


l=a i=1 


and 


with 


Gi(1) + Yaconereo[ () < Dom (G;'), 1<jsn. 


i=1 
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Proof From the hypotheses, inequality (2.2.9) implies that 


wm <p" w+ Dale! ). 


where 


rz k-1 


P*(k) = pk) + YoY ai) Wu). 


i=1 =a 
Since p* is non-decreasing, as u(k) < p(k)q(k) TAZ! + q(Df(D), we can get 


wl) o* (vB). (2.2.11) 


e(k) ~ 
Now by using the definition of class ¥;, (2.2.11) implies that 


2 k-1 


wk) < 1+ YOY giDeDvOwiw(D), 


i=1 l=a 


where w(k) = Thus it is sufficient to show that w(k) < []j2,Ji(k), which 


FOuCLGs 
will be proved this by induction. For r2 = 1, we have 
k-1 
w(k) 51+ YiqiMeMvOWi (wD). (2.12) 
l=a 


Let z(k) be the right-hand side of (2.2.12), then using non-decreasing nature of W,, 
we obtain 


Ack) < qi(ke(k)u(K)Wi (z(k)), z(a) = 1. (2.2.13) 
Next, from the definition on Gj, it follows that 


dt Azk) 
Wi(t) ~ Wi(z(k)) 


z(k+1) 
AG, (z(k)) = y (2.2.14) 
z(k) 


Using (2.2.14) in (2.2.13) and summing, we may obtain 


k-1 


ok) = Gi'(Gi(1) + Pare) = AW) 


l=a 
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which shows that the result is true for rp = 1. Now assuming that the result is true 
for some j such that 1 <j < r) — 1, then to prove for j + 1, we have 


k-1 fj k=1 
w(K) < (1+ Vax DeMvOWi41D)) + VOY ae DvOwilw(0). 
l=a i=1 l=a 


Since the part inside the bracket is greater than 1 and non-decreasing, we may obtain 
w(K) = (1+ Fits Deo) Mr6w00))| 1 (k), 
l=a i=1 
which also gives us 
k-1 


£14 DanetduO] LOW pa(—"O—). 


a“ 
—Jilk) 


l=a i=1 


From this w(k) < eaees (k) follows by using the same arguments as for the case 
r2 = 1. This hence completes the proof. Oo 


Theorem 2.2.4 (The Agarwal Inequality [10]) Jn addition to the hypotheses of 
Theorem 2.2.3, let p(k), 1 < i < rz be non-decreasing for all k € Ng. Then, for all 
kENg, 


u(k) < p(kyu* (iY [7 . 
i=1 
where v*(k) is the same as v(k) in Theorem 2.2.3 with e(k) = 1; 
j-l 
Jy (W) = 1. JF (&) = pAkG;" (Gi(1) + Fao" nO] ()), lsisn, 
l=a 


as long as 


Git) + Pale" conor () €Dom(G;'), lsjsn, 


l=a 


and Gj, 1 <j < rz, are the same as in Theorem 2.2.3. 


Proof The proof is similar to that of Theorem 2.1.3. O 
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Theorem 2.2.5 (The Agarwal Inequality [10]) Assume the following inequality 
holds for allk € Na, 


u(k) < p(k) + SEi(k,w) + SE M(k, Wi(w)), (2.2.15) 


i=1 i=1 


where (i) p(k) = 1 and is non-decreasing, (ii) W, € F,. Then for all k € Na, 
u(k) < pu" Gz" (Gi) + DEK, v*)) 
i=1 
as long as 


G(1) + Ek, v*) € Dom (G"), 


i=1 


where G, is the same as in Theorem 2.2.3. 


Proof The proof is similar to that of Theorem 2.2.3. O 


Theorem 2.2.6 (The Agarwal Inequality [10]) Let in Theorem 2.2.5 hypotheses 
(i) and (ii) be replaced by (i) p(k) is positive and non-decreasing, (ii) W, is positive, 
continuous, non-decreasing and sub-multiplicative on [0, +00). Then for allk € Na, 


r 


* — W. vu" 
u(k) < p(k)u* (KG; (Gi) 4 DA (*, a")) (2.2.16) 
i=1 
as long as 
r 
Wi(pu*) —1 
Gi) + LAK, a) € Dom (G; ; 
where G, is the same as in Theorem 2.2.3. 


Proof Noting that u(k) < p(k)q(k) TZ (1 + qf (D), we get 


l=a 
u(k) < (pW) + )BXk, Wiw))) 0), 
i=1 


which implies 


po") /p). (2.2.17) 


u(k) = u 
rov® =! + LEM i. 
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Let w(k) be the right-hand side of (2.2.17), then 


Aw(k) = yAzi(K Wi (saP0")/0) 


i=1 


< DAE, Wi(pu*)/p) Wi (w(k)) 


i=1 


where we have used the same arguments as in Theorem 2.2.3. Thus we obtain 


w(k) = Gy!(Gi(1) + DAB, Wi(pe*)/p)) 


i=1 


which yields the inequality (2.2.16). O 


Theorem 2.2.7 (The Agarwal Inequality [10]) Assume the following inequality 
holds for allk € Na, 


k-1 


u(k) < p(k) + q(h(SFOW WO), (2.2.18) 


l=a 


where the function h, W are continuous, positive and non-decreasing in [0, +00). 
Furthermore, in addition, W is sub-additive and sub-multiplicative. Then for all 
keNa 


w(k) < ph) + g(en{o™! (c(S row) + S/wia)}. 


l=a l=a 
(2.2.19) 
where 
om =f ao w>wo = 0 (2.2.20) 
wm WhO) 9 ~ 
with 
k-1 k-1 
G(S“POW(PO)) + LFOWGD) € Dom(G"). 2.2.21) 
l=a l=a 


Proof We leave the proof to the reader as an exercise. Oo 
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Theorem 2.2.8 (The Agarwal Inequality [10]) Assume the following inequality 
holds for allk € Na, 


k-1 


wk) = p(k) + a@W""' (SPW), (2.2.22) 


l=a 


where the function W is increasing, convex and sub-multiplicative on |0, +00) and 
W(0) = 0, limy++00 W(u) = +00. Then for all k € Na, 


k-1 k-1 
w(k) < p(k) + QW~' (Ya Weupa-'() T] + BE Wa(e)B™' (@)F)). 


l=a t=/+1 
(09°33) 


where the functions a(k), B(k) are positive and a(k) + B(k) = 1 forallk € Na. 


Proof We leave the proof to the reader as an exercise. Oo 


Theorem 2.2.9 (The Agarwal Inequality [10]) Assume the following inequality 
holds for allk € Na, 


k-1 
u(k) < p(k) + Doak, DW(u(), (2.2.24) 


l=a 


where the function W is continuous, positive and non-decreasing on [0, +00). Then 


forallk €Na, 


k-1 


u(k) < G'(G(PW) + 20K), (2.2.25) 


l=a 


where P(k) = max{p(t) : t € N(a,k)} and Q(k, 1) = max{q(t, 1): t € N(a,k/)}, 


and 


k-1 
G(P(k)) + }/O(k,D € Dom (G"'). (2.2.26) 
l=a 
Proof We leave the proof to the reader as an exercise. O 


Theorem 2.2.10 (The Agarwal Inequality [10]) Assume such that k < r, and the 
following inequality holds for all k,r € Ng, 


u(r) = u(k) — g(r) > FOW(u(D), (2.2.27) 


l=k+1 
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where the function W is continuous, positive and non-decreasing on [0, +00). Then 
forallk,rE Nak <7, 


u(r) = G(Gw&) — 4) D7 FO). (2.2.28) 


l=k+1 


where G(w) = fs — w>wo > 0, for arbitrary wo = 0, and 


wo W(t)’ 
G(u(k)) — g(r) > f(@) € Dom (G"!). (2.2.29) 
l=k+1 
Proof We leave the proof to the reader as an exercise. Oo 


Theorem 2.2.11 (The Agarwal Inequality [10]) Assume such that k < r, the 
following inequality holds for all k,r € Na, 


u(r) = ul) = g)W""( Yo FOW WD), (2.2.30) 
l=k+1 


where the function W is positive, increasing, convex and sub-multiplicative on 
(0, +00) and limy-+40 W(u) = +00. Then for allk,r € Na, k < 1, 


u(r) = a(W (a (WW) T] + BOWGMB YOY"), 


l=k+1 
(2.2.31) 


where the function a(k), B(k) are positive and a(k) + B(k) = 1 forallk € Na. 


Proof We leave the proof to the reader as an exercise. Oo 


We now establish two nonlinear extensions of Theorem 2.1.34 in Qin [557] 
which are useful for some situations. 


Theorem 2.2.12 (The Yang Inequality [692]) Assume all hypotheses of Theo- 
rem 2.1.34 in Qin [557] hold and H : [0, +00) — [0, +00) is strictly increasing 
and sub-additive, with H(0) = 0. Suppose that the following nonlinear discrete 
inequality holds for alln € N, 


qo 
x(n) < p(n) +H 4 S* Sod (1: H@) p. (2.2.32) 


j=l i=1 
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where H— denotes the inverse of H. Then for alln € N, CN, we have 


q "j 
x(n) < H' ) (p(n) TJ (11 1) (2.2.33) 


j=l \i=1 


where BY (n) are the same as defined in Theorem 2.1.34 in Qin [557], and N, is 
chosen so that whenn € Nj, 


q " 
H(p(n)) | | (11 BY i) € Dom (H~'). 


i=1 \i=1 


Proof We may easily derive from (2.2.32) that, for all n € N, 


q "j 
yin) < H{ pin) +H 14S I ay) 


j=l i=l 


qT 
< H(p(n)) + Y2 CIP (ny), (2.2.34) 


j=l i=l 


where y(n) = HA(x(n)), since H is non-decreasing and sub-additive. Applying 
Theorem 2.1.34 in Qin [557] to (2.2.34) yields, for all n € N, 


i=1 


q (ti 
H(x(n)) < H(p(n))| | (1 Hn) (2.2.35) 


j=l 


where BY (n) are the same as in Theorem 2.1.34 in Qin [557]. Now, the desired 
inequality (2.2.33) follows from (2.2.35) immediately, since H~! is non-decreasing. 
The choice of N; is obvious. Oo 


Theorem 2.2.13 (The Yang Inequality [692]) Assume all hypotheses of Theo- 
rem 2.2.12 are satisfied. Suppose further that H is also sub-multiplicative. If the 
following inequality holds for all n € N, 


q "j 
x(n) < p(n) + g(n)H! 4 > SI (2: HQ) p (2.2.36) 


j=l i= 
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where g(n) is a real-valued non-negative function on N, then for alln € No CN, 
we have for alln € No, 


q j 
x(n) < H' 4 H(p(n)) | | ( Hn) (2.2.37) 
1 


j=1 \= 


where BY (n) are obtained from BY (n) by replacing the functions fPa,5) by 
H(g(n))f? (n, s), respectively, and No is chosen so that for alln € No, 


q y 
H(p(n))| | (1 Hn) € Dom (H™'). 


i=1 \i=1 


Proof We observe from (2.2.36) that, for all n € N, 


q ¥j . 
H(x(n)) < H(p()) + H(gn)) 9) Y2 J (x: HQ), 


j=l i=1 


since H is non-decreasing, sub-additive, and sub-multiplicative. The last inequality 
can be rewritten as, for alln € N, 


q vj 
y(n) < H(p(Qa)) = YO VIP y@), (2.2.38) 


j=l i=1 


where y(n) = H(x(n)), and J“ (n; y) are obtained from J“ (n; y) by changing the 
functions J - ) (n; s) to H(g(n))J' . ) (n; s), respectively. Now applying Theorem 2.1.34 
in Qin [557] to (2.2.38) yields, for all n € N, 


q ‘j . 
H(x(n)) < H(p(n)) | | (1 an) ; (2.2.39) 


j=l \j!1 


where BP (n) are as defined in (2.2.37). Thus, the bound on x(n) in (2.2.37) follows 


from (2.2.39) immediately, since H~! is non-decreasing. The choice of N> is 
obvious. O 


We note that if we set H(z) = z in Theorems 2.2.12 and 2.2.13, we obtain 
Theorem 2.1.34 in Qin [557]. We notice that we can apply Theorem 2.1.34 in Qin 
[557] to extend some results of Yang [687] to contain finite difference equations that 
involve multiple summations. 


Theorem 2.2.14 (The Pachpatte Inequality [515]) Let u(n), a(n), b(n) be real- 
valued non-negative functions defined for alln € No. Let W(r) be a real-valued 
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continuous, positive, non-decreasing, sub-additive and sub-multiplicative function 
on R4 and H(r) be a real-valued, continuous, positive and non-decreasing function 
on Rx. If for alin € No, 


+00 
u(n) <f(n) + g()H ( > Howes (2.2.40) 


s=n+l1 


then for alln, ny €No,O<n<n,, 


+00 +00 
u(n) < f(n) + g(n)H Ga GC y> wor) + YO wowiae]). 


s=nt+1 s=n+l1 
(2.2.41) 


where 


"ds 
G(r) = i Wao’ r>0, (2.2.42) 


ro > 0 is arbitrary, G7! is the inverse function of G and for all n,n, € No, 
O<n<m, 


foe) CO 


Y~ AGS)W(F(s)) + D> h(s)W(g(s)) € Dom (G~'). 


s=n+1 s=n+1 


Proof Define a function z(n) by 


+00 


z(n) = ? h(s)W(u(s)), (2.2.43) 


s=n+l1 


then from (2.2.40) it follows 
u(n) < f(n) + g(n)A(Z(s)). (2.2.44) 
Hence by (2.2.43) and (2.2.44), we get 


+00 


a(n) < D> A(s)W(F(s) + g(S)H(c(s))) 


s=n+1 
+00 


< SP AG) [W(F)) + W(g()) WH(S)))] 


s=n+l1 


+00 


+00 
< S WS)WEF) + Y> We) WHE). (2.2.45) 


s=n+l1 s=nt+l1 
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Define a function v(n) = € + y(n), where y(n) is defined by the right-hand side 
of (2.2.45) and € > 0 is an arbitrarily small constant. Then z(m) < v(n) and 
u(n) —v(n + 1) = h(n + IW(g(n + 1I))W(A(e(n + 1) 
<h(nt+ DW(g(n+ 1l))W(A(v(n+ 1))). (2.2.46) 


Thus from (2.2.42) and (2.2.44) it follows 


u(n) d. 
G(v(n)) — Gv(n + 1) = [ +1) Wao) 


_ b@) - vin +1) 
~ W(A(v(n + 1))) 
h(n + 1)W(g(n + 1)). (2.2.47) 


lA 


Substituting n = s and taking the sum over s fromn to p—1 (p => n+ 1 is arbitrary 
in No), we may obtain 


p 
G(v(n)) — Guin + 1) < Y> A(s)W(e(s)). (2.2.48) 


s=n+1 


Noting that lim,++oo v(p) = Lt? h(s)W(f(s)) + € and by taking p > +00 
in (2.2.48), we may get 


+00 +00 
vin) < EF '[GQCAS)W(F(9)) ++ J) h()W(g(s))]. (2.2.49) 
s=1 s=n+l 


The desired inequality in (2.2.41) follows from the fact that z(n) < v(n),« > 0 
in (2.2.49) and (2.2.44). The sub-domain 0 < n < ny;is obvious. 


n € No, the class C(No, R+) consists of all real-valued, non-negative and continuous 
functions defined on R+. 


Theorem 2.2.15 (The Yang Inequality [695]) Let g € C(R+,R+) be strictly 
increasing function with p(+00) = +00 and y € C(R+,R+) be non-decreasing. 
Let c => 0 be a real constant. If v,f € S(No, R+), and the discrete inequality holds 
foralin € No, 


Let us denote by S(No, R+) the class of all sequences {x,} with x, > 0 for all 


n—1 


P(n) <e+ DY KW(rs), (2.2.50) 


s=0 
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then for alln € No,n < M, 


n—-1 


Wn < GGG) + Df}, (2.2.51) 


s=0 


1 


where G~! and y~' are the inverse functions of G, , respectively, and 


ds 
——., z>%, z>0, 


20 Wie! (s)] 


and M is chosen so that ifn < M, né€No, 


G(z) := 


n-1 
G(c) +)“ f; € Dom (G"). (2.2.52) 


s=0 
Proof We define a sequence y = {y,} € S(No, R+) by 
n—1 
Yn =Cc+ > fps), 2 ENo, (2.2.53) 


s=0 


Then, for any positive number ¢, {y, + €} is a non-decreasing sequence consists of 
positive numbers. From inequality (2.2.50) we have 


Un <O'Pnl < G7 'Dn tel], n€ No, (2.2.54) 


since y~! is non-negative and increasing on R+) with g~!(+00) = +00. 


Using (2.2.54) we derive from the sequence {y, + ¢} that 


AQn + €) = AOn) =fa¥ (Un) < frW{G7 On +)}, nENo, (2.2.55) 


because w is non-negative and non-decreasing on R+). In view of the fact that for 
allne€ No, 


VIO" On te} = {9 Oo +O} = Vig (c+ £)} > 0, 


from (2.2.55) we obtain 


A(yn + €) 
Vo On tay ir "ENO 
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Hence, by the definition of definite integrals, from the last relation, we have for all 
ne No, 


n—1 n—1 


mte dz A(ys + 8) 
I Vee = We, Fa) 2 


since w{y~!(z)} is positive and non-decreasing. By G(z) := i Tr ob the last 
expression yields for all n € No, 

n—1 

GOn +2) < Go) + Df. 

s=0 

Letting ¢ — 0 in the last inequality, we get for all n € No, 
n—-1 
GOn) < Go) + Df. (2.2.56) 


s=0 


By the choice of M € No in (2.2.52), we infer from the last relation, for all n € 
No, n <M, 


n—-1 


Yn < GG) + Do f}- (2.2.57) 
s=0 
Thus the desired inequality (2.2.51) follows from (2.2.55) and (2.2.57). Oo 


In the following, we discuss some systems of two discrete inequalities of 
Gronwall-Bellman type. 

The expression eae b(s) represents the solution of the linear difference equa- 
tion Ax(t) = b(t) for all tf € R under the initial condition x(0) = 0. Also 
the expression il C(s) represents the solution of the linear difference equation 
x(t + 1) = C(#)x(#) for all t € R under the initial condition x(0) = 1. It is assumed 
that )~"—', b(s) = O and []‘xy C(s) = 1. 


Theorem 2.2.16 (The Salem Inequality [579]) Assume the following system of 
two nonlinear inequalities holds, 


t-l t-1 


wilt) <a) + pil) > Has) +10 D> A(w2(s)), (2.2.58) 


s=0 s=0 


t-1 t-l 


un(t) < ar(t) + pr(t) Y> H(n(s)) + qa() 9 A(wrl(s))—— (2.2.59) 


s=0 s=0 
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where a(t), a2(t), pi(t), p2(t), qi(t), and qa(t) are positive and nonlinear functions, 
H is positive, non-decreasing, continuous, sub-additive, and sub-multiplicative. 
Then 


u(t) < a(t) + prada) + awa, 
u(t) < ar(t) + pou) + QWs) 


where 
ba(t) = 4 } Hos — pils) — qi(s)) + (A(pi(s)) + cosy) : 


wa = Dro }" (a2(s) — pa(s) — q2(s)) + (A(p2(s)) + H(p2(s) DH (s)) 


VO =G"{GQ) + V4) + BO). 
A() = Hail) = pit) = 41) + Han) = pal) = 20), 
Bt) = H(pil) + A(qi()) + A(p2(s)) + A (gals), 


’ 


and 


d 


7 Ky 
G(r) = ———., 0<n<r, 
() | ae i 


with 
t-1 
G2)+ >> (109 is a0) € Dom (G7). 
s=0 
Proof Inequalities (2.2.58) and (2.2.59) can be rewritten as 
le eal oti en (2.2.60) 
uz(t) < (a2(t) — p2(t) — 2) + P2MRi) + q2Ro(t) (2.2.61) 
where 


t-l t-l 


Ri(t) = Y>H(u(s)) +1, Ro) = D> Als) + 


s=0 s=0 
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Then we obtain 
AR\(t) < Hai) — pi) — a) + Api) A(Ri() + A(qi@)A(Ro(), 
(2.2.62) 
ARo(t) < H(a2(t) — pr(t) — gat) + A( pa) A(Ri() + A(qo() A (Rod). 
(2.2.63) 


Since R,(t) and Ro(f) are non-decreasing and R|(0) = 1, R2(0) = 1, then from the 
definition of G, we conclude 


G(Ri(¢— 1) + Ro(t + 1) — GRiC*) + Rod) 
RH) +Rt+1) dy 
Wes s+ H(s) 
A(Ri(t) + Ro(t)) 
~ Ri) + Ro) + A(Ri(d) + Ro) 
< A(t) + B(t). 


Summing up from 0 to t — 1, we get 
Rit) + Rot) < WO. (2.2.64) 
From (2.2.62) and (2.2.64), we derive 
AR) < Hai) — pi) — 1) + Hai) + aA), 

and summing up from 0 to t — 1, we obtain 

Ri(t) < ga). (2.2.65) 
Also from (2.2.63) and (2.2.64), we may derive 

Ro(t) < Wald). (2.2.66) 


Hence we can derive (2.2.58)-(2.2.59) from (2.2.60), (2.2.61), (2.2.65), 
and (2.2.66). Oo 
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Theorem 2.2.17 (The Salem Inequality [579]) Let the following system of two 
nonlinear inequalities hold 


u(t) < ai(t) + p(t) Y EV. Hl(s))) + 1 D> Est, Hua(s))), 


r=1 r=1 


(2.2.67) 


ur(t) < ar(t) + pr(t) )> Ej (t, H(un(s))) + qa(t) )> EX(t, H(ur(s))), 


r=1 r=1 
(2.2.68) 
where 


(i) a(t), a2(t), pi(t), po(t), qi), and qo(t) are real-valued, positive and non- 
decreasing, t € R, 


(ii) Ex(t,u) = Dy aofalt) Dpzofiaa) + Dio forte )u(t), 
(iii) f,j(t;) are real-valued and non-negative functions, t; € RR, and H(u(t)) is defined 
in Theorem 2.2.16. 


Then 


ee eaten (2.2.69) 
ug(t) < a(t) + po(tds(t) + qa) Ws(0), (2.2.70) 


where 


és) = Dia 


s(t) = Dp § Ba(a2(s) — pr(s) — g2(s)) + (Ba(pr(s)) + B2(p2(s)))H(W(s)) 
Bi (b(t) = ra, AEH A(OM)), Bo(WM) = Wa, AE A(O)), 

V0) = G"{GQ) + DZ), 

Ai(f) = A(ai — Pi — 41,42 — p2 — G2) + A(P1, 2) + Ali. g2), Aa, b) = By (a) + Bo(d), 


Bi (ai(s) — pls) — gi(s)) + (Bi(pils)) + Bip connewoo , 


and 


a ds 
6a) —"_ Hees. 
[ s+ HO id 
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with 


t-1 
G(2) + 9° Ai(s) € Dom (G™"'). 


s=0 


Theorem 2.2.18 (The Salem Inequality [579]) Let the following system of two 
inequalities hold 


t-l t-1 


wi(t) < ai(t) + pilt) )- ex(s)ui(s) + pr(t) ) > e2(s)ur(s) 
s=0 s=0 


t-1 t-1 


+ps(t) | es(s)H(ui(s)) + pat) ) | ea(s)H(un(s)) (2.2.71) 


s=0 s=0 
and 


t-1 t-1 


ur(t) < ar(t) + qi) D> isin (s) + g(t) D) ha(s)ua(s) 


s=0 s=0 
t-1 t-1 


+q3(t) ¥~ hs(s)H(ui(s)) + qa(t) Y- ha(s)H(un(s)) (2.2.72) 


s=0 s=0 


where all given functions are real-valued, positive, non-decreasing, and continuous 
functions, H is defined in Theorem 2.2.16, and for allt € R, 


a, = Pi + p2+ p3 + Pa, 
a= a+ G+ gat 4a. (2.2.73) 


Then 


u(t) < a(t) + pit) aa e1(s)ai(s)Wo(s) + pr(t) yo €2(s)a2(s) W7(s) 
+ p3(t) D4 e3(s)b6(s) + pat) Y'=4 e4(s)b7(s) 
uo(t) < ao(t) + qi(t) Bee hy(s)ay(s)Wo(s) + qo(t) ya ho(s)a2(s)W7(s) 
+ 93(t) 25 ha(s)ho(s) + ga(t) 25 ha(s)o7(s) oes 
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where 


$o(t) = H(ai — pi — p2 — p3 — ps) + (A(p1) + A(p2) + A(ps) + A(ps)) Ao), 

$i(t) = H(a2 — qi — G2 — 43 — 44) + (Aq) + A (qa) + Ags) + A (ga) A(7), 

Wolt) = 4 + DolAi(s) + Bi(syw(s) + c1()H(W(s))]. 

Wilt) = 4 + DT olAa(s) + Ba(s) + co()HH(s))], 

¥() = G6 (G8) + DIVA) + BO) + CW), 

A(t) = e1 (a1 — P) + e2(@2 — Q) + €3H (ay — P) + eg (a2 — Q), 

Bit) =e,P+ a0, 

Ci (t) = e3(H(p1) + H(p2) + H(p3) + H(pa)) + e4(A (qi) + A(q2) + H(g3) + H(q4)), 
Ao(t) = hy (ai — P) + ho (a2 — Q) + hgH (a) — P) + haH (ar — Q), 

Bo(t) = P+ MQ, 

Co) = h3(A(p1) + A(p2) + A(p3) + A(pa)) + ha(A (qi) + A (qo) + (gs) + A(qa)), 
At) =A) +420), BO =BO+hY, CO=AOQ4+ QM, 
P=pitmt+pt+p, CQ=atant+ata, 


and 
"ds 
am = | ——., 0<n<r, 
m 5+ H6) 

as long as 

il 

G(8) + )“(A(s) + B(s) + C(s)) € Dom (G"'). (2.2.75) 

s=0 

Proof The proof is similar to the proofs of Theorem 2.2.16. O 


2.3. The One-Dimensional Ou- Yang Inequality and Its 
Generalization 


In what follows, we use the notations m, n, q, q to denote the elements of Z. Let 
R,; = [1, +00) is a subset of R. Fort) > fh, t1, tf) € Zand any functionh : Z > R, 
we use the usual convention aan h(s) = 0 and [ h(s) = 1. 

We assume that all the sums and products converge on the respective domains of 
their definitions. 

The next three results are discrete forms of the Ou-Yang inequality, which are 


due to Pachpatte [493]. 
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Theorem 2.3.1 (The Pachpatte Inequality [493]) Let u(n) and f(n) be functions 
defined on Z into R4 and c => 0 be a constant. If the following inequality holds, for 
alln € Z, 


+00 
w(n)<ct+ S> f(s)u(s), (2.3.1) 
s=n+l1 
then, for alln € Z, 
1 -+-o0o 
u(n) < J/et+ a yO: (2.3.2) 
s=n+1 


Proof We first assume that c > 0 and define a function z(7) by the right-hand side 
of (2.3.1), then 


2(n) —z(n—1) =f(nt+ Du(n+ 1). (2.3.3) 


Using the inequality u(n + 1) < /z(n + 1) in (2.3.3), we may get 


z(n) —z(n—1) <f(n+ DV zn 1) (2.3.4) 
Using the facts that /z(n+1)>0, /z(n+ 1) < V2(n) for all n € Z and (2.3.4), 
we get 
—zn-1 
vy z(n) — Vzn+ j= __ a(n) ~2(n—= 1) 
V2n) + Jz(n+ 1) 
< z(n) — z(n— 1) 
V2n+ 1) + /z(n+ 1) 
1 
Bs an + 1). (2.3.5) 
Now setting n = s in (2.3.5) and summing over s = n,n + 1,...,m— 1, we may 
obtain 


m 


Vay — Jam < = YS Fl). (2.3.6) 


s=n+l1 


Noting that /z(m) = ./c, the desired inequality in (2.3.2) follows as n — +00 
in (2.3.6) and using the fact that u(n) < z(n) for all n € Z. 
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Now suppose c = 0. Then from (2.3.1), it follows that for any e, 


+00 
win) <e+ Yo f(s)u(s) (2.3.7) 
s=n+l 
which yields 
1 +00 
u(n) < Je + 5 YTS: (2.3.8) 
s=n+l1 


Since u(n) > 0 and € > 0 is arbitrary, it follows from (2.3.8) that 


1 +00 
u(n) <5 Y> f(s). (2.3.9) 


s=n+l1 


This thus completes the proof. Oo 


Theorem 2.3.2 (The Pachpatte Inequality [493]) Let u(n) be a function defined 
on Z into Ry and f(n) be a function defined in Theorem 2.3.1 and c > 1 bea 
constant, if for alln € Z, 


+00 
u(n) <c+ > f(s)u(s) log u(s), (2.3.10) 
s=n+1 
then for all n € Z, 
u(n) < cuenH CHF), (2.3.11) 


Proof Define a function v(n) by the right-hand side of (2.3.10), then 
v(n) — v(n— 1) = f(n+ l)u(n + 1) logu(n + 1). (2.3.12) 
Using the fact that u(n + 1) < v(n + 1) in (2.3.12), we may get 
v(m) < v(nt+ DIL +f 1) logu(n+ 1] (2.3.13) 


By setting n = s in (2.3.13) and then substituting s = n, n + 1 successively, we 
can get 


m 


v(n) < v(m) [| [1 + f(s) log v(s)}. (2.3.14) 


s=n+l 
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Nothing that lim,,—+00 v(m) = c and by letting m — +00 in (2.3.14), we get 


vin) sc [] [+ fG) log v(5)] 


s=n+l 
+00 
@ coxn( Y> f(s) log vo) . (2.3.15) 
s=n+l1 
From (2.3.15) it follows that 
+00 
log v(n) < loge + D> f(s) log v(s). (2.3.16) 
s=n+l1 


Define a function z(n) by the right-hand side of (2.3.16), then 
z(n) —z(n+ 1) = f(n+ 1) logu(n+ 1). (2.3.17) 
Using the inequality log v(n + 1) < z(n + 1) in (2.3.17), we can get 
a(n) < [lL +f(nt+ I]zn+ 1) (2.3.18) 


which, by following the above argument, implies 


+00 


a(n) < loget |] [1 +F(9)} 


s=n+1 


+00 
= log chant 47O, (2.3.19) 
Using (2.3.19) in (2.3.16), we can derive 
THES8, +f) 
log v(n) < log clls=t+! 
which implies 


+00 
v(n) < clh=r lO, (2.3.20) 


Now using (2.3.20) in (2.3.10), we can get the required inequality in (2.3.11). The 
proof is thus complete. Oo 


The following inequality applies in some situations where Theorems 2.1.3 
and 2.1.4 do not apply, which can be also regarded as discrete variables. 
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Theorem 2.3.3 (The Pachpatte Inequality [493]) Let u(n), f(n) and g(n) be 
functions defined on Z, c > 0 be a constant. If for all n € Z, 


+00 +00 
win) set YF f(su(s)fuls) + D7 sOuQ), (2.3.21) 
s=nt+l1 t=s+1 
then for all n € Z, 
1 +00 +00 l 
u(n) < Je! +5 x f(s) I] [i + Sf ++ s(0)]. (2.3.22) 


s=n+1 t=s+l1 


Proof We first assume that c > 0 and define a function z(7) by the right-hand side 
of (2.3.21), then 


+00 


a(n) — e(n— 1) = f(n + lun + Dlun+ 1) + D> g(Qud). (2.3.23) 


t=n+2 


Using the fact that u(n) < ./z(n) for all n € Z in (2.3.23), we get 


+00 
2(n) —2(n t+ 1) < fant DVea4 Divzmt+ D+ > sOVzO). (2.3.24) 
t=n+2 


Now following the arguments as in the proof of the inequality of Theorem 2.3.1, we 
may get 


+00 
Van) — Ven + 1) <5ftnt D[Vzin + 1 +> ONAO)E (2.3.25) 


t=n+2 
Now setting n = s in (2.3.25) and summing over s = n,n+1,...,m, we may obtain 
+00 
z(n) < y+= DD fant DIVz9) + S> s@OvzO). (2.3.26) 
ei t=s+l 


Noting that limn—++ooVz(m) = /c and by letting m — +00 in (2.3.26), we 
can get 


+00 


Vay < Vets Do fat vivayt DY eva. (2.3.27) 


s=n+1 t=st+1 
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Define a function v(n) by the right-hand side of (2.3.27), then 


+00 
v(n) —v(n+1) = sf + D[V¥2+ 1) + > g(t) /2()). (2.3.28) 
t=n+2 


Using the fact that ./z(n) < v(n) for all n € Z in (2.3.28), we get 


+00 
v(n) —v(n+ 1) = fn +Dva+ 1+ S> g@v(). (2.3.29) 
t=n+2 
Define a function w(n) by 
+00 
w(n) =v(nt+ 1) + D> gOovi(o), (2.3.30) 
t=n+2 
then 

w(n) —w(n+ 1) = v(n4+ 1) —v(n4+ 2) + g(n+ 2)u(n + 2). (2.3.31) 


Now using of (2.3.29) and the fact that v(n+2) < w(n+1) from (2.3.30) in (2.3.31), 
we get 


w(n) < [1+ fn + 2) + g(n + 2)|w(n + 1) (2.3.32) 


which, by following the arguments in the proof of Theorem 2.3.2 given above, 
implies 


“OO 
w(n) < ve [|] f+ sf) + g(t]. (2.3.33) 


t=n+2 


Now using (2.3.33) in (2.3.29), we have 


+00 
v(n) —v(n+1) < SG + 1) I] [1 + * A) + g(f)]. (2.3.34) 
7 t=n+2 2 
Now setting n = s in (2.3.34) and summing overs = n,n+1,...,m—1, we may get 
1 +00 +00 I 
v(n) < vm) + Ve D) 9) [] 1+ 5f0 + 8). (2.3.35) 


s=n+l t=n+2 
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Noting that limy++0 v(m) = ./c, the desired inequality in (2.3.22) follows by 
letting m — +00 in (2.3.35) and using the facts that u(n) < /z(n) < v(n) for 
all n € Z. The proof of the case when c = 0 can be completed by following the 
arguments as in the proof of Theorem 2.3.1 given above with suitable changes and 
hence the proof of inequality (2.3.22) is complete. Oo 


Theorem 2.3.4 (The Pachpatte Inequality [500]) Let u,f,g,h be real-valued 
non-negative functions defined on No and c be a non-negative real constant. 


(bh) Ifforalln € No, 


n—-1 


Win) <c? +25 Lf (s)u?(s) + h(s)u(s)], (2.3.36) 


s=0 


then for alln € No, 


n—1 
u(n) < q(n) | [ [1 +F0)], (2.3.37) 
s=0 
with for alln € No, 
n—1 
q(n) =c + Ws). (2.3.38) 
s=0 


(bo) Ifforalln € No, 


n—1 s—1 
wn<?+2)> f(s)u(s) (us +> cone] te Home , (2.3.39) 


s=0 t=0 


then for alln € No, 


n—1 s-l 
u(n) < q(n) [ + >-F(s) (i +f(t) + eo) . (2.3.40) 


s=0 t=0 


where q(n) is defined by (2.3.38). 
(b3) Ifforalln € No, 


n—1 s—1 
wWin)<ce+2>° f(s)u(s) 2 ra) rs How ; (2.3.41) 


s=0 T=0 


2.3 The One-Dimensional Ou-Yang Inequality and Its Generalization 285 


then for alln € No, 


n—1 s—l 
u(n) < qin) | | [ + f(s) (© «)) (2.3.42) 


s=0 tT=0 


where q(n) is defined by (2.3.38). 


Proof We only give the assertion in (bz), while the proofs of (b1) and (b3) can be 
done in the same way. 


(bz) Let ¢ > 0 be an arbitrary small constant and define a function z(n) by 


n—1 sl 
a(n) = (e+e +2) ° f(s)u(s) (x0 +)° econ] - Hom) 
“ - (2.3.43) 
From (2.3.43) and using the fact that u(m) < ./z(), we get 


n—-1 
Az(n) < 2y/z(n) Lye ( an) + > g(t) 3) + Ho . (2.3.44) 
tT=0 
It is easy to verify 


—ant+i—-2zn) _ Az(n) 
A(/ 2 A; 
we) z(n + 1) + Jz(n) = 2,/z(n) ae, 


where we have used the fact that /z(m) < /z(n + 1). Using (2.3.44) in (2.3.45), 
we get 


n—1 


A(V2(n)) < , (n) ( a(n) + > cov) + Ho : (2.3.46) 
t=0 


By taking n = s in (2.3.46) and summing both sides of (2.3.46) from s = 0 to 
n— 1, we have 


n—1 


sl 
Van) < ge(n) + DFO) ( 2(s) + a) (2.3.47) 
s=0 tT=0 


where q,(n) is defined by (2.3.38) by replacing c by c + €. Since g,(n) is positive 
and monotone non-decreasing for all n € No, from (2.3.47) it follows 


n—1 
— a1+F ro (2 Aw +e (r) LO), (2.3.48) 


s=0 
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The inequality (2.3.48) implies the estimate (see [442], p. 349) 


n—-1 s—l1 
Van) < ge(n) [ lO) (Te + f(t) + «) (2.3.49) 


s=0 t=0 


Now using the inequality u(n) < \/z(n) in (2.3.49), and then letting e > 0*, we 
get the desired inequality in (2.3.40). Oo 


Theorem 2.3.5 (The Pachpatte Inequality [500]) Let u,f,h,v,gi,hi Gi = 
1,2,3,4) be real-valued non-negative functions defined on No and c1, C2, hw be 
non-negative real constants. 


(1) Iffor alin € No, 


n—1 n—1 
uw(n) < (2 +2 ~~ rem) (« +2 a How} ; (2.3.50) 


s=0 s=0 


then for alln € No, 


n—1 m—1 m 
u(n) < qo(n) | | : +2 im SY f(s) + f(m) >> Ho] 3-51) 
s=0 


m=0 s=0 
where for alln € No, 


n—-1 


go(n) = cic2 + Y“[eqh(s) + 3 f(s)]. (2.3.52) 


s=0 
(2) Iffor alin € No, 


n—1 n—1 


wn) < cr + Yo[gi(s)u?(s) + hi(s)u(s)] + }“[g2(s)0?(s) + ha(s)0(s)], 


s=0 s=0 
(2.3.53) 
n—-1 n—-1 
v?(n) < co +) [gs(s)u(s) + h3(s)a(s)] + D“[ga(s)v?(s) + ha(s)v(s)], 
s=0 s=0 


(2.3.54) 
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where U(n) = e #"u(n), v(t) = e#"v(n) for alln € No, then for alln € No, 


n—-1 
u(n) < e"q* (n) J I + GO). (2.3.55) 
s=0 
n—-1 
var) < FO] [ll + GO). (2.3.56) 
s=0 
where 
n—1 
g*(n) = V2(c1 + 2) + YAS), (2.3.57) 
s=0 


in which, for alln € No, 


G(n) = maxi[gi(n) + g3(n)], [g2(n) + ga(n)]}. 
H(n) = maxt{[/i(n) + h3(n)], [ho(n) + ha(n)}}. 


Proof we only prove the assertion in (1), the proof of the result in (2) can be done 
in the same way. 


(1) Let ¢ > 0 be an arbitrary small constant and define a function z(n) by 


n—-1 n—-1 
zn) = (« +e +250 ren) (« +e +250 wow} ; 
s=0 s=0 


(2.3.58) 
From (2.3.58) and using 


A[a(n)b(n)] = a(n) Ab(n) + b(n + 1)Aa(n), 
and the inequality u(n) < ./z(n), we may derive 
Az(n) < 2V/2(n)[(cr + )°h(n) + (C2 + £)°F(M)] 
+2 nn (Er Va) +f(n) paue 7) 


s=0 


(2.3.59) 
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It is easy to verify that the inequality (2.3.45) holds. Now from (2.3.45) 
and (2.3.59), it follows 


A(z(n)) < [(c1 + €)°h() + (C2 + €)’ f(n)] 


+2 in (Sr V2(s) ) +f(n) (x: h(s) Vz(s) ) 


s=0 
(2.3.60) 


By keeping 7 = m in (2.3.60) and then taking the sum over m = 0,1,2,::--, 
n— 1, we may have 


m—1 
Va) < que(n) +2 2 [ne (Er Ve) ) 


s=0 
+f (m) ps h(s) Va) | (2.3.61) 
s=0 


where go-(n) is defined by (2.3.52) by replacing c; and cz by c} + € andcn + ¢, 
respectively. Since go,(n) is positive and monotone non-decreasing in n € No, 
from (2.3.61) it follows 


m—1 
AMD 1425 [him m(Sr02 ae 


qoe(n) ~ 7 


m=0 
+f(m) (> h(s) v9) l: (2.3.62) 
Define 
m—1 m 
Vv 2s) V xs) 
v(n) = 142° [oem (S02 ty | The) OG | 
(2.3.63) 


From (2.3.63) and using /z(n)/qoe(n) < v(n) and the fact that v(n) is 
monotone non-decreasing for all n € No, we derive 


n—1 
vat+)< : 43 in (5 109) + f(n) (x wo) |] v(n). (2.3.64) 


s=0 s=0 
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Keeping n = m in (2.3.64) and substituting m = 0,1,2,--- ,2—1 successively, 
we have 
n—-1 m—-1 m 
v(n) < [J : +2 (im YF) + £m) >> wo) ; (2.3.65) 
m=0 s=0 s=0 


Using (2.3.65) in (2.3.62) and the fact that u(n) < ./z(n) and then letting e > 
0*, we get the desired inequality in (2.3.51). O 


Theorem 2.3.6 (The Pachpatte Inequality [500]) Let u(n) > uo => 0 be a real- 
valued continuous function defined for all n € No, uo is a real constant. Let f,g,h 
be real-valued non-negative continuous functions defined onn € No and c be anon- 
negative real constant. Let W(u) be a continuous non-decreasing function defined 
on an interval I = [up, +00) and W(u) > 0 0n (uo, +00), W(uo) = 0. 


(1) Iffor alin € No, 


n—-1 


w(n)<c +2 S “Lf (s)u(s) W(u(s)) + h(s)u(s)|ds, (2.3.66) 


s=0 


then for alln,n, € No.0 <n <n, 


n—1 
u(n) < QT! ED +0 10) ; (2.3.67) 


s=0 


where q(n) is defined by (2.3.38), Q, 27 are defined as in Theorem 1.2.13, and 
n € No is chosen so that for alln € No withO <n < ny, 


n—-1 


Q(q(n)) + Yo f(s) € Dom (27). 


s=0 
(2) Ifforalln € No, 


s-l 


n—-1 
Win)<s?+2)> [rom (u0 + ¥ stoner] + a) 
= = (2.3.68) 


then for alln, ny € No,0 <n <n, 


n—1 sl 
u(n) < g(r) +) f(S)E [ewe + oI +f(x) + ea , (2.3.69) 


s=0 t=0 
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where q(n) is defined by (2.3.38), E,E~| are as defined in Theorem 1.2.13, and 
n € No is chosen so that for alln € No withO <n < m, 


n—1 


E(q(n)) + SOU + f(c) + g(t)] € Dom (E™'). 


tT=0 


(3) Iffor alin € No, 


n—1 s—1 
Wi)<c+2)> f(s)u(s) fe «coats + How) , (2.3.70) 
s=0 


t=0 


then for alln,n3 € No,0 <n < n3, 


n—1 s—1 
u(n) <Q! [ae + FO) es «)) (2.3.71) 


s=0 tT=0 


where q(n) is defined by (2.3.38), 2,Q7! are as defined in Theorem 1.2.13 and 
n € No is chosen so that for alln € No withO <n < nz, 


n—1 sl 
Q(q(n)) + YOU) (e «| € Dom (27*). 


s=0 t=0 


Theorem 2.3.7 (The Yang Inequality [695]) Suppose that v,f € S(No, R+) and 
the following discrete inequality holds for alln € No, 


n—-1 


w<c+) ful. (2.3.72) 
=0 
If p = q, then for alln € No, 
n—1 l/p 
Un < {eexp(d fi} (2.3.73) 
s=0 


Ifp > q, then for alln € No, 


n—-1 


Un S Gea +(1—q/p) >of 


s=0 


1—q/p 
| (2.3.74) 


Theorem 2.3.8 (The Yang Inequality [695]) Let v,,g, and hy, be sequences of 
non-negative real numbers, n € No, and k = 0 be a real constant. If the nonlinear 
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discrete inequality holds for alln € No, 


n—1 


ve SK +2 [evs + svi], (2.3.75) 


s=0 


then for alln € No, 
n—-1 n-1 
Un < (‘ + ay YoU + g9)- 
s=0 s=0 
Theorem 2.3.9 (The Yang Inequality [695]) Leta > 0,b > Oandc > 0 be 


real constants. If v,f € S(No, R+), the following discrete inequality holds for all 
ne No, 


n—-1 


v, <c+ >) filavs + bry], (2.3.76) 
s=0 
then for alln € No, 
a b ce 
Un < = (+ — Ve) exp (5 uf) = i} (2.3.77) 
Proof The result is a corollary of Theorem 2.2.15. Oo 


Remark 2.3.1 (i) Letting p = gq = 1 in Theorem 2.3.7, from (2.3.72) we obtain the 
Bellman inequality and its discrete analogue, respectively; (ii) Letting p = 2,g = 
lie = k? and F(t) = 2g(t) in Theorem 2.3.7, then from (2.3.72), we obtain Ou- 
Yang’s integral inequality and its discrete analogue, respectively. 

Remark 2.3.2. We compare the bound obtained by applying Theorem 2.3.9 to 


inequality v2 < e+ eo max{hsvs + gsv2], nn € No, from which we have 


n— 


for alln € No, 


n—-1 


Vv, SW + Y- max(gs,hs)[vs + vy]. (2.3.78) 


s=0 


A suitable application of Theorem 2.3.9, with a = b = 1,c = F’ to (2.3.78) yields 
for alln € No, 


n—1 


Un < {a + kexp [5 = max(g;, hs) — i}. (2.3.79) 
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The bound (2.3.79) is different from as well as incomparable with the bound v, < 
[kK + 27h hs] TP22HC. + gs), for all n € No. 


Theorem 2.3.10 (The Willett-Wong Inequality [673]) Suppose thatuo(n), w(n), 
v(m — 1), and u(n) (n = 1,2,---) are non-negative sequences of numbers with 
v(0) = 0. If the following inequality holds for 1 <p < +o, n=0,1,.... 


1/p 
u(n+1) <u(ntl+watl) | doo(jwG)| . n=0,1,... (2.3.80) 
j=0 
then for alln = 0,1,.... ’ 
p n . . F \/p 
VP (Sha vase) 
2 ve (j) = Td -em)ir (2.3.81) 
where 
n =1 
en) =T] (1 he vw? (i) (2.3.82) 
i=0 
Proof Define a sequence of numbers 
k 
wk) = e(k) ¥\ v(ju’(j), k=0,1,...,n, (2.3.83) 
j=0 
where 
| e(k) — e(k—1) = —v(k)w’(Ke(k), =k =0,1,...,n, 
(2.3.84) 
e(0) = 1. 


The solution e(k) of (2.3.84) is given by (2.3.82). It follow from (2.3.80), (2.3.83) 
and (2.3.84) that 


Se) 


_ = 1/ 1/ 
wk) — wk 1) = (MPG uotel"(y + EO 


_ vw wk 1) 


BETS eck 2.3.85 
T+ viewr(k) ‘ 22:02) 
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Next, summing (2.3.85) from k = 1 tok = n, transposing the second sum in the 
right member, from the p-th root of both sides, and applying Minkowski’s inequality 
for sums to the right-hand side, we obtain 


n 1/p 
u(k)w? (k) w(k — 1) 
(vw a 2 T+ u(wr(k) 


n 1/p n " 1/p 
kyu (kek LOW OVE" D\ 2.3.86 
= (>: v(k)ug(k)e( ) + (>: ee ( ) 


Transpose the second term of the right-hand side of (2.3.86) to obtain a left member 
of the form f(x) = (c + x)!/? — x!/P(c => 0, p = 1). Since f’(x) < 0 for all x > 0, 
we may replace x by a large quantity without destroying inequality (2.3.86). In this 
regard, we note that 
n n k-1 
u(kyw? (ky wk — 1) u(k)w?(k)w(k — 1) er 
2 = Yi vu) < 
1 + v(k)w? (k) Le v(k)we(k)  ¢ 
Do vw? Wek) D2 vw) = 1 = ea) D2 vr). 


k= j=0 j=0 


(2.3.87) 


Estimate (2.3.81) follows by substituting (2.3.87) and (2.3.83) into (2.3.86). Oo 


Theorem 2.3.11 (The Willett-Wong Inequality [673]) Suppose that v(n), w(n) 
and u(n + 1) (n = 0,1,...) are non-negative sequences of numbers with v(0) = 
w(0) = 0, and that uo and p are constants with uy > 0 and p => 0, p # 1. If the 
inequality holds for alln = 0,1,..., 


u(n + 1) <u + >) v(juCs) + d> w(Dur (i), (2.3.88) 


j=0 j=0 


then for alln = 0,1,..., 


n 1/q 
e(n)u(n+ 1) < (« +q>- wwe] , q=l-p, (2.3.89) 


k=0 
where, for alln = 0,1,..., 


n 


en) =] ] (1 i va) (2.3.90) 


j=0 
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Proof Define a sequence of numbers y by the right-hand side of (2.3.88), i. e., 
k k 
wk) = uo + > v(ju(/) + So w(Aur()). k=0,1,...,n. (2.3.91) 
j=0 j=0 
Then, noting that w?(k + 1) < w?(k) for p = 0, 
wkK+)D-wWh <v(k4+ D¥(})+wk+ Dw’. (2.3.92) 
Transposing u(k + 1)y(k) in (2.3.92) and multiplying by e(k + 1), where 


e(k + 1) —e(k) = —v(k + l)e(k + 1), 
e(0) = 1, 


(2.3.93) 


We derive 
wk + le(k+ 1) — wike(k) < wk + DeM(kK+ D[w(Ketk + 1)). (2.3.94) 


Since y(k) is monotone increasing, e(k) is monotone decreasing, and q—1 < 0, we 
may get for all values x between w(A)e(k) and w(k + l)e(k+ 1), 


[Wek + DIT > xt. 


Therefore if we apply the Mean Value Theorem to the function f(x) = x4/q, we 
conclude that 


Wk + Dek + DI ly Wel! 
q 
< [WWelk + DIT WK + Dek+ D—WW&e(k)]. (2.3.95) 


From (2.3.94)-(2.3.95), and q = 1 — p, it follows 


[Wk + lek + Dit — [Wet < wk + Dek + 1), 


from which (2.3.89) follows for all values g < 1, gq 4 0 by summing. O 


Note that most of the results above have been used in their weak forms in several 
aspects of differential equations, as we have already indicated to some extent. 
The corresponding strengthening of Gronwall’s inequality. To be more specific, 
Theorem 2.3.11 may be used to extend the discussions given in [335]. 
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For all t) > t,t, ft € No and any function u(t) defined on No, we use the usual 
convention, VL, us) = 0 and TT, u(s) = 1. The operators L; are recursively 
defined by 


1 
Lou(t) = u(t),  Lju(t) = —~AL-1u(), j= 1,2,...,0, 
ri(t) 


with 7,(¢) = 1, where u(t) and r;(t) > 0 are some functions defined on No. For all 
t € No and some functions 7;(f) > 0,7 = 1,2,...,— 1 and q(0), we set 


t—1 sn—2—1 Sn—1—1 
A(t, r,q(Sn)) = A(t,11,---5Tn—1, U(Sn)) = Yo ri(si 5 Tn—1(Sn—1) > (Sn), 


sj =0 Sp—1=0 5,=0 


where so = t and 


A(s1, r,q(Sn)) = A(s, 1, -++5Tn—1,Q(Sn)) 


sj—1 Sn—2—1 Sn—1—1 
= ri(s1) do ro(s2) +++ SS mals) Y> qlsn). 
5, =0 Sn—1=0 5n=0 


Let the product No x --- x No ( times) be denoted by Nj. A point (x1, ..., Xn) 
in Nj is denoted by x. For any function w(x) defined on Nj, we define the operators 
Ayw(x) = w(x, + 1, %2,..-5%n) — w(X),..-, Anw(X) = wt, .Xn—-1,Xn + I) 
w(x). For all x, s € Nj and some function q(x), we set 


xj-1 Xn—1—1x,—-1 


M(x, q(s)) = M(xq,.-- 5 Xn, Q(S1, +--+) S5n)) = ~ oo > Y\a(s). 


sj =0 Syn—1=0s,=0 
and 


“al Xn—1—-1ay-1 


M(s1,%2,..-,%n499) = Doe DS Dla). 


s1=0 Sn—1= 05, =0 


The next result is due to Pachpatte [495]. 


Theorem 2.3.12 (The Pachpatte Inequality [495]) Letf(t) > 0, g(t) = 0,7r;(t) > 
0, fori = 1,2,...,n—1, be real-valued functions defined on No and c be a non- 
negative real constant. 


(A1) Let u(t) > 0 be a non-negative real-valued function defined on No. If for all 
re No, 


u(t) < c? + 2A(t,r,f(Sn)U-(Sn) + g(Sn)U(Sn)), (2.3.96) 
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then for all t € No, 


t-1 
w(t) < pT] (1+ Arf), (2.3.97) 
5, =0 
where for all t € No, 
P(t) =c +Alt,r, 8(Sn)). (2.3.98) 
(Az) Let u(t) > uo > 0 be a real-valued function defined on No; uo is a real 
constant. Let W(u) be a continuous non-decreasing real-valued function defined 


on an interval I = [uo, +00) and W(u) > 0 0n (uo, +00), W(uo) = 0. If for all 
te No, 


W(t) < C7 + 2ACt rf (5n)U(Sn)W(u(Sn)) + 8(Sn)u(Sn)), (2.3.99) 
then for all0 < t < t, 
u(t) < Q7*(Q(pO) + AG rf (5n))), (2.3.100) 
where p(t) is as defined in (2.3.98), and 


h ds 


Sia | 2 
O= | Wo 


h> ho > uo, (2.3.101) 


Q7! is the inverse of Q and t, € No can be chosen so that for all t € No, 
Q(p(t)) + A(t, rf (Sn) € Dom (Q7") 
lying inO<t< ty. 
(A3) Let u(t) => 0 be a real-valued function defined on No and the function L : 
No x R+ — R+ satisfies the condition: for allt € No and v > w > 0, 


0 < L(t, v) —L(t,w) < k(t,w)(v —w), (2.3.102) 


where k is a real-valued non-negative function defined for allt € No, w = 0. If 
for allt € No, 


W(t) < C+ AG, rf (Sn)U(Sn)L(Sn, W(Sn)) + B(Sn)U(Sn)),  (2.3.103) 
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then for all t € No, 
mi 
u(t) < p(t) + (DT [A +A rf (n)kGn,p(sn)))), (23.104) 
umd 
where p(t) is as defined in (2.3.98) and for all t € No, 
q(t) = A(t, rf (Sn)LGn, P(Sn))). (2.3.105) 
Proof (A\) We first assume that c > 0 and define a function z(t) by 
2(t) = c* + 2A(t, rf (Sn)U> (Sn) + 8(Sn)UC(Sn)). (2.3.106) 
From (2.3.106) it follows 
Lrz(t) = 2(f (uw) + g(fu(g)). (2.3.107) 
Using the fact that u(t) < /z(Z) in (2.3.107), we have 
Inet) < 2V2O(fOV2O + a). (2.3.108) 


From (2.3.108) and using the fact that z(t) < z(t + 1), we derive that 


Ly—12(t) 
A (——) < 2(f() V2) + gd). (2.3.109) 
( /z(t) ) 
Now setting t = s, in (2.3.109) and summing over s, = 0,1,2,...,f— 1, we 
obtain 
eet) 2 25) Yao) ) + g(5n)). (2.3.110) 


Va) 5n=0 


Here we have used the fact that L,_;z(0) = 0. Again as above, from (2.3.110), 
we derive 


Ly—22(t) t-1 
(a ) < 214-1) (f60) v2) + g(5n)), 


which readily yields 


Sn—1—1 


L220) 2 YY real) So (Ft) Ha) + (6). 23.110 


z(t) Sn—1=0 5n=0 
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Here we have used the fact that L,-2z(0) = 0. Continuing in this way, we may 
obtain 


Sn—2—1 Sn—1-1 


t—1 
a <2n, Yon) oe De (5,1) » (Fs) Zn) + 254). 


(23,1125 


By using the facts that /z(t) > 0, Az(t) > 0, /z(t) < Jz(t+ 1) for all t e No 
and (2.3.112), we observe 


Az(t) Az(t) 
K ee 
(vz) V2t + 1) + V2(t) : 2V2(t) 


t-1 Sn—2—1 Sn—1—1 


< 2) 1252) +++ YO mG) D> (Fn) Ven) + 8(5n)): 
52=0 Sn—1=0 sn=0 
(2.3.113) 
Now, setting ¢ = s; in (2.3.113) and summing over s; = 0,1,2,...,t-—1, we 
obtain 
Vi) < p(t) + A(t rf (Sn) VzSn))- (2.3.114) 


Since p(t) is positive and monotone non-decreasing in ¢, from (2.3.114) we derive 


ve) V (2.3.115) 


P(t) P(Sn) 


<1+ A(t, rf (Sn) 


Define a function v(t) by 


v(t) <1 + A(t, rFlo) 22), (2.3.116) 
P(Sn) 


From (2.3.116) we derive 


v2() (2.3.117) 


Lv) =f a 


Using the fact that ./z(t)/p(t) < v(a) in (2.3.117), we have 


Lyv(t) < f(dv(0). (2.3.118) 
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From (2.3.118), and using the facts that v(t) < u(t + 1), we obtain 


Ly-1 v(t) 
A| ——] < f(. 2.3.119 
Goreme sc (2.3.19) 
Now, setting ¢ = s, in (2.3.119), and summing over s, = 0,1,2,...,f— 1, we 
obtain 
Ln-1V(t) _ 
Ff (Sn)- (2.3.120) 
O_ sb 


Here we have used the fact that L,_;v(0) = 0. Again, as above, from (2.3.120), 
we deduce 


t-1 


a (2220) BS =O pager 


v(t) tae 


from which it follows 


Sn—2—1 Sn—1-1 


a} nO Dn) de eS) Y) fn), 


57=0 sn—1=0 5p=0 

1.€., 
v(t+1)< v(o(1 + A(si.r.f(n))). (2.3.121) 
Now, setting ¢ = s; in (2.3.121) and substituting s; = 0,1,2,...,¢- 1 


successively, we obtain 


t-1 


v(t) < [] +A. r.f(n))). (2.3.122) 


5,=0 


Using (2.3.122) in (2.3.115), and the fact that u(t) < ,/z(t), we may get the 
required inequality in (2.3.97). 

If c is non-negative, we carry out the above procedure with c + € instead of c, 
where € > 0 is an arbitrary small constant, and subsequently pass to the limit as 
€ — 0 to obtain (2.3.97). The proof of (A;) is complete. 
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(A2) Assume that c > 0 and define a function z(t) by 
z(t) = c? + 2A(t, rf (Sp) U(SpW(u(Sn))) + 9(Sn)U(Sn))- (2.3.123) 
From (2.3.123), and using the fact that u(t) < s/2(t), we get 


Lrz(t) < 2V2O(fOW(/ 2) + g(0). (2.3.124) 


Now following the same steps as in the proof of Part (A;), below (2.3.108) up 
to (2.3.114), we have 


Vat) < p(t) + A(t, rf (n)W(/z6n))). (2.3.125) 


For an arbitrary fixed T € No, it follows form (2.3.125) that for allO < ft < 
T, t, Te No, 


Va) < p(T) + A(t, rf (sn) W(/zGn))). (2.3.126) 


Define, for allO <t<T, t, TE No, 
vi) = p(T) + A(t, r.f(sn)W( V2). (2.3.127) 
From (2.3.127) and using the fact that ,/z(t) < u(t), we get 


L,v(t) < fQW(v). (2.3.128) 


From the definition of v(t), we derive that v(t) < v(t + 1) for all tf € No. Using 
this fact in (2.3.128), we observe that 


(28) < f(t). (2.3.129) 


w(v) 


Now following the asme steps as given in the proof of Part (A), below (2.3.119) 
up to (2.3.121), we have 


Sn—2—1 Sn—1-1 


t-1 
SO mY rl50) ++ > reel) Yo flo). 2.3.13) 
w(v() 


5s2=0 Sn—1=0 5,=0 
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From (2.3.101) and (2.3.130), we conclude 


Q(u(t + I) — Q(@v(D) = 


i ds _ Avi) 
vy = Ws) w(v(o) 


Sn—2—1 Sn—171 


t-1 
rit) > ro(so)e+* Yo mS) Yo Fn). 


< 
s2=0 Sn—1=0 5n=0 
(2.3.131) 
Now, setting ¢ = s; in (2.3.131) and summing over s; = 0,1,2,...,7 — 1, we 
obtain 
Q(v(T)) — Q(p(T)) = A(T. rf (5n))- (2.3.132) 


Since T is arbitrary, the inequality (2.3.132) holds for t = T, for all t € No and 
hence, 


v(t) < Q7'(Q(pO) + AG rf (sn)))- (2.3.133) 
Using (2.3.133) in (2.3.127), and the fact that u(t) < ./z(t), we get the required 
inequality in (2.3.100). The sub-domain of No for ¢ is obvious. 
The proof of the case when c is non-negative can be completed as mentioned in 


the proof of Part (A;). This completes the proof of Part (A2). 
(A3) Assume that c is positive and defined a function z(t) by 


a(t) = C7 + 2A(t, rf (Sn )U(SnL(Sn, U(Sn))) + B(Sn)U(Sn)). — (2.3.134) 
From (2.3.134), and using the fact that u(t) < ./z(t), we get 


Liat) < 2VzO(fOL(t Va) + g(0). (2.3.135) 


Now, following the same steps as in the proof of Part (A;), below (2.3.108) up 
to (2.3.114), we have 


Va) < p() + A(t, rf(sn)L(sn, V2Gn))). (2.3.136) 


Define 


v(t) = A(t, rf) L(sn, V2n))). (23.137) 


302 2 Nonlinear One-Dimensional Discrete (Difference) Inequalities 


From (2.3.137), and using the fact that ,/z(t) < p(t) + v(t) and (2.3.102), we 
obtain 


Lyv(t) = fOL(t, Ve) 


S SOLE PO + v) 
=f(OLE pO + 0) — L(t, pO) + FOL pO) 
SfFOKt PO) + FOL, pO). (2.3.138) 


Thus from (2.3.138), it follows that 


v(t) < ge(t) HAG rf (Sn) K(Sn, P(5n))U(Sn)), (2.3.139) 


where g,-(t) = € + q(t) in which q(f) is as defined by (2.3.105) and € > 0 is an 
arbitrary small constant. Since g-(t) is positive and monotone non-decreasing for 
all t € No, from (2.3.139), we can derive 


v(t) v(Sn) 
qe) <14+A(trf(Sn)k(Sn, P(Sn)) Ge(Sn) 


). (2.3.140) 


Therefore the inequality (2.3.140) implies 


t-1 


v(t) < ge(t) | [0 + AG. rf (Sn) (Sn, P(Sn))))- (2.3.141) 


5, =0 


The desired inequality (2.3.104) now follows by using (2.3.141) in (2.3.136) and 
then letting « — 0 in the resulting inequality and using the fact that u(t) < /z(Z). 


The proof of the case when c is non-negative can be completed as mentioned in 
the proof of Part (A,;). This completes the proof. Oo 


Let t = (t,f,--: ,t,) be a non-negative vector, and denote [0, ft] x [0,t] x 
--- x [0, t,] by [0, ¢]. The set of all bounded m-vector-valued functions defined on 
[0, ] which are non-negative will be denoted by B=°((0, #], ). For such a function 
u and positive numbers g and p, we shall denote by u’ the function obtained by 
taking the qth power of each component of u, and by |u|? the pth root of the sum 
of the components of w’.For two such functions uw; and uz, we shall write u,; > uz 
if the inequality u;(s) > u2(s) holds (componentwise) for all s € [0, f]. Further, a 
linear operator K on B=°((0, ¢],m) will be called monotone if uw; > uz implies that 
Ku, = Kuz. The components of the linear operator K will be denoted by Kj, 1 < 
i,j < m. Let T = {to,t,--- ,t,} denote a set of increasing time instances and, for 
a given function u defined T, we denote the value u(t;) by the shorthand notation 
u(i). Furthermore, we shall use the shorthand notation J; and i, for (j1, i2,°-* in) 


and (i in, +++ , in), respectively, and i for (j) + 1, i2,-++ , in). 
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Theorem 2.3.13 (The Pang-Agarwal Inequality [528]) Let gq > 1,p > 0,y be 
a non-negative m-vector-valued function on T", and let K,L be monotone linear 
operators on functions on {T|{t,+} x T"—', Furthermore, let c be a constant vector 
such that for alli € T", 


ij—l 
yi) <c+q > [y(h) + Ky). 
ji=0 


Then the following inequality holds 


il 
by)p( < e(a/p.m)!" []c + Ziel! + «(q, mye 
ji=0 


4-1 i-1 - _ I/(q-l) 
«eg Li) Ye I] + Zuni . 


A=07,=f1+1 


(2.3.142) 


Proof We put 


ij-l 
ai) =c+4q >) [by"(h) + Ky). 


ji=0 
Then, as in Theorem 7.4.1 (see below), we have 
Aileli() < @L(h)lzli(h) + aK )e(g, mh (1). 


Thus it follows that 


= 1/(q-1) 

1/q 

/arq7+1 = 1/q 1/q KI,k(q,m) 

eat) s (1+ 4L)) © laa + | 
= aa 1+ ql(h) 


Solving this recursively, we may obtain 


ijl 
ei < TG + gay Mlel!4 + «(qm 
ji=0 
W/q-) 


ijl ijl 


— _ K(I) 
1 + ql(f,))¢ 4. 
2 we va) (1 + qL())"/4 
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iil 

< T]Q + Zale? + «(gm 
ji=0 

i-l iy-l 1/(q-1) 


xiKeq-lLi)d) [] G+2u))*'Kn) 


A=0fA=Atl 


Thus inequality (2.3.142) the follows immediately by |y|, < «(q/p,m)'“|y|, < 
1 
«(q/p,m)"4\2\\"". O 


Remark 2.3.3 It is clear that the right-hand side of (2.3.142) is bounded above by 


ijl ij-l 1/(q-1) 
[]G +2))«(/p.m)'4 § Ichi! + H m)"/%«(q—1,41) )~ Ro] 


j=0 ji=0 


(2.3.143) 


For the case p = 1, g = 2, (2.3.143) reduces to 


ij-1 ij—1 
[]G +2) 4m? chi? +m > Kh) 


ji=0 ji=0 


Thus, inequality (2.3.142) includes and in fact improves (2.3.131). We also note 
that, inequality (2.3.142) covers inequalities obtained by Pachpatte in [496]. 


Theorem 2.3.14 (The Pachpatte Inequality [506]) Let u(t), a(t), b(t), h(t) be 
real-valued non-negative functions defined for all t € No and let c be a non-negative 
constant. 


(a1) Ifforallt € No, 


t—1 
w(th<e+ Yiu +1) +4 u(s))[a(s)u(s) + A(s)], — (2.3.144) 


s=0 


then for allt € No, 


u(t) < p(t) | [0 + as]. (2.3.145) 


s=ty 
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where for allt € No, 


t-1 


p(t) =c+ Y-As). (2.3.146) 


s=0 


(a2) Iffor allt € No, 


t-l sl 
w(t) <2 + (uls + 1) +.u(s)) x a9 (u0 + ¥ mee) + Ho . 


s=0 o=0 


(2.3.147) 


then for allt € No, 


t—1 


s=0 o=0 


s—1 
u(t) < p(t) [ + > a(s) S°[1 + a(o) + 7] (2.3.148) 


where p(t) is defined by (2.3.144). 
(a3) Ifforallt € No, 


t-1 s—l 
Wt) <c +S (us + 1) + u(s)) fas (x Hone) a Ho] 


s=0 a=0 


(2.3.149) 


then for all t € No, 


t-1 s-l 
u(t) <p] | : + a(s) (x He) (2.3.150) 


s=0 o=0 


where p(t) is defined by (2.3.146). 


Proof (a) We first assume that c > O and define a function z(t) by the right-hand 
side of (2.3.144). Then z(0) = c?, u(t) < z(t), and 


Az(t) = (u(t + 1) + u(@)) [au + AD] 
< (Jet+ D+ VeO)fat) Vz + h(). (2.3.151) 


Using the facts that /z(t) > 0, Az(t) => 0,t € No, and (2.3.151), we observe 
that 


Az(t) 
A (20) == * a(t) ap + h(t). — (2.3.152) 
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From (2.3.152) it follows 
t-1 
V2(t) < p(t) + 9 a(s) V(5). (2.3.153) 
s=0 


Since p(t) is a positive and non-decreasing function for all t € No, from (2.3.153) 
we infer 


t-1 
ve 4 Sats) 2(s) (2.3.154) 


PO ee pls) 


Now applying Corollary 2.1.4 in Qin [557] to (2.3.154) yields 
il 
V(t) <p) + | [+ a0). (2.3.155) 
s=0 


Using (2.3.155) in u(t) < Vz), we can give the desired inequality in (2.3.145). 

If c is non-negative, we carry out the above product with c + € instead of c, where 
€ > 0 is an arbitrary small constant, and subsequently pass to the limit as € — 0 to 
obtain (2.3.145). 

The proofs of assertions in (az) and (a3) can be done in the same way. Oo 


Theorem 2.3.15 (The Pachpatte Inequality [506]) Let u(t), a(t), b(t), h(t) and c 
be as in Theorem 2.3.14. Let g(u) be a continuous non-decreasing function defined 
on R+ and g(u) > 0 for all u > 0. 


(b\) Ifforallt € No, 


t-1 


w(t) <c+ > a(s)(u(s + 1) + u(s))g(u(s)) (2.3.156) 


s=0 


then, for allt,t; €No,O<t< th, 


t-1 
u(t) < Gu! cio +0 «| (2.3.157) 


s=0 


where 


G(r) -| ee re 79>, (2.3.158) 
ry &(S) 
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ro > O is arbitrary, Gis the inverse function of G, and t, € No is chosen so that 
for all t € No such that 0 < t < fh, 


t-l1 


G(c) + > a(s) € Dom (G"'). 


s=0 


(br) Iffor allt € No, 


t-1 s—1 
W(t) < + DY a(s)(u(s + 1) + u(s)) (us +>) siya) 


s=0 o=0 
(2.3.159) 
then, for allt, tz €No,O<t<h, 
t-1 sl 
u(t) <ct+ Yo a(s\E fev + Yate F (2.3.160) 
s=0 o=0 
where 
E(r) A al >m>0 (2.3.161) 
n= or r= lo ; or 
rn 5+ 8(s) 


ro > O is arbitrary, E~ is the inverse function of E, and tz € No is chosen so that 
for all t € No such that 0 < t < to, 


t-1 


E(c) +) a(a) € Dom (E™'). 


o=0 


(b3) Iffor allt € No, 


t-1 s—l 
W(t) <c + Y-als)(u(s + 1) + u(s)) (x Hine) 
s=0 o=0 
(2.3.162) 


then, for all t,t; € No,0 <t < ts, 


t-1 sl 
u(t) <G! aio + >> a(s) (© He) (2.3.163) 
o=0 


s=0 
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where G, G~! are as in part (b,) and t3 € Ng is chosen so that for all t € No such 
that0O <t < ts, 


t—-1 s—l 
G(c) +} a(s) (© 7) € Dom (G"!). 


s=0 o=0 


Proof We only prove (b2), while the proofs of (b;) and (b3) can be done similarly. 


(bz) Assume that c > 0 and defined a function z(t) by the right-hand side 
of (2.3.159). Then z(0) = c?, u(t) < z(t), and 


t-l 
Ac(t) = a(t)(u(t + 1) + u(t)) (u0 +> soya) 


o=0 


t-1 
xa(t)(Vze+ 1) + vz) ( 2) + Ya(o)g (v=)) : 


o=0 


(2.3.164) 


Using the facts that /z(t) > 0, Az(t) > 0,t € No, and (2.3.164), we derive 


7 Az(t) 
A (vz) ~ Jett) + Veo 


t-1 


< a(t) ( a) + dalo)g Ca) . (23.165) 


ao=0 
Define a function v(t) by 


t-1 


v(t) = Vx) + Yalo)g (Vz) (2.3.16) 


o=0 


Then v(0) = /z(0) = c, z(t) < v(2) from (2.3.166), A (V2) < a(t)v(), 


and 


Av() = A(vz@) + as (Vz) 


< a(t)(v(t) + g(v())). (2.3.167) 
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From (2.3.161) and (2.3.166) it follows that 


PR 2 ae Av(t) 
Bot+))— Bw) = fs EE sal. 


(2.3.168) 


Taking t = o in (2.3.167) and summing up over o from 0 to t — 1, we get 


t-1 


E(v(t)) < E(c) + > a(o). (2.3.169) 


o=0 


Substituting the bound on v(t) from (2.3.168) into (2.3.164), we get 


o=0 


t-1 
A (Vz) <a(t\E7 b 7) (2.3.170) 


From (2.3.169) it follows that 


s—1 t-1 
Va) <c+ > alse“ [da] ; (2.3.171) 


s=0 ao=0 


Using (2.3.170) in u(t) < z(t), we can give the required inequality in (2.3.170). 
The proof of the case when c is non-negative can be completed as mentioned in 
the proof of (a,) given in Theorem 2.3.14. O 


Theorem 2.3.16 (The Pachpatte Inequality [506]) Let u(t), v(t), a(t), b(t) be 
real-valued non-negative functions defined for all t € No. 


(c\) Ifforalls,tENo,0<s<t 


t 


> vs)- YO a(o)(v(0) +u(o— 1)) (0) (2.3.172) 


o=st+l1 


then for alls,tENo,0O<s<t 


t -1 
u(t) > | I] 0 + ato) (2.3.173) 


o=st+l 
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(co) Ifforalls,teNo,0<s<t 


u(t) < v*(s) — > a()(v(o) + v(o - ») (v0 + Me set] 


o=s+l1 t=o+1 
(2.3.174) 


then for alls,t ENo.,0<s<t 


t t —l 
=v] y> ao) T] 060 +00) . (23.175) 


o=st+l1 t=o+l 


(c3) Ifforalls,tEeNo,0<s<t 


u(t) > v?(s) — 2 a(o)( v(0) + v(o — 1)) ( 2 sete] 


o=s+1 t=o+1 
(2.3.176) 


then for alls,t€No,0<s<t 


t t =! 
uo = vo] I] 1 + a1 ( x ll « 3I77 


o=s+1 t=o+1l 


Proof We only prove (c3), the proofs of (c;) and (c2) are similar. 


(c3) We may rewrite (2.3.176) as for all s,t Ee No,O <5 <1, 


v(s)<wWOt >> soya) + x01) Ss Het). 


o=st+l1 t=o+1 


(2.3.178) 


We first assume that u(t) is positive for fixed t € No and define a function z(s) by 
the right-hand side of (2.3.178). Then z(t) = u?(#), v(s) < V/2(s), and 


z(s) — 2(s + 1) = a(s + 1)(v(s + 1) + v(s)) ( >. Hote) 


t=0+2 


< a(s+1) (Vae+ De =) ( > HTD). 


t=0+2 
(2.3.179) 
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Using the facts that ./z(s) > 0, z(s) — z(s + 1) > O forall s,t eNo,O<s <1, 
and (2.3.179), we observe that 


= D= z(s) — 2(s + 1) 
JV 2s) — f2(s+ a ean rsh 


t 


<a(s+ » > HV). (2.3.180) 


t=0+2 


Taking s = o in (2.3.180) and summing up over o from 0 to t — 1, we get 


Vas) <u()+ >> ac( > HV). (2.3.181) 


o=st+l1 t=o+1 


Define a function m(s) by the right-hand side of (2.3.181). Then m(t) = 
u(t), /z(s) < m(s), m(s) is decreasing with respect to s € No for allO < 5 < f, 
and 


m(s) —m(s + 1) = a(s + 1) ( »y HV] 


T=s+2 


< a(s + v > nent) 


T=s+2 


t 


< a(s + 1) ( ~ 2) m(s + 1), 


T=s+2 


1.e., 
t 
m(s) < : +a(s+ v a H)) ms 1). (2.3.182) 
T=5+2 
Taking s = o and substituting o = s,s + 1,s = 2,---,f— 1 successively 


into (2.3.182), we obtain 


m(s) < u(t) |] 1 + a1 ( > H)]. (2.3.183) 


o=st+l1 t=o+1 
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Using (2.3.183) in v(s) < /z(s) < m(s), we have 


v(s) < u(t) [] 1 + a1 ( > He). (2.3.184) 


o=stl t=o+l 


Since t € Np is arbitrary, the required inequality (2.3.177) follows from (2.3.184). 
The proof of the case when p(t) is non-negative for fixed t € No can be completed 
as mentioned in the proof of part (a;) in Theorem 2.3.14 given above. Oo 


Theorem 2.3.17 (The Pachpatte Inequality [506]) Let u(t), a(t), b(t), h(t) be as 
in Theorem 2.3.14. 


(d,) Ifforallt € No, 


1 sul 
W(t) <c + Y-als)(u(s + 1) + u(s)) (us +) [b(o)u(o) + 7) 


s=0 ao=0 


(2.3.185) 


then for allt € No, 


t-1 s—l 


u(t) < g(t) [ +) °a(s) | [1 +a) + He ,  (2.3.186) 


s=0 o=0 


where for all t € No, 


t-l1 s—1 
q(t) =c+ > a(s) (x 7) (2.3.187) 
ao=0 


s=0 


(dx) Ifforallt € No, 


t—1 sl 
W(t) <c + Y\a(s)u(s + 1) + u(s)) (Sere + 7) 


s=0 o=0 


(2.3.188) 
then for allt € No, 


t-1 s-l 
u(t) <q] [ + a(s) (e He) (2.3.189) 


s=0 a=0 


where q(t) is defined by (2.3.187). 
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(d3) Let g(u) be as in Theorem 2.3.15. If for all t € No, 


t-l s—l 
W(t) <2 + Yals)(u(s + 1) +-u(s))g (us +> Hayao) 


s=0 o=0 
(2.3.190) 
then, for allt,t, ¢No,O<t<h, 
t-l s-l1 
u(t) <ct+ > a(s)g (« aio Ss Y“[a(o) a we} , 
s=0 o=0 
(2.3.191) 


where G,G~! are as in (b) of Theorem 2.3.15 and t; € No is chosen so that for 
allt € No such that 0 < t < ty, 


t-l 


G(c) + )“[a(a) + b(a)] € Dom (G™'). 


o=0 


Proof The proofs of the inequalities in Theorem 2.3.17 can be completed by the 
following the proofs of Theorems 2.3.15—2.3.17. O 


Theorem 2.3.18 (The Pachpatte Inequality [506]) Let the function u(t) > 1 be 
defined for all t € No. Let a(t), b(t) be non-negative functions defined for all t € No 
and let c > 1 be a constant. 


(e\) Ifforallt €No, 


t-1 


w(t) <2 + Yas) (u(s aay u(s))u(s) logu(s),  (2.3.192) 


s=0 
then for allt € No, 
u(t) < AY (2.3.193) 


where for all t € No, 


t-l1 


A(t) = [ [G+ a(s)). (2.3.194) 


s=0 
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(e2) Ifforallt € No, 


w(t) <c? + 2) a(s)(u(s + 1) + u(s))u(s) 


x (log u(s) + 2°, b(a) log u(o)) (2.3.195) 
then for all t € No, 
u(t) < BO (2.3.196) 
where for all t € No, 
a 
Bt) =1+ ) als) | [fb + a(o) + dO). (2.3.197) 
s=0 og =0 


(e3) Ifforallt € No, 


tl sul 
WO) Se + YL alsy(u(s + 1) + u(s))u(s) (x b(a) lent] ; 


s=0 o=0 


(2.3.198) 
then for all t € No, 
u(t) < c2 (2.3.199) 
where for all t € No, 


t—1 s-1 
a) =|] [ +a(s) >> Ho] ; (2.3.200) 


s=0 o=0 


Proof (e,) Define a function z(f) by the right-hand side of (2.3.192). Then z(0) = 
c?, u(t) < z(t), and 


Adit) = a(t)(u(t + 1) + u(p)u(A) log u(t) 


< a(t) (Vee + 1 + 2) Vp log( Vit). (2.3.201) 


By using the facts that ./z(t) > 0, Az(t) => 0, and (2.3.201), we conclude 


_ Az(t) 
AO) = a 


< a(t) /z(t) log V/z(0). (2.3.202) 
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From (2.3.202) it follows 


Vat + 1) < [1 + a(t) log Vz()] Vz(0). (2.3.203) 


Setting ¢ = s in (2.3.203) and substituting s = 0,1,2,---,t— 1, successively, 
we get 


Va) <cT [iy [! + a(s) log V0) 
= CesD (sos a(s) log Va) (2.3.204) 


From (2.3.204) we infer 


il 
log V2(f) < loge + 2 (a(s) log V O)) ; (2.3.205) 
s=0 


Now applying Corollary 2.1.4 in Qin [557] yields 
log V(t) < (logc)A(t) 
= log 40 (2.3.206) 


where A(f) is defined by (2.3.194). From (2.3.206) we deduce that 


Jan <A, (2.3.207) 


Using (2.3.207) in u(t) < z(t), we get the required inequality (2.3.193). Oo 


Theorem 2.3.19 (The Pachpatte Inequality [506]) Let u(t), a(t), b(t) and c be as 
in Theorem 2.3.18. Let g(u) be as in Theorem 2.3.15. 


(p\) Iffor allt € No, 


t-1 


WiN<?+)>- a(s)(u(s rahe u(s))u(s)g(log u(s)). (2.3.208) 


s=0 


then for all t,t; € No,O < t < ty, 


t-1 
u(t) < exp Ge ee o+>> | (2.3.209) 


s=0 
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where G,G™' are as defined in (b,) of Theorem 2.3.15 and t, € No is chosen so 
that for allt € No such thatO0 <t < th, 


tl 
G(logc) + > a(s) € Dom (G"'). 
s=0 


(p2) If for allt € No, 
u(t) < c? + Ya} als)(u(s + 1) + u(s))u(s) 


x (log u(s) + 21, b(a) log u(o)) (2.3.210) 


then for all t,t2 €No,0<t< th, 


t—1 sl 
u(t) < cexp bp a(s)E! ete c)+ » | ,  (2.3.211) 
o=0 


s=0 


where E,E~! are as defined in (by) of Theorem 2.3.15 and tz € No is chosen so 
that for all t € No such that for all 0 < t < ta, 


t—1 
E(logc) + )\a(a) € Dom (E™'). 


s=0 


(p3) Iffor allt € No, 


t-1 sul 
w(t) < c+ Di als)(u(s + 1) + u(s))u(s) (© b(a)g(log 7) 


s=0 o=0 


(2.3.212) 


then for all t,t3 €No,0O<t< ts, 


s=1 c=] 
u(t) < exp Go oe c) + ¥ > als) (x wo) |] , 3213) 
s=0 =0 


where G, G~! are as defined in (b1) of Theorem 2.3.15 and ts € No is chosen so 
that for all t € No such that for all 0 < t < ts, 


t-l1 s—1 
G(logc) + > a(s) (x Ho) € Dom (G"'). 
s=0 


o=0 
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Proof We only prove (pz), the proof of (p;) can be done similarly. 


(p2) Defined a function z(t) by the right-hand side of (2.3.210). Then z(0) = 
c?, u(t) < ./2(t), and 


t—1 
Ac(t) = a(t)(u(t + 1) + u(t))u(t) x (we u(t) + > a(o)g(log o)) 


o=0 


t—1 
< a()(Vzt+ 1) + Ve V2 x (we a(t) + )) a(o)g(log J) 


o=0 


(2.3.214) 


Using the facts that ,/z(t) > 0, Az(t) = 0, for all t € No, and (2.3.214), we get 


Az(t) 
A eee es 
(/2) aT + 


t—1 
< a(t) V2) (we a(t) +} a(a)g(log Va) 


o=0 


(2.3.215) 
Thus from (2.3.215) it follows 


t-1 
V2t+ 1) < : + a(t) (i z(t) + Y- a(a)g(log =) . 


o=0 


(2.3.216) 


Letting ¢ = s in (2.3.216) and substituting s = 0,1,2,--- ,t— 1 successively, we 
obtain 


Ve < cTTizo[1 +.a(s) (log V6) + Dero alo)g(og Y=6))) | 
< cexp (Tih als) (log V2) + LIA alo) g(log Yz00)))) . 
(2.3.217) 
From (2.3.217) we derive that 


t-l1 sl 
log V(t) < loge + )a(s) (i 2(8) so) Vz—)). 


s=0 o=0 


(2.3.218) 
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Define a function v(t) by the right-hand side of (2.3.218). Then v(0) = 
loge, log / z(t) < v(t), and 


t—1 
Av(t) = a(t) (i 2(t) +) a(a)g(log Ja) 


o=0 
t—1 
< a(t) (v0 + ¥ ateyewvo) (2.3.219) 
o=0 
Define a function m(t) by 


t-1 


m(t) = v(t) + Y\a(a)g(v(o)). (2.3.220) 


o=0 


Then m(0) = v(0) = loge, Av(t) < a(t)m(t) from (2.3.219), v(t) < m(t) 
from (2.3.220), and 


Am(t) < a(t)(m(t) + g(m(a)). (2.3.221) 


The remaining proof can be completed by following the proof of inequality (b2) 
in Theorem 2.3.15 given above, and hence we omit the details. Oo 


Lemma 2.3.1 (The Pachpatte Inequality [502]) Let w(t,r) be a real-valued 
continuous function defined for allt € Ry, 0 < r < +00. Let u(t) be a real-valued 
differentiable function defined for all t € R+ such that for allt € R+, 


u(t) < w(t, u(t)). 
Let r(t) be a maximal solution of 
r'(t) = w(t,r()), (0) = 10, 
such that u(O) < ro. Then for allt € R, 
u(t) < r(f). 
Theorem 2.3.20 (The Pachpatte Inequality [502]) Let y,f, g be real-valued non- 
negative functions defined on No and c be a non-negative real constant. Let w(t, r) 


be a real-valued non-negative function defined for alln € No, 0 < r < +00, and 
monotone non-decreasing with respect to r for any fixedn € No. 
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(1) Iffor alin € No, 


n—1 
y(n) <2? +2)  y(s)w(s, y(s)), (2.3.222) 
s=0 


then for alln € No, 


y(n) < r(n), (2.3.223) 
where r(n) is a solution of 
Ar(n) = w(n,r(n)), r(0) =. (2.3.224) 
(2) Iffor alin € No, 
n—1 
Vn) SP +2 y(LF(y(s) + ws. OO), (2.3.225) 
s=0 
then for alln € No, 
y(n) < L(n)r(n), (2.3.226) 
where 
n—1 
Lan) = | [1 +f6)1. (2.3.227) 
=0 
and r(n) is a solution of 
Ar(n) = w(n, L(n)r(n)), (0) = c. (2.3.228) 


(3) Iffor alin € No, 


s—l 


n—-1 
Yn) <7 +29 yNLFNOGS) + D> sOyO) + w(s,y(9))],— (2.3.229) 
s=0 t=0 


then for alln € No, 


y(n) < P(n)r(n), (2.3.230) 
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where 


n—1 


P(n) = 14 S f(s) ru +f) + g(O], (2.3.231) 


s=0 t=0 


and r(n) is a solution of 


Ar(n) = w(n, P(n)r(n)), = r(0) = c. (2.3.232) 
(4) If for alln € No, 
n—1 sl 
Yn) <2? +2) WNL > sOyO) + wls,y(9))]. (2.3.233) 
s=0 t=0 


then for alln € No, 


y(n) < O(n)r(n), (2.3.234) 
where 
Q(n) = Tt + f(s) 3 g(t)], (2.3.235) 
s=0 
and r(n) is a solution of 
Ar(n) = w(n, O(n)r(n)), = r(0) = c. (2.3.236) 


Proof We only prove (3) and (4), the proofs of (1) and (2) can be done similarly. 


(3) We assume that c > 0 and define a function z(n) by 


n—-1 


zn) = + 22%) Ly (v6 + ¥ so) + w(s, x0) 
(2.3.237) 


From (2.3.237) and using the fact that y(n) < ,/z(n) we observe that 


n—-1 


Az(n) < 2/2(n) rn an) + >> gt) a) + w(n, 40) 
t=0 


(2.3.238) 
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It is easy to observe that 


z(n + 1) — 2(n) Az(n) 
A = ; 3. 
(/z(n)) AGED een < 2 Jaw (2.3.239) 


Here in the last step of (2.3.239) we have used the fact that ./z(n) < ./z(n + 1). 
By using (2.3.238) in (2.3.239) we get 


n—1 
A(yz(n)) <s0n/ z(n) + ¥ stove) + w(s, /z(s).  (2.3.240) 
1=0 


From (2.3.240) it is easy to observe that 
n—1 


n—1 s—1 
Van) <c+ | as) + D> s(t) 5) + So w(s, ¥2(9)). 
s=0 t=0 


s=0 
(2.3.241) 


Define a function m(n) by 
m(n) =c+ 3 w(s, /z(s)). (2.3.242) 
s=0 
By using (2.3.242), the inequality (2.3.241) can be written as 
Van) < m(n) + | as) + set) ) (2.3.243) 
s=0 t=0 


Since m(n) is positive and monotone non-decreasing for n € No, the inequal- 
ity (2.3.243) implies the estimate 


V2(n) < P(n)m(n), n € No, (2.3.244) 


where P(n) is defined by (2.3.231). From (2.3.242) and using (2.3.244) we 
observe that for all n € No 


Am(n) < w(n, P(n)m(n)). (2.3.245) 
Now applying Lemma 2.3.1 to (2.3.245) and (2.3.232) yields for all n € No 


m(n) < r(n), (2.3.246) 
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where r(n) is a solution of (2.3.232). Using (2.3.246) in (2.3.244) we have for 
alln € No 


V2(n) < P(n)r(n). (2.3.247) 


Now by using the fact that y(n) < /z(n) in (2.3.247) we get the required 
inequality in (2.3.230). If c is non-negative, we can carry out the above produce 
with c + € instead of c, where ¢ > 0 is an arbitrary small constant, and 
subsequently pass to the limit ¢ — 0 to obtain (2.3.230). This completes the 
proof of (3). 

(4) By assuming that c > O and defining a function z(m) by the right side 
of (2.3.233) and following the same steps as in the proof of (3) upto (2.3.240) 
we (2.3.240) we have 


n—1 
A(V2(n)) < fin) ¥> 8) Ve) + w(s, V2(9)). (2.3.248) 
t=0 


From (2.3.248) and using the fact that ./z(m) is monotone non-decreasing for 
n € No, it is easy observe that 


n—1| 


n—1 s-l 
Va) < + D409) D8 V2O) + Dw, Va) 
s=0 t=0 


s=0 
n—-1 s—l n—1 

<c+ > f (s)V20)( oy s() ee = w(s, /z(5)). (23.249) 
s=0 t=0 s= 


Now by following the same steps as in the proof of (3) below (2.3.241) 
with suitable modifications we get the required inequality in (2.3.234). This 
completes the proof of (4). Oo 


Theorem 2.3.21 (The Pachpatte Inequality [506]) Let u(t), a(t), b(t), and c be 
as in Theorem 2.3.10. Let w(t, r) be a real-valued non-negative function defined for 
allt € No,0 < r < +00, and non-decreasing with respect to r for any fixed t € No. 


(gq) Iffor allt € No, 


t-1 
w(t)<ce+ DY als) (ls +1)+ u(s)) (u(s) + w(s, u(s))), 
s=0 
(2.3.250) 
then for allt € No, 


u(t) < A()r(t) (2.3.251) 


2.3 The One-Dimensional Ou-Yang Inequality and Its Generalization 323 


where A(t) is defined by (2.3.194) in Theorem 2.3.18 and r(t) is a solution of the 
difference equation, for all t € No, 


Ar(t) = a(t)w(, AMr()), = -r(0) = c. (2.3.252) 


(q2) Iffor allt € No, 


t-1 


W(t) <c +) a(s)(u(s + 1) + u(s)) 


s=0 


sl 
x (ws +) a) + w(s, uo)| (2.3.253) 


o=0 


then for all t € No, 
u(t) < B(t)r(t) (2.3.254) 


where B(t) is defined by (2.3.197) in Theorem 2.3.18 and r(t) is a solution of the 
difference equation, for all t € No, 


Ar(t) = a(tw(t, B()r(), (0) =. (2.3.255) 


(q3) Iffor allt € No, 


t-l1 


w(t) <c + > °a(s)(u(s + 1) + u(s)) 


s=0 
s—1 
x (x biowe)) + w(s, 9) . (2.3.256) 
a=0 
then for allt € No, 
u(t) < OMr(0) (2.3.257) 


where Q(t) is defined by (2.3.200) in Theorem 2.3.18 and r(t) is a solution of the 
difference equation, for all t € No, 


Ar(t) = a(t)w(t, Q(r(t)), ~—-r(O) =. (2.3.258) 


Proof We only prove (q3) here, the proofs of (q;) and (q2) can be done similarly. 
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(q3) Let c > 0 and define a function z(t) by the right-hand side of (2.3.256). Then 
2(0) = c?, u(t) < /2(t), and 


tl 
Az(t) = a(t)(u(t + 1) + u(t) (x a) + wit, «| 


a=0 


t-1 
< a(t) V2e+ 1) + V2) x ip b(a) /2(a) + w(t, 7) 
a=0 
(2.3.259) 


Using the facts that z(t) > 0, Az(t) = 0 and (2.3.259) and the following similar 
arguments as in the proofs of the inequalities given above and closely looking at 
the proof of Theorem 2.3.20 with suitable modifications, one can very easily 
complete the rest of the proof, and we leave the details to the reader. A 


Let Ni, = {no,n0 + 1,no + 2,...}, where no > 0 is an integer. For any function 
k(n, 5) : Nap > R+, we define the operator A; by Ai k(n, 5) = k(n + 1,5) —k(n,s) 
for all no < s < n. We use the usual convention of writing Y,ceu(s) = 0 and 
Tlseou(s) = 1, ® it is the empty set. 


Theorem 2.3.22 (The Pachpatte Inequality [512]) Let u, a, b, g, h be real-valued 
non-negative continuous functions defined on Ny, and p > | be a real constant. 


(c1) Ifforalln € Nr, 


n—1 
u?(n) < a(n) + b(n) > [g(s)u?(s) + h(s)u(s)], (2.3.260) 
then for alln € Nn, 
n—1 6) 
u(n) < fac + b(n) Lea) + hyo : a) 
n—1 h(o) 1/p 
x I] [1 + b(o)(g(o) + Ho) (2.3.261) 


o=stl 


(c2) Let c(n) a real-valued positive and non-decreasing function defined on Nyy. 
If for alln € Ny, 


n—-1 


u?(n) < c?(n) + D(n) [g(s)u?(s) + h(s)u(s)], (2.3.262) 


s=no 
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then for alln € Nuno, 
n—1 
u(n) < c(n) 1+ D(n) 5 [g(s) + A(s)e!?(s)] 
n—1 io 1/p 
x [] 1+ ogo) + —c' 2())p. (23.263) 
o=st+l 


(c3) Let k(n,s), Ayk(n,s) be a real-valued non-negative functions for all s,n € 
Nyy. to <5 <n. Ifforalln € Ny, 


n—-1 


u?(n) < a(n) + b(n) » k(n, s)[g(s)u? (s) + h(s)u(s)], (2.3.264) 


then for alln € Nn, 


n—-1 


a(n) + b(n) ¥* B(o) i [1 + A(x)] 


s=no t=o+1 


1/p 
u(n) < 


(2.3.265) 


where for alln € Ny, 


n—1 


A(n) = k(n + 1, n)b(n) (em+* y+ a) + Y> Aik(n, s)b(s) (<0 + ao). 


s=n0 


(2.3.266) 
Bln) = k(n + In) (<a + h(n) (— +)) 
P Pp 
n—-1 

+ 2. Aik(n, 8) (<isa0 + A(s) (— f “)) . (2.3.267) 

Proof (c,) Define a function z(t) by 
n—1 
2(t) = )[g(s)uP(s) + h(s)u(s)}.- (2.3.268) 


Then z(n9) = 0 and (2.3.260) can be written as 


u?(n) < a(n) + b(n)z(n). (2.3.269) 
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From (2.3.269), we obtain, 
u(n) < (— + ) - DO Gi, (2.3.270) 
Pp P Dp 
From (2.3.268) and using (2.3.269), (2.3.270), we get (see, e.g., [444]), 
zn + 1) — [ + b(n) («0 + ily “o)] z(n) 


< | eenam + h(n) (— +O)). (23.271) 
P Pp 


Multiplying both sides of (2.3.271) by []— ng + b(a)(g(o) + My ' taking 
n = s and summing up both sides of the resulting inequality from np ton — 1, we 
get (see, e.g., [444]), 


n—-1 —1 
a(n) | | [ + b(c) (se + “) 


o=n0 


n—1 
< > [sats +m (2 +)! 


s=ngo 


n—1 
x |] ! + vio) (s (o) + Hey" (2.3.272) 
which implies 


n—1 
cin) = | eats) + 66) (2 - +2)! 


s=no P 
n—1 

x |] 1 + b(o) (s(o) + =). (2.3.273) 
o=st+l 


Using (2.3.272) in (2.3.269), we can get the required inequality (2.3.261). 
(c2) Since c(n) is a positive and non-decreasing function on N,,,, from (2.3.262) 
it follows 


ual) < n > u(s) s)c' P(s (<2)]. 
Gayl 1+ 500 [a9 (S) NG 
(2.3.274) 


Now applying the inequality given in (c;) yields the desired inequality (2.3.263). 
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(c3) Define a function z(n) by 


n—1 


z(n) = » k(n, s)[g(s)u?(s) + h(s)u(s). (2.3.275) 


s=no 


Then as in the proof of part (c;), from (2.3.264) we see that the inequali- 
ties (2.3.269) and (2.3.270) hold. From (2.3.273) and using (2.3.269), (2.3.270), 
and the fact that the function z(7) is monotone non-decreasing in n, we derive 


z(n + 1) —2(n) = k(n + 1, n)[g(n)u?(n) + h(nju(n)] 
n—-1 


+ J) Ark(n, s)[g(su?(s) + h(s)u(s)] 


s=no 


2kns tn) Boro + b(n)z(n)) + h(n) 


«(FP “O-) | 
P P 


n—-1 


+ Aiken.) | sys) + b¢e(6)) + Hb) 


s=no 


comma) 
P P 


< A(n)z(n) + B(n). (2.3.276) 
Note that the inequality (2.3.276) can be written as 

z(n+ 1) —[1 + A()] z(n) < B(n). (2.3.277) 
The inequality (2.3.277) implies the estimate 


n—-1 n—1 


a(n) < )) Boo) [] [1 +4@)]. (2.3.278) 


s=no t=o+l1 


Thus from (2.3.278) and (2.3.269), the desired inequality (2.3.265) follows. O 


Theorem 2.3.23 (The Pachpatte Inequality [512]) Let u, a, b, g be real-valued 
non-negative continuous functions defined on N,, and p > 1 be a real constant. 


(dq\) LetL: Nx x Ry — Rx bea function such that for all n € Ny, and all 
yeR,, 


0 < L(n, x) — L(n,y) < M(n, y)(x—y), (2.3.279) 
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where M(n, y) is a real-valued non-negative function defined for alln € No, y € 
R,. Iffor alln € Ny, 


n—1 
u?(n) < a(n) + b(n) Y~ L(s, u(s)), (2.3.280) 
then for alln € Nuno, 
u(n) < § a(n) + D(n) = ra ee Lee +) 
x i [l + M(o, -—— 4 42), (a) |" . (23.281) 
o=st+l1 P P 


(do) Let L : Ny x Ry — Ry be a function satisfying the condition: for all 
néN,, andallx > y = 0, 


0 < Lin, x) —L(n,y) < Mt, y)$" (x — 9), (2.3.282) 
where M(n, y) is defined as in (d,), YW : Ry — Rx is a continuous and strictly 


increasing function with w(0) = 0, y~! is the inverse function of w and for all 
x,y ER, 


Way) < W@W). (2.3.283) 
Tf for alln € Nu, 
n—1 
u?(n) < a(n) + b(n)W (= L(s, uo) : (2.3.284) 
then for alln € Nyy; 
a(s) 
u(n) < a(n) + Hod L(s,?— me) 


n—1 b 
« T] om. 2 + iy a 
o=st+1 
(2.3.285) 
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(d3) Let W(r) be a real-valued continuous non-decreasing sub-additive and sub- 
multiplicative function defined on Ry and W(r) > 0 on (0,+00). If for all 
nN ENn, 


n—-1 


u?(n) < a(n) + b(n) Y> g(s)W(u(s)), (2.3.286) 


s=ngo 


then for alln,ny € Nyy, = n= mM, 


u(n) < 


n—1 \/p 
a(n) + b(n)G"! [aiden + > g(s)W (=) ; 


s=no 


(2.3.287) 


where for alln € Nig, 


n—1 


Din) = > g(syw (= + “) (2.3.288) 


s=no 


and G(r) = i a r>0, ro > 0, G7"! is the inverse function of G, and 


ny € Nu is chosen so that for all ny € Ny. lying inno <n < Mm, 


n—-1 
G(D(n)) + D> g(s)W (2) € Dom (G"'). 


Proof The proof follows by the similar proofs of Theorems 2.3.21—2.3.22 given 
above. Here we omit the details. Oo 


Remark 2.3.4 Inthe special cases of Theorems 2.3.22 and 2.3.23, we may have new 
discrete inequalities which can be used in certain applications in the theory of finite 
difference equations and numerical analysis. 


Next, we shall consider the discrete analogy of the inequality 


n-1 s-l 
ul (n) < fn) + PY uw n)(h(n, 8) + ka, s)u(s) + j(n, 8) g(s. )u(dt), 
s=0 1=0 


(2.3.289) 


where n € No, No = NN {0}, f,u: No > R+, g(n,5), h(n, 5), j(n, 5) and k(n, s) : 
No x No > Ry. 
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Theorem 2.3.24 (The Yang Inequality [696]) Let p > 1 be a constant, f,u : 
No — R4, with f non-decreasing. Let further g(n,s), h(n,s), j(n,s) and k(n,s) : 
No x No — R4+ be non-decreasing in n for every s fixed. If the discrete 
inequality (2.3.289) holds, then for alln € No, 


n—1 n-1 
win) < ye)( Fn) + Yohlons) TT (1 + renin) + 0.9) 
s=0 s=0 
(2.3.290) 
where 
n—-1 
y(n) = | JU + k(n,5)). (2.3.291) 
s=0 
Proof Fix an arbitrary natural number M, and define, for all n € N ; 
n—-1 
v(n) = f(M) + py wu \(s) (nm, s) + k(M, s)u(s) 
s=0 
s—1 
+i(M. 8)¥“9(s, Hu(ddt), (2.3.292) 
t=0 
where N := {0,1,...,M}. Then by (2.3.289), we have for all n € N, 
u(n) < v'/?(n), (2.3.293) 


since f(n) is non-decreasing and h(n, s), k(n, s) and j(n, s) are non-decreasing in n 
for s fixed. From (2.3.292) it follows that for all n € N, 


n—1 


Av(t) = pu?=!(n) (nim, n) + k(M,n)u(n) + j(M.n) > 9(n, )u(0) 
1=0 


n—1 
< p(n) (h(M, n) + KOM, n)o"l?(n) + JM) Y a(n, Dv0'/P(0). 
t=0 


(2.3.294) 
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Because the function a(x) := x"—?)/P (x € R4) is decreasing when p > 1, we 
easily derive by the mean value theorem that for all n € N, 


n—1 
Av!/?(n) < “ = 7 (n)Av(n)h(M,n) + k(M,n)v'/?(n) + j(M, n)¥\g(n,s)v'!? (n)dt. 
s=0 


(2.3.295) 


Letting n = s in the last relation and summing over s = 0,..., — 1, we obtain for 
alln € N, 


n—-1 n—1| n—-1 


n(n) < (f+ OMe, s)) + )2k(M, s)n(s) + iu. ie An(t), 


s=0 t=0 


(2.3.296) 


where n(n) := v!/?(n) and f!/?(M) = v!/?(0). Applying Corollary 2.1.15 in Qin 
[557] to (2.3.296) yields 


n—1 n—-1 


v'/P(n) < A(M,n)(f/?(M) + YAM.) ] (1 + AWM, n\i(M, 8) + @(n.5)), 


s=0 s=0 


(2.3.297) 


where n € N,A(M,n) := Wood + k(M,s)). Letting n = M in (2.3.297), 
from (2.3.293) we derive 


M-1 M-1 
u(M) < y(M)( f/?(M) + Y ACM, 5)) T] (1+ rns, s) + gM.s)). 
s=0 s=0 


(2.3.298) 


This proves (2.3.290) for n = M. Since the inequality (2.3.290) holds trivially for 
n = 0 and M is an arbitrary natural number, thus the proof is complete. Oo 


Theorem 2.3.25 (The Pachpatte Inequality [519]) Let u(n),f(n),h(n,s), n,s € 
No, O < s <n < +00, be real-valued non-negative functions.c > 0p > 1 
are real Loan Let g € C(R+,R+) be non-decreasing function, g(u) > 0, 
G(r) = fi 4 G"! is the inverse function of G. If for alln € No, 


0 aay’ 


n—-1 


w(n) <c+ DL (s)g(u(s)) + > h(s,0)g(u(o))], (2.3.299) 


s=0 =0 
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then for alln,n, € No,O<n< ny, 


u(n) < (GG) + B®)”, (2.3.300) 
where 
n—-1 s—l 
B(n) = DEF (s) + Do AG. 0D], (2.3.301) 
s=0 o=0 


and n, € No is chosen so that for alln € No lying in0<n<n, 
G(c) + B(n) € Dom (G"'). 


Proof First we assume that c > 0 and define a function z(n) by the right-hand side 
of (2.3.299). Then z(n) > 0, z(0) = c, u(n) < (z(n))!/? and 


n—-1 


a(n + 1) — 2(n) = f(n)g(u(n)) + Do h(n, 0) g(u(o)) 


o=0 


n—-1 


< g((z(n))'/”) (r ¥ n.0) .  (2.3.302) 


o=0 


From G(r) = - rCLOE and (2.3.302), we conclude 


zat] ds 2(n + 1) — 2(n) 
G(z(n + 1)) — G(z(n)) = / wy -g(st/P) < ~ a((e(n))?) 
n-1 
< fn) + ¥Aln.0). (2.3.303) 
o=0 


By taking inn = s in (2.3.303) and summing up over s from 0 to n — 1, we can get 
G(z(n)) < G(c) + B(n). (2.3.304) 

From (2.3.304), we have 
z(n) < G'[G(c) + B(n)]. (2.3.305) 
Using (2.3.305) in u(n) < (z(n))!/”, we have the required inequality (2.3.300). The 


proof of the case when c > 0 can be completed similarly, 0 < n < n,; is obvious. 
Oo 
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Corollary 2.3.1 (The Pachpatte Inequality [519]) Let u(x,y),f(x,y) € 
C(R7.,Ri),AG. ys.) € C(RL,Ry,R+,R+),0 <5 <x < +00, 0O<1t< 
y < +00,. c,p be as in Theorem 2.3.25. If for alln € No, 


n—1 


w(t) <c+ > [f(s)u(s) + we o)u(o)], (2.3.306) 


s=0 o=0 


then for alln € No, 


=, 1 1/( —1) 
u(n) < jee + Pin) ~~ (2.3.307) 
P 


where B(n) = y7"_ bLf(s) + eae As, o)]. 
Proof We shall omit the proof here. Oo 


Remark 2.3.5 We note that, the discrete version of Bihari’s inequality was estab- 
lished by Hull and Luxemberg in [290]. For other useful nonlinear discrete 
inequalities, see [512, 513, 673]. 


2.4 The One-Dimensional Dafermos Inequality 


In this section, we introduce the Dafermos inequality which is a generalization of 
the Ou- Yang inequality. 

Let T = {to,t,--+ ,t;} denote a set of increasing time instances. The following 
theorem is the discrete version of Theorem 1.3.1, due to Pang and Agarwal [528]. 


Theorem 2.4.1 (The Pang-Agarwal Inequality [528]) Let a,M,N be non- 
negative constants and let y and g be non-negative functions defined on T and 
T|{t.}, respectively, such that for alla <i < s, 


i-1 
y@) < My’0) +2) lay’) + Ney]. (2.4.1) 
j=0 


Then there holds for all0 < i <n, 


i-1 


yi) < 1 +a)! | My(0) + 57 Ng(J) |. (2.4.2) 
j=0 
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Proof Let z(i) = M?y?(0)+2 Y-\~hlay?(j) +Ng(jy(/]. Then Az(i) = 2[oy?(j)+ 
Neg(j)y(/)] < 2faz(é) + Ne(i) V2]. Thus 


Vit 1) < ¥ Qa + 1)z(i) + 2Ng(i) Vz) 
J2a +1 [vars 3 as er os +(3 rea 7 | 


Vora | vat 4 a) (2.4.3) 


Solving the above inequality (2.4.3) recursively, we obtain 


i-1 


y@) < Ve) < Qa + 1)/?My(0) + NY 32a + 1)"F/79()) 


j=0 


i-1 
< (1+a)' | My) + D> Ng(i) 


j=0 


Remark 2. 4.1 We note that the above inequality can be improved by replacing the 
sum = =) Ne(i) on the right-hand side by =, ~o N(2a + 1)~9+)/29(j). 


2.5 The One-Dimensional Nakao Inequalities 


In this section, we shall introduce a series of Nakao inequalities (see, e.g., Nakao 
(411,412, 414]). These inequalities are connected with difference inequalities which 
are not only very important for the study of asymptotic behavior of global solutions, 
but also seem to be interesting in themselves. One of advantages of the Nakao 
inequalities is that any form of the Nakao inequalities can furnish a decay rate. 


Theorem 2.5.1 (The Nakao Inequality [414]) Let $(t) be a bounded positive 
function on R+ satisfying, for some constants k anda > 0, for allt = 0, 


kb()"*! < o@) —o(t+ 1). (2.5.1) 
Then we have for allt = 1 


—l/a 
o() <fake—1) +m (2.5.2) 


where M = supe; $(- 
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Proof Put o(t)~* = y(t). Then by (2.5.1), 


'd 
ye+-y) = [Flop + 1) +0 oe oras 


IV 


1 
7 i [Oot + 1) + (1B) P(HI"40[Pt + 1) — GO] 


IV 


1 
ako (tet! / ip(-*a0 
0 
= ak. (2.5.3) 


For any t > 1, choose the integern asn < t < n+1, and we have from above (2.5.3), 


y(t) = y(t—n) + nak > y(t —n) + (t— lak Q5A4) 
and hence 
p(t) * = t— Dak + o(t—n)™ (2.5.5) 
or 
$(t) < [ekt—1) + 6-1)" 
< [ok(t—1) + M71". (2.5.6) 
The proof thus is complete. Oo 


Theorem 2.5.2 (The Nakao Inequality [414]) Let @(¢) be as in Theorem 2.5.1, 
which satisfies (2.5.1) with a = 0. Then we have for all t = 1, 


p(t) < Me™" (2.5.7) 
where k’ = —log(1 —k) > 0. 
Proof By (2.5.1) with a = 0, 
o(t+ 1) <(1—k)b(t) (which implies k <1). (2.5.8) 


Therefore, for all t > 1, we have for the integer n withn < t<n-+ 1, 


1 1 n 
ot) < 7-4 I)< Fea o(t—n) 


< M(1 _ ky — Met ’sCU—-# 


which proves the theorem. Oo 
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Theorem 2.5.3 (The Nakao Inequality [414]) Suppose that ¢(t) is a bounded 
non-negative function on R+ satisfying 


inax o(s)'** < Ko{o() —o(¢+ D} + (2.5.9) 


where Ko > Ois a constant, g(t) a non-negative function, « a non-negative constant. 
Then we have 


(i) if lim;++o0 g(t) = 0, then 


tim = 0. (2.5.10) 


Moreover, 
(ii) if we assume that a > 0 and g(t) < K,|t\~°~! with constants @ > 1/a,K, = 0, 
then for all t > 0, 


g(t) < Ct”, (2.5.11) 


and 
(iii) ifa = 0 and g(t) < Kre~"' with constants @ > 0, Ky = 0, then 


b(t) < Cye™"" (2.5.12) 


Ko 


where 0; = min (9, log Rout 


other known constants. 


), and C3, C4 are positive constants depending on 


Proof First, we prove (2.5.10). Suppose that our assertion was false. Then there 
would exist a real sequence {is and €9 > O such that 
th > 2n, (tr) = €o > 0. (2.5.13) 


Also by our assumption for g(t), we can choose an integer N > 0 so large that for 
allt => N, 


g(t) < re (2.5.14) 
By (2.5.9), (2.5.13) and (2.5.14), we have 
elt” < Ky(6(ty-—1) — ¢@)) + ev — 1) (2.5.15) 
and 


0< aa < Ko{ (tv = b(ty)}, (2.5.16) 
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Therefore we can use again (2.5.9), (2.5.13) and (2.5.14) to obtain 


1 
560°" < Kolbltw — 2) — b(t — D}. (2.5.17) 
Repeating this procedure, we have forj = 1,...,N, 
i l+q . 4 
560 < Kol bltw =j)— O(a —j+ pt. (2.5.18) 


Summing up the above inequalities over j yields 


sNejte < Ko{ pty -j- b(t}. (2.5.19) 


The inequality (2.5.19) is absurd, because the left-hand side tends to -++-oo as N goes 
to +00 while the right-hand side remains bounded by the boundedness of ¢ (7). 

Next, we prove (2.5.11). Put @9(t) = vt~®, v > 0, and w(t) = o(t) + do(t). Then 
we have, for any t > 0, 


max |w(s)|'F* = max |6(s) — do(s)|'** 
s€[tt+ 1] s€[tt+ 1] 
< 21+ max [p(s)'** + go(s)'*4] 
s€[tt+1] 
< 2'+¢K [w(t) — w(t + D) +10) (2.5.20) 
where 
I(t) = 2)**[-Kout° + Kov(t + 1)? + ute GF) + p(n]. (2.5.21) 


We shall show /(t) < 0 for sufficiently large ¢. Indeed, we write 
t+1 
(0) = vKo2'*#(r-+ 1)-*{1 - (—_)? 
y 1 
+t 19 OOF9 4 ae 1)*g(9}. (2.5.22) 
Ko vKo 


Here it is easily seen that there exists a positive integer T; > O such that for all 
t> Ti, 


iy? 1 
(=) -1250F1. (2.5.23) 
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By (2.5.23) and the assumption for g(t), we have, for any t > 7}, 


6 1 v* 
I(t) <C(Ut+1 a = 41 ee 2.5.24 
() <C+1) eT ae ae (2.5.24) 
Furthermore, since 6 > ‘, we have 
lim (f+ 1)9-8CF941 = 9, (2.5.25) 


t—>+00 


Therefore if we choose v so large that (vKj)K,)! < Z and choose T(> T7)) 
sufficiently large, then we have, for all t > T, 


I(t) <0. (2.5.26) 
Consequently, for any t > T, we have from (2.5.20) 


max w(s)!*% < 2'**Ko[w(t) — w(t + 1)). (25.27) 
s€[tt+ 1] 


Now, putting w(t)~* = y(f), it follows from (2.5.27) for all t > T, 


II 


1 
d -a 
yt+ l-y i 7p ome +1I+d0- Ayw(n} dé 


1 
= a | {ow(t +1) + — Ow} “d0(w(t) — w(t + 2) 
0 


IV 


a2!" Ko. (2.5.28) 


Hence, for all t > T, choose the integer m such thatn + T <t<n+T7+1, we 
obtain 


y(t) > y(t—n) + na2™"" Ko 


e eit : y(s) + na2™!* Ky (2.5.29) 
or 
w(t) * > La ' w(s)|-% + na2~!~* Ko (2.5.30) 
and hence 
gitaK i 
w(t) < =n ee a. (2.5.31) 


From the definition of w(t) and the estimate (2.5.31), we obtain (2.5.11). 
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Finally, we consider the case a = 0. If Ko < 1, then we have from (2.5.9) 
(t+ 1) < g(t) < Ke! (2.5.32) 


and there is nothing to prove. Hence, suppose Ko > 1. Then by (2.5.9), we have 


gt+I)s ont 2 a (2.5.33) 
and 
(a= oe eae 1K 90-1) 
ra 
= oe oe ee 
yp 4B a is ey} 
x(1— Moly (2.5.34) 
0 


where n is the integer such that tf < n < t+ 1. Furthermore, by (2.5.34), we have 
p(t) < Cetera) + eth < Ce (2.5.35) 


which proves (2.5.12). Oo 


Theorem 2.5.4 (The Nakao Inequality [414]) Suppose that $(t) is a bounded 
non-negative function on R+ satisfying 


ema, G(s)! < Coll +1 {o-9¢+ Db +8 (2.5.36) 


where Co > 0 is a constant, g(t) a non-negative function, and a a non-negative 
constant. Then we have 


(i) ifa > 0,r = Land lim,-++.0flog ]'*'/“ g(t) = 0, then for all t > 0, 


—l/a 
eM < Ci log(1 + | : (2.5.37) 
(ii) ifa >0,0 <r < 1 and limj++0 {l-I0+ 1/8) 5 (2) = 0, then for allt > 0, 


o(t) < Cot, (2.5.38) 
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(iii) if = 0,r = 1 and g(t) < K,t~°"! with constants 6 > 0, K, = 0, then for all 
t>0, 


o(t)<C(1+1” (2.5.39) 


where 6’ = min(6, Cy"), 
(iv) if = 0,0 <r < 1and g(t) < Kyt~® exp| — oehont + yi] with 
@ > 1, then for all t > 0, 


1 . 


In the above, C; (i = 1,2,---) are constants depending on $(0) and other 
known constants. 


The above Nakao inequality (see, e.g., Nakao [414]) has several generalizations 
which we shall state as follows. 


Theorem 2.5.5 (The Nakao Inequality [414]) Suppose that $(t) is a non- 
negative continuous non-increasing function on Ry satisfying the inequality, for 
allt > 0, 


2 
P(t+T) SCY +0% GO —O( + DI, (2.5.41) 


i=1 


with some T > 0,C > 0,0 < 6; < land 0; < «¢; (i = 1,2). Then $(t) has the 
following decay properties: 


(i) If0 < €; < 1 withe; + & < land 6; <«€;, i= 1,2, then for allt > 0, 
Hs QOU+n)” (2.5.42) 
with y = minj=1 2{(€;—9;)/(1 —€;)}, where we consider as (€;—6;)/(1—€;) = 


oo ife; = 1. 
(ti) If 0; = €, < 1 and 60, < € < 1, then for allt > 0, 


—e1/(1-€1) 
eM < Co| log(2 + y} ; (2.5.43) 
(iii) If 0, = «, < Lande, = 6 <1, then for allt = 0, 
7 
ems Co| log(2 + y} (2.5.44) 


with y => minj=12{¢;/(1 _ €;)}. 
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(iv) Ifé, = €2 = 1, then for allt = 0, 


f(t) < Coexp{—Ar'} if 6 <1, (2.5.45) 
o(t)<C(1+p~* if @=1 (2.5.46) 


for some X > 0,a > 0, where we set 0 = min{6, 62}. In the above, Co denotes 
constants depending on (0) and other known constants. 


Proof The case: €; = €) and n; = 72 was proved in [411] in more detailed form. 
The proof, however, is not applicable to our situation and we employ a different 
technique. 

Let us prove (2.5.42). We take M > maxj<s<1¢(s) = $(0) and assume that 


sup (1 +1* = o(T)1+T)* =M (2.5.47) 
0<t<T 


for some T > 1. Then, by the inequality (2.5.41), we have 


M(1+ T)* = $(7) < CD, TIMe(T — (1+ T)*)% 
< CU, T'MiaT ete (2.5.48) 


and 
M < CO, Tete yg? — CY?_ Mat (2.5.49) 


which is a contradiction if we take large M. This means that there exists a constant 
Co = C(¢(0)) > 0 such that for all t > 0, 


Pl + 1)* < Co, (2.5.50) 
which proves (2.5.42). 
Next, we consider the case (2.5.43). In this case, we assume, for M > (0) and 


T > 1, that 


supociero(t)(log(2 + t))* = $(T)llog(2 + T)|* = M (2.5.51) 


with a = —L. Then, we have again by (2.5.41), 


l-e,° 


Mllog(?2 + T)|* = $(T) < CE}, T*M® [(log(1 + T))* — (log(2 + 1) *}* 
< CxL,T'M%a(1 + T)~“flog(1 + Ty] et « (2.5.52) 
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whence 
M< C{[log(2 + T)la — (a+ 1l)eyM" + uo} 
= Cri M (25:53) 


which is again a contradiction if we choose large M > 0. This implies (2.5.43). The 
proof of the case (2.5.44) is essentially included in the above case. Finally, in the 
case (iv), we have 


b(t) <CU+9"bO — o(¢+ D] (2.5.54) 


which implies (2.5.45)—(2.5.46). O 
Remark 2.5.1 It is clear from the proof that Theorem 2.5.5 is generalized to the 


difference inequality of the form, for all t > 0, 


P(t +1) < CUM A+)" — G+ D)* (2.5.55) 


For example, if 0 < €; < 1 and n; < €;, we conclude from this inequality that 


o(t) < Cod +t” (2.5.56) 


with a = min{ S—"}. 


Remark 2.5.2. When €; = €) and 6; = 6), more detailed results are proved in 
Nakao [411, 412]. 


Remark 2.5.3 The above theorem can be easily generalized to the following 
difference inequality of the form 


m 


G+ I) SCL +9 —O0+ DIF. (2.5.57) 


i=1 
For example, if 0 < «; < 1 and 6; < €;, we obtain from (2.5.57) that 
eg <QOd+n)" (2.5.58) 


with 7 = mini<j<m{(e; — 8;)/C — €,)}. 


Corollary 2.5.1 (The Nakao Inequality [414]) Let $(t) be a non-negative func- 
tion on Rx satisfying 


sup g(s)'FY < Kol +9"{6H— G+ 0} (2.5.59) 


tss<t+1 
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for some constants Ky > 0,y > 0,B < 1. Then $(t) has the decay properties: for 
allt > 0, 


P(t) < Cod + ace (2.5.60) 
and if y = 0, then for allt > 0, 
b(t) < Coexp{—ar' ?} (2.5.61) 


where Cy > 0,A > 0 are constants. 


Theorem 2.5.6 (The Nakao Inequality [414]) Let (t) be anon-negative function 
on Rx satisfying 


sup $(s)'t” < g()[o — $0 +7) (2.5.62) 


t<s<t+T 


with constants T > 0, y > 0 and g(t) is a non-decreasing function. Then $(t) has 
the decay property: for allt = T, 


t 
p(t) < {P(0)-” + yf a(sytdsy (2.5.63) 

T 
In particular, if y = 0 and g(t) = constant in the above, then we have, for all t > 0, 
$(t) < Ch(0) exp(—At) (2.5.64) 


for some constant i > 0. 


Chapter 3 
Nonlinear One-Dimensional Discontinuous 
Integral Inequalities 


3.1 Nonlinear One-Dimensional Discontinuous 
Generalizations of the Gronwall-Bellman Inequalities 


In this section, we shall introduce some nonlinear discontinuous Gronwall-Bellman 
inequalities and their generalizations. 

Let [a, b] denote an interval, possibly infinite but which we shall assume closed 
at any finite endpoint and let a(x) and 6 (x) denote functions whose range is in [a, b] 
whenever the domain is [a, b]. The functional equation considered here is 


g(x) = Fix, p(s), a(x) <5 < BO) (3.1.1) 


which, for convenience of notation, we may write as 


p(x) = F(x, g(-)). 


Theorem 3.1.1 (The Hanson-Waltman Inequality [269]) For x in [a,b], let F 
have the following properties: 


(i) F(x, g(-)) is measurable. 
(ti) F(x, 91(-)) < F(x, @2(-)) whenever 9 (x) < g2(X). 
(iii) There exists a measurable function Q(x) such that F(x, Q(-)) < Q(x). 
(iv) There exists a measurable function (x) < Q(x) such that F(x, ¥(x)) < w(x). 


Then there exists a measurable function (x) which is a solution of equa- 
tion (3.1.1) almost everywhere and satisfies 


W(x) < g@) <Q). 
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Proof Let H be the collection of equivalence classes of Lebesgue measurable 
functions L on [a,b] such that w(x) < L(x) < Q(x) almost everywhere. The 
functions L; and Ly will be identified if {x : L,(x) # Lo(x)} has Lebesgue measure 
zero. Define T: H — H by 


T(L(x)) = F(x, L()). 


We shall show that H is a complete lattice under the relation L > L’ if L(x) < 
L'(x) a.e. and that T is an isotone mapping of H into itself. The proof of this will 
essentially follow from a lattice fixed point theorem. Oo 


For a Lebesgue subset A of [a, b], define 


ayo 1 1 
L(A) = fe : min| 1. > aa le 


It is easy to verify that jz is a measure on the Lebesgue subsets of [a, b] which has the 
same sets of measure zero as does Lebesgue measure. In addition, H is contained in 
the collection of real-valued Lebesgue measurable functions which are absolutely 
integrable with respect to 4 and H has a maximal and a minimal element (Q and 
w respectively ). It follows from Theorem 22 of [212] that H is complete lattice 
in the sense of [84] (this can also be done using Lemma 2 of [416]). Note that 
completeness in the sense of [212] is conditional completeness in the sense of [84], 
but since H is bounded, the two concepts are the same for Hl. 
We see that if y(x) < Li(x) < In(x) < Q(x) ae., then 


(a) (TL;)(x) = F(x, Ly (-)) < F(x, Iy(-)) = (TL2)(x) so TL; < TL», and T is 
isotone. 

(b) (TL))(x) < (TQ)(x) < Q ae. 

(c) (TLi)(x) = (TY)(®) 2 V ae. 


Thus T : H — H and is isotone. By a fixed point theorem for complete lattices 
(Theorem 8 of [84]), we conclude that there is an element L of H such that 


L(x) = F(x, L(-)) ae. 


As an application of Theorem 3.1.1, we obtain the following result, due to 
Viswanstham [657]. 


Corollary 3.1.1 (The Viswanatham Inequality [657]) /f 
oa) ent f foods 
x0 


where f (x, y) is bounded, measurable, and monotonic increasing in y in the region 
defined by |x — xo| < a; |y — n| < b, where a and b are positive real numbers; (x) 
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is bounded in the region |x — xo| < a, then there exists a continuous solution of 
* 
aay =n J f.2))ds 
xo 
valid in the interval xy < x < x9 +a@,a@ = min[a,b/M] where M is the bound on 


|f(, y)|, such that p(x) < za). 
Proof Taking 


F(x, g(s),% SsSxyvHnt+ [1 y(s))ds, 
Xo 
all the conditions of Theorem 3.1.1 are satisfied except (iii). Here, take Q = n+Ma, 
F(x,n + Ma) = n+ [font Mayds <n+Ma. 
Xo 
Theorem 3.1.1 yields a measurable function L(x) 
L(x) = n+ ; : f(s, L(s))ds almost everywhere. 
Xo 
Letting 
ots) = 9+ | M6.L69))ao 
a) 
then g(x) is continuous, equal to L(x) almost everywhere, and 


g(x) =nt+ [ t6 L(s))ds = n+ [f y(s))ds, almost everywhere. 


As a second application, we now consider 


a(x)+1 
(x) = / k(t)o(t)dt (3.1.2) 


@) 


with the boundary condition lim,—.+ .09(x) = 1 where lim,—.+4.00(x) = +00. 
Corollary 3.1.2 (The Viswanatham Inequality [657]) Suppose 


(1) kis a Lebesgue measurable function on [a, +00) such that 0 < k(x) < 1 except 
for a set N of Lebesgue measure zero and lim,-++400,xénk(x) exists. 
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(2) y is a Lebesgue measurable function on [a, +00) such that 0 < y(x) < 1 except 
for a set N of Lebesgue measure zero and lim,-,+.0,énvy(x) = 0, 


a(x)+1 
1-y = [ k(t)(1 — y(t))dt a.e. 


x) 


Then there exists a continuous solution y of equation (3.1.2) satisfying 


l-ya) <g@)<1, ae. 


Proof Taking Q = 1, the theorem immediately provides a solution, almost 
everywhere satisfying the inequalities. Proceeding as in Corollary 3.1.1, we can 
obtain a continuous solution. This result is implicit in [615]. | 


Remark 3.1.1 We should note that although Corollaries 3.1.1 and 3.1.2 can be 
obtained by successive iterations (beginning with the lower bound), simple exam- 
ples show that Theorem 3.1.1 cannot be proved in this way. 


Theorem 3.1.2 (The Ma-Debnath Inequality [361]) Let c > O anda é€ 
L'(I, Ry), and assume that the function w : I = [0,T] — [1, +00) satisfies for all 
0<1t<f, 


w(t) < c(1 + [avs log w(s)ds), (3.1.3) 


then for all0 < t < T, 
t 
w(t) < cexp( | a(s)ds). (3.1.4) 
0 


Proof Set v(t) = c(1 + rh a(s)w(s) log w(s)ds), then v(0) = c, w(t) < v(t), and 
thus 


v(t) < ca(t)v(t) log v(t). 


This differential inequality can be integrated directly, giving the right-hand side 
of (3.1.4), and the lemma follows. oO 


Next, we study the integral inequality 
u(x) < / k(x — s)[u(s)|’ds, 0 <x,0< 8B, (3.1.5) 
0 


where k > 0 is a given locally integrable function. It is clear that u(x) = 0 is a 
trivial solution of inequality (3.1.5). Therefore, we are interested further in non- 
trivial continuous, non-negative solutions u of (3.1.5). 
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Recall that this inequality arises in the study of uniqueness problem for a more 
general integral equation, for all ¢ > 0, 


10= n(t,s,y(s))ds + FO, 


in some Banach space. For example, if we consider two solutions y; and yz, take 
x(t) = |ly1(2) — yo(2)|| and assume that 


ln(z, s, y1(s)) — A(t, 8, y2(5))|] < (t= 9) |hy1(8) — yoo)? 
then we obtain inequality (3.1.5) for x(d). 


First, we note that if | < 6, then (3.1.5) has no non-trivial solutions. This is due 
to the fact that the integral operator 


Tu(x) = [&- s)[u(s)/Pds, BI 


is Lipschitz continuous in the class of non-negative, continuous functions. There- 
fore, we assume that 0 < 6 < 1. We also note that the existence of a non-trivial 
solution to (3.1.5) is equivalent to the existence of such a non-trivial solution to the 
corresponding equation 


u(x) = ik k(x—s)[u(s)|Pds, O<x,0<B<1. (3.1.6) 
0 


To see this, we consider any non-trivial solution v(x) of (3.1.5). To deal with non- 
decreasing functions, we define 


v(x) = sup{v(s): O<s <x}. 


Since, the integral operator T has the following monotonicity properties: 
for any 0 < w,(x) < w2(a), 


Twi (x) < Tw2(x), 
and 7Tw(x) is non-decreasing for any non-decreasing function 0 < w(x), we easily 


see that v(x) is also a non-trivial solution to (3.1.5). Furthermore, it follows from 
the inequality 


a) < [ “kx — s))Fds < KO OWE, 
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where K(x) = [¢ k(s)ds that 
v(x) < K(@)V/O-P), 
Now we construct a function sequence 
vo(x) = K(x)'/O-) ung (x) = Tv,(x), n= 1,2,.... 

We may verify directly that Tuvo(x) < vo(x) and hence we obtain 

Unt1(x) = Tun(x) < vp(x) for n=1,2,... 
Thus v,(x) is a non-increasing sequence of continuous functions. Since 

v(x) S vox) and v(x) < Tua) < Tvo(a) < vo(a), 

we obtain v(x) < v,(x) form = 1,2,.... Now we consider the limit function 

u(x) = ae Un(x) = Pe Tvn(x) = v(x). 


Such a u(x) is a non-trivial solution of (3.1.6). 
Obviously, equation (3.1.6) is a very special case of the equation 


u(x) = a k(x — s)g(u(s))ds, (3.1.7) 


where g is a continuous and non-decreasing function. 

Recall that the problem of the existence of non-trivial solutions for equa- 
tion (3.1.7) was studied and some necessary and sufficient conditions, given in 
[127, 405, 431] were formulated in the form of so-called generalized Osgood 
conditions. One of the most strength results was obtained for the logarithmically 
concave kernels k. For example, for such kernels, the following condition, 


© ete ( Ss ) ds 2 
L© (gs) at 

where K~! is inverse to K and 6 > 0 is sufficiently small, is necessary for the 
existence of non-trivial solutions to equation (3.1.7). Moreover, in the case k(x) = 
x?! or exp(—x “),a@ > 0, this condition is also sufficient, see [256, 403, 404]. 
Unfortunately, if g(u) = u’,0 < B < 1, then this condition is satisfied for any k. 
On the other hand, it is known that if k(x) = exp(—exp(« ®)), then (3.1.7) has a 
non-trivial solution if and only if 0 < a < 1, see [430, 632]. We shall characterize 
those kernels k, for which the inequality (3.1.5) or equivalently (3.1.6) has non- 
trivial solutions. The next result is due to Mydlarczyk [406]. 
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Theorem 3.1.3 ([406]) The inequality (3.1.5) has a non-trivial solution if and only 
if0 < B < land 


Ko / ds 
[« ea 7 


where 6 > 0 is a sufficiently small number. 


Proof (The necessity) Consider the non-trivial solution u of (3.1.6) constructed 
above. We note that (3.1.6) has also other non-trivial solutions. For example, the 
functions u,(x) = 0 for all 0 < x < c and u(x) = u(x —c) forall x > c (c > 0) 
are such solutions. Manipulating with c, if necessary we can choose u such that 
u(O) = 0 and u(x) > 0 for all x > 0. It follows from the construction described 
above that u is non-decreasing. Furthermore, the integration by parts gives us 


u(x) = i, K(x—s)d[u(s)*, (3.1.8) 


which implies that u is absolutely continuous and increasing. Finally, substituting 
s = u(r) into (3.1.8), we have 


~ [ * K(w'() —u'(s))d(®), 
0 


where u™! is inverse to u. Let @(x) = x!/8 < x < 1. Splitting the integral above into 


two parts, we can obtain 
x < K(u"(x))b(a)? + KW! (x) — (P(x) 2°. (3.1.9) 


Since K(u!(x)) > Oas x > 0, it follows from (3.1.9) that 


ae < Kw '() — uw (~@)), 


or 


K Ge ') <u !(x) —u | (@(x)) (3.1.10) 


for all 0 < x < 6, where 6 > 0 is sufficiently small. 
Now, we note that for any 0 < x < 6, the sequence 


Xo =X, Xnt+1 = (xn), n=1,2,... 


is decreasing and convergent to zero. 
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Since 


* 1 d. 1 
[2 (Sor8) agp (Sac) 
Xn 2 s(— logs) 2 


it follows from (3.1.10) that 


~ 4f{1 ip ds 
K =s ——. < + ~, 
0 2 s(— logs) 


for all 0 < x < 6, which proves easily our assertion. 


The Sufficiency We shall construct one of the solutions to (3.1.5). Let w(x) = 
x/U+B) < x < 1. We claim that the function F given by its inverse 


ds 


F(x) = "pl (1-B)/2 
war [OO 


y = I/log(2/(. + B)) 


is such a solution. 
Indeed, first, we note that 


% (x 
/ K(F7!(x) — F71(3))d(s8) > i 0 K (F109 — Fs) d(o8) 
0 0 
> K(F-'(x) — F' (Ww) v@)?. 


We observe also that 


ds 
s(—logs) 


yKo (vey?) / “ds 


v(x) 3(— logs) 
= K7! (vat) ; 


It follows from two inequalities above that for all 0 < x < 1, 


F(a) — F140) = y | "HH (gt-2) 
wx) 


IV 


i K(F~!(x) — F7'(s))d(s) > w(x)? = x. (3.1.11) 
0 
Now the substitution t = F(s) into the integral above shows that 
i K(x —s)d(F(t)*) > F(x). 
0 


Finally, the integration by parts shows that F(x) satisfies (3.1.5), which finishes the 
proof. oO 
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Remark 3.1.2 We directly verify that for the kernels k(x) = exp(—exp(x °)) 
mentioned above, the following inequalities k(0.5x) < K(x) < k(2x) hold at the 
vicinity of zero. Now, we easily see that the condition in Theorem 3.1.3 is satisfied 
in this case, if and only if0 <a <1. 


Remark 3.1.3 A substitution s = t* (0 < a < 1) into the integral above changes 
the condition in Theorem 3.1.3 to the following 


Ott dt 
i (K Nix ea) < +00. 


3.2 Nonlinear One-Dimensional Discontinuous Bihari 
Inequalities and Their Generalizations 


Theorem 3.2.1 (The Butler-Rogers Inequality [126]) Let x(t), a(t), b(t) be pos- 
itive functions of t, bounded inc < t < d, let k(t, s) be non-negative, bounded on 
the triangular regions 5 < t < d,c < s < d; assume further that x(t) is measurable 
and k(t, s) is a measurable function of s for each t with c < s < d. Let f(u), g(u) 
be positive functions for all u = 0, with f strictly increasing and g non-decreasing. 
Then defining 


A(t) = supa(s), B(t) = sup b(s), K(t,s) = sup k(o,s), (3.2.1) 


c<s<t c<s<t s<o<t 


if the inequality holds for allc < t < d, 


f(x) < a) + vo | K(t, s)g(x(s))ds, (3.2.2) 


then forallc <t<d' <d, 


x(t) <f-! [aaa + B(t) / “Kt. ss) . (3.2.3) 
where 
u dw 
Q(u) = i 2f)’ uz=ée> 0, (3.2.4) 
and 


d = max J <t<d:Q(A(t)) + B¢e) fK(c,s)as < Q(f(+00))¢ . (3.2.5) 
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Proof Letc < t < T < d’. It will be obvious from the proof that d’ is defined in 
such a way that the right-hand side of (3.2.3) is meaningful. Then (3.2.2) implies 
that 


t 
f(t) < A(T) + B(T) / K(T, s)g(x(s))ds. (3.2.6) 
Denoting the right-hand side of (3.2.6) by V(7, 2), this is equivalent to 


f(D) < VT, 1). 


By the monotonicity of g and f, we have, 


g(x(t)) < g(f '(V(T.9)). (3.2.7) 


Differentiating with respect to f and using (3.2.7), we conclude 


aT) < B(T)K(T, t) 
g-(V(T.D) ~ “a 


Integrating from t = c to t = T, we have 
T 
Q(V(T, 1) < Q(V(T, 0) + BIT) / K(T, s)ds, 


T 
VEn=27 (we. c)) +ar) | K(T, sds) 


i 
f(T) < V(T.T) < 27 (acy + BD) | K(. ss) . 


which is (3.2.3) with a change of dummy variable. iE 


Note that if a(t), b(t) are non-decreasing functions of ft, and k(t,s) is a non- 
decreasing function of ¢ for each s with c < s < d, (3.2.3) can be replaced by 


x(t) < f~'[Q7"{Q(a(t)) + b() fu s)dst], c<t<d <d, 


with appropriate modifications if only some of these functions are non-decreasing. 
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Corollary 3.2.1 (The Butler-Rogers Inequality [126]) Jf in Theorem 3.2.1, 
fu) = wv’,g(u) = ut, where p,q > O, then the inequality (3.2.2) implies the 
inequalities 


(i) for allt withe <t<d, 


’ 


x(t) < [Agra a= “BC [xe sas] 


if p # q (in the case q < p;p > 1,d’ is equal to d). 
(ii) foralltwithe <t<d, 


x(t) < [A@exp(B) [x6 sjds) |" 


ifp = 4. 
We omit the proof and remark that the inequalities in the corollary were obtained 
in [402] forp = 1,0<q< land K(t,s) =t-s. 


Corollary 3.2.2 (The Butler-Rogers Inequality [126]) Let x(t), a(t), k(t, s) sat- 
isfy the hypotheses of Theorem 3.2.1. Let p = z be a positive integer. If the inequality 
holds for alle < t < d, 


x(t) < a(t) + b(a)( / ro s)x?(6)ds) (3.2.8) 


Cc 


then forallc<t<d, 


x(t) < A(te(p — l)exp (<2 [Ke 9) F (3.2.9) 


Proof The inequality (3.2.8) implies for allc < t< T <d, 


x() — A(T) < b(0)( / “kt. s)x? (s)ds) Me 


Thus, for alle <t<T <d, 
y(t) < v(n( / k(t, s)x"(s)ds).. (3.2.10) 
where 
x(t) — A(T), if x(t) A(T) = 0, 


y(t) = 
0, otherwise. 
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Applying Theorem 3.2.1 with f(u) = uv’, g(u) = (u+ A(T))’, and noting that 
d' = T in this case, we conclude that inequality (3.2.10) implies for all c < t < T, 


Q(y?()) < 200) + wr [Ke s)ds, (3.2.11) 
where 
u dw 
— I (wilh AT) 
Thus 
yd) dw y play 
P = ee -SC—CS— SEE 
Q(y (t)) i (wl /P + A(T))P rf (z LAT) 
Letting 


» Pde 
L= ———_., 
i (<+ A(T)? 
it follows, by integrating by parts, 


yo 


b= Cay FA 


Therefore, we have by induction 


ytA(T)) Sy 
Q(y?(t)) =p oe) = eed . (3.2.12) 


m=1 


From (3.2.11) and (3.2.12), we derive for all c < t < T, 


p-l 
pQOt4O _ Fl 


1. : 
aA) a < Fal of K(t, s)ds. 


m=1 


Thus, for alle <t < T, 
1 t 
y(t) + A(T) < A(T)e(p — l)exp Fag K(t, ss] ‘ 
P s 


Hence, taking t = T, and using the fact that x(T) < y(T) + A(T), we obtain the 
desired result. Oo 


Corollary 3.2.3 (The Tatar Inequality [639]) Leta, b, K, w be non-negative 
continuous functions on the interval I = (0,T) (0 < T < +00), letw : (0, +00) > 
R be a continuous, non-negative, and non-decreasing function with w(0) = 0 and 
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ow(u) > 0 for all u > 0, and let A(t) := maxo<s<;a(s) and B(t) := maxo<s<; b(s). 
Assume that for allt € I, 


W(t) < a(t) + b(t) [ K(s)w(W(s))ds. (3.2.13) 


Then for allt € (0,7), 
w(t) < H[H(A()) + BY) / 'K(s)ds), (3.2.14) 
0 


where H(v) := Sy dt/w(t) (v = vg > 0), H7! is the inverse of H, and T, > 0 is 
such that H(A(t)) + B(t) fj, K(s)ds € Dom (H™') for all t € (0,T}). 
It is of interest to compare Corollary 3.2.2 with those of Willett [671] and 


Gollwitzer [249]. If we take a(t) = a, b(t) = 1, k(t, s) = 1,c = 0, we can obtain 
from Corollary 3.2.2 that inequality (3.2.9) reduces to 


x(t) < we(p — 1)exp (<) ; (3.2.15) 


whereas the estimate of Willett yields 


p-1| 
x(t) <a [ +(é-) Va - eo] (3.2.16) 


k=0 
and that of Gollwitzer yields 
x(t) < af] + exp(2?-!t — 1)!/?]. (3.2.17) 


Although (3.2.16) and (3.2.17) are better estimates than (3.2.15) for small values 
of t, for large values of t, (3.2.15) is considerably better than either of (3.2.16) 
or (3.2.17). 

Next, we shall introduce the results in [639] and consider the following impulsive 
integral inequality: 


u(t) < a(t) + b(t) fu (t, s)u'" (s)ds 
0 


+c(t) / “alk s)u"(s—t)ds + d(t) Y* neu), for all t>0, (3.2.18) 
0 


O0<t,<t 


u(t) < d(t), ~t € [-t,0], t > 0, 


where a(t), b(t), c(t), and d(f) are non-negative continuous functions, m,n > 
1, 7, = O, the points f, (called “instants of impulse effect’) are in the increasing 
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order, and limy++00 t% = +00. The kernels k;(t, s), i = 1,2, are of the form 
ki(t,s) = (t—s)''SF((s), i= 1,2 (3.2.19) 


where 6; > 0, y; > —1, Fi(t), i = 1,2, and @(f) are non-negative continuous 
functions. For this reason, we say that we are in the presence of an impulsive 
nonlinear singular version of the Gronwall inequality with delay. 

Let the points % € (0,+00), k = 1,2,... are fixed such that t+; > t, and 
limy| +00 te = +00. 

We consider the set PC(X, Y) of all functionsu: X > Y, (X CR,Y C R’) 
which are piecewise continuous in X with points of discontinuity of the first kind 
at the points % € X, ie., there exist the limits lim,),, u(t) = u(t%+) < +-oo and 
limp, u(t) = u(te—) = u(t) < +00. 

Impulsive integral equations, impulsive integro-differential equations, and impul- 
sive differential equations arise naturally in various fields such as population 
dynamics and optimal control (see the monographs [41, 327, 586]). It seems that the 
first treatment of impulsive systems should date back to the monograph by Krylov 
and Bogolyubov [314]. 

Recall that Samoilenko and Perestyuk [584] first used the following impulsive 
integral inequality: for all t > 0, 


t 
u(t) <a+ i b(s)u(s)ds + D> newt), (3.2.20) 
© C<t<t 
to investigate problems of the form 


Y=f(x), t# te 


Ax =I,(x), t= tk. 


(3.2.21) 


Then, a similar inequality with constant delay was considered by Bainov and 
Hristova in [40]. Hristova [284] treated a more general inequality with nonlinear 
functions in u. However, in all these works, the functions (kernels) involved in the 
integrals are regular, even in the case of integrals of convolution or nonconvolution 
types (see, e. g., [42, 507]). 

We shall consider the case of singular kernels of the form (3.2.19), which arises 
for instance when we study impulsive evolution problems of the form 


d 
— +Au=f(tuu), t>0,t#t, 
u(0) = up € X, (3.2.22) 
Au(t) = u(tt) —u(f,'), &k=1,2,..., 


where A is a sectorial operator (see, e.g., [721] where the case without delay and 
with globally Lipschitzian right-hand side was treated). 


3.2 Nonlinear One-Dimensional Discontinuous Bihari Inequalities and Their. . . 359 


We recall here that nonlinear singular versions of the Gronwall-Bihari inequality 
were already considered in [308, 309, 379, 637] and Medved’ in [384, 385] to 
investigate problems of the form (3.2.22) and perturbed problems of (3.2.22), but 
without impulse effects. 

Next we first prepare some lemmas and notation to be used latter. 


Lemma 3.2.1 (The Tatar Inequality [639]) For all B > 0 and y > —1, we have, 
for allt = 0, 


t 
/ (t— 5)! sds = Crbt”, (3.2.23) 
0 


where C = C(B, vy) = T(B)/TG+yt+1). 


Proof The equality can obtained from the definition of I'-function, here we omit it. 
oO 


Lemma 3.2.2 (The Tatar Inequality [639]) [f 8, y, 6 > 0, then we have, for any 
t>0, 


pe / is s)P! sleds < C, (3.2.24) 

where C = C(B, y, 4) is a positive constant independent of t. In fact, 
C = max{1, 2'-FT(y) (: 4 rs) (3.2.25) 
Proof See [308] for the detailed proof. Oo 


Let V(t) = 1+ fo F5(s)97"(s — t)ds, r:= max{m,n} > 1, to := 0. 
For p and q such that 1/p + 1/q = 1, we define 


fy(t) := sup }a%(t), CY? (pBi —p +1, pyr)bt(nri tt 
C4? (pB2 —p +1, pyayct (ttt, dt), — (3.2.26) 


with C(p6i—p+1, pyi) and C(pp2—p+1, py2) the constants from Lemma 3.2.1, 
and T,, be the supremum of all values of t such that 


k tj 
Yop G4 QC" US t+ GED NY’ 
i=1 


x {FT (s)f"(s) + FU(9)f"(s — t)}ds + (k + 3)" 


V(t)! 
@=1)* 


x WL, (1+ G42 fFG)) i {F4(s)f"(s)f"(s — 1)} ds < (3.2.27) 
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ifp = q =2, put f(t) = fo(t) and T := 7. 
Without loss of generality, we shall suppose that the % are such that tT < tf) — 
te < 2t, k=0,1,2,... For the general case, see Remark 3.2.1 below. 


Theorem 3.2.2 (The Tatar Inequality [639]) Let the above assumption on the dif- 
ferent parameters and functions hold. Suppose that u is in PC([—t, +00], [0, +00]) 
and satisfies (3.2.18), then 


(a) if B; > 1/2 and y; > —1/2, i = 1,2, it holds that for all t € (ty, te+1], 


k 1/q 
u(t) < c + 3f(O[Ja+«+ anit) 


l=1 


ko ont . 
x Kou —(@-D>f G42" WE} (14 G+ DAH) 


i=1 74-1 


x (Fi (s)f"(s) + F3(s)f"(s - t)) ds — (r — 1)(k + 3)" 


k ‘ 1/20.—r) 
x[]a+ G+ anny / (FU(s)f"(s) + FAS Fs nds] 


j=! 


(3.2.28) 


as long as the expression between the second brackets is positive on (0, T); 
(b) if0 < Bj < 1/2 and—-1 < y; < —1/2, then it holds that for all t € (ty, te44], 


k 1/q 
u(t) < «i +3) R00 TT + & + are 


l=1 


i-1 


kat 
x ror —(-)> > f G4 QDC"] [+042 nt @y 


i=1° tel j=l 


{FI (s)fy'(s) + FU(s\fp (s — t)}ds — (r — 1)(k + 3)" 


7 P 1/q—r) 
xT] + G+ 2 nay” i: {F4(s)f"(s) + F3F%(8 — nia 


j=l 
(3.2.29) 
as long as the expression between the second brackets is positive, that is, on 
(0, T,). 
Proof We shall use a mathematical induction. 


(a) Step 1. We start by proving the validity of (3.2.28) in the interval [0,4] (in 
fact, the argument we present is valid within the interval (0, 7), this fact will 
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be mentioned in every occasion by indicating the right interval over which the 
estimate is valid) for all t € [0, t] C [0, f)] (see assumptions on t), we have 


u(t) < a(t) + b(t) [o- s)P1-! 9 Fy (9) (s)ds 
0 
+c(f) fo - s)P2-! 92 Fy (s)u"(s —t)ds. (3.2.30) 
0 


If B; > 1/2 and y; > —1/2, i = 1,2, then by the Cauchy-Schwartz inequality and 
Lemma 3.2.1, we obtain 


ult) < a(t) + CEB, = 1, anon FRWW2"H)a)!” 
0 


t 1/2 
+C1/2 (2B. — 1, 2ya)e(t)2t2-"/? ( i FA(su2"( ~ yas) , (3.2.31) 
0 


where C(26; — 1, 21) and C(262 — 1, 2y2) are the constants from Lemma 3.2.1. 
Squaring both sides of (3.2.31), we conclude 


w(t) < 3a°(t) + 3C(2B, — 1,2y,)b2() PFT)! / " F2(s)u2(s)ds 
+3C(2Bo — 1, 2ya)? (Qrety! / " F2(s)e2"(s — t)ds. (3.2.32) 
Therefore 
70 <0 (1+ [ Fond + [ RoW"o— nas) 
= sro (1 + / " F(s)u2"(s)ds + / "Fig" — 0a). (3.2.33) 
Putting 
vui(f) = 1+ i Pe 6—aark [ "F2(s2"(s)ds, (3.2.34) 


we see that v,(f) is a non-decreasing positive differentiable function on 
[0, 7], 1100) = 14 fy Fog7"(s — t)ds =: V(t), 


w(t) < 3f (tv, (0), (3.2.35) 
vi (t) = Fi()w"(t) < 3"F Of" (tun (t) < 3 Fi (Of (tv; (0). (3.2.36) 
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Now applying (3.2.36) (or using Corollary 3.2.3 directly) leads to 


t 1/(—r) 
vi (t) < Kon —3’(r- vf Flora (3.2.37) 


provided that rs F*(s)f"(s)ds < V(t)! "/3"(r — 1). Therefore, for all t € [0, t], 


t 1/2(1—r) 
u(t) < /3f(t) [vient — 3% 1) i Fay" os] (3.2.38) 


if fj F2(s)f"(s)ds < V(r)!" /3"(r— 1). 
Let ¢ € (t, t]. Then, from (3.2.33) and (3.2.34), we deduce 


u(t) < 3f(t) (oe + [ Fewemoas + [ Rowe - ods) . (3.2.39) 


e 


Let 


wi(t) := vy(t) + [ rewreas + [ own —t)ds. (3.2.40) 


T T 


Then w)(f) is a non-decreasing positive differentiable function on (t, t1], 


w(t) = v1 (t) < wilt), w(t) < 3f(Hwi (0), (3.2.41) 


w(t) = Fe(u(t) + FE (t)ue"(t — 1). (3.2.42) 


Since 0 < t— Tt < Tt (see below Remark 3.2.1) and from (3.2.34), (3.2.35), (3.2.41) 
and (3.2.42), 


w(t— rt) < 3f(t—t)ui(t— 1) < 3f(t— tui (t) < 3f(¢— T)wi(), (3.2.43) 
we can write that 


w(t) < FID Bf(Ow1)" + F3(OBF(t— Twi ()" 
< TOP" () + FOF" — tw} (9. (3.2.44) 


Integrating (3.2.44) from T to ¢ and using (3.2.37), we can conclude 
t 1/(1—r) 
wilt) < [wuceyi tk en vf [FiOF"(s) + FOF" (s — ds| 


< om a9r(R= 1) i * F2(s)(s)ds 
0 
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t 1/(1-r) 
=3" (r= 1) / [F7(s)f"(s) + FE(s)\f"(s — ods| (3.2.45) 


t 1/(1—r) 
< [vat =3'(F= » | [Fi(sf"(s) + FZ f"(s — nas , 


whence, for all ¢ € (t, ty], 


1 1/2(1=r) 
u(t) < v3f(t) lv =a » | [Fi(s)f"(s) + Fa(s)f"(s — ods | 


(3.2.46) 
if 
t yl-r 
We define the function y : [0, 71] > R by 
judd, te [0,r], 
Wit) = Wis. £61201. (3.2.48) 


It follows easily that (3.2.28) holds over [0, ¢,] (recall that f) := 0). 
Step 2. Let t € (41, b]. If all t € (4,4 + T], then 


u(t) < a(t) + b(t) Kc — 5)Pi-! 9) Fy (s)u"(s)ds 
0 
+c(t) fo s)P2-! 9? F5(s)u"(s —t)ds + nd(t)u(t)). (3.2.49) 
0 


Squaring both sides of (3.2.49) after applying the Cauchy-Schwartz inequality and 
Lemma 3.2.1, as in previous Step 1 from (3.2.31) to (3.2.33), we conclude 


w(t) < 4f(0) (1 + / ) F(s)u2"(s)ds + i "FAs" —t)ds + riwtn)) 
0 0 
<4 o(nice) + [ FHonenas+ [ FOWe6— Dds 


ce / Fi(s)u7"(s)ds + i F929 — tds + 1"), (3.2.50) 


ty ty 


364 3 Nonlinear One-Dimensional Discontinuous Integral Inequalities 


Here we have used definition (3.2.34) of v;(t). Thanks to (3.2.40) and (3.2.41), we 
obtain that 


W(t) < 4f (0) (wit) + / Feu" (s)ds + / FA(one"(s— 1)ds + 3niftew(t)) 


t 


< 4f() [1 + 3nif(a)] (itn) + i " F2(s)2"(s)ds + / “FAGue"6 = od). 


(3.2.51) 


Defining 


v2(t) := wilt) + / F*(s)u>" (s)ds + [ Bow —t)ds, (3.2.52) 


th ral 


we derive that v2(f) is anon-decreasing positive differentiable function on (t), t: +7], 
v(t) = wilt) So, WY) S4fOlL + 3nif(aJoO. — GB.2.53) 
Since t— Tt < h, by (3.2.33), (3.2.39), (3.2.40) and (3.2.52), we see that 
w(t— 1) < f(t—DW- 1) S$ YE—Dwi(h) S$ 3f(¢— Tea, 3.2.54) 
which, with (3.2.52) and (3.2.53), implies 


v5(t) = Fr()w" (1) + F3()u"(t— 7) 
< {4"[1 + 3nif(yl'e" (OF LO + 3"F3(Of"(t— 1) v5). (3.2.55) 


Integrating (3.2.55) from f; to t, and using (3.2.45), we can get 
v(t) < Eau ~(1=7) 
t 1/(1—r) 
x / {4"[1 + f(D") FT (S) + 3" FR (9) "(8 — as 
< [vo 30-0 [orm + Fore— olds = 
0 


t 1/(1—r) 
x i, (4"[1 + 32 IP") F2(8) + 3"F3(s)f"(s — 2) as 


1 


(3.2.56) 
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which yields for all ¢ € (t), t; + T], 


u(t) < 2 [1 + 3mf(M YO 


“(veo =ar=1) i : [Fi(s)f'"(s) + Fz(s)f"(s — t)]ds 


t t 1/2(1-r) 
a=1) i / £4" [1 + 3ntf (ti (s) + 3"F5(9)f"(s — Tt) 1s] , 
(3.2.57) 
if 
3 i [F3(s\f"(s) + F2f"(s — lds 
0 


l-r 


+f {4"[1 4 3n2f (ti) If" (s)F2(s) + 3" F5(s)f"(s - t)} ds < as 


r 


(3.2.58) 


Now for all ¢ € (t; + 7, p], from (3.2.34), (3.2.40), (3.2.41), (3.2.52), and 


w(t) < 4f(0) (: + / " F2(s)2™(s)ds + / “FUsyue"(s — t)ds + ruin) ; 
0 0 


(3.2.59) 
we derive 
w(t) < spl (vate +1)+ " 4 / . F?(s)u2"(s)ds 
a [. F3(s)ue"(s — t)ds + 3mif(t)vo(t + 0) 
< 4f([1 + snipta) vat +t) [. Fy (s)w"(s)ds 
- / . FA(ou2"(s— Dds), (3.2.60) 


because w (t;) < v2(t,) < v2(t; + T). At this stage, we denote 

t t 

F*(s)u2" (s)ds + i F3(s)u’"(s — t)ds. (3.2.61) 
ty +t 


TOT ee es / 


t+t 
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Then, clearly w2(t) is a non-decreasing positive differentiable function on (t; + 
T, to], wo(ti + T) = v2(tr + T) < wo(2), and 


w(t) = Fe(t)w"(t) + F(t)?" (t — 1). (3.2.62) 
Note that by (3.2.60) and (3.2.61), we have 
w(t) < 4fO[L + 3nif (nr), (3.2.63) 


and since t) < t—t <t, + T, it follows from (3.2.51) that 


w(t—t) < 4f(t—r)[1 + 3mif(h)]va(t — 7) 
< 4f(t— ol + 307 (Ivo + 7) 
< 4f(t—c)[1 + 3nif (1) wo). (3.2.64) 


Thus 
w3(t) < 4’[1 + 3nif(t))’ (f" OF (0) + f'(t- t)F3(t)) w3(t). (3.2.65) 
Again by integrating (3.2.65), we conclude 


t 


1/(1—r) 
w(t) < [ure +1)-—4(r— DIL + 3if (yy / a (f" (s)Fi(s) + "(8 — T)F5(s)) as| 


< Kou —3"(r—1) { [Fr(s)f'"(s) + F3(s)f" (s — t)| ds 
0 
+r 
—(r—1) : (4"[1 + 3nif(a)I"F" (s)Fi (8) + 3"F 5 (s)f"(s — )) ds 
t 1/(—r) 
—4"(r— [1 + 3nif (nl / 7 Cf" (s)Ft(s) + f"(9 — OFA 


or 


Wa(t) S [viet =a vf | [Fi(sf'"(s) + Fa(s)f"(s — 2) ] ds 
0 


pt 1/(1-r) 
—4"(r — 1) (1 + 3nif(n))’ / Cf" (S)Ft(s) +£"(s — oF I}45| 


(3.2.66) 
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Hence, 


u(t) <2 f(OU + 3mif()) 


x oe —3’(r—1) i [Fi(s)f"(s) + F3(s)f"(s — t)] ds 


t 1/2(1—r) 
1 


~4'(r— [1 + 3meFODY" / (f"(s) F265) +. f(s — t)F2(s)) as ; 
(3.2.67) 


provided that the expression between brackets is positive. We define W2 : (t1, 2] > 
R by 


v(t), t€ [4,47], 


w(t), tél +t, h]. (3.2.68) 


Yr(t) = 


It is clear that (3.2.28) holds on (t;, fo]. 


Step 3. Finally, suppose that (3.1.24) is valid over (t,t+1], then if t € 
(th1, tk+2], we define 


veto), © [tet1. tea + TY), 
tix (3.2.69) 
vee’ We42(t),  t © [K+ + T, K+] 


with 


F2(s)u" (s)ds + [ F3(s)uw"(s — t)ds, 


t 
Ve-h2 I= Wet i (Ke+1) + / 
tk+1 


tk] 


L t 


Fr(s)u"(s)ds + / F5(s)u"(s — t)ds. 


Weto(t) = Ueto(tep1 + 7) + / 
hpite 


heitt 
(3.2.70) 


In a similar manner as in Steps | and 2, we can see that (3.2.28) is valid over 
(tei, te+2].- 


(b) If 0 < B; < 1/2 and —-1 < y; < —1/2, then instead of the Cauchy-Schwartz 
inequality, using the Hélder inequality with 


1 <p <min{ i = 1,2}, (3.2.71) 


1 1 
L=pr° 
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and q > 1 such that 1/p + 1/¢ = 1, we conclude 
t 1/q 
u(t) < a(t) + C'?(pBi —p +1, pyre tr ii4 ( / Fi(ou™(as) 
0 


t 1/q 
+C!/? ( pB> —pH+l, py2)c(t)t2+2-1/4 (/ F4(s)u?"(s = nas) : 
0 
Gl.) 


Then we raise both sides to the power q and use the inequality, 


(os) <n"'(oa), neéN, r,a;€ Rt, i=1,...,n. (3.2.73) 
i=1 i=1 


The rest of the proof remains the same. The proof is now complete. Oo 


Remark 3.2.1 Besides the case treated in the proof, that is, when T < K41—h% < 
2t, k= 0,1,2,.., there are several other cases, but each and every one of them can 
fit in the one considered above or one of the following cases. 


Case 1. There exists an nj, > 1 such that 4, — t% > mt, that is, % < t, + nyt < 
t,4+1. In this case, we argue in a similar manner over (tg, % + T], (t + T,t% + 
2t],...5 (te + (me — 1)t, te + mt] and then over (t, + nxt, t] with t > t% + mgt. 
Therefore the function y+) (4) will have n, + 1 components. 
Case 2. There exists ky > 1 such that (¢,,, te,+1] does not contain any t, + 
nt, n=1,2,..., that is, 41 —t, < t. Here we deal with this interval in a step 
using only a function of the form v,z,+1 (ft), that is, Weo41(f) = Vig +i (0). 
Case 3. € (tg,, tk, +1] with kj > 0, that is, t ¢ (0, t)] as in Case 1. Again, in this 
situation, we consider only functions of the form v;(f) until we reach the interval 
(te, , tk, +1] where we consider both v,,+41(f) and wz, +1(f). 
Remark 3.2.2 Obviously, if kj(t,s) = (t -— 5)Pi—| g¥i e—55 F (5), 6 > 0, i = 
1,2,..., the proof still works. However, using Lemma 3.2.2 instead of Lemma 3.2.1 


throughout the proof, we can have much larger intervals over which the estimates 
are valid. 


Remark 3.2.3 It is clear that Theorem 3.2.2 can be easily extended to other 
nonlinearities than the polynomial ones, iterated integrals and the case of several 
variables. One may use the Gronwall-Bihari lemma (Corollary 3.2.3) in case of a 
non-decreasing nonlinearity. See also [42, 507] for other classes of nonlinearities. 


Next, we shall introduce the result due to Hristova [284]. 
Definition 3.2.1 We shall say that the function G(u) belongs to the class W, if 


(1) Ge C(R+, R+). 
(2) G(u) is a non-decreasing function. 
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Definition 3.2.2 We shall say that the function G(u) belongs to the class W2(q@) if 


dd) Ge W,. 
(2) There exists a function g € C(R+,R+) such that G(uv) < g(u)G(v) for all 
u,v > 0. 


We note that if the function G € Wj, and satisfies the inequality G(uv) < 
G(u)G(v) for all u, v > 0, then G € W2(G). 

Furthermore, we shall use the following notations > a, = Oand TH = 1. 

We shall first consider integral inequalities with delay for piecewise continuous 
functions. 


Theorem 3.2.3 (The Hristova Inequality [284]) Let the following conditions 

hold: 

(1) The functions f,, fo, fa, p, g € C(R+, R+). 

(2) The function wy € C({—A, 0], R+). 

(3) The function Q € W2(p) and Q(u) > 0 for all u > 0. 

(4) The function G € Wj. 

(5) The function u € PC([—h, +00), R+) and satisfies the following inequalities, 
for allt = 0, 


u(t) < fil) +pOGlc + / p(s)Q(u(s))ds + i 2(s)Q(u(s — h))ds) 
+h) D> Beultr). (3.2.74) 


O0<t<t 


and for all t € [—h, 0], 


u(t) < w(t), (3.2.75) 


wherec > 0, By = 0, (kK = 1,2,...). Then for all t € (ty, thai:] N [O,y), k = 
1,2,..., we have the inequality 


u(t) < p(t), (1 + Bip(ti)) 


de. ah 
x1 + GEA) + > plovolp(s)TIZ\( + BietG))lds 
j=1 ¢ 4-1 
+ [rovers + Biot) 
— 
+A i} a(s) glo(s — h) Hyoces-n(1 + Byp(te))]ds 
j=1* 8-1 


pit / g(s)plo(s — h)Tj0<y<s-nC1 + Bje(t))]ds})), (3.2.76) 
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where 


0 for all te [0,h], 


3.2.77 
1 for all t>h, ( ) 


A® = 


p =max{f(t): i=1,2,3}, A=c+hB, Q(B), 
B, =max{g(t): te [0,h]}, Bo = max{y(t): t € [—h, O]}, 


u ds 
> up = 0, (3.2.78) 


He) CrEeey oo 


Be oe 
y = sup | t20:H(A)+ pay | P(s)elp(s)TL=} (1 + Bie(G))lds 
i=] ° "1 
+ / p(sylo(s) HL, (1 + Bip(t))]ds 
_— 
+MY | s(syolols = )Thocys-n(l + Biplt))]ds 
i=1 V 4-1 
+A) i 2(s)plo(s — h)Tlo<y<sn(1 + Bjp(ty))\ds € Dom (H7*), 


for T € (ty, thar] A (0, 4], k=O) Viysoy Ps 


and H~ is the inverse function of H(u). 
Proof 
Case 1. Let t) > h. Lett € (0,h] 9 [0, y) 4 @. 


It follows from the inequalities (3.2.74) and (3.2.75) that for all t € (0, A] [0, y), 
it holds 


u(t) < pod + GA+ i P(s)Q(u(s))ds)). (3.2.79) 


Define the function un” : [0,4] N [0, y) > R+ by the equality 


vO) = A+ : p(s)O(u(s))ds. (3.2.80) 


The function vo (t) is anon-decreasing differentiable function on [0,4] M [0, y) and 
satisfies 


u(t) < p(t)(1 + Gv). (3.2.81) 
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Thus the inequality (3.2.81) and the definition (3.2.78) of the function H(u) yield 


(0) wu (1) 
aa = 0 8 -—_ 25h): 3.2.82 


Now integrating the inequality (3.2.82) from 0 to ¢ for all t € [0,/] M [0, y), and 


using v (0) = A in order, we obtain 


t 
HCO) = HA) + f plso(p(a (3.2.83) 
0 
The inequalities (3.2.81) and (3.2.83) imply the inequality (3.2.76) holds for all 


t € [0,h] N (0, y). 
Lett € (A, t'] N [0, y) 4 S. Then 


h h 


u(t) < p(t) (: + GOO (h) + i p(s)Q(u(s))ds + i x(s)Q(u(s— hd) 
= pd + Gv), (3.2.84) 


where yi? : [A, t!] N [0, y) > Ry is defined by the equality 
v(t) = yO"(A) + / p(s)O(u(s))ds + / g(s)O(u(s—h))ds. (3.2.85) 


Using the fact that the function a. (t) is non-decreasing continuous and v (t—h) < 
vo (h) < RG) for all h < t < min{2h, t'}, we can prove as above that 


Hv (0) < H(A) + / D(s)p(p(s))ds + i 8(s)o(p(s — h))ds 


t 


< H(A) + : p(s)o(0(s))ds + i; a(s)p(o(s—h))ds. (3.2.86) 


The inequalities (3.2.84), (3.2.86) prove (3.2.76) holds on t € (h, t'] N [0, y). 
Define the function 


v(t) for all t € [0, A], 


vo(t) = 
0 vb? (2) for all ¢ € (h,#']. 


Now let ¢ € (t', 7] N [0, y) # ©. Define the function v, : [t', 7] N [0, y) > Ry by 


Hi) = att) + i p(s)Q(u(s))ds + / 2(s)Q(u(s—h))ds. (3.2.87) 
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Therefore, the function v,(t) is non-decreasing differentiable on t € (t,4] N 
[0, y), vi(t) = vo(t1) and 
u(t) < p(t) + Gui) + Biu(t)) 
< pM + Gui) + Bip(a)d + Glvo(t)))) 
< pA + Gui ())) C+ Bip()). (3.2.88) 


Consider the following two cases: 
Case 1.1. Leth < t —t andt € (t; + A,t] N [0, y). Then from (3.2.88), we 
derive 
u(t —h) < p(t—h) + Gui (t—h)))0 + Bi p(t) 
< p(t—h)\1 + Gui()))d + Bip(n)) 
= p(t— A) + G1 ())) Ho<y<r—aC1 + Brplte)). (3.2.89) 


Case 1.2. Leth > tf — t ort € (t),t; + A] A [0, y). Then 
u(t —h) < p(t—A)( + G(vo(t — A))). (3.2.90) 
Using (3.2.90) and vo(t — h) < v;(f), we obtain 
u(t—h) < p(t—h) + Gri) 
= pth) + Gui ()))Mo<n<-n1 + Bep(t)). (3.2.91) 


Thus from (3.2.88), (3.2.90), (3.2.91) and the properties of the function Q(u), we 
derive 
vi) = p(HQu(t)) + gOQ(ut— h)) 
< {POe(EM( + Bip(t))) 
+2(Np(e(t —h)Mo<y<r—n(1 + Bre(te)))} 
xQ(1 + G(vi(d)). (3.2.92) 


We obtain from Definition (3.2.2) and the inequality (3.2.92) that 
(CHO) 
QC + G(vi())) 
< PHp(PMU + Bip) 
+9(t)o(p(t — h)Mo<y<-nC + Bee(t))). (3.2.93) 


“H(oi()) = 
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Integrating (3.2.93) from 1; to f, using (3.2.86), we obtain 


t 


H(v(0)) < H(vo(t)) + / p(s)o(p(s)(1 + Bip(t)))ds 


+f a(s)o(s — h)(TMo<yea—nC + Brp(t,)))ds 


ral 
t 


< H(A) + / “pdo(o(s))de-+ i; p(s)o(p(s)(1 + Bip(tr)))ds 


rE 
+ [8609006 =) To<ncr-n(l + Buple)))As (3.2.94) 
ral 

The inequalities (3.2.88) and (3.2.94) imply the inequality (3.2.76) holds for all 


t€ (tb) [0, y). 
We define functions v¢ : [t, te+1]  [0, y) > R+ by the equalities 


erin < / p(s) Q(u(s))ds + / 2(s)Q(u(s—h))ds. (3.2.95) 


Noting the functions v;(t) are non-decreasing functions, v,(f) > vg—1(t,) and for all 
t € (te, te41] N [0, y), the following inequalities hold 


k 
u(t) < pO) + G(r) + D2 Biuln)) 


i=1 
k-1 


< p(t){l + G(vy(t)) + > Bul) 


i=1 
k-1 


+ Bilt) + G(ve-1(te)) + D> Biulti))} 


i=1 
k-1 
S p(t) + Gre) + D> Bilt) 1 + Bep(te)) 


i=1 


<... S pL, (1 + Bio(t))} + Gx). (3.2.96) 
Using the mathematical induction, we can prove that (3.2.76) is true for all t € 
(te, tee] N (0, v),k = 1,2,.... 


Case 2. Let there exist a natural number m such that t,, < h < tm+,. As in Case 
1, we prove inequality (3.2.76) holds using the functions vz € C(t, tet] 
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[0, y), R+) defined by the equalities, 


Ug(t) = Ug—1 (te) + / D(s)Q(u(s))ds, for k=0,1,...,m, 


tk 


ug(t) = Ve-1 (te) +f P(s)Q(u(s))ds (3.2.97) 


4 / FCCC ae ee 


Therefore, the proof is now complete. oO 


In the partial case when the function ¢(s) in Definition 3.2.2 is multiplicative, the 
following result is true. 


Corollary 3.2.4 (The Hristova Inequality [284]) Assume the conditions of The- 
orem 3.2.3 hold and the function @ satisfy the inequality g(ts) < p(t)y(s) for all 
ts>0. 

Then for all t € (tg, tei] A [0, v3), the following inequality holds 


u(t) < p(t), (1 + Bip(t,)){1 + G(A | (A(A) + g(Ti1 (1 + Bip(t))) 


x / (p(s)p(p(s)) + A(s)a(s)p((s — h)))ds))}, (3.2.98) 


where the functions A(t) and H(u) are defined by the equalities (3.2.77) 
and (3.2.78), respectively, and 


y3 = sup ‘ > 0: H(A) + p(T, (1 + Bip(4))) 
x i (P(s)o(p(s)) + A(s)g(s)e(p(s — h)))ds € Dom (H™) 
for all t € wal. (3.2.99) 


In the case when the function f\ (4) = 0 in inequality (3.2.76), we can obtain 
another bound in which the function H(u) is different and in some cases easier to be 
used. 


Theorem 3.2.4 (The Hristova Inequality [284]) Assume the following conditions 
are fulfilled: 


(1) The functions fi, fo, p, g € C(R+, R+). 
(2) The function y € C({—A, 0], R+). 
(3) The function Q € W2(9) and Q(u) > 0 for allu > 0. 
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(4) The function G € Wj. 
(5) The function u € PC([—h, +00), R+) and satisfies the inequalities 


u(t) <fi(G(c + / p(s)Q(u(s))ds + i e(t)Q(u(s — h))ds) 


+f(t) S* Bru), for all t> 0, (3.2.100) 
0<t<t 
u(t) < p(t), for all t € [—h, 0], (3.2.101) 


where c > 0, By => 0,k = 1,2,.... 
Then for allt € (ty, tha1] N[0,y), (K = 1,2,...), we have 


u(t) < p(t) T1i_, (1 + Bip(ti)) 
a . 
xGEH(A) +> | povole(oyTTZ\A + BieG)lda 
i=1 ° 4-1 
ée i p(s\lo(s) IL + Byp(t))]ds 
7 
+MY | g6s)o (0 = A) T0<j-all + Bela) 
i=] ° 4-1 


+A [ (s)ple(s — h)Tjo<y<s-n1 + Bjp(te))|ds}),  (3.2.102) 


where A(t) is defined by equality (3.2.77), the constants A, B,, Bz, y are the same 
as in Theorem 3.2.1, p(t) = max{ f(t) : i = 1, 2}, 


“ds 
A(u) = ———,, u=u>0. (3.2.103) 
uy Q(G(s)) 
Proof The proof is similar to that of Theorem 3.2.1. oO 


As a partial case of Theorem 3.2.1, we can obtain the following result about 
integral inequalities for pointwise continuous functions without delay. 


Theorem 3.2.5 (The Hristova Inequality [284]) Assume the following conditions 
hold: 


(1) The functions f,, fo, fs, p € C(R+, R+). 
(2) The function Q € W2(¢) and Q(u) > 0 for allu > 0. 
(3) The function G € W,. 
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(4) The function u € PC(R+, R+) and satisfies the inequality for all t = 0, 


ult) <f) + fl)Gfe + i p(s)Q(u(s))ds} 


+f) > Beute), (3.2.104) 


O0<t,<t 


where c > 0, Bk => 0,k = 1,2,.... 
Then for allt € (ty, thei] O [0, v1), k = 0,1,2,..., we have 


u(t) < p(t), (1 + Bi(p(t)) 


xe . 
x + GE HC) +> | plovolp(s)TIZ\(1 + BjeG))lds 
j=] 24-1 


+f rvoloyTL (1 + BoC). (3.2.105) 


where the function H(u) is defined by (3.2.78), p(t) = max{f,(t) : i = 1,2}, 
koa 
v1 = sup . 20: +> [ rovpl(T\ + ew))las 
j=] V 4-1 


+/ p(s)g[o(s) Ti, (1 + Bjp(t))|\ds € Dom (H7'), for all t € (0,1). 


Remark 3.2.4 We note that the obtained inequalities are generalizations of many 
known results. For example, in the case when fi (t) = 0,f4(1) = 0, By = 0, Glu) = 
u, Q(u) = u,h = 0, g(t) = 0, the result in Theorem 3.2.3 reduces to the classical 
Gronwall-Bellman inequality. 


Now we shall consider different types of nonlinear integral inequalities in which 
the unknown function is powered, which can be regarded as a variant of the Ou- Yang 
inequality. 


Theorem 3.2.6 (The Hristova Inequality [284]) Assume the following conditions 
hold: 


(1) The functions f, g,h,r € C(R+, Ry). 
(2) The function w € C([—h, 0], R+) and w(t) < c for all t € [—h, 0] where c = 0. 
The constants p >1,0<q <p. 
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(3) The function u € PC(R+, R+) and satisfies the inequalities 


t 
W(t) <et i LFS) (0) + g(s)ul (sus — hh) 


+h(s)u(s) + r(s)u(s — h)|ds + > Byu? (t,), for allt > 0, (3.2.106) 


0<&<t 


u(t) << w(t), for all t € [—h, 0]. (3.2.107) 


Then for all t € (tg, tei], k = 0,1,2,..., there holds 


u(t) < ¢/TL,(1 + By x fe + i i ‘(h(s) + r(s))ds 
x {/exp (/ (s09 + g(s) + | as), (3.2.108) 
0 


Case 1. Let t; > h. 
Let t € (0, h]. We define the function ue : [-h, h] + Rx by the equalities 


Proof 


ct Self? + g(s)u?Us —h) + h(s)u(s) 
vo(t) = +r(s)u(s —h)]ds, for all t € [0,h], 
g(t), for all t € [—h,0). 


The function vo (t) is a non-decreasing differentiable function on [0, A], v?(t) < 
vo (t) and using the inequality x”y" < + +,n+m = 1, we obtain for all t € [0, h], 


(0) 
p t = 1 
ue) < (oO < YO Pot (3.2.109) 
P P 
and for all t € [0, A], 
t—h —1 
u(t—h) < pi Cieat 2) oat 
P P 
—-1 we ~] 
Bc Ae I (3.2.110) 
P P P Pp 
Therefore there holds 


(0. (t)) = f(du? (t) + g(tu4 (t)u?-4(t — h) + h(t)u(t) + r(u(t — A) 
< fv (t) + g(t)uo (1)? yo (t— hy\P-a/P 
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0) 
+H a Oe a ri oO 2 
<(f®+eO+ its Asa ae (3.2.111) 


According to Theorem 1.1.4 in Qin [557] from (3.2.111), we obtain 


vw) < (c rs i / (h(s) + H))as) 


x exp ([ vo + g(t) + Oe as) (3.2.112) 
0 


From inequality (3.2.112), we derive oe . 108) holds for all t € [0, A]. 
Let ¢ € (h, ti]. Define the function yo? : [h, t1] = [0, +00) by the equation 


vy) = vO (A) + | 1 f(s)? (t) + g(s)u"(s)u?—4(s — h) + A(s)u(s) + r(s)u(s — h)]|ds. 


From the definition of the function vt) (t) and (3.2.106), it follows that for all t € 
(A, ti], 


w(t) <v(H. (3.2.113) 


Case 1.1. Let h < t < min{t,, 2h}. Then t—h € (0, h] and 


(0) \ Wi Ansel vy) p- 
u(t —h) < (vy (t—h))'”” < (vy (0)'” < a + 


P 
Case 1.2. Let t; > 2h ort € (2h, t,]. Then 


() 
t —1 
u(t—h) < (W(t—m)? < WP (t—m)? < ae ee eat 


Pp 
and 


WM) < (r0 + g(t) + oan) 


vO) + (A) + yee 
Dp 


(3.2.114) 


3.2 Nonlinear One-Dimensional Discontinuous Bihari Inequalities and Their. . . 379 


From the inequalities (3.2.113), (3.2.114) and applying Theorem 1.1.4 in Qin [557], 
we obtain 


wn) < (u +22 i ‘(h(s) + H))ds) 
P h 


x ( / (f(0) + g(t) + Oe has) 
h Pp 


< (c+ as i, oe r))as) 
P 0 


x ([ vo +e) + “Oe as) : (3.2.115) 
0 Pp 


Thus from the inequalities (3.2.113) and (3.2.114), we prove (3.2.108) holds on 
(h, ty]. 
Define a function 


v(t), for all t € (0, hl, 


vo(t) = | v(t), for all téE [h, ti]. 


Now let t € (ft), fy]. 
Define the function v; : [t,t] > R+ by the equation 


v1 (1) = volt) + i [f(s)uP (1) + g(s)ut(s)uP4(s — h) + h(s)u(s) 
h 
+r(s)u(s — h)]ds + Bu? (t). (3.2.116) 


We note that vo(t) < ui (1), u(t) < v1 (t), w(t) < vo(t)), u(t —h) < Yui (1), u(t — 
h) < %/v,(t) and 2/v,(t) < oi + oa for all t € (t1, to]. 
The function vj (f) satisfies 


v1) < (« + Br)oo(t) + a / (n(s) + H))ds) 


x exp ([ vo + g(t) + “Oe as) 


< (1 + Bil(e+ po [ows of n))ds) 


x exp ([ vo + g(t) + “Oe as) ; (3.2.117) 
0 
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From the inequalities u(t) < ~/v,(f) and (3.2.117), (3.2.108) follows for all t € 
(f, 2]. Using the mathematical induction, we can prove (3.2.108) for all t > 0. 


Case 2. Let there exist a natural number m such that ty, < h < tn41. As in Case 
1, we can prove (3.2.108) holds, using functions v;(t),k = 1,2,..., defined by 


Ue(t) = VE-1 (te) + / [f(s)u?(t) + g(s)ut(s)u? “(8 — h) + h(s)u(s) 
+r(s)u(s — h)|ds + Bxu? (tg). (3.2.118) 


oO 


Remark 3.2.5, Some of the inequalities proved by Pachpatte in [496, 498, 500] are 
partial cases of Theorems 3.2.1 and Theorem 3.2.4. 


Next, we shall study the inequality 


u(t) < d(t) + [xe s,u(s))ds, (3.2.119) 


for establishing the estimate u(t) < o4(t), where og(¢) is the solution of Volterra’s 
integral equation 


t 


a(t) = d(t) +f K(t, s,o(s))ds 
to 
as mentioned in [375]. 
Recall that the works [102-109, 114, 116, 117, 154, 292, 582, 583, 589] were 
dedicated precisely to this question (i.e., the solvability of Chaplygin’s problem). In 
detail, there were investigated inequalities of a type 


u(t) < @(t) + ; K(t,s,u(s))ds + S> W(t. te) Be(u(t — 0), (3.2.12) 


1o<th<t 


where u(f) is a non-negative piecewise continuous function with first kind disconti- 
nuities at the points {t;}, t9 < t) <--- , limj++4o0t; = +00. 

We shall present the conditions of solvability for Chaplygin’s problem for the 
integro-sum inequality of Wendroff’s type: 


n—1 


u(x) < p(x) +f f H(y, u(y))dy + Mer. Bi(x)u(x)dpg,, (3.2.121) 
n j=l jNAGn 


where x = (x1,xX2), G, C R’, w is some measure concentrated on the curves 
{Tj}. J = {1,2,..., +00}. 
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We first introduce the results on Gronwall-Bellman-Bihari type integral inequal- 
ities for discontinuous functions. 


Theorem 3.2.7 (The Borysenko Inequality [102]) Let V(t) be a non-negative 
piecewise continuous function at all t = to, with first kind discontinuities at the 
points t;, and satisfying the integral inequality 


vVio=C+ [ reovemar + > BV; -0), m>0,mA1, (3.2.12) 


f0 to<ti<t 
where ty < t2 <--- ,limi++4o0t; = +00, C > 0, B; = 0, P(t) = 0, for all t > to. 
Then the following estimates hold: 
(1) if0 <m <1, then forall t = to, 


t 1/(1—m) 
va < [] a+6) (c+ (=m [ (ear) »G2.123) 


to <tj<t 


(2) ifm > 1, then for all t € [to, +00], 


V(t) os Cligaadl a Bi) 
x [1 = @w— DOT TTR ll + Bi) fy Pat 


’ 


aie (3.2.124) 


with 
t cl-m 
i P(t)dt < ———________. 
to “= 1) diene + Bi) 


Remark 3.2.6 For applications of the results of Theorem 3.2.7, we refer to 
[102, 103, 105, 589]. 


Theorem 3.2.8 (The Perestyuk-Chernikova Inequality [588]) Let u(t) be anon- 
negative piecewise continuous function at all t = to, with first kind discontinuities 
att = t; and satisfying the inequality, for all t = to, 


u(t) < C+ i V(t) ®(u(t))d(t) + SY Bila), (3.2.125) 


to<tj<t 


where C > 0,8; = 0, V(t) is a positive continuous function, P(u) is a positive 
continuous non-decreasing function for all0 <u <u (u < +00). 
Then the function u(t) satisfies for allt <t<t +1, 


u(t) < Wr! (f (ear) : (3.2.126) 


i 


382 3 Nonlinear One-Dimensional Discontinuous Integral Inequalities 


[ V(t)dt < W; '(a@—0), 


i 


where 


ei = "du a . | T ) 
WU! (u) [ ay % (1+ BY; [vee 


i i 


“du, 
wow) = f ay 


Remark 3.2.7 For the applications of Theorem 3.2.8 with ®(u) = uv”, m = 1, we 
refer to [585, 589]. 


Theorem 3.2.9 (The Borysenko Inequality [104]) Let us consider the integro- 
sum equation of the following form 


o(t) = (ft) +f K(t,s,a(s))ds + >. W(t, th) Ux(o(t — 0)), (3.2.127) 


10 to<t<t 


where o(t), b(t), V(t, t&.) are continuous non-negative functions (k = 1,2,---) for 
all t = to, except for a(t), which has first kind discontinuities at the points t, and 


to<t)<-::+, lim 4 =+0o. 
i>+00 


The function K(t, s,u), which is non-negative at t > s > to, is determined in the 
domain t > s > to, |u| < k and at fixed t and s, it is non-decreasing with respect to 
u; the functions [14(o0) are continuous non-negative and non-decreasing with respect 


to 0. 
Then for all t € [to, +00], there holds 


u(t) < og(t) (3.2.128) 
where og(t) is some solution of (3.2.127), continuous in each interval [t,, te41], k = 


0, 1,---; u(t) is a piecewise continuous function with first kind discontinuities at t; 
points; this function satisfies the integro-sum inequality: 


u(t) < d(t) + [x 5,0(s))ds + W(t, te) Ue(o(t, —0)), (3.2.129) 


10<T<t 


where o(t, — 0) = lim;+;,— o(f). 
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Corollary 3.2.5 (The Borysenko Inequality [104]) Assume that V(t) is a non- 
negative piecewise continuous function at all t > to with first kind discontinuities at 
the points t;, and satisfies the integrosum inequality 


V(t) < W(t) + [ rovrmar + >> BV; -0), m>1, 
0 


to<Te<t 


where ty < th < ++: ,limj++o0f; = +00, V(t) is a positive monotonously non- 
decreasing function at all t > to, B; = 0, P(t) = 0. 


Then the following estimates hold: 


(1) if0 <m <1, then forall t = to, 


t 1/(1—m) 
vo s¥o TL d+ B9(1+0-m [wr 'pear) 


to<tj<t 


(2) ifm = 1, then for allt = to, 


vi) < ) T] + Bidexp ( / P(eiar) 


to<ti<t 
(3) ifm > 1, then for all t = to, 


a ety 1/(1—m) 
VO) < VO Mnen ar [1= (m= DTT + BD fo YP | 


’ 


with 


t m—1 = 
Ww"! (r)P(t)dt < im 1) I] d+ A| : 
0 


to>t)<t 


Definition 3.2.3. W(x) € F if and only if 


(a) W(@B) < W(a)W(B); 

(b) W: [0, +00] > [0, +00], W(0) = 0; 

(c) W is non-decreasing. 

Theorem 3.2.10 (The Borysenko Inequality [106]) Consider an integro-sum 
functional inequality: 


ve) <0) +40) f OW W(PC)de + YY Biwi - 0). B.2.130) 


where x > x9, q(x) = 1, g() is positive non-decreasing, B; = const > 0; v(x) is a 
piecewise continuous function with first kind discontinuities at the points x; : x9 < 
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Xp <-++ , limy++o0% = +00,f > 0, where W(x) € F (see Definition 3.1.1 in Qin 
[557]). 

Suppose that p(s) € F. Then for arbitrary x € |xo,T], T < +00, the following 
inequality holds for all x € [x;, xi+1], 


v(x) < p(x)q(x) ®;! ( war) 
x 9) 
with 
x d 
/ f(g" | (QW* (dt € Dom (®;"), ®o(§) = at 
3 dn 
(6) = | a. i= 1,2 
. i, Wm) 


b= (1+ Bae Of FOW ACW), = 12.0. 


Here W*(v) = W(g(p(v)e(p(v)))). 


Consider a class of functions F : f € Fz <=>: 
(a) f(x) is positive, continuous, and non-decreasing for x > 0; (b) Wt > 1,u < 


0= r'f(u) <f(t"'u); (c) f(0) = 0. 


Theorem 3.2.11 (The Borysenko Inequality [106]) Assume that a piecewise 
continuous non-negative function (x) with first kind discontinuities at the points 
{xi} satisfies the inequality (3.2.130), where 9, q,p satisfy the conditions of Theo- 
rem 3.2.10, function W belongs to the class of functions ¥. Then for all x € |xo, x*], 
and for all x € |x;, xi+1], 


v(x) < (x)q(x)®, ([ G(r) , i=0,1,2,-:-, 


i 


where 


é g 
Bio) = f W!(a)do, 3,0) = | W l(a)do, i= 1,2,---; 


i 


n= (14 Bases ( [7 


Glode, Gofo(vo)). 


Ci 


v= sup}: f G(t)dt € Dom (,,).i= 12+] : 
xji-1 
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Theorem 3.2.12 (The Samoilenko-Borysenko Inequality [583]) Consider the 
integro-sum inequality in the following form: 


u(x) < uo + q(x) [f(s Wilu(p(s)))ds + go(x) Jy, 8(s) W2(u(a(s)))ds 


(3.2.131) 
+ Peat Bux; a 0), 


where f (x), g(x), p(x), o(x) are non-negative continuous functions: 

for all x > xo, p(s) < x,0(x) < x.qi(X) = 1,q2(x) = 1; Wil) € F, Wa(x) € 
F2; up = const. > 1, B; = const. > 0, u(x) is a piecewise continuous non-negative 
function with first kind discontinuities at the points {x;}, and satisfies conditions of 
Theorem 3.2.10. Then for all x = xo, 


u(x) < qi(x)qn(x)Si(x)F "| , W(x) dz], (3.2.132) 


where 


oy / “PS)au(P(S))As 


g § 
GG) = f Woda, = 12-3 GE)= [Wr eorde: 


i 


7 
b= (1+ B)Siacs), Fo) =f we'oos, 
uo 
and F~', G*—" are the inverse of the functions F and G*, respectively, and 
/ f(t)qu(p(x))dt € Dom (GF), i= 1,2,+++, 


[ vou €Dom(F™'), i=1,2,-:°. 
Here V(x) = g(x) Wo[qi (o(2))q2(o (x))|Si(oQ)). 


Theorem 3.2.13 (The Borysenko Inequality [109]) Assume that V(t) is a non- 
negative piecewise continuous on J = [to, +00] function with first kind discontinu- 
ities at points {t;} : ty < t2 <--- ,limps4o0t; = +00, satisfying the integro-sum 
inequality 


VO <VvO+ i ‘goViade + SD aiV"G-0), 


fo t0<ti<t 
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where y(t) is a positive monotonously non-decreasing on J function, q(t) = 0,a; = 
0,m > 0. Then for all t = to, 


Vi) <v(0) I] (1 + as” (t)) exp ([avos) ,f0<m< 1, @6.2.133) 


V(t) < vi) I (1 + a” (t)) exp (m [ ows). ifm>1.  (3.2.134) 


Remark 3.2.8 Theorem 3.2.13 generalizes the fundamental results for discontinu- 
ous functions obtained by Bellman. 


Theorem 3.2.14 (The Borysenko Inequality [109]) Assume that V(t) is a non- 
negative piecewise continuous on J = [to, +00] function with first kind discontinu- 
ities at the points {t;} satisfying the inequality 


Vit) < W(t) + “GV" (Dat + >) V"G-9), (3.2.135) 


to to<tj<t 


where W(t) > 0,q(t) = 0,a => 0,m > 0,m F 1, W(d) is non-decreasing for all 
te J. 
Then 


(1) if0 <m <1, then forall t = to, 
—m-—1 


= — By 1/(1—m) 
Vi < VO [] a+amp""G)) [1—a=m) [F (ented | 


to <tj;<t 


(3.2.136) 


(2) ifm > 1, then forall t = to, 


m—1 
vo <¥o@ [J a+ aint” "| —(1=m) [] G+ aimy"™ «| 


to <tj<t t9<tj<t 
t —1/(m—1) 
a —m—1 
xf mow ear] 
1 


with 


[ q(t) W(r)dt < -, (3.2.137) 


10 


I (1+ amy" "(«)) 2 omer Sa (3.2.138) 


to<ti<t 
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Remark 3.2.9 Theorem 3.2.14 generalizes the result for discontinuous functions 
obtained by Bihari. 


Theorem 3.2.15 (The Borysenko-Ciarletta-Iovane Inequality [113]) Assume 
that o(t) is a non-negative function with first kind discontinuities at points {t;} : 
ty <t) <--+ ,limj++o0 fj = +00, satisfying the following integro-sum inequality 


pi) < C+ / geen / as) / g(o)(y"(o)do)ds 
+X <i<iPip(ti—0), if m> 0, (3.2.139) 


where C > 0, q(t) = 0, g(t) = 0, B = const. > 0. Then 


(1) if0 <m <1, then for all t = to, 
l-—m 
g(t) < exp (i q(t)dr) l(c Wiesel 6») 
1/(1—m) (3.2.140) 
+(1—™m) i g(s) exp G —1) we s(o)de) as : 


(2) ifm = 1, then for allt = to, 
gt) <C |] + Biexp (/ (q(t) + s()ar) (3.2.141) 
(3) ifm > 1, then for all t = to, 


go) <C |] (+ Biexp ( / u(r) 


to<tj<t 


“(i —(m-1) [] +8)" "1c" 


to <tj)<t 


t s —1/(—m) 
xf a(s)expfim—1) [ s(o)doAs| , (3.2.142) 


with 
t 5 -1 
/ g(s) exp G - » | «(o)d0 ) ds < G —1) I] (d+ pyc] ; 


10 <tj<t 


(3.2.143) 
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Theorems 3.2.7—3.2.14 can be proved, using the inductive method and the 
methodology of the integral inequalities theory. We shall illustrate this fact by 
proving Theorem 3.2.15. 


Proof of Theorem 3.2.15 Suppose that t € [fo, t1]. Then 


g(t) < c+ f q(s)y(s)ds +f 


to 10 


4(s)( i gar aanids 


Define V(t) := C+ fi g(s)o(s)ds + fi als) (ff 8(o)9" (odo) ds. 
Obviously, p(fo) = V(to) = C, v(t) < V(0), for all t > fo. Then 


dV : 
T= 41000 +400 | s(oye"(orda 
< qo[Vo + / g(o)V"(a)do}. (3.2.144) 


Let W(t) = VQ) + fi g(o)V"(a)do. Then W(t) = V(to) = C, V(t) < WOO), for 
all t > fo. We obtain 


d 
TH <4) W() + OWN, 


which implies for 0 < m < 1, forall t > fo, 


nee ( / andr) Yom + = my / 2s) 


s 1/(1—m) 
x exp (om - »f s(0)d0) a| ; (3.2.145) 


or for m = 1, for all t > fo; 


y(t) < Cexp (/ (q(t) + «(o))de) , (3.2.146) 


or form > 1, forall t > to, 


o@ <Cexp ( i: “a(ode) ae £d=n ij Po 


s —1/(m-1) 
x exp G _ »f s(0)do) a F (3.2.147) 
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with 


[ exp G — 1) [ sorac) dt < ((m = ne) 


Thus, from (3.2.147) for all t € [t,t], @(f) satisfies the inequalities (3.2.139). 
(3.2.141). In fact, applying the scheme described in [102, 585, 589] for interval 
[tes te+i],k = 1,2,---, and the estimates for the function g(t) on the interval 
[t,-1,t,], we can obtain the estimates (by using inductive method) (3.2.139}+- 
(3.2.141) on all of interval J. oO 


Let T be a time scale. For a,b € T with a < b, we define the time scales 
interval by 


la, blr ={teT:a<t<b}. 


The next lemma is a useful tool for the proofs of the next theorems. 


Lemma 3.2.3 (The Ferreira-Torres Inequality [229]) Let a,b € T, consider the 
time scales interval |a, b]r, and a delta differential function r : [a,b]r > Ro = 
(0, +00) with r4(t) > 0 on [a, b]k. Define 


aw) = f ee ee) 
x0 a(s) 


where g € C(Ro, Ro), is positive and non-decreasing on (0, +00). Then for each 
t € [a, b]r, we have 


AC) 


INT: 
gira) 


G(r()) < Gra) + / 


Proof Since g is positive and non-decreasing on (0, +00), we have, successively, 
that for all ¢ € [a, bJk and h € [0, 1], 


r(t) < r(t) + hur (0), 


g(r() < g(r) + hurt), 
1 1 
Zr) + harA@) ~ gO)’ 


es 
0 BO +hOFO) ~ So gO) a%O) 


ve ot rA(t) < ro. (3.2.148) 
0 g(r(t) +hu(t)r4 (0) ~ g(r(t)) 
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By A-integrating the last inequality in (3.2.148) from a to ¢t and having in mind that 
the chain rule guarantees that 


1 
(Gor4( = / G'(r(t) + hur coyan| rA(t) 


! 1 
= ——_—_—_——dh‘ rA(n, 
tf er + huprA@) “ 


we obtain the desired result, except at tf = b in the case that p(b) < b. To handle 
this case, we just need to integrate the last inequality in (3.2.148)fromatob. O 


Theorem 3.2.16 (The Ferreira-Torres Inequality [229]) Let u(t) and f(t) be 
non-negative rd-continuous functions in the time scales interval T, := [a, b|r and 
shea respectively. Let k(t,s) : Tx X re — R be continuous at (t,t), where t € r 
with t > a, in such a way that k(t,s) and kA\(t,s) are non-negative for every 
t,s € T, with s < t, for which they are defined (it is assumed that k is not identically 
zero on (ie x Th Let ® € C(Ro, Ro) be a non-decreasing, sub-additive and sub- 
multiplicative function, such that ®(u) > 0 for all u > 0 and let W € C(Ro, Ro) be 
a non-decreasing function such that for all u > 0, we have W(u) > 0. Assume that 
a(t) is a positive rd-continuous function and non-decreasing for allt € Ts. If 


u(t) < a(t) + [foruoyas + [sow ([ k(s, @(u(r))dr) As, (3.2.149) 
forallt,s,t€Ts,a<t<s<t<b, then for allt € T, satisfying 
p(t) s 
WE) +f KPO.9)B(p(9)/0 ( / f(c)d) As € Dom (U"!), 
we have 
ud) < pOa 


+n | f(s)w fo (vo + / k(s, T) B(p(t)) ® (/ #(0).0) Ar)| As, 


(3.2.150) 
where 
p(t) =1 +f forettoo ds, (3.2.151) 
c= f Kolb). 3) Pls)as)) ds, 
W(x) = [ say x>x>0, (3.2.152) 


and W~! is the inverse of V. 
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Proof Define the function z(f) in T, by 


z(t) = a(t) + [row (fH HO(u(2))d2) As. (3.2.153) 


a 


Then (3.2.149) can be restated as 


t 
ui <a) + | Flsu(s)ds 
Clearly, z(¢) is rd-continuous in ¢ € T,. Using Gronwall’s inequality, we get 
t 
ui) S20) + f FO-O)er(oo) As. 
Moreover, it is easy to see that z(t) is non-decreasing in all t € T,. We get 


u(t) < z()p(t), (3.2.154) 


where p(t) is defined by (3.2.151). Define, for all t € T*, 
v(t) = i k(t, s)®(u(s)) As. 

From (3.2.154), and taking into account the properties of ®, we observe that 
v(t) < / k(t, s)® [p(s (a + [ sowopar)| As 

< [iv S)B(p(s)a(s))As + ic s)® (po) [ rowomac) As 

p(b) t ‘Ss 
< [kom sevoaoyas+ ['K0.9)9 (26) [Fe ax) ev eI)ds 
= c+ | k(t, 5) ® (ve [ roar) D(W(v(s))) As. 


Since p and a are positive functions, we have that ®(a(s)p(s)) > 0 for all s € Tx. 
Since k*! > 0, we must have € > 0, hence r(f) is a positive function on T*. In 


addition, r(t) is delta differentiable on Te with 
Ho =Kow.9®( pe [ Fee) eon) 


+f ee 5)® (v9 [ ro") O(W(v(s)))As 
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< aWir(n)) Ho, )® (ro / f(e)dr) 


+f eu. s)® (v0) [ so) As| (3.2.155) 


Dividing both sides of inequality (3.2.155) by B(W(r(4))), we obtain 


eo... i 
BW) =| a 9o(p of I @ar) as] 


Let us consider the function W defined by (3.2.152). Delta-integrating this last 
inequality from a to f and using Lemma 3.2.3, we obtain 


(ro) = ¥ela)) + [kts (v0) / ‘for) As 
which further yields, for all t € T*, 


r(t) < we! (vo [i s)®(p(s))® ([ sar) as) . (3.2.156) 


Combining (3.2.156), (3.2.154) and (3.2.153), we obtain the desired inequal- 
ity (3.2.150). oO 


Remark 3.2.10 One is interest to study the situation when k is not identically zero 
on Tk x Te , which comprises the new cases, not considered previously in the 


literature. The case k(t,s) = 0, was studied in Theorem 3.1 of [26] and is not 
discussed here. 


If we let T = R in Theorem 3.2.16, we get ({193], Theorem 2.1). If, in turn, we 
consider T = Z, then we obtain the following result. 


Corollary 3.2.6 (The Ferreira-Torres Inequality [229]) Let u(t) and f(t) be 
non-negative functions in the time scales interval T, := [a,b|z and [a,b — 1]z, 
respectively. Let k(t, s) be defined as in Theorem 3.2.16 in such a way that k(t, s) 
and k*\(t,s) = k(o(t),s) — k(t,s) are non-negative for every t,s € Tx, with 
s < t for which they are defined (it is assumed that k is not identically zero on 
[a, b—1]r, x [a, b—2]r,,). Let ® € C(Ro, Ro) be a non-decreasing, sub-additive and 
sub-multiplicative function such that ®(u) > 0, for allu > O.and let W € C(Ro, Ro) 
be a non-decreasing function such that for all u > 0, we have W(u) > 0. Assume 
that a(t) is a positive and non-decreasing function for all t € Ts. If 


t—1 t-1 s—l 
u(t) < a(t) + Df (su(s) + SO f()W (x K(s, out) , 


s=a s=a Ta 
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fort,s,t€Ts,a<t<s<t<b, thenforallt € Ts satisfying 


t—2 sul 
WE) + Y k(t 1, 5) P(p(s))® (X10) € Dom (W'), 


we have 
t—l1 s—1 tl 

u(t) < p@) 4a) + D f(s) W fe (ve + Do ks, 1) O(p(r))® (xno)! : 
s=a t=a 6=a 

where 


t-l 


PO) =1+ Df (ser(t.s+ 1), 


b=1 
= DT KMb— 1, O(p(s)a(s)), 
W(x) = : say xX >> Xp) > 0, 


and VW is the inverse of ©. 


For the particular case T + R, Theorem 3.2.17 below generalizes the result 
obtained by Oguntuase in [428] (Theorems 2.3 and 2.9). 


Theorem 3.2.17 (The Ferreira-Torres Inequality [229]) Suppose that u(t) is a 
non-negative rd-continuous function in the time scales interval T, = |a,b|r and 
that h(t), f(t) are non-negative rd-continuous functions in the time scales interval 
T*, Assume that b(t) is a non-negative rd-continuous function and not identically 
zero on Te Let ®(u), W(u) and a(t) be as defined in Theorem 3.2.16. If 


u(t) < a(t) + [ fosuoas + [ soon ([ «@eupar) As, 


forall t,s,t€Ts,a<t <s<t<b, then for allt € Ts satisfying 


p(t) T 
WE) +f b(t) ®( p(t)) ® (/ f(0)W(0) 8) At € Dom (W"), 


we have 
u(t) S p@a() 


+0 f fiomow fw (ve+/ b(t) ®( p(t)) ® (/ f(0)W(0) 0 Ar) | As 
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where p(t) is defined by (3.2.151), Y is defined by (3.2.152), and 


p(b) 
f= i; b(s) ®(p(s)a(s)) As. 


Proof Similarly to the proof of Theorem 3.2.16, we can prove the theorem. oO 


Some new integro-functional inequalities of Bellman-Bihari type will be given 
as follows. 

Suppose that t(s) € E is a class of continuous functions t : R > R, such that 
T(s) < 8, limps +400 T(8) = +00. 


Theorem 3.2.18 (The Iovane-Borysenko Inequality [292]) Assume that g(t) is a 
non-negative, at t > to, piecewise continuous function with first kind discontinuities 
at the points {t;} (to < th < ty <-+++ , limj++o0 f(s) = +00), satisfying the integro- 
sum inequality, for all t = to, 


g(t) <n(t) + i g(s)(t(s))ds + a Bip" (t — 0): (32.157) 


where n(t) is a positive non-decreasing function for all t > to, g(s) = 0, parameter 
m > 0, B; = const. > 0, then 


(1) if0 <m <1, then forall t = to, 


me a 


w(t) < nt) T] + Bin Haneso([ as) 


to<tj<t 


as) ; (3.2.158) 
(2) ifm >= 1, then forall t = to, 


g(t) < n(t) I] (1 + Bin" |(t))) exp (mf g(s) —— oom as), (3.2.159) 


19 <tj<t 


with p(t; — 0) = lim,+;,— o(f). 


Remark 3.2.11 From the estimates (3.2.158)-(3.2.159) in some particular cases, 
well known results in the theory of integral inequalities for continuous and dis- 
continuous functions can be obtained. If n(t) = c = const. > 0, t(s) = s, B; = 0, a 
classical result of Gronwall and Bellman follows from (3.2.158), (3.2.159) [70]. If 
f; = 0, the results in [27] are obtained; if m = 1, n(t) = c = const., t(s) = s, the 
results in [585] can be reached, if m = 1, the result in [589] is obtained; if t(s) = s, 
the results in [109] are obtained. For the discrete case, when n(t) = c, g(s) = 0,m = 
1, the results in [10] are obtained. 
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Theorem 3.2.19 (The Iovane-Borysenko Inequality [292]) Let t(s) € E and the 
non-negative function p(t) satisfy the inequality for all t = to, 


a) < vO +4) i; asyo%(r(s))ds+¢ 2 By —0), 3.2.160) 


19 <tj<t 


where {t;}, satisfying the conditions of Theorem 3.2.18, are first kind discontinuity 
points of the function y(t); W(t) is a positive non-decreasing function at all t = 
to, g(t) = 1, g(t) = 0, for all t > to, the parameter m > 0,m # 1, and B; = 
const. > 0. Then 


(1) if0 <m <1, then forall t = to, 


eo) < v0) T] (+ Biv ge) 


to <tj<t 


1/(1—m) 
«ft a=m [ a(syy" ‘ovate yas] 


(3.2.161) 


(2) ifm > 1, then forall t = to, 


ot) < v0) [] (1+ Bmw" (qu) 


10 <tj<t 


m—-1 
x 1+ (1—m) I] (i+ Av Mona) 


to <tj<t 


1/(1—m) 
ve re as , G.2.162) 


«f a(syw""(s)q"(x(s)) Pe 


with 


’ 


[ e(s)wr Hvartetsy (HE?)" ds ee 


calpM—1 4.) p12 (4. 1 tT) 
TT (+ Brenan) < (14) 


1 
to <tj<t 


(3.2.163) 


Remark 3.2.12 If Bi; = 0,w(t) = c = const > 0,q(t) = 1,t(s) = s, from 
Theorem 3.2.19 the result presented by Bihari in [82] follows; if 8; = 0, the result 
of Theorem 3.2.19 coincides with the result given by Akinyele in [27]; if g(t) = 
1,t(s) = s from the result of Theorem 3.2.19, the result given by Borysenko in 
[109] follows. 
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Theorem 3.2.20 (The Iovane-Borysenko Inequality [292]) Let g(t) be a non- 
negative piecewise continuous function, with first kind discontinuities at the points 
{t} 2 th < tf < ++, limp4ot; = +00, if satisfy the following integro-sum 
inequality holds for m > 0, 


y(t) < m0) +40] / F(s)p(o(s))ds + ; FOsy( / “ g(t) (x(1))dt)ds 


OL pip" 0}, (3.2.164) 


to<ti<t 


where n(t) is a non-decreasing function, n(t) > 0, g(t) = 1, f(s) = 0, of) € E, 
g(t) > 0, B; = 0. Then the following estimates hold: 


(1) if0 <m <1, then 


g(t) <nq() |] (1+ Big @)n"™"(n)) 


10<tj<t 


<exp| ‘£EaoE) no) + sae EG) , 
m n(o(&)) 


(2) ifm >= 1, then 


J > (3.2.165) 


et) < nq) [] (b+ a"Gn"'@)) 
: E ‘ fE)g(oE))n(o(&)) + gale (&))n(e)) 


f “O) as| . (3.2.166) 


Moreover, we introduce a new integro-sum inequality of Bellman-Bihari type 
with retardation. 


Theorem 3.2.21 (The Gallo-Piccirillo Inequality [243]) Suppose that a non- 
negative piecewise continuous function V(t) at t > to = 0, with discontinuities 
of the first kind in the points tg (to < t),-++ , limj++oot; = +00) satisfies inequality 


Vi VO +20 f GV(O)as+ PHY aV"G—0) .2.167) 


to <tj<t 


where w(t) > 0 is a non-decreasing function at t > to, g(t) = 1, p(t) = 1,q(s) € 
C(R+, Ry), t(s) € 3-class of functions: t : R > R,t(s) < 5s, limjy++o0T(s) = 
+00, (t = 1(s) is the “delaying” argument), a; = 0,m > 0. Then the following 
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estimates hold for all t = to, 


(1) ifm € [0, 1], then 


Vi) < WOOP I] (1 + aw" (Gj — Og" (tu; — O)p”™"(4 — 0)) 


x exp ( iM “a@g(e))PC() ie oma v). (3.2.168) 


(2) ifm >= 1, then 


Vi) < VOspO [] C+ aw" G — Og"; — Op" ( — 0)) 


10 <tj<t 


ne UF as). (3.2.169) 


xexp(m [ atsdete(s))pCe(9)) 


Proof Noting that w(f) is a non-decreasing and positive function, we have 


VO V(e(s)) aw" (t— al 
vO = 1+ of q(s) 15) Bee) iw (ti [> 


Setting u(t) = V(t)/w (0), u(to) = 1, we can get 


u(t) < g(t)p(t) [ +f q(s eas + > ai li, —0) E = ae 


w(s) ieee wi — 0) 
Denoting 
ae . hi VGi= 0). |" 
Wi) = 1480 [ Wp et Lao Ek 
we have 
V(t, — 0) < W(t —O)g( — 0)p( —0)W(t, -—0), for i=1,2,..., 


VQ) <VOsOpOW®, Wt) = 1, 
V(c(s)) < W(r(s))g(e(s))p(z(s)) W(z(s)) < W(z(s)) g(a (s))p(z(s)) W(5). 
Then 


wi) <14 i AoE) wisas 


to w(s) 
+ So ai" "(4 — Og" (4 — Op" — [WG — 0)”. 


19 <t;<t 
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Setting in the last inequality Q(s) = a(s)a(x(s))p(x(s)) 4 and A; = aj"! (t;— 
0)g’"(t; — 0)p’""(t; — 0), we can obtain 


W(t) <1+ / "0(s) W(s)ds + y> AlW(; — 0)}”. 


10 <tj<t 


Let us consider intervals J; = [f;-1, tj],i = 1,2,---. 
For all t € J,, then we have W(t) < 1+ Si Q(s)W(s)ds. Hence by the classical 
Gronwall-Bellman inequality (see, Theorem 3.1.2 in Qin [557]), we conclude 


W(t) < exp CH Q(s)ds). It is obvious that for all t € 1, 


Vit) < Wel) exp ( / (snd) 


Now let us consider the next interval />. Then 


W(t) < 1+ A; exp (mf 10) + exp ([ 10d) + ik QO(s)W(s)ds. 


Thus we have for all t € h, 


W(t) < (1 +A)) exp ([ Ov) + | owwoas if m € [0, 1],(3.2.170) 


W(t) < (1 +A;) exp ( [ (sn) + [ cowesas, ifm>1.  (3.2.171) 


Noting that W(t) satisfies that V(t) < w(H\g(pWO, for all t > t, from 
inequalities (3.2.170) and (3.2.171), it follows that estimates (3.2.168) and (3.2.169) 
hold for V(t). Consequently, by using a similar procedure for all t € J, we can 
complete the proof of theorem. Oo 


Remark 3.2.13 Theorem 3.2.21 is a new analogue of the classical Gronwall- 
Bellman result for discontinuous functions with Hélder type discontinuities in the 
points {t;}. For particular cases, from the estimates (3.2.168) and (3.2.169), we may 
obtain well-known results from the integral inequalities theory for continuous and 
piecewise continuous functions. 


For a; = 0, g(x) = 1, the estimates (3.2.168) and (3.2.169) of Theorem 3.2.21 
give a functional integral inequality with delay generalization which unifies and 
embodies Gronwall-Bellman inequality [79], and Dhongate-Deo inequality [198]. 
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Estimates (3.2.168) and (3.2.169) are also similar to the results by Pachpatte [456] 
and by Akinyele [28]. 

For t(s) = s, W(t) = c, g(t) = p(t) = 1, the estimates (3.2.168) and (3.2.169) 
reduce to a result by Samoilenko and Perestyuk [585]. 

For p(t) = g(t) = 1,m = 1, the results of Theorem 3.2.21 are similar with 
the result by Borysenko [109]. For p(t) = g(t) = 1, t(s) = s,m = 1, (3.2.168) 
and (3.2.169) coincide with results by Lakshmikantham, Bainov, Simeonov [327]. 

For p(t) = g(t) = 1, t(s) = s, the result of Theorem 3.2.21 reduces to the results 
by Borysenko [109], Borysenko, Gallo and Toscano [115]. 

If p(t) = g(t) = 1, from the result of Theorem 3.2.21, the result by Iovane [111] 
follows. 


Corollary 3.2.7 (The Gallo-Piccirillo Inequality [243]) Jf V(t) satisfies condi- 
tions of Theorem 3.2.21, then the following estimates hold for all t = to: 


(1) ifm € (0, 1], then 


Vit) < WU g(Dp exp ( [ g(s)@(c(s))p(x(s)) om 5) 
+ > aw" (4, — 0)g"(t; — O)p"(t; — 0), (3.2.172) 
(2) ifm € (1, +00), then 
We) , 
Vi) < Hep exp (m a a as) 
+ \° aw" "(4 — 0)g" (ti — O)p"(t; — 0). (3.2.173) 


10 <ti<t 


Remark 3.2.14 From estimates (3.2.172) and (3.2.173), in the particular case 
(i.e., W(t) = const., p(t) = g(t) = 1,m = 1), the result by Ahmed [25] follows 
(see also Gao et al. [244]). 


Theorem 3.2.22 (The Gallo-Piccirillo Inequality [243]) Assume the non- 
negative piecewise continuous function V(t) satisfies the integro-sum inequality 


Vi) < v0) +80) [ 13)¥"(e(9).d5-+ P10) Da —0), (3.2174 


where all functions on the right-hand side of (3.2.174) satisfy conditions of 
Theorem 3.2.21 and n is a positive constant. Then the following estimates hold for 
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allt > to: 
(1) ifm=ne (0, 1], then 


VQ) < VOs@p) [] A+ aw" — 8" Gi — Op" (ti — 0)) 


19 <tj<t 


«fia —m [acer 'oencecn ey | PEO) asl 


(3.2.175) 
(2) ifn =m> 1, then 


VQ) < ¥OsOpro [I (1+ mai" (i 0)" — Op" i 0) 


to<tj<t 


m—1 
x [ —(m—1) [] G+ may - 0g"! — Op"! - | 
19 <tj<t 


x [ alsw"(s)e"(e(s))p"(e(s)) Peo as] = (3.2.176) 


with 


/ diode" (oyer(ctopp eto) | MEET dip 22 


2.177 
vs) . 


1 
oat 


T] Gt mai" = 09"! — Op"! — 0)) <( = " (3.2.178) 


t<ti<t m—1 


Proof Obviously from (3.2.174) it follows 


veo vet) vm(i=0) 
7H ste {a9 a+ Le OGG =0) 


< ato [4 +f q(s)yr"— igen dst YO a= oe. 


Denoting by 


ve) = n= V(c(s)) icin. ll MOO 
Wi = 1+ f aioe | v6) | ee Ae Deol 
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so that W(to) = 1, we obtain 


Viti — 0) < W(t; — 0) 9; — 0)pG; -0) Wi -0),  fori=1,2,---, 
VQ) < VOsOPQWH, Wt) =1, 
V(z(s)) < W(z(s))8(t(s))p(x(s)) W(x(s)) < W(x(s))g(x(s))p(z(s)) W(s). 
Then 


W(c(s)) 
W(s) 


+ SF a" — 08" — O)p"(4 — OW — OD)”. 


to<tj<t 


Wi) <14 . g(s)e(c(s))p(e(s))l PW (s)as 


Now let us set 0 = q(s)a(e(s))p(r(s))[Ay", A; = Aj; so we get 


W(t) <1+ [ O(s)W(s)ds+ Y> AW —0)]”. 


to <t)<t 


Noting that the Bihari inequality on the interval /;, for the function Wit), we can 
obtain for all t € 1, ifn € [0, 1], 


W(t < [ +a=m | Beae|” 
andifn > 1, 
W(t) <[l-(n— » f Gear, (3.2.179) 
with for all t € J), 
fs 1 
/ Q(t)dt < ——. 
i n—-1 


According to conditions (3.2.177) and (3.2.178), the inequality automatically holds. 
Let t € 5. Then we have (m = n) 


m 


W(t) < Ay ! +(1—m) ik Dear] 


+ [ +(1 =m fo Ocoyae] + [ BeoMod 
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which yields for all t € Jy: if m € [0, 1], 


al 
I—m 


W(t) < (1+4)) [ +(1 -my f Dour] 


and ifm > 1, 


1 


W(t) < (1 + Aim) 1—(m—1)[1 + Aymy"! [ Boar “7 


with for all t € Jo, 


1 


(m@—D[t + Aymy" (3.2.180) 


[ Bex < 


According to (3.2.177) and (3.2.178), as in (3.2.179), the inequality (3.2.180) always 
holds. Thus (3.2.175) and (3.2.176) hold on J,. We complete the proof reasoning like 
in Theorem 3.2.21. oO 


Corollary 3.2.8 (The Gallo-Piccirillo Inequality [243]) Jf w(t) = c = const. 
> 0, p(t) = q(t) = 1, t(s),m = 2, then the function V(t) satisfies for all t = to, 
ifm € (0, 1), then 


1 
t Tm 
vo< [] (acter —m f a(ode| > (3.2.181) 

to<tj<t 10 


and ifm > 1, then 


m—-1 =F 
vay <ec [] G+aic"") fa ne [] a | [ow] . 
i) 


to <tj<t to <tj<t 
(3.2.182) 
with 
t ci-m i m ah 
dt < : 1+amc™"') <(——)"_ . G.2.183 
fours, TT (bam) «(J a2 


to<ti<t 


Remark 3.2.15 If p(t) = 1, from Theorem 3.2.22 it follows the result obtained 
by Iovane [111]. If p(t) = g(t) = 1, t(s) = s, the present estimates are similar 
to the results obtained by Borysenko [109], Borysenko, Gallo and Toscano [115]. 
Moreover, if a4; = 0, W(t) = c =const. > 0, p(t) = g(t) = 1, tls) = 5 
from Theorem 3.2.22, the classical result by Bihari [82] follows; if 6; = 0, 
estimates (3.2.175) and (3.2.176) coincide with the result by Akinyele [28]. 


3.2 Nonlinear One-Dimensional Discontinuous Bihari Inequalities and Their. . . 403 


Pachpatte [491] obtained one generalization of Theorem 3.1.2 which can be 
stated as follows. 


Theorem 3.2.23 (The Pachpatte Inequality [491]) Let p; € L'(, Ro),Ro = 
(0, +00). Let g be a continuously differentiable function defined on R+, and g > 0 
and g' > Oon Ro. fu: I > Ry = [1, +00) satisfies for all t € [0, T], 

u(t) < uo + Alt, pi, p2,---,Pn—1, pug (log w)], (3.2.184) 
where ug > | is a constant, 


Alt, pi, P2,..-+Pn—1, pug (log u)] 


t ty th—2 t—-1 
= / ote / POE / aaa . pueleniide idea. 
0 0 0 0 
(3.2.185) 


then for all t, ty € [0,T],0<t<t, 
u(t) < exp (c" [ Gdog uo) + Alt, pi,po,-.. .Pu--Pl}) , (3.2.186) 
where 
G(r) = a = r>ro>0, (3.2.187) 
ro 80) 
and G~' is the inverse of G and t, is chosen so that for all t € [0, t)], with ty € [0, T]. 


G(log uo) + H[t, p1,p2.---sPn—1.p| € Dom(G"!). (3.2.188) 


Proof Since the proof of the theorem is similar to that of the next theorem, we omit 
the proof. oO 


We define the differential operators L;, 0 < i <n, by 


1 d 
Iox(t) = x(t), Lx(t) = —~—(Li-1x(t)), 1 <id<n, (3.2.189) 

pi(t) dt 
with p,(t) = 1, where x(f) and p,(t) > 0 are some functions defined on J. For all 
t € J and some functions q;(t) > 0, j = 1,...,2—1 and q(t) = 0 defined on J, we 


define 


t th th—-1 
Hl. disaster = f ain) f atta): [ (tn) dtydty—1 +++ dt, 
(3.2.190) 


where fo = t. 
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A more generalized version (3.2.190) of the inequality than that given in 
Theorem 3.2.23 is given in the following theorem. 


Theorem 3.2.24 (The Ma-Debnath Inequality [361]) Let p; € L'(I, Ro) and 
p € L'(,R4). Let further g(t) € C!(R4, R+) with satisfying g > 0 and g’ > 0 
on Ro and @ € C?(Rz,R+) with ¢'(u) > 0 for all u > 0 and non-decreasing. If 
u: I — Rx satisfies for allt € I, 


o(u(t)) < uo + Alt, pi, p2.---.Pn—1, Pd’ (ug (log u)], (3.2.191) 
where ug > 1 is a constant, then for allt € I, = [0,t] C J, 
u(t) < exp (c" [ Gio" "og uo)) + Ht, pi, pa, --- Pr-Pl]) , (3.2.192) 


where 
" ds 
G(r) -| —, r>=nm>0, (3.2.193) 
ro g(s) 


and G~' is the inverse of G and t, is chosen so that for allt € h,, 
G(¢~ | (log uo)) + Alt, pi.p2.---.Pn—-1.p] € Dom(G"'!). (3.2194) 


Proof Let € > 0 be an arbitrary small constant and define on J a non-decreasing 
function 


ve(t) = uo + € + Alt, pi, pr... Pn—1, PP’ (w)g(u)). (3.2.195) 
Thus from (3.2.191) and (3.2.195), we derive 


u(t) < @ '(ve(t)), forall € J, 
v-(0) = uy +e > 0, (3.2.196) 
Lnve(t) = pd’ (u())g(u()). (3.2.197) 


Since ¢’ and g are non-decreasing, by (3.2.196) and (3.2.197), we obtain 


Lrve(t) < pd’ [¢| (ve) glo | (ve(O)I.- (3.2.198) 


Using the fact that v_(f) is positive, 


d 1 dv¢ 
GOW) = 9" OM a » 


Ot) a 7 2-199) 
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and L,v-(t) => 0 for all t € J, it follows from (3.2.199) that 


Lyve(t) Ly—1Ve(t) x (d/dt)($'[o~ | (ve(0))]) 
Peo] = POSE OO + P16 oe] : 
(3.2.200) 
Le., 
ee) (theld'(ve(0))]. (3.2.201) 


Dhol ie (AN le 
dt $'[p"(ve(0)| 
Integrating (3.2.201) from 0 to ¢ and using the fact that L,_;v.(0) = 0, we get 


Ln-1Ve(t) 
$'[p!(ve(1))] 


It also allows from (3.2.202) that 


=f P(tnglo | (ve(tn))|dtn. (3.2.202) 


d-— Ly-zv¢(t) 


: -1 
dt ¢'[o—"(ve())| < pri) | P(trdgld (Ve(tn)) ath, (3.2.203) 


which, by integrating from 0 to ¢ and using the fact that L,_2v-(0) = 0, leads to 


Ln—20¢(t) 7 n=l -1 
Pb" v-())] < fim) f P(tn)alb  (Ve(tn))|dtndt,-1. (3.2.204) 


Repeating the above argument successively, we obtain 


d/dt)v¢ pd 
ane ya pi(t) i P2(tr) iy p3(ts) [ PaiGei) 


x / . Paltngle (Ve (tn)) |dtndty—1 srdizdtz. (3.2.205) 
0 


For any invertible and continuously differentiable function a(t), by changing the 
variable n = a~'(E), we get 


eee 
/ a[a"(€)] / a(n) dn=n+c=a ()+c. (3.2.206) 


Using the above fact and integrating (3.2.205) from 0 to ¢t, we obtain 


b '(ve(t) < (uo + €) + Alt, pi. po... Pn—1. Palo !(ve(t))]].. (3.2.207) 
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Define a function w(t) by 
w(t) = 6 "(uo + ©) + Alt, pi po, -- +. Pn—1-Palo'(ve(A))]],_ G.2.208) 

then we have for all ft € J, 
b ‘(ve) < Ww), (3.2.209) 


and w(0) = #7! (uo + €) > 0. 
It follows from (3.2.207) and (3.2.208) that 


L,w(t) = p(Ngld'(ve(1)] < pPOs(w)). (3.2.210) 


From (3.2.210) and using the fact that g(w(t)) is positive, g’(w(t)) = 0, Ln-1w() = 
0 for all t € J, we see 


Lrw(t) [(d/dt)g(w(t))] - Lp-1 w(t) 
g(w(t)) SP + gw) (3.2.211) 
1.€., 
dL,-\w(t) 
floor = po. G2313) 


Starting with (3.2.212) and using the same steps as used from (3.2.201) to (3.2.205), 
we can derive 


(d/dt)w(t) t ty a 
“gory =P | pa(t2) / pals) / Pui (tnt) 


tni-1 
x / P(tn)dtydty— +++ dtsdty. (3.2.213) 
0 


Now, by the definition of G, keeping t = f, and integrating both sides of (3.2.213) 
from 0 to t, we conclude 


G(w(t)) < Gw(0)) + Alt. p — 1, p2,---+Pn-1,P); (3.2.214) 


w(t) < G'[G(@ (uo + ©€)) + Alt. pi.po.....pll, teh. (3.2.215) 


Thus the desired bound in (3.2.192) now follows from (3.2.196), (3.2.209), 
and (3.2.215), together with the limit € > OT. oO 
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Corollary 3.2.9 (The Ma-Debnath Inequality [361]) Suppose that the functions 
D,P1,+++;Pn-1 and g are defined as in Theorem 3.2.24, and uy => 1 andk > 0 are 
constants. Ifu: 1 — R, satisfies for allt € I, 


u(t) < uo + Alt, pi, p2,.--sPn—1, pug (log w)], (3.2.216) 


then for all t € Ih, we have 
-1 1 1 
u(t) < expG [oc log uo) + Alt, pi,p2,---,Pn—1, malk (3.2.217) 


where G and G"! are defined as in Theorem 3.2.24 and In = [0, tr) C I, tz is chosen 
so that 


1 1 
Gs log uo) + Alt, pi, P2,--+sPn—1 7 € Dom(G"). (3.2.218) 
Proof Changing the variable u = exp(v) in (3.2.216) leads to 


exp(kv) < uo + Aft, pi, p2,.-.,Pn—1,p explkv) g(v)] (3.2.219) 


sp ae Alt. Ce ee ee T (exp(kv))'g(v) | (3.2.220) 


which is a special case of Theorem 3.2.24 when ¢ = exp(kv). By Theorem 3.2.24, 
we derive from (3.2.219) that for all t € h, 


fel 1 
v<G |G(; 1081) Se Fe Gis Bow cvecdhects ral . (G.2.221) 


Thus inequality (3.2.217) follows. oO 


Remark 3.2.16 When k = 1 in Corollary 3.2.9, we can derive the assertion of 
Theorem 3.2.23. 


Let ¢ = u*‘(k > 1 is a constant) in Theorem 3.2.24, then this leads to the 
following corollary. 


Corollary 3.2.10 (The Ma-Debnath Inequality [361]) Suppose that the functions 
U, P, Pi, ---»Pn—1 and g are defined as in Theorem 3.2.24 and k > 1 is a constant, 
if the inequality holds for allt € I, 


uk(t) < up + Alt, pj, po, ---sPn—1.kpu® | g(u)], (3.2.222) 
then for allt € Is, 


u(t) < G""'[G(up!") + Ht. pi. pas... Pn—1 kp, (3.2.223) 
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where G and G"! are defined as in Theorem 3.2.24 and I, = [0, t3] C I, t3 is chosen 
so that 


G(up!") + H[t, pi. p2,--+.Pn—1, kp] € Dom (G7). (3.2.224) 


Remark 3.2.17 Setting by n = 1, k = 2, g = 1 in Corollary 3.2.10, we may arrive 
at Ou- Yang’s integral inequality given in [438]. 


Remark 3.2.18 By choosing other suitable special functions ¢, we may get other 
interesting inequalities which cannot be derived from Theorem 3.2.23. 


3.3. Nonlinear One-Dimensional Discontinuous Ou- Yang 
Inequality and Its Generalizations 


In this section, we introduce one-dimensional nonlinear discontinuous Ou- Yang 
inequality and its generalizations. 
We first briefly introduce the time scales calculus, which can be found in [90, 91]. 
A time scale T is an arbitrary non-empty closed subset of R. The forward jump 
operator o on T is defined by for all t € T, 


o(t):=inffseT:s>nheT. (3.3.1) 


In this definition, we put inf @ — sup T, where @ is the empty set. If o(t) > ¢, then 
we say that f is right-scattered. If o(t) = t and t < sup7, then we say that ¢ is right- 
dense. The backward jump operator, left-scattered and left-dense points are defined 
in a similar way. The graininess pp : T — [0, +00) is defined by w(t) := o(f) —t. 
The set T* is derived from T as follows: If T has a left-scattered maximum m, then 
T* = T — {m}; otherwise, T = T*. 


Remark 3.3.1 Clearly, we see that o(t) = tif T= Rando(t) =t+1if T =Z. 
For f : T > Randall t > t,t € T*, we define f%(t) to be the number (provided it 


exists) such that given any € > 0, there is a neighborhood U of t with, for all s € U, 


IIf(o@) —f(s)] -—f* lo — sll < elo® — sl. (3.3.2) 


We call f(t) the delta derivative of f at t. 


Remark 3.3.2 f(t) is the usual derivative f’ if T = R and the useful forward 
difference Af (defined by Af = f(t + 1) — f(t) if T = Z. 


We say that f : T — R is rd-continuous provided f is continuous at each 
right-dense point of T and has a finite left-sided limit at each left-dense point 
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of 7. As usual, the set of rd-continuous functions is denoted by C,g. A function 
F : T > Ris called an antiderivative of f : T — R provided F*(t) = f(t) holds for 
allt € T*. In this case, we define the Cauchy integral of f by, for all a,b € T, 


b 
"i f()At = F(b) — F(a). (3.3.3) 


We say that p : T — R is regressive provided 1 + p(t)p(t) € 0 for all t € T. 
We denote by & the set of all regressive and rd-continuous functions. We define 
the set of all positively regressive functions by Rt = {p € R: 14 pw(Ap(t) > 
0, for all te T}. 

For all h > 0, we define the cylinder transformation &, : C, > Zp, by 


&u() = TLog(l + 2h), (3.3.4) 


where Log is the principal logarithm function, and 
1 uA 
c= |reCie# 7}. Z={zeC:-L<im@< 7}. 33.5) 


For h = 0, we define £9(z) = z for all z € C. 
If p € R, then we define the exponential function by, for all s,t € T, 


ep(t,s) = exp (/ Eu((@)A) . (3.3.6) 


Theorem 3.3.1 ((346]) If p € R and fix to € T, then the exponential function 
ep(-, to) is for the unique solution of the initial value problem 


x* = p(t)x, x(t.) =1 on T. (3.3.7) 


Theorem 3.3.2 ((346]) Ifp € R, then 


(i) e,(t,t) = Land eo(t,s) = 1; 


(ii) ep(o(t),s) = (1 + e@pM)ep(t, 5); 
(iii) Ifp € R, then for allt € T, p(t, to) > 0. 


Remark 3.3.3 Clearly, the exponential function is given by, for all s,¢ € R, 


ep(t,s) =e PO, ei (t,s) =e, ey (1,0) =o (3.3.8) 
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where a € R is a constant and p : T — R is a continuous function if T = R, and 
the exponential function is given by, for all s,t € Z with s < t, 


t-1 
ep(t.s)=[]+p@]. eats) = (+a), eg(t.0) = (Uta), 3.3.9) 


where a # —1 is aconstant and p : Z — R is a sequence satisfying p(t) 4 —1 for 
allt € Zif T = Z. 


Theorem 3.3.3 ((346]) [fp € Rand fix a,b,c € T, then 


b 
/ P(tep(c, a(t))At = e,(c, a) — ep(c, bd). (3.3.10) 


Theorem 3.3.4 ([346]) Let to € T' and w : T x Tk — R be continuous at all 
(t,t),t € T* with all t > to. Assume that w% (t, -)t is rd-continuous on [to, 0(t)]. If for 
any € > 0, there exists a neighborhood U of t, independent of t € [to, o(t)], such 
that for all s € U, 


|w(o(t),t) — w(s, tT) — wf (a(t) — s)| < elo() — 5], (3.3.11) 
where w{ denotes the derivative of w with respect to the first variable, then 
t 
v(t) := w(t, tT) At (3.3.12) 
10 
implies 
t 
v(t) = : wit, T)At + w(o(t), 2). (3.3.13) 
to 


The following theorem found in [90] is a foundational result in dynamic 
inequalities. 


Theorem 3.3.5 (Comparison Theorem [90]) Suppose u,b € Cy, a € R™. If for 
allt > to, te T*, 


u(t) < a(t)u(t) + b(t), (3.3.14) 


then for allt = to, t € T* 


u(t) < u(to)ea(t, to) + [ ctor. (3.3.15) 


to 
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In the sequel, we shall introduce integral inequalities on time scales. We always 
assume that p > q > 0, p and q are real constants, and t > fo, fo € TK. 
The following lemma is useful in the following. 


Lemma 3.3.1 ([346]) Let for all K > 0, a > 0. Then 
ee (2x zp 1 Px?) | (3.3.16) 
pP P 


Proof Tf a = 0, then we easily see that the inequality (3.3.16) holds. Thus we only 
prove that the inequality (3.3.16) holds in the case of a > 0. 


Letting 
f(K) = 4 K7'a+2-"’K?, K>0, (3.3.17) 
P P 
we have 
f'(K) = UP~D TP eK _ 4). (3.3.18) 
On the other hand, 
f'(K) = 0, K >a, 
f'(K) =0, K =a, (3.3.19) 
f'(K) <0,0<K <a. 
Therefore, 
A(K) = fla) = a?. (3.3.20) 
The proof is thus complete. oO 


Theorem 3.3.6 (The Li-Sheng Inequality [346]) Assume that u,a,b,g,h € 
C,a, u(t), a(t), b(t), g(t), and h(#) are non-negative. If for all t € T*, 


u?(t) < a(t) + b(t) [eo + h(t)u4(t)JAt, (3.3.21) 


then for allt € T*, for any K > 0, 


uo < fatn-+ v0 f | acoacey + ne) (FPSPE LO) | eeacenarl, 


(3.3.22) 
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where 


h 
F(t) = b(t) (<0 + oan) , (3.3.23) 


Proof Define a function z(t) by, for all t € TK, 
t 
z(t) = / [g(t)u?(t) + h(t)ut(t) At. (3.3.24) 
i) 


Then z(to) = 0 and (3.3.21) can be restated as, for all t € T*, 
u?(t) < a(t) + b(H(t). (3.3.25) 
Using Lemma 3.3.1, from (3.3.25), it follows, for any K > 0, 


ul(t) < (a(t) + b(t)z(t)) 1” 


_ K=O + aa) | ghz) 


= pK@=9/P pKO-o1P (3.3.26) 


Thus combining (3.3.24)-(3.3.26), we can get for all t € T*, 
z(t) = g(tu?(t) + hu") 
K(p— q) + qa(t b(t)z(t 
< g(Olalt) + bOz(A)] + hl) (AE | 


K(p—4q) + qa(t) 


= Jatnet + h(t) pK(P-9/p 


+ F(pz(t), (3.3.27) 


where F(t) is defined as in (3.3.23). 
It is easy to see that F(t) € R*. Therefore, using Theorem 3.3.5 and noting 
Z(to) = 0, from (3.3.27) we derive, for all t € T*, 


K(p— 4) + qa) 


Clearly, the desired inequality (3.3.22) follows from (3.3.25) and (3.3.28). This 
completes the proof. Oo 


Corollary 3.3.1 (The Li-Sheng Inequality [346]) Let T = R and assume that 
u(t), a(t), b(t), g(), A) € C(R+, R+). If the inequality holds for allt € R+, 


u(t) < a(t) + b(t) reo + h(s)u1(s)]ds, (3.3.29) 
0 
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then for allt € R+, for any K > 0, 


ul) S fac +009 [atryete) + me eee 


‘KK (a-p)/P 


t 1/p 
x exp (/ F(shds) ar| , (3.3.30) 


where F(t) is defined as in (3.3.23) of Theorem 3.3.6. 
The next result can be regarded as a generalization of the Ou- Yang inequality. 


Corollary 3.3.2 (The Li-Sheng Inequality [346]) Let T = Z and assume that 
u(t), a(t), b(t), g(t), and h(t) are non-negative functions defined for t € No = NU 
{O}. If the inequality holds for all t € No, 


t-1 


u(t) < a(t) + b(t) > “[g(s)u?(s) + h(s)u%(s)]ds, (3.3.31) 


s=0 


then for all t € No, for any K > 0, 


u(t) < {20 + b(t) y [acoete + ny roe | 


a I/p 
x |] (1+ F(s)ar| ; (3.3.32) 


s=t+l 


where F(t) is defined as in (3.3.23) of Theorem 3.3.6. 


Remark 3.3.4 Letting p > 1,K = q = 1 in Corollaries 3.3.1 and 3.3.2, we easily 
obtain Theorem 1.4.10 (a) and Theorem 2.3.22 (c,) established by Pachpatte [512], 
respectively. 


Corollary 3.3.3 (The Li-Sheng Inequality [346]) Assume that u,h € C,a,u(t) 
and h(t) are non-negative, B > 0 is a real constant. If for all t € T*, 


w(t) < B+ / "aOR (3.3.33) 


then for allt € T*, for any K > 0, 


u(t) < “(K(p ~ q) + gB)er(t,») — K(p- ak 7 (3.3.34) 
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where 


qh(t) 


F® = pK e—9)/p , 


(3.3.35) 


Proof Using Theorem 3.3.6, it follows from (3.3.33) that, for all t ¢ T*, for any 
K>0, 


(p—4q) + 4B 


1/p 
pK?-a/P ent, a(r))dx} 


u(t) < {B+ + [mo* 


to 


F - 1/p 
aoe q) +6) f nF oepte.o(e ar} 


1/p 


= ui 
B+ (ues q) +6) ext) — SP q) -5| . 


1 1/p 
= qa + K(p— q)ept, to) — K(p — oh (3.3.36) 
where the second equation holds because of Theorem 3.3.3, and the third equation 
holds because of Theorem 3.3.1 (i). This thus completes the proof. oO 
Theorem 3.3.7 (The Li-Sheng Inequality [346]) Assume that u,a,b,g,hi € 
Cra, u(t), a(t), b(1), g(t), and h,(t) are non-negative, andi = 1,2,...,n, and assume 
further there exists a sequence of positive real numbers q\,q2,...,n Such that 


p>q>0,i=1,2,...,n. Ifforallt € T*, 
u?(t) < a(t) + vo | [sow > neon At, (3.3.37) 
"0 i=l 


then for allt € T*, for any K > 0, 


K 
Hos Jat +0 a" [econo + Semen (MBE MA) |, .crorrnart , 
i=1 


(3.3.38) 


where 


a 
F@= wo (. (t) + > eae ace 7): (3.3.39) 
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Proof Define a function z(t) by, for all t € T*, 


z(t) = / [g(r)u?(t) + So hi(c)u(r)JAt. (3.3.40) 


i=1 


Then z(t) = O and as in the proof of Theorem 3.3.6, we have (3.3.25) and for any 
K>0, 


K(p- ia(t ib(t)z(t 

wey = RO OF 980 GO) 5-19 SAD) 
pK (P-4/P pK (P—4i)/P 

Therefore, for all t € T*, 


(1) = g(Qur(a) + D | hildut'() 


i=1 


K(p—qi)+ qiailt)  gib(t)z(t) ) 


= BUA) hPa I+ d, My ( pK P=a/P pKO-a/P 


“ K(p — qi) + qiai(t) 


a(t)g(t) + 2h pK Oman + F* (t)2(t), (3.3.42) 


where F* (ft) is defined as in (3.3.39). 
The remainder of the proof is similar to that of Theorem 3.3.6 and we omit it 
here. oO 


Theorem 3.3.8 (The Li-Sheng Inequality [346]) Assume that u,a,b,g,h € 
Cra, u(t), a(t), b(t), g(t), and h(t) are non-negative, and w(t,s) is defined as in 
Theorem 3.3.4 such that w(t,s) > 0 and wi (t,s) = 0 for all t,s € T with s< t. 
Assume further for any € > 0, there exists a neighborhood U of t, independent of 
T € [t, o(t)|, such that for all s € U, 


I[W(o(), t) — w(s, rt) — wi (oO — s)][g(e)u? (x) + A(r)u*(z)]| < elo —s|. 
(3.3.43) 
If for allt € T*, 


u?(t) < a(t) + D(t) if w(t, T)[g(t)u?(t) + h(t)ut(t)JArt, (3.3.44) 
then for allt € T*, for any K > 0, 


t 1/p 
u(t) < fat) + bO) i ea(t,o(t)) B(x) At} (3.3.45) 
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where, for all t € T*, 


h t h 
A(t) = w(t, o(t)) b(t) («« + am) + [ wi (t, t)b(t) (« + or) Dt; 


BO) = w(o().2) janet + h(t) (“ee | 


pK(P-9/P 


t _ 
+ wi (t, 7) [acreta + (“ee || At. 


pK(P—9/P 
(3.3.46) 
Proof Define a function z(t) by, t € T*, 
t 
z(t) = / k(t, tT) At, (3.3.47) 
to 
where, for all t € T*, 
k(t, tT) = w(t, t)[g(t)u? (tz) + A(t)u4(t)]. (3.3.48) 


Then z(t) = 0. As in the proof of Theorem 3.3.6, we easily obtain (3.3.25) 
and (3.3.26). 
It follows from (3.3.48) that 


k(a(t),t) = wlo(t), Dig(u?(t) + hud), (3.3.49) 
kK (t,t) = w(t, r)[g(t)u? (tz) + A(r)u(t)]. (3.3.50) 


Therefore, noting the condition (3.3.43), using Theorem 3.3.4, and combin- 
ing (3.3.47)-(3.3.50), (3.3.25), and (3.3.26), we conclude for all t € T*, 


Z(t) = k(o(t), ) + | ae t)At 


10 


= w(o(t), D[gQu’O + hut] +f wi (t, t)[g(c)u? (zt) + h(c)u4(z)At 


i) 


K(p—4q) + qa) qh(t) 
< wot. [acne + ney (FPP EO) 4 109 (cc + EO) cen] 


+f wen [acneto + h(2) ( 


i) 


i 
+ (cr) («1 + es 5) (| At 


qh(t) 
pK(P-9/P 


K(p— 4) + qa(t) 
pK(P—/p 


< [wiown, Nb(0) (s + 
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‘a qh(t) 
+4 i wi (t, t) b(t) (« + SS) ar] z(t) 


+wlo(),) Janet + h(t) (“eee 


pK(P—9/P 


t 
+f en [aeto + h(e) ( 
t 


0 


K(p— 4) + qa(t) A 
———————— ee T 
pK(P-9/P 


= A(f)z(t) + B(t). (3.3.51) 


Therefore, using Theorem 3.3.5 and noting z(t) = 0, we can get for all t € T*, 


z(t) < [eon ar. (3.3.52) 


10 


It is easy to see that the desired inequality (3.3.45) follows from (3.3.10) 
and (3.3.52). The proof is thus complete. Bi 


The next result can be also regarded as a generalisation of the Ou-Yang 
inequality. 


Corollary 3.3.4 (The Li-Sheng Inequality [346]) Let T = R and assume 
that u(t), a(t), b(t), g(),A() € C(R+,R+). If w(t, s) and its partial derivative 
(dw(t, s)/0t are real-valued non-negative continuous functions for all t,s € R+. 
with s < t. If the inequality holds for all t € Ry, 


u(t) < a(t) + b(t) / w(t, t)[g(t)u? (rt) + A(r)u4(x)]dr, (3.3.53) 
0 


then for all t € R+, for any K > 0, 


u(t) < {a(t) + bit) i on ( / ‘Agyas) Bede (3.3.54) 


where for allt € R, 


_ h 3 
A) = w(t, )b(0) (<0 Fa a) ra [s we eG i(s (t) + es) an 


K(p—q)+ on) 
pK(p—9)/ 


' w(t, Tt) K(p — q) + a(t) 


B(t) = wit, t) janet + h(t) ( 


(3.3.55) 


Remark 3.3.5 Let p > 1,K = q = 1. Then the inequality established in 
Corollary 3.3.4 reduces to Theorem 3(c}) in [512]. 


418 3 Nonlinear One-Dimensional Discontinuous Integral Inequalities 


Corollary 3.3.5 (The Li-Sheng Inequality [346]) Let T = Z and assume that 
u(t), a(t), b(t), g(t) and h(t) are non-negative functions defined for all t € No. If 
w(t, s) and A,w(t, s) are real-valued non-negative functions for all t,s € No with 
8 <t. If the inequality holds for all t € No, 


t-1 


u(t) < a(t) + b(t) ¥~ w(t, t)[g(e)u? (t) + h(e)u"(0)], (3.3.56) 


tT=0 


then for all t € No, for any K > 0, 


t—1 t—1 
u(t) < {ao +b) > ° Br) TJ a +H)" (3.3.57) 
t=0 s=t+l 


where A,wi(t,s) = w(t + 1, s) — w(t, s) for all t,s € No with s < t, for allt € No, 


t-l 


7 ; : 
aoa (so - om) a u Aiw(t, t)b(t) («@ + tn) . 
is Pies 
t—1 Gham 
~ = Ailw(t, 7) [acnetn + h(x) (“eee 
(3.3.58) 


Remark 3.3.6 Let p > 1,K = q = 1. Then the inequality established in 
Corollary 3.3.5 reduces to Theorem 3(c3) in [512]. 


Corollary 3.3.6 (The Li-Sheng Inequality [346]) Suppose that 0 < a is a 
constant, u(t) and w(t, s) are defined as in Theorem 3.3.8. If for any € > 0, there 
exists a neighborhood U of t, independent of t € to, a(t)], such that for all s € U, 


|u?(t)[w(o(t), tT) — w(s, t) — w(t, T)(o() — 5)]| < elo —s]|. (3.3.59) 


If for allt € T*, 


w(t) <a + i w(t, t)u4(t) At, (3.3.60) 


then for allt € T*, for any K > 0, 


1 1/p 
u(t) < ae ® + qajex(t, to.) — K(p — 9)] , (3.3.61) 
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where, for all t € T*. 


A(t) — ae (wow. t) +f wi (t, Ar) ; (3.3.62) 


1 


Proof Letting b(t) = 1, g(t) = 0 and A(t) = 1 in Theorem 3.3.8, we obtain for all 
re T*, 


A(t) = aah (wow. +f w(t, Ar) := A(t). 


it) 


II 


B() K(p—q)+ qa ( 


PAL (mown + f mena) 


to 


K(p- a ~ 
2 0E Oe (3.3.63) 
pK e-9/p 
Therefore, by Theorem 3.3.8, noting (3.3.63), we easily obtain for all t € T*, for 
any K > 0, 


K(p—q) + qa~ 


f 1/p 
= (« +f eqlto(y PO * (ar) 


K(p—q) +4a [' + um 
“eee eqlt o(0)A(e)d) 


=fat+ 
K(p—q) + qa te 
={a+ eS. ip) ext, a1) 
q 
K(p— @ K(p—q)\"” 
= (“eee eo fo) — mew) (3.3.64) 
q q 
The proof is thus complete. oO 
Theorem 3.3.9 (The Li-Sheng Inequality [346]) Assume that u,a,b,g,hi € 
Cra, u(t), a(t), b(t), g(t), and h;(t) are non-negative, i = 1,2,...,n, and there exists 
a sequence of positive real numbers q\,q2,..-,4n such that p > q; > 0,1 = 


1,2,...,n. Let w(t, s) be defined as in Theorem 3.3.4 such that w(t,s) > 0 and 
wi (t,s) = O for allt,s € T with s < t. Assume further for any ¢ > 0, there exists a 
neighborhood U of t, independent of t € |to, a(t)], such that for all s € U, 


[w(o(t), t) — w(s, tT) — wi (o(t) — s)][g(t)u? (rt) + y hi(t)u" (t)]| < €lo() —s|. 
a (3.3.65) 
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If for allt € Tk, 


u?(t) < a(t) + wf w(t, T)[g(t)u? (rt) + Sh (r)u%(t)]Art, (3.3.66) 


i=1 


then for allt € T*, for any K > 0, 
t 1/p 
u(t) < {ats + D(t) i dant, o(c))BY(c)Ar} (3.3.67) 


where for allt € T*, 
ce “.  gihi(t) 
A*(t) = w(t, o())b() (<0 + a | 


n 


t ih; 
+f wie. ncn (« @O+y ae fn) an 


B*(t) = w(o(t), t) verte + = h,(t) 5 


i=1 


K(p— qi) + galt) 
pK(P—q)/P 


(3.3.68) 


Proof Similarly to the proof of Theorem 3.3.8, we easily obtain the following result. 
oO 


Theorem 3.3.10 (The Li-Sheng Inequality [346]) Assume that u,a,b € 
Cra, u(t), a(t) and b(t) are non-negative. Let f : T* x R > Rx be a continuous 
function such that for allt € T* and all x => y = 0, 


0<f(, -—fi.y) < éGya-y), (3.3.69) 


where @ : T x R > Rx is a continuous function. If for all t € T*, 
t 
u?(t) < a(t) + vo | f(r, ul (t)) At, (3.3.70) 
to 


Then for allt € T*, for any K > 0, 


’ 


K(p-@) raat) ey 


u(t) < (a0 +60 / eu(t.o(t))f (« ica 


(3.3.71) 
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where, for all t € T*. 


K(p- b(t 
M(t) = p t, oie) 9D _ (3.3.72) 
pK q)/P pK q)/P 
Proof Define a function z(t) by, for all t € T*. 
t 
2(t) = / f(t, ul (t)) At. (3.3.73) 
to 


Then z(fo) = O and (3.3.70) can be written as (3.3.25). As in the proof of 
Theorem 3.3.6, from (3.3.25), we easily obtain (3.3.26). Obviously, it follows 
from (3.3.73), (3.3.26), and (3.3.69) that for all t € T*, 


A(t) = f(t,u"(d) 


K(p— 4) + qa) qb(t) K(p—q) + a(t) 
=F (: pK(P—-9/p + KRO-O/P pK P- aK O-a/p < 2 0) =f (: : pK (P-a/P ) 


K(p— 4) + qa(t) 
sd (: pK (P—-a/P ) 


K(p—q)+qa(t)\ qb) K(p—4q) + qa(t) 
=o (: pK(P-9/ if pKp— pK @-a/p~ (1) +4(t pK(P—9/p ) 


_ K(p—q + qalt) 
= M(t) +f (: — pKO=a1P : (3.3.74) 
where M(t) is defined as in (3.3.72). Using Theorem 3.3.5 and noting z(t) = 0, 


from (3.3.74), we conclude, for all t € T*. 


(3.3.75) 


uf) / ‘ew(t.o()F (: ) ‘hes 


pK(e—-9/P 
It is easy to see that the desired inequality (3.3.71) follows from(3.3.25) 
and (3.3.75). The proof thus is complete. oO 


Remark 3.3.7 Letp > 1,K =q = 1. We easily see that Theorem 3.3.10 reduces to 
Theorem 1.4.11 (b,) if T = R, and Theorem 2.3.23 (d,) if T = Z. 


By Theorem 3.3.10, we can establish the following more general result. 


Theorem 3.3.11 (The Li-Sheng Inequality [346]) Assume that u,a,b € 
Cya, u(t), a(t) and b(t) are non-negative, and f; : T* x R — Ry be a continuous 
function such that 


0 <filt,x) —filty) < dilt.y)@—y), (3.3.76) 
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for allt € T* and all x = y = 0, where ¢; : T* x R > Rx is a continuous function, 
i = 1,2,...,n. Assume further there exists a sequence of positive real numbers 
15 92.+++>Qn Such that p > qi > 0,i=1,2,...,n. Ifforallt € T*, 


w(t) <a() +b) >> i fit, u(t) At, (3.3.77) 
i=1°% 


thent € T*, for any K > 0, 


ul) < (x0 +) [ew otenh (oe) as] | 


where, for allt € Tt, 


Ae “ K(p—qi) + qia(t) gib(t) 
eS 26 (: pK (-4)/P pK (P-q)/P° (3.3.79) 


Chapter 4 

Applications of Nonlinear One-Dimensional 
Continuous, Discontinuous Integral Inequalities 
and Discrete Inequalities 


In this chapter, we shall choose some models to apply the results in Chaps. 1-3. 


4.1 Applications of Theorem 1.1.1 


4.1.1 An Application of Theorem 1.1.1 to A Nonlinear 
Differential Equation 


Consider the nonlinear differential equation 
u" + f(t,u) = 0. (4.1.1) 


Cohen [157] proved the following theorems. 
Theorem 4.1.1 (The Cohen Inequality [157]) Suppose f(t, u) satisfies the follow- 
ing conditions: 


(H1) f(t, u) is continuous on D := {(t,u): t > 0, —oo <u < +00}, 
(H2) the derivative f,,(t, u) exists on D and f,(t, u) > 0 on D, 
(H3) |f(t,w)| <fi(t, w)|u| on D. 


In addition, suppose that 
+00 


tfu(t, 0)dt < +00. (4.1.2) 


Then equation (4.1.1) has solutions which are asymptotic to a + bt as t — +00, 
where a, b are constants and b # 0. 
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We should point out that in the proof of Theorem 4.1.1, Cohen used Bellman’s 
method [69] and Gronwall’s inequality. 

In the sequel, we shall use the same method and Bihari’s inequality in Theo- 
rem 1.1.1, to generalize Theorem 4.1.1. 


Theorem 4.1.2 (The Cohen Inequality [157]) Let f(t, u) be continuous on D. If 
there are two non-negative continuous functions v(t), g(t) for allt > 0, anda 
continuous function g(u) for all u > 0, such that: 


(i) [;°° v@g(Hdt < +00, 
(ii) for allu > 0, g(u) is positive and non-decreasing, 
(iii) |f(,w)| < ves (ul/f for allt > 1, —0o < u < +00, 


then the equation (4.1.1) has solutions which are asymptotic to a + bt, where a, b 
are constants and b # 0. 


Proof Integrating (4.1.1) twice on [1, ¢], we have 


u(t) = cr + cot — fo S)f(s, u(s))ds. (4.1.3) 
1 


Choose c; > 1 and let c3 = cy, + |c2|. Then for all t > 1, we have 


mol <o3+ / f(s, u(s))ds 


t 
est f vyo(re(|u(/s)ds. 
1 
By Bihari’s inequality in Theorem 1.1.1, we have 
|u(x)| 
t 


< G"(G(c3) + i v(s)(s)ds). (4.1.4) 


Here G(x) = / dt/g(t), G~'(x) is the inverse function of G(x). From g(t) > 0, we 
know that G(x) is increasing; hence G7! (x) exists, and is also increasing. 
Now let cs = G(c3) + fae v(s)(s)ds. Since G~! (x) is increasing, we have 


moh < G (ca). (4.1.5) 


Differentiating (4.1.3), we have 


u(t) = cy — ic u(s))ds. (4.1.6) 
1 
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By conditions (1), (ii), (iii) and (4.1.5), we have 
t t 
[ iro.ueylas = [ve erreduisi/syas 
1 1 


< g(G'(ca)) / v(s)y(s)ds < +00. 


Therefore u'(t) > c2 — has I (s, u(s))ds as t > +00. If we choose cp sufficiently 
large, then u/(t) > 1. Hence lim, +49 u'(t) # 0. This proves the theorem. Oo 


Remark 4.1.1 If we assume v(t) = fu(t,0), g(t) = t, g(u) = win Theorem 4.1.2, 
we obtain Theorem 4.1.1. 


We give an example to which Theorem 4.1.2 applies, but Theorem 4.1.1 does 
not. 


Example 4.1.1 


u' +f 4W cosu = 0. (41,7) 


Since f;,(t, 0) = 0, (H3) does not hold and Theorem 4.1.1 dose not apply. Let v(t) = 
t+, g(t) = t, g(u) = u?. Then conditions (i), (ii) and (iii) are satisfied and 
equation (4.1.7) has solutions asymptotic to a + bt as t > +00. 


4.1.2 Applications of Theorem 1.1.1 to Some Differential 
Equations 


The purpose of this subsection is to establish-by means of the solutions of the 
equations y’ = f(x,y) + e; and y’ = f(x,y) + &2 (€; and €2 are constants) with 
the same or different initial conditions, provided that f(x, y) satisfies the “Osgood 
condition” 


|f (x, y2) —f@, yi)| < @(y2 — 1) (4.1.8) 


in a domain G where w(u) is subjected to certain conditions. Further we shall give 
simple proofs for the uniqueness theorems of Nagumo, Osgood etc. 
The next result is the uniqueness theorems of Nagumo. 


Theorem 4.1.3 (The Nagumo Inequality [407]) [f the function f (x, y) is continu- 
ous in a domain G(x, y) and all points &, n of G have a neighborhood where 


|x — E|| f(x, yo) —f@, y1)| < ly2 — yi (4.1.9) 
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holds whenever the points (x, y1) and (x, y2) belong to this neighborhood, then the 
equation 


y =f@y) (4.1.10) 


has at most solution 9(x) satisfying the initial condition y(x) = 7. 


Proof Assuming there exists another solution (x) too with the same initial 
condition g(x) = n, we have 


eM=ntkfee@d, wa=n+fXfewOdt 41.11 


whence for all x > &, 
lp(x) —W@)| s fe fC eO) —F(t vO)ldt. (4.1.12) 
Taking (4.1.9) into account, we get 
ya) — vl s ff |e lat (4.1.13) 


for sufficiently small x — & > 0. Here the integrand has a limit for t = &, since 


Jim eH) = Jim, gow — fE-—n)-—f(E-n =0 (4.1.14) 


ie., the function ae may be completed to a continuous function by taking 0 
for its value at tf = €. Therefore we can determine that for all ¢ > 0, there exists a 
number 6 > 0 such that je | < eif |f—&| <d and& +6 <x. Then we derive 
from (4.1.13) 


|o(x) = Vv(x)| < = a Ee AG) \dt 4 te Ee via \dt < < eS + on 5 ola. 
(4.1.15) 


Applying the Bellman-Gronwall’s inequality, i.e., Theorem 1.1.2 in Qin [557], we 
obtain 


|o(x) — VQ@)| < edelfts 4 = e858 = o(x—£) (4.1.16) 


for a certain right-hand neighborhood of & and any positive number ¢. For x < &, we 
conclude in the same way by replacing | te u(t)dt| by te u(t)dt (u(t) => 0). In this 
neighborhood of €, we have g = w and in a known way, we can conclude that this 
holds for their whole existence intervals. 

Let us remark that if instead of condition (4.1.9), we suppose 


Ix — Elf. y2) —f@ yl <M(ly2—-yil) with M>1, (4.1.17) 
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then by a similar calculation, we obtain 


p(x) — WQo)| < 05/8" = eG (4.1.18) 


and since this depends on 6, the further conclusion is impossible. Therefore the 
constant M = 1 cannot be increased in this way. 
Next we shall show the uniqueness of Osgood Theorem. 


Theorem 4.1.4 (The Osgood Inequality [436]) Jf in adomain G(x, y) the function 
F(x, y) satisfies the condition 


| f(x, y2) —f(.91)| < @(ly2 — yi) (4.1.19) 


where w(u) is continuous for all u > 0, w(u) > 0 for all u > 0 and w(0) = 0, 
further, if fo at is divergent for all u > 0, then the equation y’ = f(x, y) has almost 
one solution g(€) = n where (&, 1) is a point of G. 


Proof In the proof we shall restrict ourselves to the case where w(u) is non- 
decreasing. Suppose there exist two different solutions g(x), (x) with g(€) = 
w(&) = n. That is to say, there exist points &,§ => € where p(&) # w(&). Let 
the lower bound of these & be &. We have then & > & and g(&) = w(&), but 
(x) # W(x) for & < x < & + y with a certain number y > 0. 

By virtue of the hypotheses, 


g(x) — W(x) =f, 9@)) — FR. WO) < o(~@) — WO) 4.1.20) 


whence 
— <1 or — <l. (4.1.21) 


Introducing the notation 


u dt 
/ — = Q(y), (4.1.22) 
uy Ot) 
we have 
dQ(V) 
<1 (4.1.23) 
dx 


whence by integration, ford > 0, &+6<-x, 


Q(V(x)) < Q(V(Eo + 8)) + x — (& + 4). (4.1.24) 
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If 5 > 0O*, then 
Vf +8) 30, A/V +8) > [= wy TO RO 41.25) 


but Q(V(x)) is a finite number for all x > &, i.e., (4.1.24) leads to contradiction. 
We obtain the same contradiction for all x < &. Therefore g(x) = w(x) in some 
neighborhood of &, consequently, also in their whole existence intervals too. O 


If fy ay is convergent for all u > 0, then we get from (4.1.24) for 5 > 0*, 


Q(V) < Q(0) +. x—&o. (4.1.26) 
Assuming, e.g., uo = 0, it is 
Q(0) =0, Q(V(x~)) <x—& (4.1.27) 
whence, for all x > &, 
= |g(x) — V@| < V <Q (x- &). (4.1.28) 


Therefore, if uniqueness does not hold, the difference of two solutions is subdue to 
this estimate. 


Theorem 4.1.5 (The Bihari Inequality [82]) Jf g(x) and w(x) are the solutions of 
the equations 


y=fyte, y=fyte, 120,e2.>0 (4.1.29) 


satisfying the initial conditions p(&\) = ni, W(&2) = No and existing ina <x <b, 
if further 


If@ y2) -—f@ yl <o(y—-yl), If@-y|<A in G, 41.30) 

then 
lo) — W@)| S$ Q7*(QK) + |x- Bh), (4.1.31) 

with 
k = |§& — &|A + |m — n2| + (b—a)(e1 + €2). (4.1.32) 


Proof We have, in fact, 


g(x) = n+ ff F(t,9O) + 1-81), WO) = m+ | F(t, WO) + €2(x— &), 


(4.1.33) 
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whence for all x > &, 
lp(x) — W@)| < |m — m2| + (e1 + €2)(b— a) 


3) - 
+1 f° ireoonlar+ [ ft.) -fewee)ld. 4.1.34) 
§1 3) 
Further for all x > &, 


le@) — WO) S Im — ml + (1 + &2)b— a) + |&1 — GA +f o(le() — w(O))at, 
(4.1.35) 


or 


A<k+ [ owar (4.1.36) 
é 


2 


with A = |g(x) — w(x)|. Hence, applying the Bihari inequality (Theorem 1.1.1) 
with F(t) = 1, M = 1, we conclude for all x > &, 


A=271(Q(k) +x—&). (4.1.37) 


This formula holds also if i's mG} is divergent for all u > 0. In the case, if (&, 72) > 


(&, m1) and €1, €2 — 0, then k > 0, Q(k) — —oo and 
Q1(Q(K) +x — &) > Q7!(—00) = 0, (4.1.38) 
ie., A — 0. Therefore, if the function f(x, y) satisfies the “Osgood condition” in all 


points of G, the solution of the equation y’ = f(x, y) is a continuous function of the 
initial values €, 7 and of the parameter «. Oo 


From this fact, we can deduce the following general dependence theorem: 


Theorem 4.1.6 (The Bihari Inequality [82]) Let f(x, y) satisfy (4.1.19) in G(x, y) 
and let v(x, 0, &, No) be the (unique) solution of y' = f(x, y) with o(&p, 0, &, No) = 
No, existing ina < x < b, and y(x,€,&, 0) the unique solution of y’ = f(x,y) + € 
with g(&,e,&,n) = nanda <a < B < b, then g(x, €,&,n) exists ina <x < B 
for sufficiently small ¢ > 0 and |E — &| + |n — nol, further, p(x, €,&, 1) tends to 
v(x, 0, £0, no) uniformly ina <x < B if (E,n) > (&, No) and e > 0. 


The same theorem may be proved if the right-hand side of the differential 
equation depends on an arbitrary parameter ju, i.c., we have the equation y’ = 


f(x,y, w) and we have f(x,y, u) — f(x,y, Mo) uniformly in G if w~ > wo. If, 
especially, we take w(u) = Mu* where M > 0,0 < a <_ 1, then hs is 


o(t 
convergent for all u > 0, therefore we cannot conclude that the Lipschitz condition 
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with the exponent a 
|f(, y2) —f(x, y1)| < Mp2 -—yil®, M>0,0<a <1 (4.1.39) 
implies uniqueness (moreover, we can find easily examples where this condition is 


satisfied and there are more solutions). 
By the above results, we obtain as application the following bound estimate: 


v(x) — VO) < KI + Me) |x GI), asx<b, (4.1.40) 
where 
k = |& — &|A + |m — m| + (e1 + &2)(b—a). (4.1.41) 


Assuming identical initial conditions and e; = €2 = 0, we have 

lv) — vO) < MU -@))x-B)™™, O<Sa<lasx<b, (4.1.42) 
e.g., the so-called maximal and minimal integrals have a difference subdue to this 
bound estimation. It is also easy to see that the limit of the right-hand side is 0 for 


avol. 
Consider now the condition 


lx — E|"| f(x, y2) —f@.y1)| < @(ly2-yil), Oa <1 (4.1.43) 


in place of 


If (x, y2) —f(%, y1)| < @(ly2 — vil). (4.1.44) 


We assume that this condition is valid for a certain neighborhood of all points (&,7) 
of G. The function w(u) is the same as in the Osgood theorem but we assume further 
that w’(0) exists. In this case (one equation and identical initial conditions) 


OY = tim PHOMPO VOD _ SrOltle'@ —V'Oll-0= 0 


mer G-O% se ab)! 
(4.1.45) 


(D, means the right-hand derivative), that is, the function a may be completed 
to a continuous function for tf = & too. By a similar way as above, we get (two 


equations and arbitrary initial conditions) 


A<k+ te erst for sufficiently small x — & > 0, 


(4.1.46) 
k = |& — &|A+ |m — ml + (€1 + €2)(b—@). 
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The hypotheses of the generalized Bellman lemma are not satisfied here (e.g., 
1 


THF is not continuous in & < t < x). However, we can easily obtain—by a 
little modification of the procedure (as in the case of the Nagumo Theorem)—the 
following inequality 


_ l-—a@ 
ae ae ), (4.1.47) 


A < 27'(Q(b) + 


i.e., also condition (4.1.43) assures the uniqueness of the solution under identical 
initial conditions and ¢; = &2 = O. If these are not identical or ¢; 4 &2, or else 
ie mG} is convergent for all u > O, then we obtain a bound for A in the neighborhood 
of & in which (4.1.43) is valid. The uniqueness theorem discussed here is not a 
special case of Perron’s theorem. 

The next result is the uniqueness theorem of Perron [532]. 


Theorem 4.1.7 (The Perron Inequality [532]) Let the function f(x, y), defined in 
the domain |x — &| < a, |y— n| < b (domain G(x, y)), satisfy the condition 


| f(x, y2) — f(x. y1)| < @(|x — €, |y2 —y1 |) (4.1.48) 


for all points (x, y1) and (x, y2) of G, and let w(x, u) be a continuous function for all 
0<x<a,u> 0. Ifg(s) and (x) are integrals of the equation 


y =f(y) (4.1.49) 


with o(€) = w(E) = n and belonging to G(x, y), then 
lp) — vO)| < Z@), (4.1.50) 
where Z(x) means the maximal integral of the equation 
ul = a(x — &,u) (4.1.51) 


with Z(x) = 0. Therefore, if w(x,0) = 0 and u = 0 is the unique solution of (4.1.51) 
with u(&) = 0, then p(x) = w(x) in G(x, y). 


Bompiani [92] has found this theorem before Perron but has made use of the 
restriction that w(x, uv) is non-decreasing function of u. We shall make use of the 
same restriction, but the proof will be very simple. 


Proof Since, for all x > &, 


g' (x) — W(x) =f. 9) — FR, WO) < o(lx— §],190)-WQ@)), (4.1.52) 
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we have, for all x > &, 


@) — ¥O)| < | “w(t —£, |p) — V(0)|at, (4.1.53) 
or 


A< [oe- &, A)dt where A = A(x) = |o(@) —wW(x)|. (4.1.54) 
5 


Denoting the right-hand side of (4.1.54) by V(x) = V, we have A < V. But 
V'(x) = a(x — —, A(Q)) (4.1.55) 
and, on account of the monotonity of w(x, u) in u, for all x > &, 
V'(x) < w(x —€, V(X), (4.1.56) 
i.e., V(x) is a lower function of the equation 
uo = a(x—&,u) +e, e>0 (4.1.57) 
for all x > € and V(&) = 0, and therefore, for all x > &, 
V(x) < z(x), (4.1.58) 


where z-(x) means the minimal integral of (4.1.57) for all x > & with z.(&) = 0 
and—as known—z,(x) tends uniformly to z(x) if e > 0+. Consequently, 


0 < A(x) < V(x) < zQ@). (4.1.59) 


Similar proof holds for all x < &. It is easy to see that the theorem of Osgood is a 
special case of this theorem. Hence, similarly, we have, for all x > &, 


A<k+ i "ghee Bs aE (4.1.60) 


2 


provided that (4.1.48) holds with € = & and g(x) and w(x) are in G. Then 
0< AQ) < Z(x) in G, (4.1.61) 


where Z(x) means the maximal integral of (4.1.51) with Z(&) = k. These results 
may be extended to systems of differential equations too. Oo 


We now finally consider a theorem due to Tamarkine [635] and corrected by 
Lavrentiev [331]. 
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Theorem 4.1.8 (The Lavrentiev-Tamarkine Inequality [331, 635]) Let f(x, y) be 
continuous for |x| < a,|y| < b (domain D) with a > 0,b > 0 satisfying the 
condition 


If@y) —f@, e@))| = oly — e@))) (4.1.62) 


where (x) is an integral curve (passing through the origin and defined for |x| < a) 
of the differential equation 


y =f(y) (4.1.63) 


and @(u) is an increasing continuous function for all u = 0, furthermore, w(0) = 0 
and the integral tn ai is convergent for all u > 0. Then the equation (4.1.63) has 
at least two (and thus an infinite number of) integral curves passing through the 
origin. Moreover, as Lavrentiev notes, the same is valid concerning all the points of 
the curve ~(x) (in D). 


Proof We give a simple proof of the above theorem, further we give a lower minimal 
integral g(x) of (4.1.63) with the initial conditions G(0) = g(0) = 0. 

On account of (4.1.62), the function h(x, y) = f(x, y) — f(x, g(x)) can not vanish 
in the connected domain |x| < a,y > g(x) and therefore has a constant sign. We 
distinguish case (a) h(x, y) > O and case (b) A(x, y) < 0. 

Let a fixed integral of the equation 


y=f(xy)te, €>0 (4.1.64) 
passing through the origin be denoted by w,(x). As known, we can determine that 
for all a, < a, there exists a number ¢ > 0 such that w,(x) exists for all |x| < a, and 


satisfies |W.(x)| < b, and we have 


W.(x) > Gx) = (x), O<x<ay, (4.1.65) 
We(x) < g(x) < G(x), —-a, <x <0. (4.1.66) 


We obtain immediately 
vols) — 90) = [UAW -Fe.p@)er+ex. 4.1.67) 
Take now the case (a) and 0 < x < qj, then 


We(x) — p(X) > / [f(t, We(O) —f 4, plat = [ o(We() — 9(t))dt, 0< x < ay 


(4.1.68) 
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whence, applying the Bihari Inequality (Theorem 1.1.1), 
-1 “dt 
We(x) — o(x) > Q(x), O< x< ay, where Q(u) = oO” (4.1.69) 
0 @ 


consequently (since w.(x) > G(x) for e > 0* and 0 < x < aj) 

G(x) — g(x) => QN(x), O<x< ay (4.1.70) 
for all 0 < a, < a and thus for 0 < x < a. We have a fortiori 

Gi) —g(@) > Q 1a), OK<xK<a. (4.1.71) 


Considering the case (b) and again 0 < x < a), equation (4.1.69) gives us for all 
0<x<aq, 


0 < W(x) — @(X) < ex < Ea, < €a, (4.1.72) 
whence, for all 0 < x <a, 
G(x) — g(x) = 0. (4.1.73) 


Regard now both cases (a) and (b) for —a < x < 0. By the linear transformation 
x = —&, equation (4.1.63) reduces to 


dy 

ae —f(-&, y&)) = F.y), (4.1.74) 
and here the function F(&, y) satisfies the condition (4.1.62) and h(€, y) = F(&, y) — 
F(&, g(—&)) has an opposite sign as h(x,y) = f(x,y) —f(, g(x)). Therefore we 
have in case (a), for all —a < x < 0, 


G(x) = g(x), (4.1.75) 
and in case (b), for all —a < x < 0, 
G(x) — g(x) = Q71(-x). (4.1.76) 


Instead of the domain |x| < a, y > g(x) (domain D,), we could have considered the 
domain |x| < a, y < g(x) (domain D2) without any change in the above reasoning. 

We have four cases corresponding to the signs of A(x,y) in D, and Dp, 
respectively: 


(l) G-g2Q", O<x<a,y-g>Q"(-x), -a<x<0, (++), 
(2) G-g=Q!, o-g=0, (+-), 
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(3) G-g =0, g-g = Q7"(-x), (—+), 
(4) G-g=0, g-—g=0, (——). 
e.g., in the fourth case and for g(x) = k, uniqueness G(x) = g(x) follows. O 


4.1.3 Applications of Theorem 1.1.1 to General Differential 
Equations 


In this section, we shall use Theorem 1.1.1 to establish upper and lower bounds on 
the norm of a solution of the equation 


a = F(x, z). (4.1.77) 
dx 
Upper bounds obtained by application of Bellman’s lemma (Theorem 1.1.2 in Qin 
[557]) and its generalization by Bihari [82] (i.e., Theorem 1.1.1) have been much 
used in the study of solutions of equations such as (4.1.77). Similar methods permit 
the determination of analogous lower bounds which seem to be unknown until now. 
Next we shall present a result which might indicate why this is the case. 
Concerning (4.1.77), we make the following assumptions: 


(1) x is a real variable, z and F are finite dimensional complex vectors with n 
components z; and F;, respectively, 

(2) F is continuous in (x, z) for all z and all x € [a, b], Le., a < x < bwitha < b; 

(3) for some norm, say |z| = )77_, |zi|, F satisfies 


F(x, z)| < v@)g(Iz)) (4.1.78) 


where 
(4) v(x) is continuous and v(x) > 0 for all x € [a, b]; 
(5) g(u) is continuous and non-decreasing for all u > 0 and g(u) > 0 for allu > 0. 


Theorem 4.1.9 (The Langenhop Inequality [328]) Let z(x) be continuous, satisfy 
|z(x)| > 0 and be a solution of (4.1.77) for x € [a,b], where F satisfies conditions 
(1)-(5) above. Then for all x € [a, b], 


les)| < 671 (GUe(@))) + / “v(6)ds) (4.1.79) 


a 


where 


G(u) = [wore u>u>0, 
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and, for all x € [a, b], 


lz(x)| = G'(Gil(@))) - / v(s)ds) (4.1.80) 


where G(|z(a)|) — f.. v(s)ds is in the domain of G"!. 


Proof We have a = F(x, z) so that, for all x, y € [a, bd], 


2(x) = z(y) + / ” F(s, 2(s))ds. (4.1.81) 


y 


Let u(x) = |z(x)|. Then from (4.1.81) and (4.1.78), we have for y > x, 

u(x) < u(y) + / " v(s)eluls))ds (4.1.82) 
and | 

ula) > u(y) =f v)eluls))a (4.1.83) 


We shall prove that (4.1.80) follows from (4.1.83) and merely indicate how (4.1.79) 
follows from (4.1.82) since this latter case is essentially Bihari’s result (1.e., 
Theorem 1.1.1). 

For fixed x in the interval a < x < b, we define fora < y < x, 


b(y) = u(x) + : v(s)g(u(s))ds. (4.1.84) 
y 


Then ¢’(y) = —v(y)g(u(y)), so from (4.1.83) and conditions (4) and (5), it follows 
that 


'(y) + v(y)g(u(y)) = 0. (4.1.85) 


Since ¢(y) > 0, condition (5) and the definition of G along with (4.1.85) imply that 


d 
Ho Pow + u(y) = 0, (4.1.86) 
which leads to 


GH) — GO) + | v6)a0> 0. a<y<x<b. (4.1.87) 
; 
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By (4.1.84), we have @(x) = u(x) so (4.1.87), (4.1.83) and the monotonicity of G 
imply that 


G(u(x)) = G(u(y)) -| v(s)ds. (4.1.88) 
y 
Setting y = a and using the monotonicity of G~', we have (4.1.80) for those x € 
[a, b] for which G(u(a)) — J v(s)ds is in the domain of G7. 

The proof of (4.1.79) may be carried out similarly except we may immediately 
set y = a in (4.1.82) and define w(x) = u(a) + i v(s)g(u(s))ds. Then w’ (x) = 
u(x)g(u(x)) and the remaining details are analogous to the above. Oo 

Inequality (4.1.79) and particularly its specialization in the case g(u) = u 
(Bellman’s lemma, Theorem 1.1.2 in Qin [557].) have been used extensively in the 
theory of differential equations. We shall show this for the special case g(u) = u. 
This may be stated as follows. Let u(x) and v(x) be continuous on the interval [a, 5] 
and let u(x) > 0 and v(x) > 0 on this interval, but v(x) 0. Then the condition 


u(x) > u(a) — { v(s)u(s)ds (4.1.89) 


does not imply 


u(x) > u(a) exp (- / : v(o)ds) (4.1.90) 


We shall prove an equivalent result. 


Theorem 4.1.10 (The Langenhop Inequality [328]) Let v(x) be continuous and 
such that v(x) = 0, but v(x) € 0 on [a, b] where a < b. Then there exist continuous 
functions u(x), w(x) which are non-negative on [a, b] and an xo € [a, b| such that 


u(x) = u(a) — ia v(s)u(s)ds + w(x) (4.1.91) 


on [a, b], but 


u(xo) < u(a)E(Xo, a) (4.1.92) 


E(x, y) = exp ([ v(o)ds) : 


Remark 4.1.2 If u(x) is not non-negative, the result is much more easily established, 
but the inequality (4.1.89) arises naturally in differential equation theory and in this 
case u(x) > 0. 


where 
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Proof From the hypotheses regarding v, it follows that there is an interval [a,, b,] 
such that a; < b, and for all aj < x < by, 


u(x) > 0. (4.1.93) 


Consider the function h defined by 


x by 
no) = | B(s,bi)ds — f E(s, by)ds. (4.1.94) 


x 


Clearly h(x) is continuous and h(a,) < 0. On the other hand, it follows from (4.1.93) 
that h((a; + b\)/2) > 0. Hence there exists an x; such that 


h(x) = 0, ay < x1 < (ay +b) /2. (4.1.95) 
Having chosen x, as in (4.1.95), we select u(a) such that 
u(a) > (a, + by — 2x,)E(a, bj). (4.1.96) 


Obviously, u(a) > 0. Now we define a function r by the equations 


0, a<x<aq 
xX — a}, aSxSX 
= 4.1.97 
ne) 2x, — a, —X, xy<x<bd ( ) 
(2x; — a, — bi E(x, bi), b} < x <b. 
The function w(x) is now defined to be the solution of 
w(x) = r(x) + i w(s)u(s)E(x, s)ds (4.1.98) 


and in turn u(x) is defined to be the corresponding solution of (4.1.91) with u(a) 
chosen to satisfy (4.1.96). 
It may be verified directly that u(x) given by 


u(x) = u(a)E(x, a) + w(x) - a w(s)vu(s)E(x, s)ds (4.1.99) 


satisfies (4.1.91), or conversely this solution may be obtained by solving the equa- 
tion (d/dx)[u(x) — w(x)] = —v(x)u(x) which arises from (4.1.91). From (4.1.98) 
and (4.1.99), it then follows 

u(x) = u(a)E(x, a) + r(x) (4.1.100) 


and since r(b,) < 0, the inequality (4.1.92) follows for xp = by. 
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It remains to show then that w(x) > 0 and u(x) > 0. The explicit form of the 
solution w(x) of (4.1.98) is 


w(x) = r(x) + / : r(s)v(s)E(s, x)ds (4.1.101) 


which may be obtained in the same way as was indicated for (4.1.99). Since r(x) 
is continuous, we may rewrite (4.1.101), after integrating by parts, in the form of a 
Stieltjes integral 


w(x) = i; ” E(s,.odr(s). (4.1.102) 


Consider now the function w(x)E(x,b}) = i E(s, b,)dr(s). It is clear from 
the form of r(x) as given in (4.1.97) that this function is non-decreasing on the 
interval [a, x;], non-increasing on the interval [x,, b;] and again non-decreasing on 
the interval [b,, b]. Hence the minimum value of this function is attained either x = a 
or x = b,. But its value at x = ais clearly zero while its value at x = b, is also zero 
by choice of x; (see, e.g., (4.1.94) and (4.1.95)). Hence this function is non-negative 
on [a, b] and so also then is w(). 

Turning now to u(x), we observe from (4.1.100) and (4.1.97) that certainly u(x) > 
0 on the interval [a,x;]. On the interval [x1, b:], r(x) is decreasing as is the term 
u(a)E(x, a) so the minimum value of u(x) on this interval is attained at x = Dy. 
Thus we need to verify u(x) > 0 only on the interval [b,, b]. Here we have 


u(x) = [u(a) — (a + by — 2x1 )E(a, bi JEC, a) (4.1.103) 


which is clearly positive by (4.1.99). Hence u(x) > 0 for all x € [a,b] and the 
theorem is proved. Oo 


4.2 Applications of Theorems 1.1.1 and 1.1.5 to Nonlinear 
Integro-Differential Equations 


In this section, we shall apply the results in Theorems 1.1.1 and 1.1.5 to study 
asymptotic behavior of solutions of the nonlinear integro-differential equations 


x(t) — x'(0) + | a(s)g(x(s))ds = h(t), t € [0, +00). (4.2.1) 


In particular, we shall establish bounds for solutions of (4.2.1) in terms of the forcing 
term h(t). In case a € C(O, +00)), he C((0. +00)), and g € C((-o, +00)), 
equation (4.2.1) is equivalent to the integral equation 


x(t) = x(0) + tx’(0) + A(t) — / (t — s)a(s)g(x(s))ds (4.2.2) 
0 
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and the differential equation 
u(t) + a(t)g(u(t)) + H(t) = 0, (4.2.3) 


where for all ¢ € [0, +00), 
t 
u=x—-H, and H(th= i h(s)ds. 
0 


If h is in addition absolutely continuous on bounded intervals, then (4.2.1) is 
equivalent to the differential equation 


x(t) = a(tg(x() = e(?), (4.2.4) 


where e(t) = h'(t). 

Equation (4.2.1) and its equivalent forms (4.2.2) and (4.2.3) are treated by 
Hastings [275], who discussed the asymptotic behavior of x(t) as t > +00. More 
general equations than (4.2.1) have been widely discussed, see for example Nohel 
[424], in particular delay integro-differential equations, see for example Levin and 
Nohel [337]. Equation (4.2.4) has been discussed in a slightly more general form 
by Liang [349]. In case a(t) = const., bounds for solutions of (4.2.4) were obtained 
by Putzer [554] who also showed that these bounds are in a certain sense best 
possible. When e(t) = 0, the literature on equation. (4.2.4) is voluminous, for 
boundedness results, see, e.g., Waltman [659], Wong [717], and the references cited 
there. Equation (4.2.1) arises from the study of nonlinear oscillator in acoustics; see 
Potter [552] for an account of probabilistic and practical aspects of (4.2.1). Bounds 
and asymptotic bounds for more general second-order systems than (4.2.1) were 
given by Hastings [273]. 

We assume throughout that a,h and g are continuous with respect to their 
domains of definition. Whenever applicable, integrals re : J (s)ds will be abbreviated 


as ee 


Theorem 4.2.1 (The Muldowney-Wong Inequality [402]) [ff is a positive non- 
decreasing continuous function on (0, +00) such that |g(x)| < f(|x|), x € R, x # 
0, then any solution x(t) of equation (4.2.1) may be continued throughout [0, t2) and 
satisfies for all t € [0, t2), 


t ft 
x()| < o (euxo) + [awn + fo- sla(slas) (425) 
0 0 
where ® and ®! are as defined in Theorem 1.1.1, 


xo(t) = x(0) + tx'(0) + H(0, / a= / Lx/(0) + A(s)]as 
0 0 
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is the total variation on (0, t| of xo, and [0, t2) is the largest interval on which the 
right-hand side of (4.2.5) is defined. 


Proof Equation (4.2.2) implies for all t € [0, T], 
Ix()| < |x(0)| + / ldxo| + / (t= Hla(s\If(lx(s) Dds 


vis t 
< |x(0)| + / ldxo| + / (T —s)la(s)|f(lxl)as 


where [0, 7] is any interval on which x(f) exists. Hence by Theorem 1.1.1, for all 
t € [0, T) provided that 0 < T < t, 


T t 
(| < O"(@(\x(0)| + [ ldxo|) + i (T —s)la(s)|f({x(s)))ds). (4.2.6) 


If T € [0, to), then (4.2.2) and (4.2.6) imply that lim;.7 = x(T) exists, (4.2.5) holds 
at t = T and x may be continued to the right of T. Since T is arbitrary in [0, t), we 
conclude that x(t) may be continued throughout [0, t2) and it also satisfies (4.2.5) 
for all t > 0. Oo 


Corollary 4.2.1 If, in Theorem 4.2.1, f (|x|) = |x|'"*, 0 < @ < 1, then any 
solution x(t) of (4.2.1) satisfies 


t t 1/a 
Kl < Con 7 Idxo))* +0 y (—slatslas (4.2.7) 


forallt = 0. 


Corollary 4.2.2 If in Theorem 4.2.1, f(|x|) = |x\?,p = 1, then any solution 
of (4.2.1) satisfies (4.2.7) for p > | provided the right-hand side of (4.2.7) is defined 
and for p = 1, we have for allt = 0, 


Le(0)| < ((x(0)] + / ldral exp( / (1 — s)|a(s)|ds). (4.2.8) 


Combining Corollaries 4.2.1 and 4.2.2, we can sharpen an asymptotic bound 
given in [275] (Theorem 3) as follows: We remark that the original statement in 
[275] is in error and is corrected in [274]. A similar but erroneous result is given in 
Zhang [717], corrected and extended in Theorem 3 by [678]. 


Theorem 4.2.2 (The Muldowney-Wong Inequality [402]) Jf |g(x)| < |x|!~% for 
0 <a <1, then every solution of (4.2.1) satisfies, as t > +00, 


x(t) = o(t + if |A| + ref saya") (4.2.9) 
0 0 
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Proof Let X(t) = [1/(t + 1)]|x(@|. We may easily estimate (4.2.2) as follows 


X(t) < [xO)| + [| + i \n(s) ds + ? (s + a)'*#|a(s)|(X(s))!“ds. 


Applying Corollary 4.2.1, we easily obtains (4.2.9). O 


In case a = 1, we need only to remark that the bound given in (4.2.8) 
of Corollary 4.2.2 implies the asymptotic bound of [274] (Theorem II). When 
g(x) = x, results of this type can in fact be traced back to Hille [281] (Theorem 3) 
where essentially similar arguments were used. The result here also includes a result 
of Waltman [660] as a special case (see, [676]). 

We note that the bounds given in (4.2.5), (4.2.7), (4.2.8), (4.2.9) involves the 
non-decreasing function 


Lx(0)| + / eal 


as an upper bound for |xo(t)|. This is necessary in order to use Bihari’s inequality in 
Theorem 1.1.1, where 7 is a constant. In case we wish to establish sharper bounds 
involving |H(t)| instead of 1 |h(s)|ds, this difficulty may be overcome by using the 
following extension of Bihari’s inequality. 


Theorem 4.2.3 (The Muldowney-Wong Inequality [402]) /f|g(x)| < f (|x|), and 
f is given and in Theorem 1.1.5; then any solution of (4.2.1) may be continued 
throughout (0, t4) and satisfies 


eI < [xo(| + lo i (— slats) + i ocala} 
(4.2.10) 


where ® and ®~! are as in Theorem 1.1.1 and [0, ta) is the largest interval on which 
the right-hand side of (4.2.10) exists. 


Proof Using Theorem 1.1.5, we can prove, similar to Theorems 4.2.1 and 4.2.2, the 
following sharper bounds involving |H(f)| instead of fi |h(s)|ds. Oo 


Corollary 4.2.3 If |g(x)| < |x|'~*, 0 < @ < 1, then any solution of (4.2.2) satisfies 


t a t 1/a 
(| < xo(| + ( [ (= sats ls(0)""*as) is / (—s)latslas| 
(4.2.11) 


foralla = 0. 


We note that a similar result as that of (4.2.8) in Corollary 4.2.2 in the linear case 
when a = | can be formulated. We omit the details. 
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Theorem 4.2.4 (The Muldowney-Wong Inequality [402]) If|g(x)| < |x|!"%, 0 < 
a <1, then every solution of (4.2.1) satisfies as t > +c, 


x(t) = o(r+ |H(t)| +f (\A|!~*%) +1 fsa"). (4.2.12) 
0 0 


We note that (4.2.12) is in some instances stronger than (4.2.6), in particular, 
when 


+ OO 
/ |a(s)|ds < +00. 
0 


The bound established in the above theorem seems to be what Theorem III of [275] 
is originally intended for (cf. [274]). 

Next, we shall establish bounds for solutions of (4.2.1) under the effect of both 
|a| and |g| where no sign restrictions are imposed. Hence we shall establish bounds 
of solutions of (4.2.1) by making sign and other restrictions on a and g. In this 
case, we may introduce suitable energy functions involving solution x(f) and use it 
in establishing bounds and asymptotic bounds for x(¢). No proofs will be given for 
assertions about the continuation of solutions of (4.2.1) since they would essentially 
be the same as the proof of a similar assertion in Theorem 4.2.1. 

It is shown in the main theorem of [275] that if g(x) is a non-decreasing odd 
function which is positive for all x > O and if a(f) is absolutely continuous on 
bounded intervals with 


+00 |a’| 
/ — < +o, 
0 a 


then any solution x(t) of equation (4.2.1) can be continued throughout [0, +00) and 


x(t) = of + [ nos) 
0 
as t > +00. 


In the following theorem, we shall relax the condition on a(f). 


Theorem 4.2.5 (The Muldowney-Wong Inequality [402]) Let the following con- 
ditions hold: 


(i) a(t) is positive and absolutely continuous on bounded intervals, and 
(ii) g(x) is an odd non-decreasing continuous function on R such that 


xg(x) >0 whenever x #0. (4.2.13) 
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Then any solution x(t) of equation (4.2.1) may be continued throughout 
[0, +00) and there exists a non-negative constant y, depending on x'(0), such 


that 
|x(t)| < (v + |x(0)| + sf ino)las) exp (/ <w). (4.2.14) 
0 


Proof Let [a, 6) be any sub-interval of [0, +00) which contains no zeros of x(t) — 
A(t). On this interval, (4.2.1) is equivalent to the differential equation 


u(t) + a(t)g(u(t) + / h) = 0, (4.2.15) 


a 


where u(t) = x(t) — ns h(t)dt for any fixed T € [q, B), and all t € [a, T], we also 
have 


T 
u'(t) 4 u(t) + a(t)g(u(t) — (sgn vo) | incslanyh <0. (4.2.16) 


On the interval [a, 7], define the following Lyapunov-like function for all t € [a, T], 


(u" (0) 


V(t, T) = Dato) 


+ G(u(t) — (sgn u wf |h(s)|ds) (4.2.17) 


where G(x) = fi"! g(s)ds, then it easily follows from (4.2.16) and (4.2.17) that 
; _ (t) ' ‘ a'(t)(u'(t))* 
V'(t,T) = u'(t) (“2 oP e(u0 — (sgn u o | ro) — a 2a 


Pau) 
~ a(t) 


V(t, T), 
hence 
V(t, T) < V(a, T) exp (| <a). (4.2.18) 


In particular, when t = T in (4.2.18), we have 


V(t, t) < V(a, t) exp ({ <a) (4.2.19) 
q a 
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Consequently, 


t uw! 2 t tq 
o(o + i ico) < ae + 6( Jaco + ic) Jo ( / ~«s) 
< G(y + |u(@)| +f |h(t)|dt) exp (/ as) 


where G(y) = [(u'(a))*/2a(a)], (notice that y = 0 if x(a) = h(a)). Note that 
G(x) < AG(x2), A = 1, implies that |x,| < A|x2|. Hence, 


< (y+ |u(@) +f |h(t)|dt) exp (/ —Oar), 


lu(t)| — / \a(c)|de 


which implies 


Ix(t)| < ows lx(w)| +3 [ noi exp ( / —Oir). (4.2.20) 


Suppose that x’ — h has finite number of zeros in any compact interval. Let to = 0, 
and {t,} be the successive zeros on [0, +00) of x’ —h. Then by (4.2.20), there holds 
for all t € [fo, ti], 


‘al (t) 
a(t) 


We can show that (4.2.14) holds by induction. Suppose that (4.2.21) holds if t € 
[tn—1, tn], then for all t € [t,, to-+1], 


el < fv) + [x(0)| +3 | ic)lar] exp ( / ar). (4.2.21) 


Ix()| < [lx(tn)] + sf h(t) dt] ep (['< oO, ar) 


< [y@’(0)) + |x(0)| + sf |h(t)|dt] exp (i. a_(t) ar) 


+[3 [ |h(z)|dt] exp (/ = 4r) 


< yO (0)) + (0) +3 f [Mae exp ( / <0 a) | 


Hence (4.2.21) holds for all t > 0. On the other hand, suppose that t € [0, +00) is 
a finite limit of zeros of x’ — h. Note that when u(t,) = 0, 


i " aes) = x0); 
0 
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and also that between any two zeros of u'(t), there is a zero of a(t)g(x(t)) and hence 
a zero of x(t) on account of (4.2.13). In particular x(t) = 0, (cf. [659]), and so the 
induction argument may be continued to the right of t as before. This completes the 
proof. Oo 


Corollary 4.2.4 Under the assumptions of Theorem 4.2.5 , every solution of (4.2.1) 
satisfies: 


uy =o + fioidryero f <r). as t—>+00. (4.2.22) 


The bound given by (4.2.22) in Corollary 4.2.4 extends Hastings’ main result 
({275], Theorem 1; cf. also [274]). 


Theorem 4.2.6 (The Muldowney-Wong Inequality [402]) Let the following con- 
ditions hold: 


(i) a(t) is positive and absolutely continuous on bounded interval, and 
(ii) |g(x)| < fCxl), ifx A 0, where f is a positive non-decreasing continuous 
function on (0, +00), 
(iii) —0o < yo = inf{G(x): x € (—00, +00)}, where G(x) = i, g(s)ds, and 
(iv) f(K(y)) < ky’ * for all y => y, => 0 where K(y) = sup{|x| : y => G(x)} and 
k, a are constants withk > 0, a < 1. 


Then every solution x(t) of equation (4.2.1) may be continued throughout (0, t¢) 
and satisfies, for all t € [0,T), 


Ix()| < K[EWa(0)], (4.2.23) 
and for all t € (0, te), 
Ix’ < |hO| + 2aWEOWa(d)'”, (4.2.24) 


where 


B= ex( [ S2ar), wow = nec thea). 


Walt) = (nf + ok / (ME), £0, 


1 


= Jay * — h(0))” + G(x(0)) + y1 — yo, 


UT] 


and [0,t6) is the largest interval on which the right-hand side of (4.2.23) 
and (4.2.24) are defined (e.g., if0 < a < 1, then tT = +00). 
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Proof Consider u(t) = x(t) — H(t) and define for all t > 0, 


(u'()? 


VN 2a(t) 


+ G(u(t) + H(t) +y1 — yo. (4.2.25) 


Note that V(t) > y, > 0. Differentiating (4.2.25), we have 


" 


Uu 1 ou 
V= ul (— + g(u+ H))— xt (-y + hg(u+ H). 


Since ii + ag(u + H) = 0 from (4.2.3), and —ta'(u'/a) < (a’_/a)V from (4.2.25); 
also |u + H| < K(V) from (4.2.25), (iii) and (iv), hence 


Jng(u + H)| < |hlf(lu + HI)IAIF(K(V)) < |AlkVI 
so that 
V! <a_/aV+klh|v'®. 
Therefore by Corollary 1.1.1, Vi) < EQ@W.(t), for all t e€  [0,t%), 
and (4.2.23), (4.2.24) follow since |x| = |u + H| < K(EW,) (K non-decreasing), 
and 


|x’ —h| = |u'| < (2av)!/2 < (2aEW,)'/?. 


Oo 


Corollary 4.2.5 Under the assumptions of Theorem 4.2.6, every solution of (4.2.1) 
satisfies, for all t € [0, t), 


|x(t)| < |x(0)| + i [|A(z)| + (2aE(t)Wa(t))'/7Jdc. (4.2.26) 


This follows by a simple integration of (4.2.24). 


Corollary 4.2.6 If a(t) satisfies condition (i) of Theorem 4.2.6 and there exist 
constants A, b and c such that, for all x, 


0 <b < |x|“*xg(x) <c, 
where A > 1; then for all t => 0, 


IX] < [Gm + § ola e/(e))ar] (Bt), 
x'(0)| < |a()| + [nt + £2? piqnie Vy)? anew)”, 
(4.2.27) 
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where 


1 
2a(0) 


n= (x'(0) — A(0))? + <0) E(t) = exp ([ <0 ar) : 


a(t) 


Bounds given in (4.2.27) follows from Theorem 4.2.6 by taking f (|x|) = c|x|*~! 
and G(x) > (b/A)|x|* in (4.2.23) and (4.2.24). In this case, K(y) < [(A/b)y]!7 for 
all y > 0 and f(K(y)) < c[(A/b)y]!-"™; hence k = c(A/b)!-O), cw = (1/A) 
and t = +00 (since 0 < a < 1). 

Corollary 4.2.6 is in practice considerably stronger than Corollary 4.2.4. In fact, 
the condition of Corollary 4.2.6 need only to hold for |x| > x9 > 0, whereas in 
Theorem 4.2.6 and its corollaries it is crucial that g(x) = 0 if and only if x = 0. 
Nevertheless, Theorem 4.2.6 is not itself a stronger result than Theorem 4.2.5 in 
general since there exist functions g satisfying (4.2.2) which do not satisfy (iv) of 
Theorem 4.2.6 for any @ or are such that a < 0 so that Theorem 4.2.6 fails to 
hold throughout [0, +00). One such function g(x) may be defined as follows: for 
k =0,1,2,... denote 


dy = 10710" 


and define g(0) = 0 and by induction 


k kA 
e(k) = 10°" | g(k+d,)10"——" 


g(x) = g(k), K-1l+dp, < x < k, and linear between k and k + d. It is not 
difficult to see that 


k 
G(k + dy) = O(k10""" ) 


and g(x) 4 O(G(x))* for any a > 0. However if g(x) is defined by g(—x) = —g(x) 
for x < 0, it satisfies condition (4.2.13). 


Corollary 4.2.7 If g(x) is an odd non-decreasing function which is positive when x 
is positive and for all x = xo > 0, 


g(x) < k[G@)], (4.2.28) 


where a < 1, and a(t) satisfies condition (i) of Theorem 4.2.6, then conclu- 
sions (4.2.23), (4.2.24) hold for every solution of equation (4.2.1) with K = G™', 
where G"! is the inverse function of G = G(x), x = 0. 


In this case, (4.2.28) and (iv) of Theorem 4.2.6 are equivalent. A sufficient 
condition for an odd non-decreasing function g(x) which is positive when x is 
positive to satisfy (4.2.28) is that g(x) < x[g(vx)]!-%, 0 < v < 1 forall x > xo > 0. 
In this case, k = c(xo(1 — v))'~®. For example, if g(x) is sub-additive or concave, 
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this latter condition holds with c = 2,v = 5, 
satisfying (4.2.28) and fail to satisfy (4.2.13) are: 


a = 0. Examples of functions 


oe e!-1, x>1, 
oe 1G, O<x<1, 
and 
_ flogx,x>1 
g@) = ‘ O<x<l, 
with g(—x) = —g(x) for all x > 0. Finally we close our discussion with a proof of 


Theorem 4.2.6. 


4.3 Application of Corollaries 1.1.2 and 1.1.3 to Asymptotic 
Behavior Solutions to the Second Order Differential 
Equation 


In this section, we shall study asymptotic behavior of solutions of the equation 
u’ +f(t,u,u’) =0 (4.3.1) 
when w’ is absent has been discussed by Cohen [157], Tong [645] and Trench [648]. 
In this section, we shall prove the following theorem. 
Theorem 4.3.1 ({181]) Assume the following hypotheses hold, 


(i) The function f(t, u,v) is continuous on D = {(t,u,v):t > 1,u,v € R}. 
(ii) |f(t,u.w’)| < P(g(ul/t)-+ Vl | for all (t, u,u') € D, where $(t) and V(1) 
are non-negative continuous functions on [1, +00). 
(iii) g(u) is a non-negative, continuous, non-decreasing function on [0, +00), and 
satisfies for alla => 1,u >= 0, 


g(au) < pilav) 


where $(a) > 0 is continuous for alla > 1. 
(iv) es wW(t)dt = ki < +00, f° o(ndt = ky < +00. We also assume that 
there exists a constant K > 1 such that 


ee ¢1 (KE(s)) too ds 
eto f $3) ae 4S Kf 20" (4.3.2) 


where E(s) = exp(f; w(r)dr). 
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Then for any solution u(t) of (4.3.1) with initial conditions u(1) = c), u' (1) = c2 


such that |c;| + |c2| < K, 


t>-+00 


lim [ fous, u'(s))ds = a(c1,c2) < +00 
1 


always exists, and if we seta = c2—@(Cc1, C2), then u(t) = b+at+o(t) ast > +00, 


for any constant b. 


Proof Because of (i) and standard existence theorem [178], (4.3.1) does have 
solutions u € C!(I), where J = [1, +00) corresponding to arbitrary given initial 


values u(1) = cy,u’(1) =e. 
Integrating (4.3.1) twice from | to t, we get 


u'(t) = cz -| f(s, u(s), u’(s))ds, 
1 
and for all t > 1, 
u(t) = cy + eo(t— 1) — / (t — s)f(s, u(s), u’(s))ds. 
1 


If we put 


ain = f ore has, Be =f virile 
it follows from (11), (4.3.3), (4.3.4) that 
|u'(t)| < leo] + AM) + BD), 
mot <K+A(t) + Bit) 


Then 


A'(t) < @()g(K + A(t) + B(D), 
BY(t) < W)g(K + AM + Bid), 


so adding, and setting C(t) = K + A(t) + B(d), we get for all t > 1,, 


Ci) < o(D8(CO) + V(OCO, 


or multiplying by the exp ( —f i w(s)ds), 


5 [coexn(— f wuts) ] < eccinrp@exn(~ f wos). 


(4.3.3) 


(4.3.4) 


(4.3.5) 


(4.3.6) 


(4.3.7) 
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Integrating the above inequality, we obtain, for all t > 1, 


* b(s)g(C(s)) 
Cc —— 3 
(t) < KE(t) + Bw | E(s) ds, (4.3.8) 
where E(t) = exp (f; w(s)ds). Applying Corollary 1.1.2 to (4.3.8), we get 
C(t) < KE(t)G'[K' E(t) / ‘ D(s)ds4, (4.3.9) 
1 


where 


_ f[' as _ $1(KE(s) 
an= | Spe) =00 8. 


which holds for all t > 1 by Corollary 1.1.2 because, for all t > 1, by (4.3.2), 
Hy 
K'E(t) / D(s)ds € Dom (G"') 
1 


But 
K~'D(s) < ko(K)@(s), (4.3.10) 


where 


gi (u) 
Uu 


ko(K) = max :K<u< Ke (4.3.11) 


Hence (4.3.10) will hold provided that 


+00 ds 


2(s) 


From (4.3.6), (4.3.7) and (4.3.9) it follows that for all t > 1, 


ko( Khe" = f 
1 


|u'(t)| < C(t) < KE(t)G'[K7' E(t) / D(s)ds], (4.3.12) 
1 

MOl < cw < KECK EH) | Dis) 4.3.13 

ae < s)ds]. (4.3.13) 

From (iv) and (4.3.10) it follows that 


KE(t)G '[K_'E(t) i " D(s)ds] < k3(K), (4.3.14) 
1 
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where 
k3(K) = Ke" G"! [kxe" ko(K)], 


and ko(K) is defined by (4.3.11). 
Thus from (4.3.12) and (4.3.13), we derive 


Wolski, “Ol 


Therefore we have from (ii) that for all t > 1, 


[ \fo.w.Wonlas = f be as + [ vow ortas 
1 1 s 0 


S kogk3(K)) + kiko(K). 


<k3(K). 


(4.3.15) 


(4.3.16) 


This proves that the integral i f(s, u(s), u'(s))ds is absolutely convergent and 


consequently that 


t 


lim f(s, u(s), u’(s))ds = a(cy, c2) < +00 


t+>-+00 1 


always exists. 
Also by (4.3.3), 


lim u’(t) = co -—a(cj,0.) =a 


t>+00 
exists. Hence by Hospital’s rule, we also have 


i 


lim —-~= lim u(t) =a. 
t>+oo0 f¢ t 


—>+00 
But then, for any constant b, 


. u(t)—(b+ at) 
lim —M——— = a4 


t—>+00 t 


This completes the proof. 


Example 4.3.1 Consider the equation 


ul’ + (21) 4? cosu + fu’ sin’ u = 0, 


Here we have g(u) = w’,¢(t) = (41?,W() = fF? and ¢)(a@) 


—0-a=0. 


t>1. 


= a’. 


From (4.3.2) it follows that all solutions u(t) corresponding to initial conditions 
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u(1) = cy,u’(1) = co having |cy| + |c2| < 16e7! are asymptotic to b + at as 
t—> +0. 

Example 4.3.2 Consider the equation 


u>L(u) u’M(u) 
(t+ u)t" rt” 


” 


=0, t2>1, (4.3.17) 


where L(u) and M(u) are continuous functions such that |L(u)| < N,|M(u)| < N 
for all u > 0,N > Ois aconstant, n > 3 and m > 2 are positive integers. Here we 
have g(u) = uw?/(14+ u),¢(f) = t'-", W() = 6" and ¢)(a@) = a. 

Since i du diverges, it follows that all solution u(t) of (4.3.17) are 
asymptotic to b + at as t > +00. 


Theorem 4.3.2 ({181]) Let (i), (ii) and (iv) be the same as in Theorem 4.3.1, while 
(iii) is replaced by the following: 


(ili)’ g(u) is a non-negative, continuous, monotonic, non-decreasing function and 
satisfies a Lipschitz condition 


lgu + v) — g(u)| < Av (4.3.18) 


forall u,v > 0, where X is a positive constant. Furthermore, we assume that 
g(0) = 0. Then the conclusion of Theorem 4.3.1 remains true. 


Proof Yn a similar argument as in the proof of Theorem 4.3.1, we obtain (4.3.8), 
which in view of (4.3.18) and Corollary 1.1.3, implies 


g(KE(s)) 


cw = Keo [i+ fo) SE 


exp( Aparas| E (4.3.19) 


Using (iv) and the fact that 0 < g(u)/u < A holds for all u > 0, it follows 
from (4.3.19) that for all t > 1, 


C(t) < Ke"[1 + i: Ag(s) exp(A : ddt)ds| 
= Kell. 42, | (4.3.20) 
Hence from (4.3.6) and (4.3.7) it follows that for all t > 1, 
luv’ S lel +AM + BO SCO Sk, 


mol <K+AQ+BO <CO <h, 


where k; = Ke®i +442, 
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Therefore we infer from (ii) that for all t > 1, 


/ HOR Onecare 


The proof can be completed in the same way as in Theorem 4.3.1. O 


4.4 An Application of Theorem 1.1.21 to Nonlinear Volterra 
Integral Equations 


Theorem 4.4.1 (The Kong-Zhang Inequality [311]) Consider equation 


y(x) = f(x) + [ k(x, s)y(s)ds + w (f k* (x, syw(o(0)ds) , forallx e Ry. 


Suppose 


1) f(x) = 0 is continuous on Ri,w(u) € F,W(u) > 0 is non-decreasing, sub- 
multiplicative and continuous on R+; 

2) k(x, 8) is defined as in Theorem 4.4.1 in Qin [557]; 

3) k* (x, s)(x = s) is non-negative and continuous on R+ x R+, and 


Ok* (x, 
k* (x, x) = 0, aw S dnti)hn+1(5), (4.4.1) 


where dn41(x) and hy+1(x) are continuous on R+. 


Then for all x € [0, b), 
x _ A, 
Dd] An(p) + An(gnend¥ YF! [F ( [ter rdntgosad (“ () ) i) 


An(8n+1) 
+f he rAC esd] ; 
0 


where p(x), gi(x) (i = 1,2,...,2), An(u) and b are the same as in Theorem 4.4.1 in 
Qin [557], and for all x € R+, 
r(X) + i r(s)m(s) exp (/ (dat) ds, 
0 s 


v ( : anil) 


Ant1(8n-+1) = max{An+1(gn+1), Ll}. 


II 


Bn+1(X) 


r(x) 


II 
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Proof Denote 


RQ) = i “R(x. s)w(y(s))ds, 


so that 


* Ok* (x, s)w(y(s))ds 


R’(x) < k(x, s)w(y(s)) + i ax 


By using (4.4.1), we get 
R(x) < ansrls) hina rw(ly(s)Das (4.4.2) 
0 


Integrating (4.4.2) from 0 to x, we get 


RO) =f dnsalsdds [nerolly(s)bds 
hence 

W(R(s)) < r@y ( / : hei(so(iyo)5) 
Let T(x) = f(x) + ¥(R(x)), then 

ris) = fla) + roo ( f haar )(oobds) 
and 
yO] < TO) + i “KEO Olds 
According to Theorem 4.4.1 in Qin [557], 
lv@)] < An@), 


where 


p(x) = T(x) + / “CSO Be ( / ‘n(oat) ds 


cov mea fn) 
+ |? + i rmexp Cz) as w w: hnvvwilyDeas) 


= P(x) + gnti¥ (in+1(s)w(ly(s)|)ds) - 
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Hence from (2) of Lemma 1.2.1 in Qin [557] 


ly(x)| = An(p) - An(8n41)W (/ hs lyDeas) . 


Using Theorem 1.1.21, we come to the conclusion. Oo 


4.5 An Application of Theorem 1.1.22 to a Kind 
of Differential Equations 


Consider equation 


y'(x) + w@)y() = F(x, y@)), (4.5.1) 


where y and F are n-dimensional vectors, w(x) is non-negative and continuous on 
R+, F is continuous on Ry x Ry. 


Theorem 4.5.1 (The Kong-Zhang Inequality [311]) Suppose F in (4.5.1) satisfies 


IFO yO) S B@IYODI + y@w(llyO) |), (4.5.2) 


where || - || denotes a vector norm, B(x) and y(x) are non-negative and continuous 
on Rx. Then all solutions y(x) to equation (4.5.1), there holds that for all x € [0, b), 


lly@)|| < exp [ (B(s) — a(s)) ds- \! +G! [G (ww [ y(s) exp (/ «(pat) as) 


+ [ y(s) exp ([ “(pa) ash F (4.5.3) 


where 
u d. 
Gta) = [w= uo > 0. k= [yO eo) = manta) BLA} 


Proof From (4.5.1), we derive 


[exp ( / : a(s\ds) v10| = exp ( < : a(s)as) F(x, y(0), 
= =) wea 0 : “alid ,y(s))ds | , 
v(x) exp ( [as s) E +f exp ( [wo ) F(s,y(s)) | 
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which yields 


lly(x)|| < exp (-/ a(s\as) le+ [ exp (/ airy) 


(BO) [ly(s) | + riots. 


Let 


fi) = kexp (— ["aisas) . e100) = 220) = exp (=f acons) 
hy (x) = B(x) exp (/ x(s)as) , ho(x) = y(x) exp (/ a(s)ds) : 
Then 


Ai(f) = kexp (- ; a(s)a) + exp (-/ a(s)as) [ kB(s) exp ) podr) ds 


= kexp (/ (B(s) — xs))) ds, 


ry ( i (Bs) - a(s))ds) 


mien wes ( if v(o)) 


where t(x) = max{a(x), B(x)}. By Theorem 1.1.22, we conclude 


IvGol| < kexp ( [ (B60) ~ a) Aes ( il (B(s) ~ a(s))ds) 


4 x Ss x RY 
xG lo (/ y(s) exp (/ “(pas) w(ky) + [ y(s) exp (/ “(pat) as : 


oO 


Thus, from Theorem 4.5.1, we can easily obtain the following corollary. 
Corollary 4.5.1 Jn addition to the conditions in Theorem 4.5.1, let 
1) fo°° t@)dx < +00, 
2) fags y(x)dx < +00. Then every solution of equation (4.5.1) is bounded. 


Corollary 4.5.2 In addition to the conditions in Theorem 4.5.1 and Corollary 4.7.1, 
let w(0) = 0 and 


6 
/ as =e. FSO, (4.5.4) 
0 W(s) 


Then the zero solution of equation (4.5.1) is stable. 
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In fact, from (4.5.1)-(4.5.2), we see that equation (4.5.1) has zero solution. 
Condition (1.1.133) in Lemma 1.1.9 implies G(u) — -—oo, as u — O, Le., 
G~'(u) — —oo. Let k be sufficiently small in (4.5.3). Considering (4.5.4), we can 
conclude ||y(x)|| must be sufficiently small. 


4.6 An Application of Theorem 1.1.26 to Nonlinear Vector 
Integral Equations 


Let y(t), yo(t) be functions of a real variable tf with values in a Banach space X. 
When we consider integral operators of the form 


Sy(t) = yo(t) + / h(t, s, y(s))ds, (4.6.1) 


a 


b 
Ty(t) = yo(t) + i h(t, s,y(s))ds, (4.6.2) 


a 


it is found that these operators behave quite differently with respect to the existence 
of fixed points. In particular, the application of the method of successive approxi- 
mations gives rise to different problems. All of this is classical when h(t, s, y) is a 
linear function of y (see, e.g., [649, 713]). 

We first shall assume that A(t, s, y) satisfies a Lipschitz condition of the form 


|A(t,s,y) — A(t, s,x)| < E(t 5)ly — x1, (4.6.3) 


where | - | denotes the norm in X. Assuming such a condition is not unusual when 
successive approximation techniques are applied. We shall further suppose that the 
function € determines a real number |||&|||, which is called the “double norm ” of & 


and is defined by 
bf pb pila \i/P 
ueti=(f (ees) a) | eT 


' = 1. For further information on 


where p and q are conjugate indices, i.e., p~! + q7 
double norms, we may refer to [713]. 

Without restriction on the magnitude of |||&||| and under reasonable conditions, 
the sequence {S”yo}, obtained by iteration, is a convergent sequence whose limit is 
a solution of Sy = y. Detailed discussions of this problem can be found in Erdelyi 
[221] or Tricomi [649], when h(t, s, y) satisfies (1.1.56) and p = 1, g = +00 and 
p = 2 = q, respectively. The present result due to Willett [671], extends their results 
to a general Banach function space, the only restriction on p being p # ++oo. 
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For the equation Ty = y, the method of successive approximations depends on 
the requirement that T be a contraction mapping between approximate spaces. Such 
a requirement places additional restrictions on |||&|||. Tricomi [649] and Trjitzinsky 
[650], for example, assume that |||&||| < 1. 

The equations Sy = y and Ty = y are special cases of a nonlinear integral 
equation of the form 


b t 
y(t) = u(t) +f g(t, s, y(s))ds + / f(t, s, y(s))ds. (4.6.5) 


We can also consider equation (4.6.5) to be a special case of the equation Ty = y. 
However, application of the method of successive approximations directly to (4.6.5) 
is in general a successful technique only under unnecessarily restrictive condition 
onf. 

This difficulty may be overcome by utilizing the properties of S. Under reason- 
able assumptions on f (involving no limitation on the norm of the Lipschitz function 
associated with f), wu and g, the integral equation 


t b 
y(t) = u(t) + / f(t, s, y(s))ds +f g(t, s,x(s))ds. (4.6.6) 


a 


defines implicitly an operator U : x(t) — y(t). Under additional conditions, 
primarily on g, we may show that U is a contraction operator, and the unique fixed 
point of U will be a solution of equation (4.6.5). 

It is easy to construct simple examples which are within the scope of present 
technique, and which the general theorems produced by a direct application of 
the method of successive approximations fail to include. For example, consider 
the equation Ty = y when A(t,s,y) satisfies the Lipschitz condition given by 
equation (4.6.3) with 


exp[(t — s)/e], if s >t, 
E(t,5) = (4.6.7) 
1, if s<t. 


It thus follows that |||&||| > (6 — a)/2 for all p, g and e > 0. Thus, ||/&||| can be 
made arbitrary large uniformly in p,g and ¢ by making (b — a) sufficiently large. 
Neither Trjitzinsky’s result nor the result found in Tricomi includes such problems; 
nor does it seem likely that the direct generalization of these results to L’ spaces for 
other values of p includes such cases. On the other hand, the technique here applies 
for any p, q,aand b, if ¢ is sufficiently small and positive. 

In what follows, tf and s denote real variables confined to an interval 7, which 
has a as left endpoint and b as right endpoint. J may be closed, open, or half-open, 
and bounded or unbounded. R is the set {(t,5) : t € T,s € I}. Lower case Latin 
letters, other than t,s,a and b, usually denote vector functions with values in the 
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Banach space X, whereas Greek letters usually denote numerical functions. The 
vector function x(f) is “measurable on J” if there exists a sequence of countably- 
valued functions converging pointwise almost everywhere on / to x(t). “Measurable 
on R” is defined similarly. “Almost everywhere ” means with respect to linear or 
plane Lebesgue measure. In the sequel, it goes without saying that most equations 
and statements hold almost everywhere in the approximate set. 

For all t € J and x(t) measurable on J, f — x(s)ds, if it exists, will be the 
Bochner integral over a < s < t. When no confusion can arise, we shall refrain 
from writing differentials after integrals. 

Let |x(f)| be the norm of x(t) in X; for x(t) measurable on / and p a real number, 


1 < p < +00, define 
b 1/p 
lal = (f bxorar) ; 


The norm ||x||, is well-defined because the numerical function |x(#)| is measurable 
on / if x(t) is measurable on J. In order to include the boundary case p = +00, define 
\|x||oo to be the essential supremum of |x(t)| on J. If X is the set of real numbers, 
and x(t) is a numerical function, ||x||, can be identified as the well-known L? norm 
of x(t). Hence, for numerical functions no confusion should arise if we denote their 
L? norm by || - ||p and their absolute value by | - |. 

Besides L’, we need two other function spaces: B, = {x(t) : x(t) measurable on 
T and ||x||p < ++oo}, and W = {x(t) € B, : |x(t) — u(t)| < 6(0}, where 5(¢) and u(t) 
are given functions from L? and B,, respectively. For a discussion of the B, spaces, 
we can consult Zaanen [713], or other works. We note the following two facts here: 
x(t) € B, if, and only if, x(t) is measurable and |x(¢)| € L? and B, is a Banach space 
with respect to || - |p. 

W is also a complete metric space with respect to the B, norm, for let {x(¢)} be a 
Cauchy sequence in W and x(t) be its unique limit in B,. Then, as n + +00, 


Ix — Xnlllp = llx — xnllp > 0. 
Hence, by a well known property of L’ convergence, there exists a subsequence 


{|x(t) — xnx(0)|} which converges pointwise to zero almost everywhere in J. We 
conclude that x(t) € W, because 


|x(t) — u(t)| < |x(t) — xn()| + lon) — u()| < € + 6), 
where ¢ > 0+ ask > +00. 


For any measurable numerical function &(¢, s) on R, by ||&(¢,-)||p, or just |[E||p, 
we shall mean the numerical function whose value at t € I is 


b 1/p 
iso = (J ies9Pas) . 
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The double norm of &(¢,s), which is defined as ||||&(t,-)||q||p, will be denoted by 
[||E|||. When p 4 1, ||| - ||| is given be equation (4.6.4). 

We shall need next two lemmas. The first lemma is the well-known principle of 
contraction mapping applied to the intersection of W with a closed ball in B,. The 
second lemma is Theorem 1.1.26 [156]. 


Lemma 4.6.1 (Contraction Mapping Principle) Let V be a closed ball in B, with 
center u(t) and radius p. Let U be a contraction mapping of V(\ W into W, i.e., 
assume that || Uy — Ux||, < v||y —x||p for any pair of points x, y of V(.) W, where v 
is a constant such that 0 < v < 1. Then, if ||Uu — ul|, < p(1 — v), there is one and 
only one point x € V(.\ W such that z = Uz. 


In order to determine conditions under which the mapping U (see, equa- 
tion (4.6.6)) is well-defined on a set V () W in B,, we shall consider first the operator 
S defined by, for all y(s) € W, 


Sy(t) = yo(t) + / Flt,s,y(s))ds, (4.6.8) 


We assume the following assumptions hold. 


(H1) u(t) € By, and f(t, s, y(s)) is measurable on R for each y(s) in W. (Define 
f(t,s,y) = Oifs >t.) 
(H2) There exist measurable numerical functions A(t,s) and a(t) on R and J, 
respectively, such that |||A||| < +00, |||a@||| < +00, and 
| f(t, s, u(s))| < A(t, s)a(s), for all (t,s) ER, (4.6.9) 


If(t, 5, y(s)) f(t, 8, x(s))| < AG 5)|y(s) — x(s)|, for all (t,s) € R, 
and x(s),y(s) € W. (4.6.10) 


Let o(t) be a numerical function satisfying 


+00 : k \/p 
o(t) > ¥1C Ja. 9IRas) /* (4.6.11) 
h=0 a 


Theorem 4.6.1 (The Willett Inequality [671]) Jf yo(t) © W and (H1), (H2) hold 
for sufficiently large 6(t), e.g., for any 5(t) satisfying, for almost every t € I, 


t 1/p 
(0) > lyo() —u| + JAC Igo ( i a(e)dr) (4.6.12) 


then the operator S, defined by equation (4.6.8), has a unique fixed point in W. 


462 4 Applications of Nonlinear One-Dimensional Continuous, Discontinuous... 


Proof Define S°u(t) = yo(#), and assume equation (4.6.12) holds. We assert that 
S"* y(t) € W, and 


t 1/p t n 
iS" u(t) — S"u(t)|? < IAN (| a°(e)dr) (/ |allas) /n, (4.6.13) 


forn =0,1,2,... 

The proof of this assertion is by induction. Suppose m > 0 and the assertion 
holds forn = 0,1,...,m—1. Since S"u(t) € W, S™* u(t) = S(S™u(t)) is well- 
defined. Since m > 0 by the induction assumption, we obtain from the definitions 
of §’*!u(t) and S’"u(t) and the assumptions that 


Ist l(t) =u = i A(t)|S"u(s) — Ss” u(s)|Pds. 


Next, by using Hélder’s inequality and the induction hypothesis, we can derive 
equation (4.6.13) for n = m in the following way, 


t 
iS”! y(t) _ S™u(f|? < Ian, f |S” u(s) _ s™u(s)|? 


t Ss m-1 s 
< Ale cor ( / |alz(e)ar) ( / wreite) a] fom 
<iatg(f'eremac) (fiatgar) /m 


From 


m 


say _ u(t) _ So [st luce) = S"u(t)] + yo(t) _ u(t) 


n=0 


and (4.6.13) for n < m, it follows that 


t 1/p _m t n 1/p 
saul] < bo-uol+tale (foarmar) o|(fouaigar) /m] 
a n=0 a 


If 5(t) satisfies equation (4.6.12), where o(f) is defined by (4.6.11), then |S”*!u(4) — 
u(t)| < 6(t); and we conclude that S”*! u(t) € W. 

By assumption, S°u(t) = yo(t) € W. We get directly from the definition of Su(t) 
that 


ISu(t) — yo()| = | / Flt, s,u(s))ds|. 
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Inequality (4.6.13) for n = 0 and Su(t) € W follow from here in the same way as 
the case n = m. This completes the induction proof. 
Equation (4.6.13) implies that 


|S"F u(t) — S"u(t)[lp S [lee DIA aaa SO, 


and so {S"u(t)} is a Cauchy sequence in W. Let y(t) be the unique limit point in W 
of this sequence. 
Let y(t) and x(t) be any two fixed points in W for S. Then, 


t t 1/p 
ly@) —x@| =| A(t, s)|y(s) — x(s)|ds < |JAllq (/ ly(s) - x6)Pas) 


By Theorem 1.1.26, 


/ ‘O~20ar=0 


or, in the other words, y(s) = x(s) almost everywhere in J. 

Equation (4.6.13) also implies that {S”u(1)} is a Cauchy sequence in X for almost 
every ¢ € J. By uniqueness, the limit function of {S"u(t)} in X must be y(t). Thus it 
follows that y(t) is a fixed point for S, 


lv) — Sy) < ly — S"u(a)| + [S"u() — Sy@| 
< yO —S"uO| + Allg + Su — yOIlp 


—>0O as n—-+00, for almost every te J. 


Thus the proof is complete. Oo 


We are now prepared to discuss equation (4.6.5) in the manner described above. 
In addition to (H1)—(H2), we assume further the following assumptions hold. 


(H3) g(t, s, y(s)) is measurable on R for each y(s) in W. There exist measurable 
numerical functions p(t,s) and A(t) on R and J, respectively, such that 
[IzIl| < +00, ||Bllp < +00, and 


|g(t, s, u(s))| < w(t, s)B(s), for all (t,s) € R, (4.6.14) 
Ig(t, s, y(s)) — g(t, 8, x(s))| < WC, 5)|y(s) — x(s)], 
for all (t,s) € R, x(s), y(s) € W. (4.6.15) 


(H4) There exists a number v > 0 such that 


1/p 
lle? lal 284. 
1—[l—e(b)]'? 
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where for all ¢ € J, 


e(t) = exp (- / I|A(s, Dias) (4.6.16) 


Let y be a non-negative number such that 


(10 [AG se(s)ds + [2 W068) B(o)ds]" e(at) “ 
> Se) (4.6.17) 
1—[l—e@” 


Theorem 4.6.2 (The Willett Inequality [671]) Zf (H1)—-CH4) hold for sufficiently 
large 5(t), e.g., for any 6(t) satisfying, for allt € I, 


t 1/p b 
8(0) > o(OIAC. lq (/ w(c)ae) +=) "yllate dle [ales pods 
(4.6.18) 


then equation (4.6.5) has a unique solution y(t) in W, and 
lly —ullp < yQ—v)t. (4.6.19) 


Proof Let V be a closed ball in B, with center u(t) and radius p = (1 — v)~ly. 
Theorem 4.6.1 will imply that the mapping U, which is defined in (4.6.6), is well- 
defined for each x € V(| W and that Ux € W, if equation (4.6.12) holds for 


b 
yo(t) = u(t) + / g(t, s,x(s))ds, x(s)EVOAW. 
By (H4) and the triangle and Holder inequalities, we obtain 


b b 
bo(t) —u(d)| < / ult, s)|x(s) — y(s)|ds + / u(t. s)B(t.s)ds 


a a 


b 
< [l(t IMlgllx — ally + / lt. s)B(t,s)ds. 


Since ||x — u||, < p = (1—v)'y, it follows that 


t 1/p 
bol) — u()| < 8) — AC, Jha) ( | a(e)dr) 


if 5(t) satisfies inequality (4.6.18). Thus, equation (4.6.12) holds for each x(t) € 
VW. 

Next, we shall prove ||Ux; — Ux.||, < v||x, — x2||, for any pair of points x), x2 € 
V()W, where v is defined in (H4). Let y) = Ux, yo = Uxo; y; and y2 are now 
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well defined. By utilizing (H2) and (H3) and the usual inequalities, we obtain 


t 1/p 
ly) — ©] S [he -— mill lle G Vg + IAG Ile (/ ly2(s) — (Pas) 


By Theorem 1.1.26, 


: L/p t .)|Pe(s)d 'p 
(/ ly2(s) - ()Pas) < ||xo— 21 [oe 


where e(f) is defined by equation (4.6.16). Thus, |ly2 — yillp < |lx2 — x1||pv, if v is 
taken as in (H4). 

In order to apply the contraction mapping principle to U, we have left only to 
show that ||Uu — u||) < v(1 — p). Let Uu = v. Then, 


|u(t) — u(t)| < [re s)|v(s) — u(s)|ds + a A(t, s)a(s)ds 


b t 1/p 
+/ M(t, s)B(s)ds < ||A(t, VIIq (/ |v(s) ~us)Pas) + n(0), 


where n(t) denotes the sum of the last two integrals. It is clear that n(t) € L?. We 
obtain next by using Theorem 1.1.26 that 


t 1/p tip d 1/p 
(aan) Mrtetoa 


~ 1-[l-e(@]!/” 


hence, ||v — ull) < y, where y satisfies equation (4.6.17). Since y = p(1 — v), we 
conclude that ||v — u||, < p(1—v). 

All the assumptions of the contraction mapping principle in Lemma 4.6.1 have 
been shown to hold for U in the present situation. Hence, we conclude that there 
exists a unique y(t) in V() W such that y(t) = Uy(t), or, in other words, y(t) is a 
solution of integral equation (4.6.5). This thus completes the proof of the theorem. 
oO 


4.7 An Application of Theorem 1.1.35 and Corollary 1.1.7 
to Integro-differential Equations 


In this section, we shall employ Theorem 1.1.35 to study the integro-differential 
equation 


(a(t)x’) + b(t)x’ + c(x = r(t) if @(s)x(s)ds + O(t, x, x’) (4.7.1) 
0 
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as t — +00. Grace and Lalli [251] studied the asymptotic behavior of equa- 
tion (4.7.1) and proved that under certain conditions on the functions r(f), g(t) 
and O(t,x,x’), there is a solution of equation (4.7.1) satisfying any given initial 
conditions which tends to a solution of the linear differential equation 


(a(t)x’)' + b(t)x’ + c()x = 0, (4.7.2) 


for which the general solution is known. 
As in [251], we shall denote 


E(1) = max(|Zi(9)|,|Z2()|), (0) = max(|Z;()], |Z,())). 


where Z; (t) and Z,(f) are any two linearly independent solutions of equation (4.7.2). 


Assumption 1 Let us assume that if |x(4)| < &(‘)u and |x’(4)| < n(u, then there 
exist continuous non-negative functions r(f), f(t) and a continuous non-decreasing 
w(u) for all u € [0, +00) with the property that G(u) = i (ds/w(s)) — +00 as 
u — +o0 and such that either 


(a) |A(t,x,x’)| <r) (fu or 
(b) |A(t,x,x’)| < (Qu + f()w(u) holds. 


In the sequel we shall let 


E(t) = max(|Zi()|, |Z2(0)|). n@ = max(|Z,()|, |), 
where Zj(t), Z2(t) are any two linearly independent solutions of (4.7.2). We shall 
now prove the following results: 


Theorem 4.7.1 (The Grace-Lalli Inequality [251]) In addition to Assump- 
tion I(a), assume the following conditions hold: 


(i) a(t), b(t) and c(t) are continuous, and a(t) > 0 for allt € I, 
(ii) r(t) and g(t) are continuous and non-negative for all t € I, 


(iii) [E(t)r(t)]/a(Q) W(t) and &(t)g(t) € L£(0, 00), where 
W(t) = ZiZo _ Zien > 0. 


Then for every pair (xo, Xo) of numbers there is a solution of (4.7.1) which can 
be written in the form 


x(t) = A()Zi(t) + B(Za(2), (4.7.3) 


satisfying the initial conditions and x'(0) = x, with linysA(t) = | and 
limy-+o9B(t) = m. 
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Proof Let us assume that x(f) is a solution of (4.7.1) and is written in the 
form (4.7.3). We shall require that 


A'(t)Z, + B(t)Z) = 0. (4.7.4) 
Differentiating (4.7.3) with respect to t, we get 


x(t) = AZ) + BOZO, 
x"(1) = AOA) + BOZB(N + AZ! () + BORO. 


Using the fact that Z; and Z are solutions of (4.7.2) and that x is a solution of (4.7.1) 
we can reduce the last equation to 


A’(t)Z,(t) + B'(t)Z4 (1) = h(2), (4.7.5) 


where 
h(t) = [0 / a(s){A(s)Zi(s) + B(s)Za(s)} ds 


+6(t,A()Zi(1) + BOZ(1), AZ (0) + Ho) a(t). 


Solving (4.7.4) and (4.7.5) for A’(t) and B’(t) we get 
A'(t) = [Zo(Nh()]/W), Bt) = [-Zi(Qa(]|/ Wd). (4.7.6) 
Integrating (4.7.6) from 0 to t > 0 we get 


Ay =a) + f poe 


7 WO (4.7.7) 
B(t) = B(O) — [ as 


Using Assumption 1 (a), (4.7.7) yields 


&(s) 
a(s)W(s) 


t s 
AO! + BO! < |A()| + 1BO)| +2 [ }n9 [ e@e@{no) + a@lfer 


+r(s)(1A(s)| 4 0) ds. (4.7.8) 
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Letting |A(t) + B(t)| = K(t), we get 
t t 5 
K(t) < K(0)+ i; 20(s)K(s)ds + 2 | o(s) / g(t)&(t)K(t) dtp ds, 
0 0 0 


where 


_ $6) 


$0) = TOWG) 


Using Corollary 1.1.7 with h(t) = 0 or W(u) = 0, we obtain the following estimate: 
t T 
K(t) < K(0)} 1+ / 20(s) exp | (26) + g(r) (r)dt) ds ; 
0 0 


from which the boundedness of K(t) follows. Since A(O) and B(0) are arbitrary 
constants and hence can be selected as solutions of the system 


eae ees 
A(0)Z{(0) + B(0)Z4(0) = x. 


From the fact that A(t) and B(t) are bounded it follows that the limits of A(t) and 
B(t) exist as t > oo. This completes the proof. O 


Theorem 4.7.2 (The Grace-Lalli Inequality [251]) In addition to Assumption 1 
(b), if we assume that 


EOFO 


Owe 


then the conclusion of Theorem 4.7.1 holds, provided w is sub-multiplicative and 
w(0) = 0. 
Proof As in the proof of Theorem 4.7.1 we obtain, using Assumption 1(b), 


&(s) 
a(s)W(s) 


Al + 1B = AO|-+ 1801 +2 f |) [ s@e@(4c@l+ col) 


+ 1(3)(1A(9)| + 1B6)1) +£6)»(140)| + fas (4.7.9) 
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With K(t) defined as before, we obtain from (4.7.9) the following inequality: 


K(t) < K(0) +2 i Kas 419 / “soa(oktoa 


' &(3) 
42 i: al OK (o)ds. 


Using Corollary 1.1.7, we get 


2(s) 


t tor t 
Ky <6" faxoy + [ alloy +f “OE xo i won a 


‘ 2r(s)&(s) s 
* (: : [ a(s)Ws) (| word )as), 


where 


2r(v)é(v) 
vv) = aonway = g(vé(v), 


from which it follows that K(f) is bounded. The rest of the proof is similar to that of 
Theorem 4.7.1. Oo 


Theorem 4.7.3 (The Agerwal Inequality [5]) In addition to Assumption I (a), let 
the following conditions hold: 


(i) a(t), b(t) and c(t) are continuous, and a(t) > 0 for allt € I, 
(ii) r(t) and g(t) are continuous and non-negative for all t € I, 
(iii) forallt € I, 


| ae [n) + r(s) / | E(e)e(ede| ds<+oo, (4.7.10) 
where 
W(t) = Z| — ZZ, > 0. 


Then for every pair (Xo,x) of numbers, there is a solution of equation (4.5.1) 
which can be written in the form 


x(t) = A(t)Z, (1) + B()Z2 (2), 


satisfying the initial conditions x(0) = xo and x’ (0) = xo with lim A(t) = 1 
t>+00 
and lim B(t) =m. 
t>+00 
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Proof Applying Corollary 1.2.16 in Qin [557] and using a similar argument to 
Theorem 4.7.1, we can prove the theorem. Oo 


Theorem 4.7.4 (The Agerwal Inequality [5]) Jn addition to Assumption 1(b) and 
Theorem 4.7.3, if we further assume that for allt € I, 


" &(s)f(9) 


wane 


then the conclusion of Theorem 4.7.3 holds, provided that w is sub-multiplicative 
and w(0) = 0. 


Proof The proof is an application of Theorem 1.1.35 and similar to that given 
in Theorem 4.7.2. In case r;(t) = r(t) as considered by Grance and Lalli [251] 
condition (4.7.10) takes the form 


* &(s)r(s) 


0 Wats) +f E(t)g(t)dt]ds < +00, fel, (4.7.11) 


which is automatically satisfied if 


" &(s)r(s) 


" Wats < +00, : E(s)g(s)ds<+oo, rel, (4.7.12) 


as required in their proofs. In several situations, condition (4.7.11) is satisfied, 
whereas condition (4.7.12) is not, for example, we may consider the equation 


iy 


t K 
42 taxa e | i 
0 l+s 


x(s)ds + e~*x, 


then W(t) = e*, E(t) = n(t) = (1+ de™, a(t) = 1, rH) =e, g(t) =e'/A+ 
t) and it is easy to verify that (4.7.11) is satisfied, whereas hy E(s)g(s)ds < +00, for 
allt eT. Oo 


4.8 Applications of Theorems 1.1.41 and 1.1.43 to Qualitative 
Analysis of Nonlinear Differential Equations 


In this section, we shall apply Theorems 1.1.41 and 1.1.43 to investigate the 
qualitative analysis of two applications. 
First, we consider the system of nonlinear differential equations 


a = Fi(tu(d. f Ky (t, u(s))ds), (4.8.1) 
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for allt € J = [t,t)] C R+, where u € C(/,R"), F) € CU x R” x R", R") and 
K, € C(I x R", R”). We shall assume that the Cauchy problem 


du 


=—= Falta, f Ki(t.uls)ds), 
dt be (4.8.2) 


u(to) = up € R", 


has a unique solution, for every f9 € J and uo € R”. We shall denote this solution by 
u(-, to, uo). 

The following theorem deals with the estimate on the solution of the nonlinear 
Cauchy problem (4.8.2). 


Theorem 4.8.1 (The Denche-Khellaf Inequality [193]) Assume that the functions 
F, and K, in (4.8.2) satisfy the conditions 

[Ki (t,u)|| < AM (||ul|), forall t € J, (4.8.3) 

|Fi(t,u,v)|| < |Jul| + |lv]|, forall u,v € R", (4.8.4) 


where h and ¢ are as defined in Theorem 1.1.41. Then we have the estimate, for all 
fo Sth, 


t 
|lu(t, to, u0)|] < e(||uol| + / h(s)E\(s, ||uoll)ds), (4.8.5) 
i) 

where 


Ex(2, |luoll) = w'@h(w) + i g(e™ / h(a)do)dc, (4.8.6) 


to 


VQ) = [ 00 t>a>0, (4.8.7) 


» = / lull (e™)as, (4.8.8) 


i) 


and tz is chosen so that (uv) + Si p(e™*° de h(a)do)dt is in Dom (w), for all 
fo <t<bh. 


Proof Let t9 € I,uo € R" and u(t,to,uo) be the solution of the Cauchy 
problem (4.8.2). Then we get 


t KY 
u(t, to, Uo) = wot f F\(s, u(s, rou). f K,(s, u(t, to, uo))dt)ds. (4.8.9) 
to 


10 
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Using (4.8.3) and (4.8.4) in (4.8.9), we conclude 
t S 
||w(t,t0, wo) || < ||wol] + 1 F(s)[]|u(s, to, uo) || + / |Ki(s, u(T, to, uo))||dt]ds 
10 i) 


< |luoll + / F(s)(|lu(s, to, uo)|| + A(s) / “pilutenamiirads 
(4.8.10) 


Now, applying Theorem 1.1.41 with a(t) = ||uol|,f() = b(@) = 1 and W(u) = u 
to (4.8.10) yields (4.8.5). 
If, in addition, we assume that the function F| satisfies the general condition 


Fit, u. vl SfO(s(wlD + W(lelp), (4.8.11) 


where f,g and W are as defined in Theorem 1.1.43, we obtain an estimate for 
u(t, to, 49), and from any particular conditions of (4.8.11) and (4.8.3), we can get 
some useful results similar to Theorem 4.8.1. O 


4.9 Applications of Theorems 1.1.47 and 1.1.48 to Integral 
Equations and Functional Differential Equations 


In this section, we shall show that the global existence of solutions to certain 
integral equations and functional differential equations by using Theorems 1.1.47 
and 1.1.48. 

We first consider the integral equation 


a(t) 
u(t) = k(t) + i f(s)o(u(s))ds, t> 0, (4.9.1) 


where k, f, w € C(R+,R+) with o(0) = 0 anda ¢€ C'(R,,R,) is non- 
decreasing with a(t) < t on R;. Under these assumptions, (4.9.1) has a solution 
u € C([0,7),R+) on some maximal interval of existence [0,7). Moreover, if 
T < +00, then 


lim sup |u(t)| = +00. (4.9.2) 
t>T 


Now we prove the following theorem. 


Theorem 4.9.1 ((355]) Assume that for all x,y € R+, 


|o(x) — w(y)| < 2(|x— yI), 
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with z € C(R+,R+) non-decreasing, z(x) > 0 for all x > 0. 


If 
[ ds _ ds _ 
—_ = —_ = Oo, 
0 2s) Ji es) 
then (4.9.1) has a unique solution u(t) defined on R+. Moreover, if k is bounded on 


R+ and if either a is bounded on R+ or for f(s)ds < +00, then this solution is 
bounded on Rx. 


Proof As the existence of a solution on some maximal interval [0, 7) is guaranteed 
[175], let us first prove the uniqueness statement. Suppose that on some interval 
[0, fo] with t) > 0, (4.9.1) has two solutions u;,u2 € C([0, fo], R+). From the 
corresponding two equations, we obtain for all 0 < t < fo, 


a(t) 
nine i F(a (s)) — o(6))]s. 


Denote v(t) = |u)(t) — u2(t)| for all t € [0, to]. Using the hypotheses, we deduce, 
O<tK<h, 


a(t) 
v(t) < / Ff (s)z(v(s))ds. (4.9.3) 


Let 


rd 
cm = | =. #0, 


1 23)’ 


and note that G(0) = —oo and G(+o00) = +00. From (4.9.3) it is clear that for all 
e€ > 0, and for all 0 < t < fo, 


a(t) 
v(t) <€ +f f (s)z(u(s))ds, 
0 
which, by Theorem 1.1.47, implies, for all 0 < t < fo, 
a(t) 
v(t) < G! [ Ge) + f(s)ds }. 
0 


For every fixed t € [0, fo], let € — 0 in the above inequality to infer v(t) = 0. 
Therefore, the uniqueness of the solution is proved. Oo 
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Let us now show that the solution is global, i.c., T = +00, where T is the 
maximal time of existence. If T < +00, then relation (4.9.2) holds. With ky = 
maxo<;<r k(t), we obtain from (4.9.1) that for all 0 < t < T, 


a(t) 
u(t) < ko + : f (s)z(u(s))ds, (4.9.4) 
0 


as w(u(s)) = w(u(s)) — @(0) < z(u(s)) for 0 < s < T, u being non-negative. 
Applying Theorem 1.1.47 to (4.9.4), we deduce that for all 0 < t < T, 


a(t) 
u(t) < G!(G(ko) + / f(s)ds), (4.9.5) 
0 


which contradicts (4.9.2) and therefore the global existence is proved. 

If k is bounded, with ky) = sup,cg, k(t), we obtain that (4.9.4) holds on R+. 
From (4.9.4), by means of Theorem 1.1.47, relation (4.9.5) is obtained for all t € 
IR. The boundedness assertion is now clear. Oo 


Remark 4.9.1 The uniqueness and global existence statements in Theorem 4.9.1 
follow also from Bihari’s inequality [82]. However, if a and k are bounded on R+ 
and "Nags f(s)ds = +00, the result here yields the boundedness of the solution on 
Rx. This conclusion cannot be obtained by using Bihari’s result. 


Consider now the functional differential equation 


x(t) = F(t x), x(@(0)), x(q), x0) = x0. (4.9.6) 


with F € C(Ry x C*",C"), anda,g € C'(R+,R4), and a(t) < t, g(t) < t forall 
t > 0. By a result in [210], we have that there exists a maximal existence interval of 
[0, T) of a solution to equation (4.9.6). Moreover, if T < -++oo, then 


lim sup |x(t)| = +oo. (4.9.7) 
to 


Using the integral inequality in Theorem 1.1.48, we shall give sufficient conditions 
for the global existence of the solutions of equation (4.9.6). 


Theorem 4.9.2 ((355]) Assume that a : Ry — Ry is an increasing diffeomor- 
phism of R+ and for allt = 0, (x,y,z) € Cc", 
IF(t,x,y¥,2)| < a(a(|x|) + bOa(ly|) + cd({zI), 


where a, b, c, d, w € C(R+, R+) and @(u) > O for all u > 0, @ is non-decreasing 


with — & = +00. Then all solution of equation (4.9.6) are global in time. 
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Proof {f the assertion is not true, there is some x9 € C” such that the problem (4.9.6) 
has a solution x(t) which blows up in a finite time 7. If M = supyejo,rjg(u), let 


T 
ko = |xo| + sup d(|x’(d]|) (/ c(shs) . 
1€[0.M] 0 


setting u(t) = |x(f)|, t € [0,7T), we deduce from (4.9.6) after integration, and 
hypothesis on F that for all 0 < t < T, 


u(t) <ko + [ a(s)@(u(s))ds + A b(s)w(u(a(s)))ds. 


Changing variables in the second integral of the right-hand side in the above 
inequality, we obtain for all f) < t < T, 


a 


t t) 
u(t) < ko + if a(s)w(u(s))ds + / b(a!(s))w(u(s))(a!)'(s)ds. 
0 


From Theorem 1.1.48, we can now infer that u(t) is bounded on [0, 7), which 
contradicts (4.9.7) and thus completes the proof. oO 


Remark 4.9.2 


(i) In [597], a continuation theorem for (4.9.6) is obtained under the hypothesis 
that F has at most linear growth in all the variables other than t. We allow a 
much larger class of nonlinearities. 

(ii) In the particular case when F in problem (4.9.6) does not depend upon the last 
variable, Theorem 4.9.2 yields the global existence of solutions for retarded 
differential equations and we recover some results from [165, 270]. 


Example 4.9.1 Consider the generalized pantograph equation [293] 
x'(t) = Ax(t) + Bx(pt) + Cx (pt), t> 0, x(0) = x0, 


where A, B, C are complex matrices and p € (0,1). Theorem 4.9.2 shows that all 
solutions are global in time. 


Example 4.9.2 Consider the generalized Liénard system with time delay 
x =y-F(x), y =e(t,x(t—1(d)), (4.9.8) 


where F € C(R,R), g € C(R+ x R,R), and t(t) < ton Ry. If a(t) = t— t(A) is 
an increasing diffeomorphism of R and for all (¢,x) € R+ x R, 


IF@)| < o(x), Ig@| S aMe(\x)), 


with a,w € C(R+,R+), w(u) > 0 for all u > 0, w non-decreasing and such that 
fj rial ds_ then all solutions of equation (4.9.8) are global. 


as)’ 
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Indeed, we have that 


l(y — F(x), 0)| < |@, y)| + @(|@ y)|), forall (x,y) € R’, 
|(0, g(t,x))| < a@a(\(x,y)|), forall (t,x, y) € Ry x R’, 


and hypotheses on guarantee that ia Aao = +00 (see, e.g., [165]). Thus the 


above statement follows from Theorem 4.9.2. 


Remark 4.9.3 The problem of the global existence of the solutions to prob- 
lem (4.9.8) was investigated in [631], where the global existence criteria were given 
provided 


{1 > 0: r(t) = 0} = {0}. (4.9.9) 


For g(x) = F(x) = xin(1 + |x|), x € R, and t[f] = sin(? —2t+2), t2>1, 
we prove that all solutions of problem (4.9.8) are global. Note that the results from 
[631] are not applicable in this case, as condition (4.9.9) is not satisfied. 


4.10 Applications of Theorem 1.1.48 to Retarded 
and Impulsive Differential Equations 


In this section, we shall apply Theorem 1.1.58 to the qualitative analysis of solutions 
to retarded differential equations. Delay differential equations arise in the theory of 
control, mathematical biology, mathematical economics, and the theory of systems 
which communicate through lossless channels (see, e.g., [266]). The oscillatory 
behavior of the solutions of delay differential equations was studied (see [261, 534] 
and the citations therein). 

We shall give sufficient conditions under which the retarded differential equation 


x'(t) = F(t,x(a(t))), t= 0, (4.10.1) 


has a positive solution on R;. Here a € C!(R;,R+) is a diffeomorphism of Ry 
with a(t) < ton R4,. 


Theorem 4.10.1 (The Lipovan Inequality [355]) Assume that F: Ry x R>R 

is a continuous function for which there exists a constant 6 > 0 and a continuous 

function a(t) > 0 for all t € Ry such that for all t € R+ and for all0 < x < 6, 
|F(t, x)| < a(t)x. 


If for allt = 0, 


t 1 +00 
/ a(s)ds < -, / a(s)ds < +o, 
a(t) e 0 
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then for every initial data xq such that 0 < xo < é6exp(—e ‘fe a(s)ds), (4.10.1) 
has a positive solution x(t) on R4 which satisfies, for all t > 0, 


xo exp (-« [ ous) < x(t) < x9 exp | [a exp(e [aerators : 


Proof Under our conditions, it is known (see [266], Chaps. 3, 4) that for every xo € 
R, there exists a solution x(t) of equation (4.10.1) with initial data x(0) = xo, defined 
on some maximal interval [0, T) (note that a(0) = 0 ). Moreover, if T < ++oo, then 


lim sup |x(t)| = +00. (4.10.2) 
t>T 
Following an idea introduced in [261], let us perform the transformation for all 
0<t<T, 
t 
y(t) = x(t) exp (« - a(sid) | 
0 
Observe that 


y(0) = x(0) = xo 


and for all t € [0, T), 


y(t) = x(t) exp (« [ a(o)ds) + ex(t)a(t) exp (</ 


In particular, 


t 


a(s)ds) . (4.10.3) 


y(t) = F(0, x9) + exoa(0) > a(0)xo(e — 1) > 0. 


Therefore, for any t > 0 near zero, we have 


xo < y(t) < dexp Gil a(sjds) y (4.10.4) 
0 


We shall show that (4.10.4) holds on (0, T). If not, there are two possible cases: 


(A) There exists a t; € (0, 7) such that (4.10.4) holds for all times t € (0, t;) and 
y(t) = dexp(e f,' a(s)ds) . 
(B) There exists a ft) € (0, T) such that (4.10.4) holds for all times t € (0, t2) and 
y(t2) = Xo. 
Let us first show that case (A) does not occur. 
Assume that (A) holds. From (4.10.4) it follows that for all 0 < t < tf, 


0< x(t) <6. 
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Using the hypothesis on F, we therefore obtain from (4.10.3) that for all 0 < t < t,, 


t 


y(t) < a(t)x(a(t)) exp (« i. a(s)ds) + ex(f)a(t) exp (</ a(s)ds) 
0 0 


Considering the definition by y, we infer for all 0 < t < fy, 
t 
vo) <acvia(o) exp (¢ [ a(s)ds) + ea(t)y(0). 
a(t) 


Integrating on [0, ¢], we deduce that for allO <t < ty, 


t s 


y(t) < x0 + ef aisyisi + i a(s)y(a(s)) exp (</ a(o)do) ds. 
0 0 a 


(s) 
A change of variables transforms the above inequality into for all0 < t < 1, 


~"(s) 


MeO iewe / *  a(o)do)(a-")'(s)as. 


t 


t al 
y(t) < oe [ a(s)y(s)as+ [ 
0 0 


Applying Theorem 1.1.48, we obtain that for all0 < t < t, 


y(t) < x9 exp E i “als\ds + i “ahiene i _fondayas|. (4.10.5) 


after performing a change of variables. Now letting t — f) in the above relation, we 
get 


y(t)) < xo exp lef a(s)ds + ih a(s) exp(e 0 a(a)do)ds| 
0 a 


(s) 


+0o ty Ss 
< x9 exp le | a(s)ds + / a(s) exp(e [ a(a)da)ds| 
0 0 a(s 


< dexp If a(s) exp(e [. a(a)do)ds| 


< dexp (<f a(s)ds) . 
0 


The obtained contradiction proves that case (A) never holds. Therefore we have, for 
al0<1t<T, 


x(t) <6, (4.10.6) 
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and then (4.10.5) also holds on [0, 7). It follows that, for all 0 < t < T, 


x(t) < x9 exp | fa) exp(e [ a(a)da)ds| : 
0 a 


(s) 
Consider now case (B). We shall prove that, for all 0 < t < h, 
y(t) > 0. (4.10.7) 
As y'(t) > O itis clear that (4.10.7) holds for any t > 0 near zero. If (4.10.7) does not 


hold, there exists at; € (0,f%) such that y’(t3) = 0 and y(t) > 0 for all ¢ € (0,3). 
Taking into account (4.10.3) and (4.10.6), we may obtain for all 0 < f < f; that 


II 


y(t) = F(t, x(a(t))) exp (cf ows) + ex(t)a(t) exp (« [ a(s)ds) 
0 0 


IV 


—a(t)x(a(t)) exp (« [ a(s)ds) + ea(t)y(t) 


t 


—a(t)y(a(t)) exp (</ ato)s) + ea(t)y(t). 


(t 


Letting tf > f; in the above inequality and taking into account the monotonicity 
of y on [0, t3), we can deduce that 


¥( = alts)y(6)[e — exple / teva > 0. 


This contradicts our assumption y’(t3) = 0 and completes the proof that case (B) 
does not hold. 

In conclusion, (4.10.4) holds on [0, 7). This shows in particular that x(t) does not 
blow up in a finite time. By (4.10.2) we infer that T = +00 and the proof is thus 
complete. O 


For the existence of positive solutions to equation (4.10.1), we have the following 
result. 


Theorem 4.10.2 (The Lipovan Inequality [355]) Assume that F: Ry x R> R 
is a continuous function for which there exists a constant 6 > 0 and a continuous 
function a(t) > 0 for all t € R4 such that for allt € R4 and0 <x <6, 


0 > F(t, x) => —a(t)x. 
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Ifa € C(R+,R+) with a(t) < t for all t => 0, and lim;-++.0 a(t) = +00, while 
for allt = 0, 


then equation (4.10.1) has a positive solution x(t) on Rx satisfying, for all t = 0, 


Xo exp (-« [ a(s)ds) < x(t). 
0 


There are cases when the above result yields the existence of a positive solution to 
equation (4.10.1), but Theorem 4.10.2 is not applicable. 


Example 4.10.1 Take a(t) = In(t + 1) and F(t,x) = (t + 1)~*x?. By Theo- 
rem 4.10.1, (4.10.1) has in this case a positive solution on R;. 

With respect to the conditions we imposed in Theorem 4.10.2 to guarantee the 
existence of a positive solution, the following example is relevant. 


Example 4.10.2 Consider the delay differential equation 
x(t) + p()x(a(t)) = 0, (4.10.8) 


where p € C(R,,R+) anda: Ry — Ry} is an increasing diffeomorphism of R+ 
such that a(t) < ton R,. 
By aresult in [534], if 


+00 t 1 
/ P(s)ds<-+oo, lim ing [ p(s)ds > -, 
0 t>+00 a(t) e 


then all solutions of equation (4.10.8) are oscillatory. 
Let us now show that Theorem 4.10.1 can be applied to prove the existence of 
non-oscillatory solutions to certain impulsive differential equations. 


Let a: Ry — R+ be an increasing diffeomorphism of R+ such that a(t) < t on 
IR+ and such that a(t) = t— mt far out where t > Oandm EN. 
Consider the delay impulsive differential equation 


YO) + POy(a)) = 0, YEE) — y(t) = byt), KZ 1, (4.10.9) 
where b > —1, and ft, > 0, %(41 —t% = T, and p € C(R+,R+). 


By a result in [684], all solutions of equation (4.10.9) are oscillatory if and only 
if all solutions of the delay differential equation 


x'() + POU + by "x((al)) = 0 


are oscillatory. In view of Theorem 4.10.1, we can obtain the following theorem. 
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Theorem 4.10.3 ((355]) If 


+00 1 by” 
J wevias< 
0 e 


then the impulsive differential equation (4.10.9) has a non-oscillatory solution. 


4.11 Applications of Corollary 1.1.15 and Theorem 1.1.60 to 
Integro-Differential Equations 


In this section, we shall use Corollary 1.1.15 and Theorem 1.1.65 to study the 
following integro-differential equation 


t—T(t) 
pe")! () = F (: x(t — t(0), i Gt. x(t — cop) (4.11.1) 


for all tf € J, where p > | is constant, let F € C(I x R?,R),Ge clad x R, R) and 
t € C!(I,1) be non-increasing with t— t(f) > 0, t— t(t) € C!U,D) and t(@) = 0. 
The following result provides a bound on the solutions of equation (4.11.1). 


Theorem 4.11.1 ([17]) Assume that F: Ix R? > Risa continuous function, and 
there exist continuous non-negative functions b;(t), i = 1,2, such that 
|F(t,u, v)| < bi(Og(\ul) + i@lvI, (4.11.2) 
|G(s,w)| < b2(s)g(|wI), (4.11.3) 


where the function g is the same as in Theorem 1.1.59. Let M = mMaXer(T—wy)- If 
x(n) is any solution of the problem (4.11.1), then 


Ix(n)| < [Gy '(Gi(|x(@) |?) + B[Mb, (7,). M2b2(7, )b2o))) ” , (4.11.4) 


where the functions Gj, Gr are as in Corollary 1.1.15,7, = m+ t(ti), ™ = 
N2 + T(t2), form, N2 € I, and 


> o(n) O(n) pe(n) ; 
B[Mb, (7,). M2b2 (7,)b27)] = / Mb, (jdm + / M?b»(7,)ba(7)dnodm, 
p(a) p(a) J d(a) 


(4.11.5) 


where d(y) = y —tly) fory El. 
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Proof \t is obvious that the solution x(y) of the problem (4.11.1) satisfies the 
equivalent integral equation 


1 t—t(t1) 
F(t, x(t- of G(t2, x(t2 — T(t2)))dto) dt. 


(4.11.6) 


#(n) = x(a) + / 


a 


From (4.11.2)-(4.11.3), and making the change of variables, we have 


n 
Lem) < [x(@)? + : bi(ti)g(|x(ty — r(t)))) 


a 


n pti-t(ti) 
i. [ [ bi(t1)bo(t2)g(|x(t2 — t(t2))atadr 


n—t(n) 


< |x(a)|? + : Mb, (7, )e(x(m)|)am 


n—t(eta) pmi—t(m) ; 
+ if i M1, bo) g(e(m)dmodm. (4.11.7) 


where 7, = 71 +7(t1), M. = N2+T (tr), form, n2 € I. Now applying the inequality 
in Corollary 1.1.15 to (4.11.7) yields the desired result. O 


Next we consider the following integro-differential equation: 
t 
hw = Fle.) =e), [Gal = c(H)))an), 4.11.8) 


for all t € J,F € Cl x R?,R), Gec ux R), and / is positive and 
continuous in J. The following theorem provides an upper bound on the solutions of 
equation (4.12.8). 


Theorem 4.11.2 ([17]) Assume that F : Ix R? > Risa continuous function, and 
there exist continuous non-negative functions f(t), i = 2,3, such that 


Fu, v)| <fOllule(lul) + loll or 
IGG, w)| <fals)lwle(\w), Pera 


where the function g is the same as in Theorem 1.1.60. If x(t) is any solution of the 
problem (4.11.8), then 


|x(0)| < exp[G_"(Ge(In(a)) + CLA G2). G2)fsGs))] — 1, (4.11.10) 
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where G,(r) = iL sey for all r > > ro > 0, a= 14+|x(a)|+A(a)|x'(@)| i Ways 
and 


0 1 rer 


_ + = \Vf2 
CARAS [ oy Ta Ipuy ODM AA 


$0) 4 pon) (02) 
+f ——. Pl) | f3(53)M° ds3ds2ds (4.11.11) 
g(a) 1) Spa) (a) 


and 3, = s,; + t(t)), 52 = 82 + T(tr), and 33 = 53 + T(tr) for 51, So, 83 EL. 


Proof We easily verify that the solution of x(t) of the problem (4.11.8) satisfies the 
equivalent integral equation 


x(t) = x(a) + na)x'(a) | ma 


t 1 ty t 
ae | Hh) / F(ty, x(t2) — t(t2), / G(t3, x(t3 — T(t3)))dts)dtodt). 
(4.11.12) 


From (4.11.9), and making the change of variables, we have 


Ix] + 1S 1+ x(a) + A(a)lx coi fr a 


b(t) 1 b(t) ; 
+ . tf” p(s) M2|x(52) e(|9(59))dsadsy 
o(a) WS1) Joa) 


p(t) 1 b(t) (t2) 
n / fp) | fas) [x(ss) lel lx(ss) )asacdsodsr, 
’ 


(a) AG) Joa) $(a) 
(4.11.13) 
where s; = t; — t(t;), 5; = 8; + T(t), 5; € J fori = 1,2,3. Now when ¢(u) = u 
and f, = fs = --- =f, = 0, applying the inequality in Theorem 1.1.60 to (4.11.13) 
yields the desired result. Oo 


4.12 Applications of Theorem 1.1.73 to Retarded Differential 
Equations 


Consider the retarded differential equation 


x(t) = F(t, x(t), x(a(d)), x (BO)), 
(4.12.1) 
x(0) = x0, 
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where F € C(Rt x R"’ x R" x R",R"), a, B € C'(R4,R4) anda(t) <t, B() <t 
for all t > 0. 


Theorem 4.12.1 ([13]) Suppose that a : R+ — Ry4 is an increasing diffeomor- 
phism and for allt = 0, x,y,z € R", 


F(t,x.y.2| SAOwi (al) +AOwa(ly) + AOAC). (4.12.2) 


where fi,h,w; € C(R+,R+), wj(u) > 0 for all u > 0, w; are non-decreasing, 


eas "maT = +00 for all u; > 0, i = 1,2,3, 7 = 1,2, and wjoown. Then all 
i 


solutions of problem (4.12.1) exist on RT. 


Proof As in [210], let [0, T) be the maximal interval of existence of a solution x(t) 
for problem (4.12.1), which satisfies the initial condition x(0) = xo. If T < +o, 
then 


lim sup|x(1)| = ++oo. (4.12.3) 
t>T 


Let M =: sup,epq{B(O}. Then M < T since B(t) < ¢. Let u(t) = |x(d)]. 
Integrating (4.12.1), we obtain, for allO <1 < T, 


u(t) < c+ [ Aiowmuyas+ [ fowaulats))as, 
0 0 
where 
T 
c= [xo] + sup {A({i)}( , fals)ds). 
te[0,M] 0 
It is equivalent to 
t a(t) 
u(t)<ct+ i fil(s)wi(u(s))ds + / f(a '(s))(a7!)'(s)wo(u(s)),  O<t <T, 
0 a(0) 


because a : Ri — Ry is an increasing diffeomorphism. Applying 
Theorem 1.1.73, where a(t), fi(t,s), fo(t,s), bi(t), bo(t) are replaced by 
c. fi (s), fo(a!(s))(a!)’(s), t, w(t), respectively, we get, for all t < t <7}, 


a(t) 
u(t) < Wy '[Wa(r2(0)) + / ROME}, 4.12.4) 
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where 7 is given as in Theorem 1.1.73 and m(t) = W,![Wi(c) + cM fi(s)ds]. Note 
that ths d — +o0,j = 1,2. As in Remark 1.1.23, (4.12.4) holds on [f, 7] for 


uj wi(Z) 
any T; € [fo, T). So (4.12.4) also holds on [fo, T). Observe that the right hand side 
of (4.12.4), as a function in f, is bounded on the compact interval [f, T] because 
of continuity. So is u(t) on [to, T), which contradicts (4.12.3). This completes the 


proof. Oo 


The case that w} = wz in Theorem 4.1.1 is just Proposition 3 in [355]. For 
example, the problem 


X(t) = ayx(t) + bx(yt) + cx'(yO), > 0, (4.12.5) 
x(0) = xo, 


where a,b,c are constants and y € (0, 1), satisfies conditions in Theorem 4.1.1. 
Hence all solutions of this problem exist globally on R+. 
Second, we consider the functional differential equation 


— : + exp(—t) v |x()| + 1 + texp(—AF x(t), (4.12.6) 


where x : [0, +00) > R is a differentiable function and F is a continuous operator 
on R such that |Fx| < co|x| for a constant co > 0. In particular, (4.12.6) becomes 
an integro-differential equation and a retarded functional differential equation as we 
take Fx(t) = fi H(t, s,x(s))ds and Fx(t) = x(t— 1) respectively. General theory on 
such equations can be found in [266, 326]. 

Integrating (4.12.6), we obtain, for all t > to > 0, 


| < a(t) + / filt.s)wn (x(s)ds + i falt,sywo(lx(s)))ds, (4.12.7) 


where a(t) = |x(to)| + Int — Into, wi(u) = Vu t 1, wo(u), fit, s) = exp(—s) and 


fat, s) = cos exp(—s). Note that w)oow2 because ae = Ta is non-decreasing 


for all u > 0. Moreover, for all uj, v2 > 0, we have 


wi) [ = 20/01 Vin FD, Wi Ww=G + Vn+1 21, 


zt+1 


u d 
wat) [ a In—, W | (u) = up exp(u), 
uw & uz 


2 
r(t) = lv |x(to)| + Int — Into +1 + 5 (ex(—f0) - expt) | -1. 
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As in Remark 1.1.23, T; = +00 because ce 5 =i Is = +00 and 


ae dz Yas 4 — +00. Applying Theorem 1.1.73 to (4.12.7), we get for all 


U2 w2(z) U2 coz 
t= lo, 


2 
|x(t)| < | E |x(to)| + Int — Into + 1+ 5(exp (—to) — expt) | _ ; 
x exp [co(to + 1) exp(—to) — co(t + 1) exp(—d]. (4.12.8) 


Observe that exp(—s) and (t+ 1) exp(—?) tend to 0 as t > +00 in (4.12.8). It follows 
that there exist positive constants K; and K> such that for all t > fo, 


|x(t)| < Ki + Ky Int, (4.12.9) 


which gives an estimate for x(f). 

Now, we shall use Theorem 1.1.73 to study almost periodicity of a weak 
hyperbolic invariant manifold. We note that the function u(t) = exp(—prt)|¢,. + 
6(E) 4 +6 — Oi (E)r4+1)| is estimated in Lemma 5.4 of [718], where ¢,,(&), is the 
general form of solutions on the weak hyperbolic invariant manifold. u(t) is proved 
to satisfy the following inequality (4.12.10) and the following lemma is proved in 
[718] and plays an important role in the estimation. 


Lemma 4.12.1 ([13]) Suppose t) € R is given and suppose the non-negative 
bounded continuous function u(t) : [fo, +oo) — R satisfies the inequality for all 
t= lo, 


u(t) < k+ bexp(—yd) — bot exp(—yt) + of exp(—y(t — s))u(s)ds 


19 


+00 
+d i exp(—w(t — s))u(s)ds, (4.12.10) 


where y > 0,@ < 0,k > 0,c > 0,d = O and y,w,k,b,bo,c,d are constants. If 
A= 7 + a < 1, then we have for all t > to, 

[>| 
1-A 


kb 

u(t) < —~ + — exp(—ys) + exp (-yt+ Pape t0)) , (44210 
1-A Cc 1-A 

where b = b — 2 — boty + 35 — GS exp(ytr). 


We consider a — form of (4.12.10) where d = 0 andk > 0, ie., for all 
t> lo, 


u(t) < k+ bexp(—y?) — bot exp(—yt) + of exp (—y(t—s))u(s)ds. (4.12.12) 


10 
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Clearly, it involves a function term outside integrals that the result in [355] cannot 
be applied. However, by Theorem 1.1.73, we obtain 


Theorem 4.12.2 ({13]) Suppose that (4.12.12) holds and conditions in 
Lemma 4.12.1 are satisfied with d = 0 and k > 0. Then we have for all t = tx, 


u(t) < (k(exp yt) + b — bot) exp ((c —yyt— cto), (4.12.13) 


for some ty = to. 


Proof Multiplying (4.12.12) by exp(y2), we get, for all t > f, 


t 

vo sate f v()as, (4.12.14) 
to 

where v(t) := exp(yf)u(d) and a(t) := kexp(yt) + b— bot. Since y > 0 andk > 0, 

we can see that lim,.+4..a(t) = +00 and lim,-++4o0a'(t) = lim;+oo(ky exp(yt) — 

bo) = +00. Therefore, there exists at, € [fo, +00) such that, for all t € [t,, +00), 


a(t)>0, a(t)>0. (4.12.15) 


In what follows, it suffices to discuss (4.12.14) for all t € [tx, +00). 
Clearly, (4.12.14) is in the form of (1.1.486), where tg = t,, t) = +00, D)(f) = 
t, fi(t,s) = c, and w;(u) = u. As in Remark 1.1.23, T; = +00 because 17 & = 


41 z 


+oo for all u; > 0. By Theorem 1.1.73 and the fact (4.12.15), we get, for all ¢ > te, 
u(t) < (kexp(yt) + b — bot) exp (c(t — t)), (4.12.16) 


that is, (4.12.13) is proved. Oo 


Clearly, lim;.4.. exp(—yt) = 0 and exp(—y7#) is bounded on [t,, +00), since 
y > 0. It follows from (4.12.11) and the definition of A that for all t > t,, 


u(t) < M, + Mp exp(ct), (4.12.17) 


where both M, and Mz are positive constants. Note that c < ae This 
implies that (4.12.17) is sharper than (4.12.16) for large t and thus the estimate 
in Theorem 4.12.2 is sharper than the estimate in Lemma 4.12.1 for large t in this 
aspect. 
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4.13 Applications of Theorem 1.2.1 to Solutions of Linear 
Differential Equations 


In this section, we shall use Theorem 1.2.1 to show the boundedness of solutions of 
the following linear differential equation: 


y’ +A(y = 0, (4.13.1) 


where the coefficient A(t) could be discussed apparently in three cases as t > +00: 
(Casel) limp 54.0 A(1) = a’, 

(CaseII) — lim;+400 A(t) = —a? 

(Case)  lim,++4o A(t) = +00. 


In the sequel, these cases will be discussed and the corresponding conclusions 
will respectively improve the results concluded by Bellman. 
Utilizing Theorem 1.2.1, we can prove the following theorem: 


Theorem 4.13.1 ([438]) Jf the coefficient A(t) of the equation (4.13.1) satisfies 
that 


(i) A(t) > 0, A(t), A’(t) are absolutely integrable; 
(ii) /A(t) — 2 Jo Tan Ee ads > R > 0, 


with a constant R > 0. Then all solutions of equation (4.13.1) are bounded as 
t— +00. 


Proof Multiplying y’ to the both sides of (4.13.1) and integrating it then from 0 to ¢ 
by parts, we have 


12 2 t a2 
+a — f = A(s)ds = KESU 


or 


7 y [ y , 
—+A(H)>— = —A : 
7 tA05 aad (s)ds 
For A(t) > 0, then 
y ty? 
A> <c +f 5 A(s)Ids, (4.13.2) 
0 


which can be rewritten as 


(Vat) =20+ [ IVA Ib as 
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Employing Theorem 1.2.1, we then get 


1 f' |A(s)| 
| VA(y| < V2e + a Tae (4.13.3) 


Then we put M = maxo<:<+o0 |y| into (4.13.3), and find that 


1 [' |A~(s)| 
A 2¢+— ds, 4.13.4 
i @m| < Vie+5 [ Mas (4.13.4) 


or 


OL) ye 
(van -3 co is) ms Vie 


Utilizing (1.2.1) in Theorem 1.2.1, then we have 


oe V2¢ 


ly| <M < ——___ _ « — 
_ 1 rt las R 
5 fo ray JAS) ds 


this completes the proof. Oo 


Corollary 4.13.1 ([66]) Fory’(t)+A(p)y(t) = 0, ifA > 0, A’(t) = 0, forall t = to, 
then as t — +00, all the solutions are bounded. 


Proof Suppose that A(0) > 0, then the condition (7) of Theorem 4.13.1 is satisfied. 
Meanwhile, A’(t) > 0 


14, qa_1 f' 4 
VA) al nC ds = A( ne ds 


1 
AW — 52 VAI) = YAO > : ‘A(0) = R > 0. 


So the condition (ii) holds, and the proof is thus complete. Oo 


Now we consider the equation 


yYO+@ + oO)yO =0, (4.13.5) 
Using (4.13.4), we can conclude the following theorem. 
Theorem 4.13.2 ([438]) If (4.13.5) satisfies 


(i) || <2? < a&, d(H > 0, forall t > to, 
(ii) Jo) — 5 {Wool as > R>0, t—> +00, 


then as t > +00, all the solutions to equation (4.13.5) are bounded. 


490 4 Applications of Nonlinear One-Dimensional Continuous, Discontinuous... 
Proof From the condition (i), 
2 
|A(f)| = la? + (9 = la"| - || 2-8, 


then from (4.13.4), it follows 


| Va + 6(M| < V2e + 5 [| nas 
or 
(voo-5 [ Seba) = voc 
By the condition (ii), |y| < M < ve < +00. oO 


Now we employ the following lemma. 


Lemma 4.13.1 ({70]) [fall the solutions with their first-order derivatives of u’' (t)+ 
a(t)u(t) = 0 are bounded, then all the solutions to the equation 


ul" + (a(t) + b())u = 0 (4.13.6) 


are bounded under | ia |b(t)|dt < +00. 
Then it is not difficult to prove the following theorem. 


Theorem 4.13.3 ([438]) Jf the equation 


YO+(@O) +40 +VO)yO = 9, (4.13.7) 


satisfies that 


(i) el s <b’ <a’, o(t) a 0, sera > to, 


(ii) ie |p(t)|dt < +00, [°° |w(t)|dt < +00, 
(iii) [Vo — 5 ifs wo dsl >R>0, t—> +o, 


then all the solutions to equation (4.13.7) are bounded as t > +00. 


Proof Obviously, we need only to verify the first-order derivatives of solutions 
to (4.13.5) are bounded as t > +00. 

Multiplying y’ to the both sides of (4.13.5) and integrating it from 0 to t by part, 
we have 


y? a t 
+594 [ dori oar=ar, 
0 
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then 


y(t) < 2c, +2 ‘ 19(s)Ily(s)|ly" Gd]. 


By Theorem 1.2.1 and Theorem 4.13.2, we can get by condition (ii) 


bl < V3e+ / 16(s)y(s)|ds < V3e + i I$(s)|ds < too. 


Employing Lemma 4.13.1, the proof is complete. O 


We can clearly see that Theorems 4.13.2 and 4.13.3 have been improved as 
p(t) > 0. 

Now we extend Theorem 4.13.1 further. Suppose that A(t) = f(t) + g(t) and 
f(@ > 0, so (4.13.1) can be rewritten as 


yo) + [FO + gly = 0. (4.13.8) 


Multiplying y’ to the both sides of (4.13.8) and integrating it from 0 to ¢ by parts, 
then 


12 y? ’ 
yo) ro + r0% -[5 YS) ——f" (s)ds + / g(s)y(s)y'(s)ds = 0, 


1.€., aS 


y? 0 5 t 
0 59M =O [OH oas— f goror' vas 


For f(t) > 0, then 


F()y°() < y2(0) + ij LF ()|ds + / 2le(s)lly(s)|l>"(s)|ds 
0 0 


which can be rewritten as 


t 2 
[Vf@yP < y?(0) + 7 VFI as (4.13.9) 


Employing Theorem 1.2.1 to (4.13.9), we then get 


! i a lv(s)I|F"(s)| ae 2/g(s)|ly’(s)| 
,/ fl a op Mo PANES 
f’OlyO| < |v (O)| + =f i) KY 
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Integrating (4.13.8) from 0 to t, we can get 


YO sO + f (FO) + lalyIds, 


which, gives us 


BVO s wOI+ 5 [ veoias (4.13.10) 


+f we at +f ls()1 HU —_ 
Ss 


Then we put M = maxo<r<oo |y| into (4.13.10), and suppose that 


ft tele 
(i [ ira = 


/ t qt 
Gi) VAepan—2 [| af aa vam [ teee) + leteaainlan = 209 > > 0, 


as t > +00. 
Then from (4.13.10) it follows that 


“\y/(0)|1g(41) | tie 
Vit) 


blem<— pos f Ole 


T(t) VAKGD) 


t(t)M < |y'(0)| + 
0 
dt\] < +00. 


Oo 


As aresult, we conclude Theorem 4.13.4 as follows: 


Theorem 4.13.4 ([438]) Jf the equation y’(t) + (f(t) + g(t))y(t) = 0 under the 


conditions: 


() fy SX ly)|ds < +00, 


(ii) JF @)ds — 5 fo “Get — fy SALLE + le@)lldelds > R > 0, 


then as t — +00, all the solutions are bounded. 


If setting g(t) = 0, A(t) = f(t), we then get Theorem 4.13.1 again. 
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4.14 Applications of Theorems 1.2.7 and 1.2.8 to Integral 
and Differential Equations 


In this section, we shall use Theorems 1.2.7 and 1.2.8 to obtain the estimates of the 
solutions of certain integral and differential equations. 


Example 4.14.1 As a first application, we obtain the estimate on the solution of a 
nonlinear one-dimensional integral equation of the form 


u(t) = f(t) + ic s)g(s, u(s))ds, (4.14.1) 


a 


where f: R, > R,k: Ry xR; —-R, g: R+ x R > Rare continuous functions 
and p > 1 is a constant. Okrasinski [429] studied the problems of existence and 
uniqueness of the solutions of the variant of (4.14.1) written in the form 


w=Kxu+Ll, p>, (4.14.2) 


where K, L are known smooth functions depending on physical parameters and the 
convolution on the right-hand side is well defined. For an interesting discussion 
concerning the occurrence of (4.14.2) in the theory of water percolation phenomena 
and its physical meaning, see [429] and references cited therein. 


Here we assume that every solution u(t) of equation (4.14.1) under discussion 
exists on an interval R,. We suppose that the functions f, k, g in (4.14.1) satisfy the 
following conditions 


IfMl<ec1, |k(t,s)|< co, |g(tw)| < r@O|ul, (4.14.3) 


where c), cz are non-negative constants and r : R4 — R+ is a continuous function. 
From (4.14.1) and using (4.14.2), it easily follows 


Ju(t)/P < Cy + / cor(s)|u(s)|ds. (4.14.4) 
0 


Now applying Theorem 1.2.7 with n = 1 yields 


= : = 1 £ 1/(p-1) 
|u(t)| < | Dip » Poe | corsa (4.14.5) 
Pp 0 


The right-hand side of (4.14.5) gives us the bound on the solution u(t) of equa- 
tion (4.14.1) in terms of the known quantities. 

We now consider (4.14.1) under the following conditions on the functions f, k 
and g in equation (4.14.1): 


fOlseae™, [kes se", [gw] <rOlul, (4.14.6) 
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where c,, r(t) are as defined above, h : R4 — R¥+ is a continuous function, and 
+00 
/ h(s)r(s)e “ds < +00. (4.14.7) 
0 


From (4.14.1) and using (4.14.6), we derive 


(e'|u(n)|)” <cjt+ / h(s)r(s)e* (e*|u(s)|) ds. (4.14.8) 


Now applying Theorem 1.2.7 with n = 1 yields 


i Pp = 1 t 1/(p-1) 
e'\u(t)| < Ea Py FO / hioyroje*a| (4.14.9) 
Pp 0 


From (4.14.9) and (4.14.7), we conclude 
|u(t)| < c*e™, (4.14.10) 


where c* > 0 is a constant. From (4.14.10), we see that the solution u(t) of 
equation (4.14.1) approaches zero as tf — +00. 


Example 4.14.2 We obtain the estimate on the solution of the following second- 
order differential equation of the form 


(a(w(u(t))u' ()Y’ + r(Hu(t) = 0, (4.14.11) 
with the given initial conditions 
uO0)=c, w(0)=c, (4.14.12) 


where a(t), r(t) are real-valued continuous functions defined on R,, and a(t) > 0 
for allt € Ry, W(u) > 0 for all u ¥ 0 and is defined by W(u) = uw?! forp > 1a 
fixed real number, and c,; > 0, cz => O are real constants. The problem of existence of 
a solution for the more general version of (4.14.11) with given boundary conditions 
was studied in [89, 138]. For a detailed account of many physical situations to which 
such equations are relevant can be found in [9]. Here it is assumed that every solution 
u(t) of problem (4.14.11)—(4.14.12) exists on an interval R4 and is non-trivial. 


Integrating (4.14.11) twice from 0 to ¢ and using the initial conditions 
in (4.14.12), we know that the problem (4.14.11)-(4.14.12) is equivalent to the 
following integral equation 


u(t) = df + patch "ea | —as—p | = if Kou(o| ds. (4.14.13) 
o a(s) 0 as) 0 
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We suppose that the function a(t) in (4.14.11) satisfies the condition 


+00 1 
/ —~ds < +00. (4.14.14) 
0 a(s) 
From (4.14.13) and using (4.14.14), we get 
t Ss 
u(t)? < ct + i a i Ie] |u(e)a ) ds, (4.14.15) 
0 as) 0 


where c* > 0 is aconstant. Now applying Theorem 1.2.7 with n = 2 yields 


= t s 1/(p-1) 
|u(t)| < oe + af a (/ In)|de) as . (4.14.16) 
0 0 


The right-hand side of (4.14.16) gives us the estimate on the solution u(t) of 
problem (4.14.11)-(4.14.12) in terms of the known quantities. 


Example 4.14.3 We note that the inequality in Theorem 1.2.8 can be used to obtain 
the estimate on the solution of the following system of integral equations 


u(t) = filt) + fo kilt, s)gi(s, u(s), v(s))ds, (4.14.17) 
v?(t) = alt) + fo ka(t, 8)g0(s, u(s), v(s))ds, = 


under some suitable conditions on the functions involved in (4.14.17) where p > 1 
is a constant. Furthermore, we also note that Theorem 1.2.8 can be used to obtain 
the estimate on the solution of the system of differential equations, 


| (ay(u)uOY + adult) + pOvoO = 0, (4.14.18) 
(ar(t)w(v())v'())' + ga) + qa(u@) =~ _ 
with initial data 

u0)=c1, WO =e, vO)=c3, vVO)=c4 (4.14.19) 


by using some suitable conditions on the functions involved in (4.14.18), where 
cy > 0, co = 0,c3 > 0,c4 > O are constants and y is as defined in Example 4.14.2. 
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4.15 Applications of Theorems 1.2.11 and 2.3.4 
to Integro-Differential Equations and Finite 
Difference Equations 


In this section, we present some applications of Theorems 1.2.10 and 2.3.1 to obtain 
bounds on the solutions of certain integro-differential equations and finite difference 
equations. These applications are given as examples. 

First, we shall establish a bound on the solution of the integro-differential 
equation 


x() -F (: x(t), sc S, v(9)45) =h(t), x(0) = xo, (4.15.1) 
0 


whereh: Ry > R,K: Ri?xR — R,F: Ry xR? > Rare continuous functions. 
Here we assume that the solution x(t) of problem (4.15.1) exists on Ry. 

Multiplying both sides of (4.15.1) by x(d), substituting t = s, and then integrating 
it from 0 to ft, we arrive at 


t 
0 


x(t) =x +2 / or (s.x6) / “Kis, r.a(e)ldr) + Hot fa (4.15.2) 
0 


We assume that 


IK[t, s,x(s)]| < f@g(s)|x(s)I, (4.15.3) 
F(t, x0), v)| <f(Olx(] + lvl, (4.15.4) 


where f,g are real-valued non-negative continuous functions defined on R+. 
From (4.15.2)—(4.15.4), we derive 


S 


|x(0)? < |xol? + 2 | [rose (co) a i, e(o)|s(2)A® ) - mei fa 
0 0 
(4.15.5) 
Now applying the inequality (a2) in Theorem 1.2.11 yields 
Hoi sra[t+ [ roe(f tre +etar)as], 15.6 
0 0 


where for all t € Ri, 


pilt) = bool + f Wass 
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The inequality (4.15.6) gives us the bound on the solution x(t) of problem (4.15.1) 
in terms of the known functions. Oo 
Now we shall obtain a bound on the solution of the finite difference equation 


Ay*(n) = 2y(n)[¢(n, y(n) + h(n)], yO) = yo, (4.15.7) 


where / and ¢ are real-valued functions defined on No and No x R, respectively. 
We assume that 


lo. ym))| <fM|y@)I, (4.15.8) 


where f(n) is a real-valued non-negative function defined on No. It is easy to 
observe that if y() is a solution of problem (4.15.7), then it is also a solution of 
the equivalent sum-difference equation 


n—1 


y(n) =y6 +2 y(S)[H(s. (5) + ACS). (4.15.9) 


s=0 
Using (4.15.8) in (4.15.9), we derive 


n—1 


yO)? < bol? +2 > TOO? + AOI|OIL- (4.15.10) 


s=0 
Now applying the inequality (b;) in Theorem 2.3.4 yields 


n—1 


ly) sa) | [0+ FO], (4.15.11) 


s=0 
where for all n € No, 


n—1 


qin) = lyol + >> |A(s)I. 


s=0 


The inequality (4.15.11) gives us the bound on the solution y() of problem (4.15.7) 
in terms of the known functions. 
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4.16 Applications of Theorem 1.2.15 to Integro-Differential 
Equations 


In this section, we shall use Theorem 1.2.15 to establish some estimates of integro- 
differential equation. 


Example 4.16.1 Consider first the integral inequality 
t 
w(t) <tt+ / (t+s)’|w(s)[3ds, forallt € Ry, (4.16.1) 
0 


where w : Ry — Ry, is continuous. Clearly this inequality has infinite many 
continuous solutions on R4 such as w(t) = 0, w(t) = a4 and w(t) = 7, here 
C > 1andM > 1 being constants. If w(t) is a solution of (4.16.1) on R41, then 
so is the function —w(t). An application of Theorem 1.2.15 to (4.16.1) yields for all 


te Ri, 


ip fia 
|w(t)| < 1'/4 +f =(t+5)?ds = 1/4 4+ —. 
o 4 12 


Example 4.16.2 Consider the integro-differential equation 
t 
x() = O(1,x(0), / Kit, s.x(8))ds), te Ry, (4.16.2) 
0 


with the initial condition x(0) = xo, where ® : Ry xR? > R,K: R}_ xR — Rare 
continuous functions. Assume that the solution x(t) of the last initial value problem 
exists on R and the following conditions hold 


|K(t,s,u)| < e(t,s)|u| + w(t,s), 
|P(t,u,v)| <AMlul +AM|vl + AO, 


where f,s € R+ and fj ( = 1,2,3) are real-valued, non-negative and continuous 
functions on R+, and e(t, s) and w(t, s) are real-valued, non-negative and continuous 
functions defined on Ri, with e(t,s) non-decreasing in f¢ for every s fixed. 
Multiplying both sides of (4.16.2) by x() and integrating from 0 to ¢, then we obtain 
for allt € Ry, 


x(t) = Ke + 2 [x69 (x.209. i K(s, v, x(v))dv ds. 
0 0 
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By using the assumed conditions, we derive from the last relation that 


OP < |xol? +2 [ (o)1(A(9) + AOL) +.A() " e(s, m)|x(m)|dm)ds, 
(4.16.3) 
where f(s) := fo(s) rh w(s,m)dm + f(s). The last inequality is a special case of 


inequality (1.2.103) in Theorem 1.2.15, applying Theorem 1.2.15 to (4.16.3), then 
the desired bound on x(t) follows. 


4.17 Applications of Theorem 1.2.19 to Differential 
Equations with Time Delay 


Consider the functional differential equation 


1 
X'() = HX, X(@(9)). ecrn 
X(0) = Xo, 

with X) € R",H € C(Ry x R?",R"), anda € C'(R4, R4) satisfying a(f) < t for 
allt > 0. A result in [210] guarantees that for every Xo € R", problem (4.17.1) has 
a solution. Without additional hypotheses on H, the uniqueness of solutions is not 
granted. However, every solution of problem (4.17.1) has a maximal existence time 
T > Oandif T < +ox, then 


lim sup ||X(4)||Rx = +00. 
t>T 


We can now applying Theorem 1.2.19 to the following problems. 


Example 4.17.1 Consider first the generalized Lienard equation with time delay 


xv =y~ F(a), 
y¥ =G(t,x¢—-—71())), (4.17.2) 


where F € C!(R,R),G € C(Ry x R,R),t € C'(R4, R4), and r(t) < ton R4. If 
a(t) = t— t(f) is an increasing diffeomorphism of R+ and 


—xF (x) < |x|v(|x|), forallxe R 
G’ (t,x) < h(t)|x|v(|x|), forall (t,x) € Ry x R, 
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for some non-decreasing function v € C(R+, R+) with the properties v(u) > 0 for 
all u > O and f° /v(s))ds = +00, then all solutions of equation (4.17.2) are 
global. 


Indeed, if (x(f), y(f)) is a solution to (4.17.2) defined on the maximal existence 
interval [0, 7), let u(t) = x(t) + y2(4) for t € [0,7). Then, using (4.17.2) and 
hypotheses on the functions F and G, we obtain, for all 0 < t < T, 


d 
ee) = 2xx’ + 2yy’ = Ixy — 2xF (x) + 2yG(t, x(a)) 


<x +y —2xFQ@)+y¥ + C' (t,x) 
< 2u° + 2uv(u) + A(t)|x(@)|v(|x(@)]). 


With w(u) := u + v(u), an integration on [0, ¢] with t < T yields 


w(t) 


IA 


W2(0) +2 / u(s)w(u(s))ds + i: h(s)|x(ax(s))| v(lx(or(s))as 
0 0 


IA 


2(0) +2 / u(s)w(u(s))ds + / hs) e(oe(s)) jw(|x(oe(s)) ds 
0 0 


“ h(o'(n) 
a(a1(7) 
“ ho'(n) 
a (a-"(n) 


12(0) +2 / u(s)w(u(s))ds + / br) hw(|x(r) ar 
0 0 


IA 


uw?(0) + 2f u(s)w(u(s))ds + 2f u(r)w(u(r))dr, 
0 0 


after performing the change of variables r = a(s) at some intermediate step. Above 
a! is the inverse of the diffeomorphism a. Our hypotheses on v guarantee that 


{°° G/w))dr = +00 (see, e.g., [165]). Therefore, if 


1 
" d. 
w= | rr r>0, 


then by Theorem 1.2.19, we deduce for all 0 < t < T, 


a(t) -1 
u(t) < Wo won +4 / Oa 
=" ico +t+ i “h6ids| 
0 


which proves that u(t) does not blow-up in a finite time. Therefore, T = +-oo and 
all solutions of problem (4.17.2) exist globally. 
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Remark 4.17.1 The problem of the global existence of the solutions to prob- 
lem (4.17.2) was also considered in [165, 355, 631]. Observe that if 


G(t,x) =x, F(x) =x onR, 


and 


r() = : for all t € [0, 1], 
5 In(f? — 2¢ + 2), forall t > 1, 

then the present results ensure the global existence of all solutions to equa- 
tion (4.17.2). To see this, it suffices to take v(u) = u, h(t) = 1, and to check that 
a(t) = t—Tt(f) is an increasing diffeomorphism of R+. However, none of the global 
existence results presented in [165, 355, 631] are applicable in this case. Indeed, we 
cannot find a non-decreasing function w € C(R+, R+) with w(u) > 0 for all u > 0 
and Si /w(s))ds = +00, such that for all x € R, 


[FO] = [x]? S w(x). 


Therefore in the presented case, we cannot conclude global existence from the 
results in [165, 355]. Also, since in [631], it was assumed that 


{t>0:1tH) =0} =o 
and we have t = 0 on (0, 1], we see that the case is not covered by the result in [631]. 
Example 4.17.2 Consider the Rayleigh equation with time delay 


x =y, 


y¥ = -F(y) —G@(a()), eee 


where F,G € C(R,R),a € C'(R;,R+), and a(t) < ¢ for all t > 0. If a(A) is an 
increasing diffeomorphism of R+ and 
—xF(x) < |x|v(|x]), G(x) < |xlu(|xl), x ER, 


for some non-decreasing function v € C(R+,R+) with the properties v(u) > 0 for 
all u > O and f° /v(s))ds = +00, then all solutions of problem (4.17.3) are 
global. 
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Indeed, if (x(1), y(4)) is a solution to problem (4.17.3) defined on the maximal 
existence interval [0, 7), let u(t) = /x?(t) + y(t) for all t € [0, 7). Then for all 
0<1t<T, 


d 
7) = 2xx! + yy’ = 2xy — 2yF(y) — 2yG(x(@)) 


<x +y —2yF(y) + y + @@@)) 
< 2u? + 2uv(u) + (u(a))v(u(@)), 
< 2ulu + v(u)] + 2(u(a))[(u(@)) + v(u(a))], 


if we take into account our hypotheses on F and G. Denoting w(u) := u+ v(u) and 
integrating the above inequality on [0, ¢] with t < T, we obtain 


w(t) < w(0) + 2f u(s)w(u(s))ds + 2 [ w(als)ym(ulads)) 
0 0 


t a(t) 1 
< u?(0) + 2f u(s)w(u(s))ds + 2f Tey 


after performing the change of variables r = w(s). Our hypotheses on v ensure 


[~ ds rn 
———__ (oe) 
1 s+ v(s) 


rd 
w= [ = eet 
1 


w(s)’ 


(see, e.g., [165]). If 


then Theorem 1.2.19 implies for all 0 < t < T, 
, a(t) 1 
t)<W- t ——-d 
ui) <W"') we) e+ [ar 
= W'[W(u(0)) + 24]. 


Hence u(t) is bounded on [0, 7) if T < -+oo. We conclude that all solutions of 
problem (4.17.3) are global. 


Remark 4.17.2 Letting a(t) = t in Example 4.17.2, we obtain a criterion for the 
global existence of solutions to the Rayleigh equation x” + F(x’) + G(x) = 0. This 
problem was also considered in [164, 622]. Note that in the case 


F(x) =x and G(x) =xsin(x) onR, 
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the present results (with v(u) = wu) guarantee that all solutions of the Rayleigh 
equation are defined globally in time. However, since the function x h xG(x) 
changes sign in every neighborhood of infinity, this conclusion cannot be obtained 
by applying the results in [164] or [622]. 


4.18 An Application of Corollary 1.2.6 to an Integral 
Equation 


We consider an integral equation 


x?(t) = a(t) + i al F[s, x(),x(@(s))]ds. (4.18.1) 
Assume that 
[F(x y, u)| <fO)|ul? + g@x)|u| (4.18.2) 
and 
la()| <c,c > O0.p>q>0.pFl, (4.18.3) 


where f, g are non-negative continuous real-valued functions, and ¢ € C!(R+,R+) 
is non-decreasing with $(t) > ton R+. From (4.18.1)-(4.18.3), we derive 


+00 
wor ces f (F(s)|x(G(S)) I" + oC) (G(s) Dds. (4.18.4) 


Making the change of variables from the above inequality and taking M = 
SUPER, aoe we get 


+00 
xP <c+M (F(s)|x(s)|? + 3(s)|x(s)|) ds (4.18.5) 


where f(s) = f(@~'(s)), (8) = g(@ |(s)). From Corollary 1.2.6, we obtain 


pL 

_1 M(p-1) ft? Po M ft? 

xl < (: 7) aus) oe / fds), when p =a, 
P o(t) P Jo 


p=Z 


a 

M(p—1) ft Mpg fs. 2 

|x(t)| < (-* + Met) 20x] + Mip-@) f (s)ds , when p> q. 
P ott) P or) 
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If the integrals of f(s), g(s) are bounded, then we have the bound of the solution of 
equation (4.18.1). 


4.19 Applications of Theorem 1.2.20 to Differential 
Equations 


In this section, we use Theorem 1.2.20 to give some estimates on solutions to the 
following differential equation involving several retarded arguments 


"(Dx (0) = f(t — tO), x= Pn), (4.19.1) 

for all t € J := [fo, T), with the given initial condition 
X(to) = Xo (4.19.2) 
where p > | and xo are constants, f € C(J x R", R) and fori = 1,--- ,n, let hj € 


C(I, R+) be non-increasing and such that t — hj(t) > 0,t—hi(t) € CUD i) < 
1, hi(to) = 0. 


Theorem 4.19.1 (The Pachpatte Inequality [523]) Suppose that 


f(t, ur.+++ un)| < 2 bi |uil, (4.19.3) 


i=1 
where b;(t) are as in Theorem 1.2.20. Let 


1 
‘el 1A)" 


If x(t) is any solution of problem (4.19.1)-(4.19.2), then for allt € I, 
1 


a thj(t) _ pT 
|x(t)| < or +(p-l))> i on (4.19.5) 
i=1 ° 10 


where b(a) = Ojbi(o + hj(s)), o,s € I. 
Proof The solution x(t) of problem (4.19.1)-(4.19.2) can be written as 


x) =x) +p [ fox —h(s),-++ ,x(s — h,(s))ds. (4.19.6) 
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Using (4.19.6), (4.19.3), (4.19.4) and making the change of variables, we have, for 
allte J, 

tn 


InP <lxol+p | d2 dils)|x(s — hils))|ds 


j=] 
nM pthi(t) _ 

< |x, | +e f b;(s)|x(a)|ds. (4.19.7) 
i=1 % 


Now applying the inequality part (2) (when a; = 0) in Theorem 1.2.20, to (4.19.7) 
yields the required estimate in (4.19.5). O 


Remark 4.19.1 From Theorem 4.19.1, it follows that the inequalities given in [356] 
cannot be used to obtain an estimate on the solution of the problem (4.19.1)— 
(4.19.2). 


4.20 Applications of Theorem 1.2.22 and Corollary 1.2.7 
to Differential Equations with Time Delay 


We shall use Theorem 1.2.22 to prove the global existence of solutions to certain 
differential equations with time delay. 

Consider the functional differential equation involving several retarded argu- 
ments with the initial condition 


#'O)Y() = FOX) x= OM FEL 994) 
x(to) = Xo, 

where Xo is a constant, F € CU x R",R), h(t) € CU, R+), i = 1,--- ,n, be non- 

increasing such that t — h(t) > 0, t—A,(t) € C'(, J), hi(t) < 1, andg@ € c!(R, R) 

is an increasing function with (|x|) < |@(x)|. The following theorem deals with a 

bound on the solution of problem (4.20.1). 


Theorem 4.20.1 ({14]) Assume that F : I x R" — 0 is a continuous function for 
which there exist continuous non-negative function f(t), gi(t), i= 1,--- ,n, forall 
t € I such that 


|F(t ui. und < Do [uil? LOY Cuil) + iO], (4.20.2) 
i=1 


where q > 0 is a constant and wy is as in Theorem 1.2.22. Let 


Q; = “in. (4.20.3) 


max ————, 
rer L— h‘(t) 
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If x(t) is any solution of problem (4.20.1), then we have for allt € I, 


alee (Y(t) + 3 [ 


where G, W are as in Theorem 1.2.22 and 


—h;(t) 


In| <9!) G 


—hj(to) 


“Fiovin| , (4.20.4) 


t_h;(t) 


K(to) = G(|(x0)|) + mB [... Bilo)do, (4.20.5) 


filo) = Oifi(o + hi(s)), (0) = Gigila + hi(s)) for alls, o €1. 


Proof It is easy to see that the solution x(t) of the problem (4.20.1) satisfies the 
equivalent integral equation 


(x(t) = (x(t) + / F (s,x(s — hy(s)),+++ .x(8 — An (s))) ds. (4.20.6) 


From (4.20.2) and (4.20.6), it follows for all t, s € J, 
Ib Ce()| = [6 Ce(to))| + / UF (s,x(5 — hu(s)),--- .x(8 — Aa(s))) [as 


< |6(x0)| + / Jo lx(s — hils)) I LOW (lx(s — his))1) + gilt] ds: 


0 j=] 


(4.20.7) 


By making the change of variables on the right-hand side of the inequality (4.20.7) 
and rewriting, we have 


ton 


HO) < bea) + f YO)! LA WUxCO)) + silo] ado, 4.20.8) 


 j=1 


where f;(o) = Ojfi(o + hi(s)), F(o) = Qigio + hj(s)) for alls, o € I. 
Now applying the inequality in Theorem 1.2.22 to the inequality (4.20.8) yields 
the desired result. Oo 


Remark 4.20.1 Consider the functional differential equation involving several 
retarded arguments with the initial condition: 


px" (Nx (1) = Ft, x(t— hyd), +++ x(t), CT, 


4.20.9 
X(to) = Xo, ( ) 
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where p > 0 and xy are constants, F € C(IxR?, R), h(t) € CU, R4+), i= 1,--- ,n, 
be non-increasing such that t — h(t) > 0, t— h(t) € C1), hi(t) <1. 

Assume that F : J x R” — R is a continuous function for which there exist 
continuous non-negative function f;(‘), g;(f), i = 1,--- ,n, for all t € J such that 


|F(t, ui. unl < Do lui LiCOw (uil) + gi(d)]. (4.20.10) 


i=1 


where g > 0 (p > q) is a constant and w is as in Theorem 1.2.22. If x(t) is any 
solution of the problem (4.20.9), then it satisfies the equivalent integral equation 


t 
xP(t) = xP (to) + i F(s,x(s — hy(s)), +++ ,x(s —hy(s)))ds. (4.20.11) 
i) 
From (4.20.10) and (4.20.11), it follows for all t, 5 € J, 


x? ()| < bxlto)? + [ |F(s, x(s— hy(s)), «++ .x(s — htg(s)))|ds 


< bool + f Yolo — myIhLv (es has) + ails. 4.20.12) 


0 j=1 


By making the change of variables on the right-hand side of the inequality (4.20.12) 
and rewriting, we get 


(OP < [rol + iP DWP LAloywAton) + spl (4.20.13) 


where f;(o) = Qifi(o + hi(s)), (0) = Qigi(o + hj(s)) for all s,o € I. Now 
applying the inequality in Corollary 1.2.7 to the inequality (4.20.13) yields, for all 
tel, 


1 


P—-4 


ai(0) 
x(t) < vs (Wo (ki (to)) 4o 7 =>) Fuov (4.20.14) 


i=] % alto) 


where Wo is as in Corollary 1.2.7, 


(p—@) _ aj(t) 
Ki(to) =x 7 +> 4 >| Z,(a)do, (4.20.15) 


i=1 i (to) 


and f(a) = Oif(o + hj(s)), 3 (0) = Oigi(o + hj(s)) for alls, o € TI. 
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The following theorem provides a uniqueness on the solution of the prob- 
lem (4.20.9). 


Theorem 4.20.2 Assume that F : I x R? > R is a continuous function for which 
there exist continuous non-negative function fi(t), i = 1,--- ,n, for allt € I such 
that 


F(t uiy+ 5 Mn) — F(t U1, ols Ak — vil (4.20.16) 
i=1 


where p > | is a constant, then the problem (4.20.9) has at most one solution on I. 


Proof Let x(t) and X(t) be two distinct solutions of the problem (4.20.9), we have 


x?) -— x?) = [ee x(s — hy(s)), +++ ,x(s — An())) 
—F(s,Xx(s — hy(s)),--+ ,X(s — hy(s)))]ds. (4.20.17) 
From (4.20.16) and (4.20.17), it follows for all t, 5 € J, 


x(t) — 7 < / 


10 


(>: fils)|x? (s — hi(s)) — ¥?(s — neo! ds. (4.20.18) 


i=1 


By making the change of variables on the right-hand side of the inequality (4.20.18) 
and rewriting, we have 
Bi (t) n 


(|x? (Q) — ony sD [ | |x? (0) —¥?(a) |? 7] Filx”(o) ~¥%(0) | do, 


Bilto) j=] 
(4.20.19) 
where f(t) = t —hj(t), f(o) = Ofi(o + hi(s)) for all s,o € I. Now when 


w(u) = u, q = p — 1, applying the inequality in Corollary 1.2.7 to the function 
|x? (t) — x? (1)|P and the inequality (4.20.19), we conclude that for all ¢ € /, 


Ix? (t) —¥P(1)|> <0. (4.20.20) 


Hence x(t) = X(t). Oo 
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4.21 An Application of Theorem 1.2.25 to the Epidemic 
Model 


This section deals with a new integral inequality and its applications to the study of 
qualitative behavior of the solutions of certain epidemic model. 
In 1981, Gripenberg [255] studied the qualitative behavior of the equation 


xt) =k (ro = face oyxG)as) (ro + [«- oyx()as) : (4.21.1) 


This equation arises in the study of the spread of an infectious disease that does 
not induce permanent immunity. For detailed meanings of the various functions 
arising in (4.27.1), see [255] and also [37, 211, 254, 662]. In [255], the author 
studied the existence of a unique bounded continuous and non-negative solution 
of problem (4.21.1) for all f € R+ under appropriate assumptions on A and a and 
also obtained sufficient conditions for the convergence of the solution to a limit 
when t — +00. Aside from the various physical meanings of the functions arising 
in (4.21.1), we believe that equations like (4.21.1) are of great interest and that 
further investigation of the qualitative behavior of their solutions even under the 
usual hypotheses on the functions in problem (4.21.1) is much more interesting. 

Over the years integral inequalities have become a major tool in the analysis of 
various integral equations that occur in nature or are built by man. Although a great 
many papers have been written on various types of integral inequalities, it seems 
that the bounds provided by the existing results on integral inequalities do not apply 
directly to the study of the qualitative behavior of the solutions of equation (4.21.1). 
This amounts to finding a suitable inequality in order achieve a diversity of desired 
goals. 

In what follows, we assume that the functions x, p,f,A,a in (4.21.1) are real- 
valued, continuous, and defined on R+ and k is a positive real constant and restrict 
our consideration to the solutions of (4.21.1) which exist on R+. 


Theorem 4.21.1 ([499]) Assume that 


POlsa, |fOl <2, (4.21.2) 
|A(t—s)| < Mig(s),  |a(t—s)| < Mph(s), (4.21.3) 


forall s,t € Ry, 0 < s < t, where cy, c2,M,, M2 are non-negative real constants, 
and q and h are real-valued non-negative continuous functions defined on Rx. If 
cicok J, Ri(s)Qi(s)ds < 1 forallt € Ry and for allt € R+, 


c1c2kQ) (t) 


:6= — 
1 —cycok fy Ri(s)Qi(s)ds 


00, (4.21.4) 
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where R(t) and Q,(t) are as defined in (1.2.209) and (1.2.210) by replacing c, by 
cik, f(t) by Mikq(t), g(t) by Mzh(t), then every solution x(t) of problem (4.21.1) 
existing on Rx is bounded. 


Proof From (4.21.1) and using the hypotheses (4.21.2)-(4.21.3), it is easy to 
observe 


t t 
|x(t)| < (ax +f Mikg(s)()\d5) (< +f Mah(s)s(9\ds) (4.21.5) 
0 0 
Now an application of Theorem 1.2.25 to (4.21.5) yields for all t € Ry, 
|x(t)| < E(2). (4.21.6) 


In view of the hypothesis (4.21.4), the estimate in (4.21.6) implies the boundedness 
of the solution x(t) of equation (4.21.1) on Ry. The proof is hence complete. O 


Theorem 4.21.2 ([499]) Assume that 


IPO|<cae™, [fl <oe™, (4.21.7) 
|A(t—s)| <Mig(s)e 7", a(t—)| < Moh(s)e7*, (4.21.8) 


for all s,t € Ry,O < s < t where c\,c2,M,,M2,q,h are as defined in 
Theorem 4.21.1 and 4 > 0 is a real constant. If (4.21.4) holds, then all solutions 
of (4.21.1) approach zero as t > +00. 


Proof From (4.21.1) and using the hypotheses (4.21.7), (4.21.8), it follows 


eth) Se (ax+ Mikg(s)s(s)l™as) («+ / Mah(s)s(s)|e2*4s) 
: ° (4.21.9) 


Multiplying both sides of (4.21.9) by e’, applying Theorem 1.2.25 with y(t) = 
|x(t)|e?*", then multiplying the resulting inequality by e~?’, we obtain, for all t € 
Ry, 


Ix@)| < Ee ™. (4.21.10) 


In view of the hypothesis (4.21.4), the inequality in (4.21.10) yields the desired 
result, and the proof is thus complete. Oo 


Theorem 4.21.3 ([499]) Assume that 


Ip(t)| <c1e", | fO| < coe, (4.21.11) 


|A(t—s)| < Mig(s)e", — a(t—s)| < Mah(se, (4.21.12) 
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for all s,t € R4,0 < s < t where c,,c2,M,,M2,4,q,h are as defined in 
Theorem 4.21.2. If (4.21.4) holds for all t € Rx, then all solutions of (4.21.1) are 
slowly growing. 


Proof From (4.21.1) and using the hypotheses (4.21.11)-(4.21.12), we derive 


eh =e («us + [ miacyioiyeas) (cs +f Mah(s]s(s]e-ds) : 
: . (4.21.13) 


Multiplying both sides of (4.21.13) by e~’, applying Theorem 1.2.25 with y(#) = 
|x(t)|e~>", then multiplying the resulting inequality by e”’, we obtain for all tf € 
R4, 


Ix()| < E(e™. (4.21.14) 
In view of the hypothesis (4.21.4), the inequality in (4.21.14) demonstrates that the 


solution of equation (4.21.1) grows more slowly than any positive exponential. The 
proof is now complete. O 


4.22 An Application of Corollary 1.2.11 to Delay Differential 
Equations 


Consider the delay integral equation 


xP? (t)h =F (: x(a(t)), [ «6 s.x(0(6)))d , teRy (4.22.1) 
with the initial condition 
x(t) = w(t), 1 € [a, 0], (4.22.2) 
with 
w(o(t)) <n'/?(t), for every t>0 with o(t) <0, (4.22.3) 
where F € C(R; x R?,R), K€ (RY x R,R), p = 1 is aconstant, and x, 0, anda 


are as defined in Theorem 1.2.27. 
Assume that 


|F(t,u,v)| <n(t)+ml|v|, forallte R, u,v eR, (4.22.4) 
|K(t, u, v)| < |v|?'F(s)W(\v|) + g(s)|v| + h(s),  forallt,s € Ry, v € Ry, 
(4.22.5) 
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where m > 0 is a constant, and the functions n,f,g, and W are defined as in 
Theorem 1.2.27. 

For every continuous solution x(t) of (4.22.1) satisfying the condition (4.22.2)— 
(4.22.3), from (4.22.1), (4.22.4), and (4.22.5), we obtain, for all t € J(x), 


|x(2)|? 


F com K{t, s, (o(s)|as) 


lA 


nia) +m [ |s(ovoyP"{ fooyWUaCo(9)) 
0 
+8(s)|x(o(s))| + h(s) bas, 


where J(x) denotes the maximal existent interval of x(f). 
An application of Corollary 1.2.11 to the above inequality yields for all t € J(x)N 


[0, y], 
Ol se" (c (ex ee) (nr + [ me as) 
7 0 
‘ mg(s) mf (s) 
+ exp (/ se as) [ 7 as), 


where G and G~! are as defined in Theorem 1.2.26, and y > 0is chosen so that the 
quantity in the curly brackets is in the range of G. 


4.23, An Application of Theorem 1.4.10 to Differential 
Equations 


In this section, we shall apply Theorem 1.4.10 (part(a1)) to obtain the explicit bound 
on the solution of a certain differential equation 


uw? (t)u' (t) + F(t, u(t)) = r(t), u(O0) = uo, (4.23.1) 
where p > | is a fixed real number, uo is a real constant, andu,r: RR» > R,F: 


R+ x R — R are continuous functions. It is easy to verify that the problem (4.23.1) 
is equivalent to the integral equation 


D t k 
u(t) _ Uo i / F(s,u(s)) ds = / r(s) ds. (4.23.2) 
Dp P 0 0 
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We assume that the function F satisfies the condition 
|F(t,w)| < h@lul, (4.23.3) 


where hh : R+ — R4 is a continuous function. From (4.23.2) and (4.23.3) it follows 
zo 

|u(t)|/? < a(t) +p | h(s)|u(s)| ds, (4.23.4) 
0 


where a(t) = |uo|? + PSs |r(s)| ds. Now applying Theorem 1.4.10 (part (a1)) with 
g(t) = 0 yields for all t € Rx, 


|u(t)| < Ja) +p [m9 (e— fe “) exp (i ac) a ° (4.23.5) 


The right-hand side of (4.23.5) gives us the bound on the solution of (4.23.1) in 
terms of the known quantities. 


4.24 Applications of Theorem 2.1.18 to Higher Order 
Difference Equations 


First we shall consider the (k + 1)th order difference equation 


Ay) =f(, yO, Ay@,..., AO) (4.24.1) 


and show that Theorem 2.1.80 in Qin [557] is directly applicable to find the upper 
estimates for the solutions of (4.24.1) provided 


k 
| F(t, uo, U1... ue)| < D> Ayla). (4.24.2) 


j=0 
In fact any solution of (4.24.1) also satisfies 


t-1 


A*y(t) = Ay) + Dif (s, y(s), Ay(s),-.., AV), 
s=0 


or 


k t-l 


|A‘y@| < |A‘y0)| + 55 SS Ai) |A’y()]. 


j=0 s=0 


514 4 Applications of Nonlinear One-Dimensional Continuous, Discontinuous... 


Hence from Theorem 2.1.80 in Qin [557], we obtain 


t-1 t-1 
[Ay] < AO + So oF) T] 0+ e701. 


s=0 t=s+1 


where #* and $¥ are the same as $1 (1) and ¢2(¢) with p(t) = |A*y(0)| and q(t) = 1. 
Now from the identity (2.1.274) of Theorem 2.1.80 in Qin [557], we find 


k- 


I t—k 
Ol s ye 1a) + a Ls HH 


=0 


|A‘y(0)| + 3 $F (t1) Il [1 + $3 (%)] 


™|1=0 mM=14+1 


Similarly, if the function f satisfies 
k k 
| F(t, uo, wi... ua)] < D> hi(s)WCDS |uil), 


where W is the same as in Theorem 2.1.18 and |A‘u(0)| > 0. Similar estimate for 
the solution of (4.24.1) can be obtained directly on using Theorem 2.1.18. 

Several other properties, such as boundedness, uniqueness, and asymptotic 
behavior, of the solutions of (4.24.1) can be discussed now, with the help of these 
inequalities, as in ordinary differential equations. 

The result obtained in Theorem 2.1.83 in Qin [557] can be used directly for 
several particular kth order systems of difference inequalities, for example in the 
system 


t-1 


A‘uy(t) < pilt) + q(t) So fir(tur (4) + 5 Yia(ti)A ual), (4.24.3) 


1=0 t;=0 


t-1 


A‘un(t) < pr(t) + q(t) ) fr(tiun (ti). (4.24.4) 


1=0 


If we substitute (4.24.4) in (4.24.3), then we obtain an inequality of the 
form (2.1.280) in Qin [557]. 
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4.25 Applications of Theorems 2.2.1 and 2.2.2 to Linear 
Stochastic Discrete Systems 


In this sequel, we use the results of Theorems 2.2.1—2.2.2 to study for several 
particular systems of discrete inequalities, explicit upper estimates. For example, 
for two dimensional discrete inequalities 


t-1 
Ixi()| < [kil + D> fils, x1(),x2(9))|, 7 = 1,2 


s=0 


which appear in the study of two-dimensional differential systems using Euler’s 
method, if 


| fils, x1(s), x2(s))| < bit) + an Oli (| + aa l2(|, 


then it follows from Corollary 3.2 in [4] that |x;(4)| < u;(t) where u;(t) and u(t) are 
the solutions of the following discrete system 


Au;(t) = b;(t) + aj (t)u; (2) + dj2ua(t), (4.25.1) 


u;(0) = kil. 


Now Theorem 2.2.1 can be used to obtain upper estimates at least. In fact, 
from (4.25.1) it follows 


t-1 


-1 
u(t) = [Ja + ana) Ia + Y-(b2(s) + ayi(s)uy(s)) 
s=0 


s=0 
x [[t + ante)" | 
t=0 


Now substituting this in the first equation of (4.25.1), we find for u;(t) the exact 
form as in Theorem 2.2.1. 

Next we shall make a comparative study of some known results. Following the 
same notations as in [447], we consider the linear stochastic discrete system 


Ynt1(@) = A(@)yn(@), Yo(@) = Xo (4.25.2) 


and the perturbed system including an operator T as 


Xnt1(@) = A(@)x,(@) + fr(@,X,(@), (Txn)(@)), 


4.25.3 
X0(@) = X0. ( ) 
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Let Y,,(@) denotes the stochastic fundamental matrix solution of the homogeneous 
system (4.25.2) such that Yo(q@) is the unit matrix. 

The following modified versions of [447] which require weaker conditions can 
be proved using the results obtained and the parallel arguments. 


Theorem 4.25.1 ({19]) Suppose that 
[Yn(@)¥o- (@)fa(@, xs(@), (Txs)(@))| S as(@)|x6(@)| + bs(@)|(Txs)(@)| 


where da,(@), b,(@) are non-negative random functions defined for alls € N, w € 
Q. Furthermore, suppose that the operator T satisfies the inequality 


n—1 


\(Txn)(@)| < Y es(@)xs()| 


s=0 


where C,(@) is a non-negative random function defined for alln € N, w € Q. 
Then for every bounded random solution x,(w) of equation (4.25.2) on N, the 
corresponding random solution x,(@) of problem (4.25.3) is bounded on N provided 
that 


n—1 


+00 
[ [U1 + ase) + be) DF ec(@)] < +00. 


s=0 t=0 


Theorem 4.25.2 ({19]) Let us assume 


[YC Yi (@)| < Mee", |¥n(w)| < Me™, 
| fr(@, Xn(@), (Txn)(@))| < Gn(@)|Xn(@)| + Bp(@)|(Txn) (@)| 


n—-1 


\(Txn)(@)| ze” > Cs(@)|xs(@)| 


s=0 


where M > 0, a@ > 0 are constants and a,(@), bn(@), Cn(@) are defined in 
Theorem 4.25.1. Then all random solutions of problem (4.25.3) approach zero as 
n— +00 


+00 n—-1 
K= I] : + as(@) + bs(@) Felon < +00. 


s=0 TtT=0 


Remark 4.25.1 In Theorem 4.25.2, let —a@ = € and K < c wherec > 0 is aconstant, 
then the conclusion of Theorem 2.2.2 follows. 
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4.26 Applications of Theorems 2.2.16 and 2.2.18 
to Difference Equations 


In this section, we shall use Theorem 2.2.16 and 2.2.18 to difference equations. 


Example 4.26.1 We first consider the following sum-difference system of Volterra 
type 


t-l 


ui() = Cr+ YUL 8, 1 (s), ua(s)) + Ki (ui(s) + u2(s))], 
s=0 


t-l 


un(t) = Cr+ ) [a(t s,u1(s), u2(s)) + K2(i(s) + w2(s))] 
s=0 


where C, > 4, Cp > 4, and the functions F, F2, K,, and K> satisfy, for all t € N, 


|Fi (ts, ui(s),u2(s))| — < e1(s)|ur(s)| + e2(s)|u2(s)I, 

|Fo(t,s,ui(s),ua(s))| — < Ay(s)|ui(s)| + A2(s)|u2(s)I, 
|K1(u1(s),U2(s))| < e3(s)H(|u1(s)|) + e4(s)A([ur(s)]), 
|Ko(ui(s), uo(s))|  < hs(s)H(|ui(s)|) + als) ((u2(s)I)- 


Hence we get 


t-1 t-1 


Jur(t)| < Cr + D> ex(s)|ur(s)| + > en(s)|u2(s)| 


s=0 s=0 


t-l t-l 


+} e3(s)H(ui(s)|) + 0 ea(s)H ({u2(s)1), 


s=0 s=0 


t-1 t-l 


|u2(t)| < Co +} hi(s)|ur(s)| + > ho(s)|u2(s)| 


s=0 s=0 


t-l 


t—1 
+ D3 hs(s)H(\ui(s)|) + S24 (s)H(u2(s))).- 


s=0 s=0 


The above two inequalities are exactly of the same form as (2.2.71) and (2.2.72) 
considered in Theorem 2.2.18, where p) = po = p3 =pPa=N=QM=G3=M6= 
1. Thus it is possible to find the estimates for |u2(f)| in terms of known function. 


Example 4.26.2 Consider the following system: 


uy (t) = C3(t) + Ya ki (ui (5), ua(s)) 
un(t) = C4(t) + 5 ki (i (s), ua(s)) 
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where 


Kj, (uy, U2) < A(\ui|) + A(|u2)). 


Hence we get 


t—1 t—1 
lui()| < C3 + D2 ACur())) +S) A(ua(s))), 


s=0 s=0 


t—1 t—1 
|uo(t)| < Ca + D0 A(\ur(s)|) + D> A ({u2(s)I) 


s=0 s=0 


The above two inequalities are exactly of the same form as (2.2.58) and (2.2.59) 
in Theorem 2.2.16 where aj = c€3,d2 = ca,andp; = po = qi = q2 = 1. From 


Theorem 2.2.16, we derive 


A) = H(Cx() — 2) + H(Ca(t) —2), BO = 4H (1) =C, 


VO) = G7 {GQ) + DAH) + H(Cs(s) — 2) + H(Ca(s) — 2))} 
|ui()| < C3(t) + Sy {H(C3(s) — 2) + 4H(1)W(s) + H(Ca(s) — 2)} 
|u2(t)| << Ca(t) + D124 {A(Ca(s) — 2) + 4H (1) W(s) + H(Ca(s) — 2)} 


and 


B ds 
G(t) = | ——, 0<n <r. 
( eso ; 


4.27 An Application of Theorem 2.3.12 to Finite Difference 
Equations. 


In this section, we shall use Theorem 2.3.12 to obtain bounds on the solutions 
of certain finite difference equations. Consider the following higher order finite 
difference equation of the form 


A( : A( : A( : A2(1)))) = ANF( 20) + Glt,2(0), 


Tn-1 (t) Tn-2 (t) ry (0) 
(4.27.1) 
with the given initial conditions 
Eee —_a(—_ ses A( : Az*(10))) =0, (4.27.2) 
*  ri-1(0) \v-2(0) r(0) 
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fori = 2,3,...,n.Here, r)(f),..., m1 (f) are real-valued positive functions defined 
on No, Zo is a real constant and F, G are real-valued functions defined on No x R. It 
is easy to observe that the problem (4.27.1)—(4.27.2) is equivalent to the following 
sum-difference equation 


2() = B+ A(t7,5n)F(5n,205n) + Gn, 25n)))- 4.27.3) 


If z(t) is a solution of the problem (4.27.1)—(4.27.2), then it satisfies the equa- 
tion (4.27.3). We assume that 


IF(t,2)| < 2fOlz|, |G@2| < 2gOIcl, (4.27.4) 


where f(t), g(t) are real-valued non-negative functions defined on No. Using (4.27.4) 
in (4.27.3), we have 


le()? < [zol? + 2A(1,r.fomle(on)I? + 8n)le(n)|)- (4.27.5) 


Now an application of Theorem 2.3.12 yields, for all t € No, 
t-1 
| < po) | [0 + AGi. rf (on). (4.27.6) 
5,=0 
where for all t € No, 


Po(t) = |zo| + A(t, r, g(Sn)). (4.27.7) 


The inequality (4.27.6) obtains the bound on the solution z(t) of the prob- 
lem (4.27.1)—(4.27.2) in terms of the known functions. 


4.28 Applications of Theorem 2.3.14 to Some Finite 
Difference Equations 


We first consider the following second-order difference equation: 
A’u(t) = f(t, u(t), (4.28.1) 
with given initial conditions 


u(0) =c, Au(0) = 0, (4.28.2) 


520 4 Applications of Nonlinear One-Dimensional Continuous, Discontinuous... 


where c is a constant and f is a real-valued function defined on No x R. In the past 
few years, many authors have studied the qualitative behavior of the solutions of 
equation (4.28.1) and its further generalizations with different viewpoints. We shall 
apply the inequality established in Theorem 2.3.14 to study the boundedness and 
other properties of the solutions of equation (4.28.1) with initial conditions (4.28.2). 

The first result deals with the boundedness of the solutions of equation (4.28.1) 
with the given initial conditions in (4.28.2). 


Theorem 4.28.1 (The Pachpatte Inequality [506]) Suppose that the function f 
satisfies the condition, for all t € No and |u| < +00, 


If(t,w)| < b@|u| (4.28.3) 


where b(t) is a real-valued non-negative function defined for all t € No and 


t—1 s-l 
I] : a ae Ho] < +00 (4.28.4) 


s=0 o=0 


Then the solution u(t) of problem (4.28.1)-(4.28.2) is bounded and for all t € No, 


t-l sl 
u(t) < Iel] J : + 10 (4.28.5) 
s=0 o=0 


Proof Let u(t) be a solution of problem (4.28.1)-(4.28.2) for all t € N. 
From (4.28. 1)—(4.28.2), it follows 


t-l 


Au(t) = 1+ 9° f(o,u(o)). (4.28.6) 


o=0 


Now multiplying both sides of (4.28.6) by (u(t + 1) + u(t), we observe that 


t-1 


Witt 1) — w(t) = (wt + 1) +u)) Df, u(0)). (4.28.7) 


o=0 
Taking t = s in (4.28.7) and summing up over s form 0 to t — 1, we obtain 


t-l 


w(t) = c + Dirh(u(s + 1) +. u(s)) YF, u(o)). (4.28.8) 


o=0 
From (4.28.8) and (4.28.3), we derive that 
t-1 


W(t) < lel? + Dh(u(s + 1] + lu(s)) } > b)|u(o)I. (4.28.9) 


o=0 
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Now a suitable application of Theorem 2.3.14 yields 
t-1 t-1 
jl < lel TT] [ + | . 
s=0 o=0 


and the proof is now complete. 
Our next result deals with the dependence of solutions of equation on initial data. 


Theorem 4.28.2 (The Pachpatte Inequality [506]) Let ui(t) and u(t) be the 
solutions of equation (4.28.1) with the given initial conditions 


u;(0)=c;, Au,(0)=0 (4.28.10) 
and 
u2(0)=c2, Au2(0)=0 (4.28.11) 


respectively, where c, C2 are real constants. Suppose that the function f satisfies the 
condition 


If((t,u) —f((,@)| < bO|u— a, (4.28.12) 


where b(t) is a real-valued non-negative function defined on No. Then for all t € No, 


f=1 f=1 
jm) —w(0)| < ler — eal T] [14 Fonte} (4.28.13) 
s=0 o=0 
Proof From the hypotheses, it follows 
t-1 
Au(t) = > f(o,m(0)). (4.28.14) 
o=0 
t-1 
Aw(t) = )~ f(o,u2(0)). (4.28.15) 
o=0 


Let z(t) = uy (t) — uo(t) for t € No. From (4.28.14)-(4.28.15), we derive 


t-1 


Az(t) = Y-{f(o,ui(o)) —f(e, u2(0))} (4.28.16) 


o=0 
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Now multiplying both sides of (4.28.16) by (z(t + 1) + z(f)), we obtain 


t-l 


PEt N- 2H) = t+) +20) {fm (0)) —f(o,u2(0))}. (4.28.17) 


o=0 


Taking ¢t = s in (4.28.17) and summing up over s form 0 to ¢ — 1, we get 


t—1 s—l 
21) = 20) + Ds + 1) +269) V0 {Ff u1(0)) —F (0, u2(0))}. (4.28.18) 
s=0 o=0 


From (4.28.18) and (4.28.12), it follows that 


t-1 sl 


IQ? < ler — eo? + Des + DIF le) JI FO|e@)|- (4-28.19) 


s=0 o=0 


Applying Theorem 2.3.14 to (4.28.19), we get 


s=0 o=0 


t-1 sol 
|ui(t) — w2(0)| < ler — eal [| [ F 110 


which proves our result. 


We now consider the following difference equations 


A*u(t) = f(t, u(t), 1), (4.28.20) 
A*u(t) = f(t, u(t), Lo). (4.28.21) 


with the given initial conditions 
u(0) =c, Au(0) = 0, (4.28.22) 


where c is a constant,f is a real-valued function defined on No x R x R, and jy, Lo 
are real parameters. 

The following theorem shows the dependence of solutions of equations (4.28.20) 
and (4.28.21) on pure parameters. 


Theorem 4.28.3 ((506]) Suppose that 


[f(t uw) f(t, w)| < bO|u— i (4.28.23) 
[f(t.u, w) —f(t.u, Lo)| < q()|u— Lol (4.28.24) 


where b(t) and q(t) are real-valued non-negative functions defined for all t € No. 
Tf uy(t) and uy(t) are the solutions of equations (4.28.20)-(4.28.21) with the given 
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initial conditions (4.28.22), then for allt € No, 


t-l1 


t—-1 t-1 s—l 
| (t) — u2(t)| < c — pol >> a uo) | I] [ +0 v0) . (4.28.25) 
s=0 \o=0 s=0 o=0 


Proof Let z(t) = ui(t) — u(t) for all t € No. As in the proof of Theorem 4.28.2, 
from the hypotheses, we obtain 


t—1 


Az) = >> f(G,u1 (0), H) —f (0, ua(o), HL) + £0, u2(0), ) — (0, U2 (0), Mo) 


o=0 


(4.28.26) 


Multiplying both sides of (4.28.26) by (z(t + 1) + z(t), we get 


t-1 


2¢+)-2O=CE+ D+) |i u1(0), 1) — f(0. u2(0). 1) 


o=0 


+f (6, u2(o), L) — f(G, u2(o), Ho)? - (4.28.27) 


Taking t = s in (4.28.27) and summing up over s from 0 to t — 1, we get 


t-l 


2() = 20) + Ds + 1) + 6) 


s=0 
s—l 


x D2 LG m0), W) —f(0, w2(0), H) +£ (0, u2(0), “) — FG, u2(0), Ho) 


o=0 
(4.28.28) 
Form (4.28.28) and (4.28.23)-(4.28.24), we infer 
t—1 s—1 
le)? < YO(lels + DI + |e(9)) DO | Heit +q(o)|u— pole. (4.28.29) 
s=0 o=0 


Now applying Theorem 2.3.14 to (4.28.29) yields 


t-1l /t-l tl sol 
lui(t) — (| < » (x q(o)| He — ml) I] : + Yn 
o=0 


s=0 \o=0 s=0 


which proves our result. Oo 
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4.29 Applications of Theorems 3.2.5 and 3.2.6 
and Corollary 3.2.4 to Nonlinear Impulsive 
Integro-Differential and Differential Equations 


In this section, we shall use Theorems 3.2.5—3.2.6 and Corollary 3.2.4 to obtain 
bounds for the solutions of different type equations. 


Example 4.29.1 Consider the nonlinear impulsive equation with delay 


t t 2 
u(t) = f(t) + i p(-fulsds + / x(0) Yt Was 


+ S° Brut), for all r > 0, (4.29.1) 
O0<t<t 
u(t) =0, t€ [-h,O], (4.29.2) 


where 6, > 0,k = 1,2,...,p,g € C(R+, R+),f € C(R+, [0, 1]), 2 > 0. 
We note the solutions of the problem (4.29.1)-(4.29.2) are non-negative. 


Define the functions Gu) = u?,Q(u) = fu. Then Q € W2(d), where 
$(u) = Ju. 


Consider the function 


u ds u ds 
— ———— ——__— _: =| 1 2), 4.29. 
Bw I OU + Go) | wae ree ee 


Then the inverse function of H(u) will be defined by 
—1 . 1 u —u 
HH (u) = sinh(u) = 1G —e"). (4.29.4) 


Applying Corollary 3.2.4, we obtain 


2 
u(t) < Mocy<r(1 + Bx) 4 1+ ss ( No<erG + py [wo + sao) 


Example 4.29.2 Consider the initial value problem for the nonlinear impulsive 
integro-differential equation 


u(t) = 2f() u(t) [tovi@es t>O0,t# tk, (4.29.5) 


u(t, + 0) = Byu(tg), (4.29.6) 
u(0) =, (4.29.7) 
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where c > 0, By => 0,k = 1,2,...,f € C(R+, R+). 


The solutions of the given problem satisfy the inequality 


t 2 
u(t) <c+ / 6) Vues] + S° Beult), % = 0. (4.29.8) 


O<t<t 


Define the functions G(u) = u?, Q(u) = ./u. Then the functions H(u) and H~!(u) 
are defined by the equations (4.29.3)-(4.29.4). 

We note that the solutions of the problem (4.29.5)-(4.29.7) are non-negative. 
According to Theorem 3.2.5, the solutions u(t) satisfy 


u(t) < ATlocy<:(1 + ABx) 


t 2 
1 =p E ( VaTioal + ABD | fas) | » (4.29.9) 
0 


x 


where A = max{1,c}. 
Example 4.29.3 Consider the initial value problem for the nonlinear impulsive 
differential-difference equation 
u(t) = F(t,u(),u(t—h)) + r(t), t>0,t# kh, (4.29.10) 
u(t, + 0) = Brute), (4.29.11) 
u(t) = w(t), +t € [—h, 0], (4.29.12) 
where 6, = const.,k = 1,2,...,r € C(R+,R),w € C([-h,0],R),F € 
C(R+ x R?,R) and there exist functions p, g € C(IR+,R+) such that |F(t, uv, v)| < 
P(t) |u| + g(t) |v]. Let |W(0) + fo r(s)ds| < 1, for all t > 0. 


We assume that the solutions u(t) of the initial value problem (4.29.10)—(4.29.12) 
exist on R4. 
The solution u(t) satisfies the inequalities 


wo] <0) + f reas] + f(s) VRuST + 806) VIus=")) a 
+ >> |Billu(e)|, for allt > 0, (4.29.13) 
O<t<t 
lu(t)| = |w(t)|, forall € [-h, 0]. (4.29.14) 


Consider functions f,() = |W(0) + fj r(s)ds|,G@u) = uO) = J/uf) = 
1fA@ = 1. Then Y(u) = Ju and according to the equality (3.2.78) in 
Corollary 3.2.4, the function H(u) = 2(./1 + u — 1) and its inverse is H~!(u) = 
(44+1)?-1. 
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Applying Corollary 3.2.4 to (4.29.13)-(4.29.14), we get 


|u(t)| < Mocyer(l + io 1 + hB, Bo 


: 2 
+5 Moral + ia) [ (01+ eto] » (4.29.15) 
0 


where B, = max {|g(s)| : 5 € [0, A]}, Bo = max {g(s) : s € [—h, OJ}. 


Example 4.29.4 Consider the initial value problem for the nonlinear impulsive 
differential-difference equation 


u(t)u'(t) = F(t, u(t), u(t — h)) 
t+q(u(t) +r(jut—h), t>0, t#t, (4.29.16) 
u(t, + 0) = Bult), (4.29.17) 
u(t) = w(t), te [—h, 0], (4.29.18) 
where 6; = const.,k = 1,2,...,r,q € C(R+,R), W € C([—h, 0], R), F € C(Ry x 
IR?, R) and there exist functions p, g € C(R+,R+) such that |F(t,u, v)| < pu? + 


g(t)u’. Let |W(O) + i r(s)ds| < 1, for all tf > 0. We assume that the solutions of 
the initial value problem (4.29.6)—(4.29.8) exist on R+. 


The solution u(t) satisfies the inequalities 


w(t) < ¥°(0) + / (mores + g(s)u(s —h) + g(s)u(s) + r(s)u(s — ma 
0 


+ S> Bew(%), forallr > 0, (4.29.19) 
0<t&<t 
w(t)= w(t), forallt € [—h, 0]. (4.29.20) 


Applying Theorem 3.2.6 to the inequalities (4.29.19)—(4.29.20) we may obtain 


w(t) < w°(0) + i (p(s)u"(s) + g(s)u°(s— h) + q(s)u(s) + r(s)u(s — h)) ds 
0 
+ > BRw(%), forallt > 0, (4.29.21) 
O0<&<t 


u(t)= w(t), forallt € [h, 0]. (4.29.22) 
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4.30 An Application of Theorem 3.2.17 to Nonlinear 
Dynamic Equation 


We use Theorem 3.2.17 to the qualitative analysis of a nonlinear dynamic equation. 
Let a, b € T and consider the initial value problem 


u(t) = F (tut. [Kuo 2s). teT*, ula)=ug, (4.30.1) 


where Ty = [a, b]r,u € Cl,[Ts], F € Ca[Ts x R x R,R] and K € Cya[T. x R, RI. 
In what follows, we shall assume that the problem (4.30.1) has a unique solution, 
which we denote by u.(f). 


Theorem 4.30.1 ({229]) Assume that the functions F and K in (4.30.1) satisfy the 
conditions 


|K(t,u)| < h(d)({ul), (4.30.2) 
|F(t, u,v)| < |u| + |v], (4.30.3) 


where h and © are as defined in Theorem 3.2.17. Then, for allt € Ty such that 


(t 4 
WE) + 1 B(p(t))® (/ i(0)08 At € Dom(W}), 


a 


we have 

le(®)| < pd) re / h(s)w-! (ve " i (p(x) ® ( / i(0).8 Ar) ast . 
(4.30.4) 

where 


p(t) = 1+ f ei (t, 0(s))As, 


p(b) 
f= i (p(s) |uol) As, 


a 


can | 
W(x) = / —~ds, x>x>0. 
xo P(s) 


Proof Let u(t) be the solution of (4.29.1). Then, we have 


Ux (t) = Ug + fr (s. ud. f K(.ue()0) As. (4.30.5) 


a 


528 4 Applications of Nonlinear One-Dimensional Continuous, Discontinuous... 


Using (4.29.2)-(4.29.3) in (4.29.5), we have 
t t 
jl sol + ff (Wm) + [ 1K. ue(oplar) ds 


< |ua| + [ (09 + h(s) [ (\ua(e)) Ar) As. (4.30.6) 


A suitable application of Theorem 3.2.17 to (4.29.6), with a(t) = |ua|,f() = b() = 
aand W(u) = u, yields (4.9.4). Oo 


4.31 Applications of Theorem 3.2.21 and Corollary 3.2.7 
to Impulsive Differential Systems 


Let us first consider an impulsive system of the type 
B=f(t,x) tA tj 
Ax|:=1, = L(x) (4.31.1) 
x(t) = xo 
where x € R",f € R’, U(x) € R" G@ = 1,2,...),t = t = 0, limpstoot, = 
+00, ,ti-1 < ti, for all ea) eee 
Let us assume that f(t, x) and J;(x) are defined in some domain Q = {(t,x) : 


te J = [t,T],T < +0, ||x|| < A} and that they satisfy the following nonlinearity 
conditions 


Ifill < g@Ollall, 9g: Ry > Ry; (4.31.2) 
Tix) || < a;||x|!", a; = const. > 0, m> 0. (4.31.3) 
Denoting by x(t) = x(t,to,X0) the solution of Cauchy problem for sys- 


tem (4.31.1), so that x(t) = x(t,t0,x0) (x(to) = Xo) , it is obvious (see, e.g., 
[118, 327]) that its integro-sum representation is the following 


X(t, t9,X9) = Xo + / F(t, x(t, to, Xo))dt + » (x(t; — 0, to, X0)), (4.31.4) 


19 <tj<t 
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Thus system (4.31.1) is equivalent to (4.31.4). By using conditions (4.31.2) 
and (4.31.3), it is easy to get 


t 
Ilx(t, to, X0) S [loll +f q(t)||x(t, to, x0)||dt +S > aillx(t; — 0, to. x0) I". 


10 to <tj<t 
(4.31.5) 
By setting V(t) = ||x(t, to, Xo) ||, we obtain an integro-sum inequality, 
t 
vio stol+ f aovierae+ Yav™G—9 431.6) 
10 to<tj<t 


if in (3.2.167) of Theorem 3.2.21, w(t) = ||xoll,.geQ = p(t) = 1,t(s) = s. 
From (4.31.6), (3.2.102) and (3.2.103), we can obtain the following theorem. 


Theorem 4.31.1 (The Gallo-Piccirillo Inequality [243]) Under assump- 
tions (4.31.2), (4.31.3) for system (4.31.1), we have, for all t = to, if m € [0, 1], 


t 
Ilx(¢, to. x0) | < ||xoll I] (1 + ajl|xol|"""") exp | oleae] » (4.31.7) 
10 <ti<t i) 
or for allt = to, ifm > 1, 
t 
I(t. t0,x0) | < llxoll P] (1 + aillzoll"") exp E / aloe] (4.31.8) 
to<ti<t to 


By using Corollary 3.2.7, it is possible to obtain the following statement. 


Theorem 4.31.2 ({243]) Under assumptions of the above theorem, the solutions of 
system (4.31.1) satisfy the following estimates for allt € J, ifm € [0, 1], 


t 
[x(t o,x0)|| < [lxoll exp [ awae+ > abot , (4319) 
to to<tj<t 
orforallt € J, ifm>= 1, 


t 
ll(Z, fo, x0) |] < ||xoll exp [» [ q(t)dt+ >> cb . (4.31.10) 


to 1 <t;<t 
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Now we consider the case of strong nonlinearity in zero, in which we assume: 


IF@ | < a@|lxl!", g: Ry > Ry,m>0, (4.31.11) 
Zi) || < aillexl|”". (4.31.12) 


By using conditions (4.31.11)-(4.31.12), from (4.31.4), we obtain the integro-sum 
inequality 


t 
lIx(¢, to, x0) || < [lxoll + / G(x) ||x(c, to,.x0)|!"det + >> aillx(ti, to. x0)|I". 


10 to<ti<t 


(4.31.13) 


The following result is valid. 


Theorem 4.31.3 ((243]) Under assumptions (4.31.11)-(4.31.12), the following 
estimates are fulfilled: for allt € J, m € [0, 1], 


lIx(¢, 0.x) < T] a + aot bol 


to<tj<t 


t Tem 
+a - m) | toi ; (4.31.14) 
10 
or for every t = ty andm > 1, 
llx(t, to.x0) | < [xoll |] (1 + aillxoll”""!) 


19 <t,<t 


m—1 


m—1| 
x} 1=Gr=1) (a Ct (aot) [ aoa 


to <tji<t 


(4.31.15) 


with 


t 
miso! f q(t)dt <1, (4.31.16) 
1 
1 
1 mT 
[] @ + aamlxol"™) < (1+ —) ; (4.31.17) 


m—1 
19 <t;<t 
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The notion of stability by Lyapunov for solutions of system (4.31.1) has been 
introduced in [118, 327, 585, 589]. The notion of practical stability (stability by 
Chetaev) for solutions of system (4.31.1) has been introduced in [118]. 

Let us assume in (4.31.1), f(t,0) = 1,(0), for all t © J, for alli e N. We say 
that the trivial solution x = 0 of system (4.31.1) is practically stable with relative 
fixed values (A,, A, J) if, for an arbitrary solution of system (4.31.1), x(t, to, xo) : 
X(to, to, Xo) = Xo # O, the estimate ||x(t, to, x0) || < A, for all t € J is justified only if 
0 F |lxoll < A. 

From the result of Theorem 4.31.1 the following theorem follows. 


Theorem 4.31.4 ({243]) 


(A) Let us suppose that the right-hand side of system (4.31.1) satisfies the following 
conditions: 


(i) [If(t.ll < a@|lxl. @: Ry > Ry; 
(ii) |i] < aillx|l"; 
(iii) there exists a constant & such that for allt € J, 


[ | G + aillxoll") < & < +00; 


to <ti<t 


(iv) there exists a constant n such that for allt € J, 


t 
; q(t)dt <n < +o. 


1 
Then all solutions of system (4.31.1) are bounded. 


(B) Suppose that, for system (4.31.1), (i), (ii) and (iii) for m > 1, (iv) are valid. 
Then trivial solutions is Lyapunov stable. 
(C) Let condition (B) hold and, moreover, 


A 
I] (1 +.a;A”~') exp(mn) < z 


19 <tj<t 


Then the trivial solution of system (4.32.1) is practically stable. 
From Theorem 4.31.2, we derive the following theorem. 
Theorem 4.31.5 ((243]) 
(A) Let us assume that (i), (ii) of Theorem 4.31.4 hold and 


t 
i q(t)dt + ~ aj\|xol|""| < +00. 
i) 


to <tj<t 


Then all solution of system (4.31.1) are bounded. 
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(B) If condition (A) is valid for m > 1, then the trivial solution of system (4.31.1) is 
Lyapunov stable. 


(C) If condition (B) holds and exp|m is q(t)dt + Dee < 4, then the 
solution x = 0 of (4.31.1) (A, A, J) is stable. 


From Theorem 4.31.3 the following follows. 
Theorem 4.31.6 ([243]) 


(A) Let us suppose that the right-hand side of system (4.31.1) satisfies the following 
conditions: 


(i) (FGI < gall", g: Ry > Ry, me [0, 1]; 
(ii) \Zil] < aillxl|”; 
(iii) there exists a constant & such that 


[] G+ aillxoll”™') <& < +00, [] + maillxoll""") < § < +00, 


to<tj<t t0<tj<t 


(iv) there exists a constant h such that i q(t)dt < 9 < +00. 
Then all solutions of system (4.31.1) are bounded (for the case m > 1, 
inequalities (4.31.16) and (4.31.17) guarantee that conditions (iii) and (iv) 
are valid). 


(B) If (i) and (ii) of (A) hold and (4.31.16) takes place, then the trivial solution of 
system (4.31.1) is Lyapunov stable. 
(C) If (B) takes place and 


‘ 1 1 \= 
i: gaat <5, [] A+ maa) < (: ~ 4] ; 
m 


m—1 
to 10 <tj<t 


{ \ea ‘. 7 
A(1+— oe ee <A, 
m—1 m—1 


the solution x = 0 of system (4.31.1) is practically stable. 


4.32 An Application of Corollary 3.2.10 to a Class 
of Differential Equations 


Consider the differential equation 


Lixk(t) = px "(Nf~O), 1 ET, 


4.32.1 
L;x*(0) = C1, PH 12 ey Mi ( : ) 
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where k > 1 and Cj_;, | < i < nare constants, p and f € C(/, R), and L, is defined 
as in Theorem 3.2.24. It is easy to observe that (4.32.1) is equivalent to the integral 
equation 


x(t) = b(t) + Alt, pi. po.-.-.Pn-1.pxe 'f(O], forallte 7, (4.32.2) 


where 


n—-1 
b(t) = Co+ >> GHlt, pi... pil: (4.32.3) 


i=1 


If |b(2)| < uo and | f(u)| < g(\ul), where up and g are defined as in Theorem 3.2.24, 
then we derive from (4.32.2) that 


Ix(t)|* < uo + Ht, pi.p2...-+Pn—1. [pila g(\x|)], forallte l. (4.32.4) 
Applying Corollary 3.2.10 to inequality (4.32.4), we can conclude 
1 
Ix()| < Go! [ Gta") os iC ee ee “lpll]. forallt € 1 NJ(x), 
(4.32.5) 


where J(x) denotes the maximal existence interval of x(t). 


4.33 An Application of Corollary 3.3.2 to a Dynamics 
Equation on Time Scales 


In this section, we present an application of Corollary 3.3.2 to obtain the explicit 
estimates on the solutions of a dynamic equation on time scales. 
Consider the following initial value problem on time scales 


(w(t))* = H(t,u4()), u(to) =C, teT*, (4.33.1) 
where C, p, and q are constants, p > g > 0, and H : T* x R — R is acontinuous 
function. 


Assume that for all t € T*, 


|H(t, u7(t))| < h(t)|u7(0)|. (4.33.2) 
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If u(t) is a solution of problem (4.33.1), then 


1 1/p 
|u(t)| < 7 LK(e—@) + alc ert. to) — K(p—9)] , for any K>0, eT", 


(4.33.3) 


where h(t) is a non-negative function, and F (t) is defined by (3.3.35) in Corol- 
lary 3.3.3. 
In fact, the solution u(t) of (4.33.1) satisfies the following equivalent equation 


t 
u?(t) = C” +f H(t,u%(t))At, for allt € T*. (4.33.4) 
10 
Noting the assumption (4.33.2), we easily obtain 
t 
|u(t)|? < |C|P +f h(t)|u(t)|?At, forallt € T*. (4.33.5) 
10 


Now applying Corollary 3.3.2 to (4.33.5) yields (4.33.3). 


Chapter 5 
Nonlinear Multi-Dimensional Continuous 
Integral Inequalities 


5.1 Nonlinear Two-Dimensional Bellman-Gronwall 
Inequalities and Their Generalizations 


5.1.1 Nonlinear Two-Dimensional 
Bellman-Gronwall-Wendroff Inequalities, Snow 
Inequalities and Their Generalizations 


Theorem 5.1.1 (The Pachpatte Inequality [438]) Assume that u(x, y), a(x, y), 
b(x, y) are non-negative continuous functions defined for all x,y € Ry and F : 
Ri — R+ be acontinuous function which satisfies the condition: for allu => v = 0, 


0 < F(x, y,u) — F(x, y, v) < K(x, y, v)\(u— v), 


where K(x, y, v) is a non-negative continuous function defined for all x,y,v € R+. 
(cy) Assume that a(x, y) is non-increasing inx € R+. If for all x,y € R+, 


x x +00 
u(x, y) < a(x, y) + / b(s, y)u(s, y)ds + / / F(s, t, u(s, t))dtds, (5.1.1) 
0 0 dy 


then for all x,y € R+, 


u(x, y) < p(x, y) as + B(x, y) 


x p+oo 
x exp (/ i K(s, t, a(s, t))p(s, nats) | (5.1.2) 
0 Jy 
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where, for all x,y € Ry 


ea +00 
B(x, y) = / / F(s,t, p(s, ))a(s, Hdtds, (5.1.3) 
0 vy 


and p(x, y) is defined by (5.1.47) in Qin [557]. 
(cz) Assume that a(x, y) is non-increasing in x € Ry. If for allx,y € Ry, 


x 


+00 +oo pft+oo 
u(x, y) < a(x, y) +f b(s, y)u(s, y)ds + i / F(s, t, u(s, t))dtds, 
. (5.1.4) 


then for all x,y € R+, 


= x p+oo 
u(x, y) < p(x, y) ts y) + B(x, y) exp (/ ‘ K(s, t, p(s, Ha(s, t))p(s, oa) ‘ 


(5.1.5) 
where for all x,y € Ry 
_ +00 p+oo 
B(x, y) = / / F(s, t, p(s, ta(s, t))dtds, (5.1.6) 
x y 
and p(x, y) is defined by (5.1.51) in Qin [557]. 
Proof (c;) Define a function z(x, y) by 
x +00 
z(x,y) = a(x, y) + / ; F(s,t, u(s, t))dtds. (5.1.7) 
0 dy 
Then (5.1.1) can be rewritten as 
u(x, y) < z(x,y) + / b(s, y)u(s, y)ds. (5.1.8) 
0 


Clearly z(x, y) is a non-negative, continuous and non-decreasing function in x, x € 
Ry. Treating y, y € R4 fixed in (5.1.8) and using Theorem 1.1.4 in [557] to (5.1.8), 
we obtain 


u(x, y) < 2(x, y)p(x. y), (5.1.9) 


where p(x, y) is defined by (5.1.1). From (5.1.9) and (5.1.8), it follows 


u(x, y) < p(x, y)[a(x, y) + v(x, y)], (5.1.10) 
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where 
pa +00 
v(x, y) = / / F(s,t, u(s, t))dtds. (5.1.11) 
0 vy 
From (5.1.10)-(5.1.11) and the hypotheses on F,, we derive that 
xX p+oo 
vers ff [Fo.np6.n(a.0) + v6.9) 
0 dy 
—F(s, t, p(s, tha(s, t)) + F(s, t, p(s, Ha(s, 1) |dras 
x +00 
< Boxy) + / i, K(s, t, p(s, tha(s, t))p(s, t)u(s, t)dtds. — (5.1.12) 
0 dy 


Clearly, B(x, y) is non-negative, continuous, non-decreasing in x and non-increasing 
in y for all x,y € Rx. Following the proof of Theorem 1.1.4 in Qin [557], we can 
obtain 


xX p+oo 
v(x, y) < B(x, y) exp (/ / K(s, t, p(s, tha(s, t))p(s, nas ; (5.1.13) 
y 


Thus the required inequality (5.1.2) follows from (5.1.10) and (5.1.13). Oo 


The following result is devoted to the Gronwall’s inequality for functions of two 
independent variables. The ideas used here are two-dimensional analogues of ideas 
applied to functions of one independent variable first by Faedo [225], and later by 
Sato and Iwasaki [616], Opial [435] and others. 


Theorem 5.1.2 (The David-Rasmussen Inequality [569]) Let Po(xo, yo) and 
P\(x1, 91) be points in the domain D such that (x; — x9)(y1 — yo) = 0 and such 
that the closed rectangle R, with opposite vertices Po and P, is contained in D. Let 
g(x,y), &(, y) and K(x, y), with K(x, y) non-negative, be continuous functions on 
D. If for all (x, y) in Rj, 


x py 
(x, y) < g(x,y) +f if K(t, s)(t, s)dsdt. (5.1.14) 
xo yo 
then $(x, y) < P(x, y) on Ri, where B(x, y) satisfies the case of equality (5.1.36) in 
Qin [557]. 
Proof \tis obvious that a continuous function P(x, y) satisfying the case of equality 


(5.1.36) in Qin [557] exists, i.e., for all (x, y) € Ri, 


D(x, y) = gy) + / . / : K(t, s) P(t, s)dsdt. 
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If Q = (1 — x0) — yo) = 0, the theorem is trivially true on the degenerate 
rectangle. If Q > 0, define w(x, y) = (x, y) — B(x, y) so that on Ry 


x 


waxy) < i ‘ K(t, s) W(t, s)dsdt. 


x0 “YO 


Then by Lemma 5.1.3 in Qin [557], w(x, y) < 0, or O(x, y) < B(x, y) on Rj. O 


Lemma 5.1.1 ((569]) Let Po(xo, yo) and P(x1, y1) be points in the domain D such 
that (x; — x0)(¥1 — yo) = 0 and such that the closed rectangle R, with opposite 
vertices Py and P is contained in D. Let g(x, y) and K(x, y, u) be functions, with the 
former continuous on D and with the latter continuous on D x R, non-decreasing in 
u, and satisfying the Lipschitz condition 


|K(x, y,u) — K(x, y, v)| < Llu—vI. (5.1.15) 


Tf {€n} is a strictly decreasing sequence of constants with limit zero, define on R, 
the sequence of continuous functions {,(x, y)} such that each satisfies 


x y 
n(x, y) = g(x,y) ten + i i K(t, s, bn(t, s))dsdt. 
xo J yo 
Then the limit of {@n(x, y)}, asn — +00, is the maximal solution on R, of 
x py 
$(x,y) = g(x,y) + / / K(t,s, $(t.s))dsdt (5.1.16) 
Xo 4 yo 


Proof The Lipschitz condition guarantees the existence of the functions ¢ and ¢, 
used in this proof (see linear case). If Q = (x1 — x0)(1 — yo) = 0, the proof is 
trivial. For the case in which Q > 0, it will be shown that the sequence {¢,} has 
a limit, that it has a subsequence which converges uniformly to ®, and hence that 
the limit of {¢,} as n — +00, is ®. The existence of the limit of {¢,) will be 
established by showing that the sequence is both strictly decreasing and bounded 
below. A contradiction argument will show that since {€,} is strictly decreasing, so 
is {p,}; that is, m > n implies ¢,, < ¢, for all points in R;. If this were not the case, 
then since ¢n(x0, yo) < n(X0, Yo), the continuity of ¢,, and ¢, implies that there 
must be a point P2(x2, y2) in R, such that: 


(1) Po(x2,¥2) # Po(Xo, yo), 

(2) m > n implies ¢, < , on the closed rectangle R2 with opposite vertices Po 
and P5, except 

(3) at the point P: where ¢@y(%2, y2) = $n(X2, y2). Note that the point P2 is by no 
means unique. Note also that as in Theorem 5.1.2, the term “rectangle” includes 
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the degenerate case in which x2 = x9 or y2 = yo. Now since K(x, y, u) is non- 
decreasing in u and Em, < €,, 


x2 y2 
on (X,Y) = (2,92) + En + / i: K(t, 8, on(t, s))dsdt 
xO yo 


x2 


y2 
> &(X2, Yo) + Em + / K(t, S, bmn(t, s))dsdt 


x0 yO 


— Pm(X2, y2). 


But then ¢,(x2, y2) > @m(x2, 2), which contradicts the above (3). Thus {¢,} must 
be strictly decreasing on R). 

Since {¢,} is strictly decreasing, to show that it has a limit, it is sufficient to 
establish that it has a lower bound. It will be seen that any solution of 


x y 
(x,y) = g(x,y) + / / K(t, s, p(t, s))dsdt 


will provide such a bound. In fact, a contradiction argument as above will be used 
to show that d(x, y) < ¢,(x, y) for all n and all (x, y) in Rj. If there is a function ¢, 
in the sequence for which it is not true, then since (x0, yo) < @n(Xo, yo), continuity 
implies that there must be a point P3(x3, y3) in R; such that: 


(1) P3(x3,¥3) # Po(Xo, yo), 
(2) @ < ¢, on the closed rectangle R3 with opposite vertices Pp and P3, except 
(3) at the point P3; where $(x3, v3) = Gn (%3, y3). 


Then as before 


y3 
(x3, 3) = g(%3, y3) +f i: K(t,s, b(t, s))dsdt 


X3 
XO 0) 
x3 PY3 
< g(%3,y3) Hen t+ / / K(t, 8, bn(t, s))dsdt 
Xo 4 yo 
= on(x3,Y3), 


which contradicts the above (3). Now since ¢ is continuous on the compact set Rj, 
it must be bounded below by some constant M and thus M < (x,y) < d@n(x, y) 
for all n and all (x, y) in R;. Therefore {¢,} is both strictly decreasing and bounded 
below on R,, and hence has a limit there. 

Since the limit of {¢,} exists, it must also be the limit of any subsequence 
of {¢,}. Therefore, to prove that the limit of {¢,} is ®, we need only establish 
the existence of a subsequence which converges to ®. The existence of such a 
subsequence follows from an application of a vector version of the Arzela-Ascoli 
Theorem [45]: If the sequence {¢,} is both bounded and equi-continuous on R;, 
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then it has a uniformly convergent subsequence, and that uniform convergence will 
establish that the subsequence has a limit ®. 

The decreasing sequence {¢,} is clearly bounded below by M and above by ¢y. 
Since ¢; is continuous and R; is compact, there must exist a constant N such that 
¢; < N on R). Therefore, M < ¢, < N for all n, and so the sequence is bounded 
on Ry 3 

To show that the sequence is also equi-continuous, we need to show that for any 
€ > 0, there exists a 5 > O such that for all (a’, y’) and (x”, y”) in Rj, ||’, y) — 
(x’, y’)|| < 6 implies that |6,(x’, Y) — bn(”’, y”)| < € for all n. Clearly, 


x! yy” 
dn’) — bale". y") = ey) - 2") + / / K(t,5, a(t. 5))dsdt 
x0 yo 


rid yl 
= / / K(t,8, bn(t, 8))dsdt. (5.1.17) 
x0 yO 


Simplification of this expression falls into eight cases, taking into account the 
possible relative positions of Po, Pi, (a’,y’) and (x”,y’). Since all eight are 
extremely similar and lead to the same result (5.1.17), the only one treated here 
is that in which x9 < x” <x < x, andy < y” < y' < yy. It is easily verified that 
in this case the right-hand side of (5.1.17) can be rewritten as 


x’ py! 
e(x’.¥) — a(x’, y") + / / K(t,s, $n(t,5))dsdt 
xo y"’ 


x” y’ 
+ 7 K(t, s, b(t, s))dsdt. 
xl y? 


Thus 
ldn(x’ a y) —_ dn(x".y")| 
< |g@’,y’) — a” —y")| + Pllx” — xol0’ — yy”) + & — x’) |y’ — vol] 
< |g@’,y’) — g(x” —y”)| + PQlly’ —y"| + |x’ -— 2"), (5.1.18) 
where 


|K(x, y,u)| <P on Ri x [M,N], Q = max(|x1 — Xol, ly — yo)). 
Using the “Taxicab” norm, if 5; < €/(2PQ), then 


Oy) — @ YO = be —3"| + [by -y"| < 8 
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implies PQO[|y’—y"|+ |x’—x"|] < PQ6, < €/2; and since g(x, y) is continuous, there 
is some 6) > 0 such that ||(x’, y’) — ”, y”)|| < 62 implies |g(x’, vy’) — g@”, y”)| < 
€/2. Now choose 6 = min(6,,62) so that ||(@’,y’) — @’,y”)||_ < 6 implies 
ldn’,y) — bax”, v”)| < €/2 + €/2 = e. Thus {¢,} is both bounded and equi- 
continuous on R;, and hence has a subsequence {y,} which converges uniformly 
there. 

Since {¢,} and {w,} have the same limit, it remains to be shown only that the 
limit of {W,} is ®, the maximal solution of (5.1.16). Indeed such case is easily seen 
since the continuity of K(x, y, u) and the uniform convergence of {v,,} imply 


x py 
lim W(x, y) = gy) +f y K(t,s, lim w(t, s))dsdt. 
n—>+oo xo J yo n—>+oo 

Thus lim,++00 W is a solution of (5.1.16). It is also the maximal solution 
since every solution @ satisfies @ < @, for all n and all (x,y) in R,. Thus 
(x, y) < limyp++00 bn(x, y) = limy++o0 Wn(x, y) = B(x, y) as desired. Oo 


Theorem 5.1.3 (The Rasmussen Inequality [569]) Let Po(xo, yo) and P\(x, 1) 
be points in the domain D such that (x, — X9)(y1 — yo) = 0 and such that the closed 
rectangle R, with opposite vertices Py and P, is contained in D. Let g(x,y), }(x, y) 
and K(x, y, u) be functions, with the former two continuous on DxR, non-decreasing 
in u, and satisfying the Lipschitz condition 


|K(x, y,u) — K(x, y, v)| < Llu— I. (5.1.19) 
If for all (x,y) € Ri, 
(x.y) < g@r.y) + / ; / ” K(t,s, $(t,5))dsat, (5.1.20) 
then for all (x,y) € Ri, 
(x,y) < P(, y) (5.1.21) 


where ®(x, y) is the maximal solution of equality in (5.1.20). 


Proof The Lipschitz condition and Lemma 5.1.1 guarantee the existence of the 
functions ¢, and ® used in this proof. In the degenerate case where Q = (x, — 
xXo)(y1 — yo) = O, this result is trivially true. To establish the non-trivial case where 
Q > 0, let {e,} be a strictly decreasing sequence of constants with limit zero. Let 
n(x, y) be a solution to 


xX py 
Pn(x,y) = g(x,y) + en + i; / K(t, 5, bn (t, 8))dsdt. 
xo J yo 
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It will be shown that #(x, y) < $,(x, y) for all n and all (x, y) € R,, and hence that 
d(x, y) < limy++400 bn(x, y) = B(x, y) by Lemma 5.1.1, this will be accomplished 
using the same contradiction argument employed twice in the preceding lemma: 
assume that ¢ < ¢,, is not true for some point in R;. Clearly, 6(%0, yo) < n(X0, Yo); 
so by continuity there must be a point P2(x2, y2) in R; such that: 


(1) Po(x2,¥2) # Po(Xo, Yo), 
(2) @ < ¢, on the closed rectangle Ry with opposite vertices Pp and Pz, except 


(3) at Py where (x2, y2) = Gn (X2, y2). 


Since K(x, y, uv) is non-decreasing in u and €, > 0, 


x2 v2 
(x2, ¥2) = g(%2,¥2) + i: K(t,s, b(t, s)dsdt 


x0 YO 


x2 ‘v2 
< g(%2, 92) Heat / i K(t, 8, by(t, s))dsdt 
xo yo 


= $n(%2, y2). 
But this contradicts (3) above and hence @(x,y) < @,(x,y) for all n and all 
(x,y) € R,. Thus $(x, y) < lim,-++400 bn (x, y) = B(x, y) by Lemma 5.1.1. Oo 


In the sequel,we shall assume the following: 


(A) u(x, y), a(x, y), b(x, y), c(x, y), p(x, y) and q(x, y) are real-valued non-negative 
continuous functions defined on a domain D. 

(Hz) Po(xo, yo) and P(x, y) be two points in D such that (x — xo)(y— yo) > OandR 
the rectangular region whose opposite corners are the points Po and P. 


Theorem 5.1.4 (The Pachpatte Inequality [472]) Suppose (H\) and (H2) are 
true. Let G(r) be continuous, strictly increasing, convex and sub-multiplicative 
function for allr > 0, G(O) = 0, lim,++400 G(r) = +00 for all (x,y) in D, 
a(x,y), B(x, y) be positive continuous functions defined on a domain in D, and 
a(x,y) + B(x,y) = 1. Let v(s,t; x,y) and w(s,t; x,y) be the solutions of the 
characteristic initial value problem 


Llv] = vs — [pe 1) + B(s, )G(b(s, NB" (s, ))(cls.) + ls, of = 0, 


v(s,y) = v(x, f) = 1, 
(5.1.22) 


and 


Mw] = Ws us NGW(.)B"(5.)Me(s.1) — pls ope =, 5153) 


w(s, y) = w(x, t) = 1, 
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respectively and let D* be a connected sub-domain of D which contains P and on 
which v > 0. and w > 0. Then, if R C D* and for all (x, y) € R, 


u(x,y) < a(x, y) + d(x, yor[f i c(s, 1)G(u(s, t))dsdt 
xo J yo 


: a [ v6. f) ( / : foe. nG(ulé, n))dédn) dsat], (5.1.24) 
eee xo 4 y0 


then for all (x, y) € R, 
u(x, y) < a(x, y) + dG, y)G! [ ie w(s, tx, »| a(s, t)G(a(s, tho! (s, t))c(s, f) 
+p. ff a. mGCaté.me"E mle.m) + 6.0) 
xo J yo 


xv(&, 35, outa iit (5.1.25) 


Proof We may rewrite (5.1.24) as 
u(x.y) < a(x, yaa, ya! (x,y) + BQ yb, y) Boy) 


x" 7 . i ” cls, )G(u(s, ))dsat 


i / ; / “Pts 1 ( / | aE, NGlulE, n))aédr) asa], 


Since G is convex, sub-multiplicative and monotonic, we infer 
G(u(x, y)) < a(x, y)G(a(x, ya! (x, y)) + B(x, y)G((D(x. ») Bw. y)) 
x y 
x{ i i: c(s, t)G(u(s, t))dsdt 
xo J yo 


+f [oeo(fl fag mawg.nyagan) aa}, 6.1.26) 


The estimate (5.1.25) follows by first applying Theorem 5.1.32 in Qin [557] 
with a(x,y) = a(x,y) G(a(x,y)o~"(x,y)), bay) = B(x, y)G(b(x, y)B' (x,y) 
and u(x,y) = G(u(x,y)) and then applying G~! to both sides of the resulting 
inequality. Oo 


Theorem 5.1.5 (The Pachpatte Inequality [472]) Suppose (H,) and (H>) are 
true. Let G(r) be continuous, strictly increasing, sub-additive and sub-multiplicative 
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function for allr > 0, G(0) = 0, for all (x, y) in D, and G"' is the inverse function 
of G. Let v(s,t; x,y) and w(s,t; x,y) be the solutions of the characteristic initial 
value problem 


Lv] = ve — [P(s.) + GUE. ))CE) +46.I))Y =O, 5 1 om 
v(s,y) = v(x, f) = 1, 
and 
M|w] = ws — [G(D(s, t))c(s, t) — p(s, D]w = 0, 
w(s, y) = w(x, t) = 1, (5.1.28) 


respectively and let D* be a connected sub-domain of D which contains P and 
on which v > 0 and w > 0. Then, if R C D* and for all (x,y) € R, 


u(x, y) < a(x, y) + dG, yo[ f [ c(s, t)G(u(s, t))dsdt 
xo J yo 


+ [ [ v6. t) ( / : / ‘a nGulé, n))aédr) dsat], (5.1.29) 
70 “YO xo 4 yo 


then for all (x,y) € R, 
waxy) [Gay + GE ML ff wo.tx»{Glals.n)ebo.0 
xo “Yo 


+0000 ff Glace. nyleté.m + a. mo. n:x.y)aan} dvdr] 
(5.1.30) 


Proof Since G is sub-additive, sub-multiplicative and monotonic, we derive from 
(5.1.29) 


G(u(x, y)) < G(a(x, y)) + G(b(x, | / . /  ¢(s, )G(u(s, t))dsdt 
Xo “Yo 


+f [v6 t) (/ [ g&, mG, n))a&d) dsat], (5.1.31) 


The desired bound in (5.1.30) follows by first applying Theorem 5.1.32 in [557] to 
(5.1.31) with a(x,y) = G(a(x,y)), b@y) = G(x, y)) and u(x, y) = G(u(x,y)) 
and then applying G~! to both sides of the resulting inequality. Oo 


Next we apply Theorem 5.1.33 in Qin [557] to establish the following integral 
inequalities similar to that proved in Theorems 5.1.4 and 5.1.5 which can be used in 
some applications. 
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Theorem 5.1.6 (The Pachpatte Inequality [472]) Suppose (H\) and (H2) are 
true. Let G(r), a(x,y), B(x, y) be the same functions as defined in Theorem 5.1.4. 
Let v(s,t;x,y) and w(s,t;x,y) be the solutions of the characteristic initial value 
problem 


Liv] = vs — B(s, HG(b(s, BO | (s, 2) [c(s, 2) + p(s, 1) + q(s, Jv = 0, ae 
v(s,y) = v(x, f) = 1, 
and 
M[w] = wa — Bls, )G(W(s. DB-"(s, D)e(s, tw = 0, 
w(s,y) = w(x, ft) = 1, (5.1.33) 


respectively and let Dt be a connected sub-domain of D which contains P and on 
which v > 0. and w > 0. Then, if R C D* and for all (x,y) € R, 


x y 
(x,y) < a(x, y) + b@, y)GT! (s, t)G(u(s, t))dsdt 
u(x, y) < a(x, y) x,y Lf u(s, t))ds 
x py 
+ .t)( G(u(s, t)) + B(s, t)G(b(s, )B | (s,t 
[ [ v6 \(Gluls, 9) + Bs, NG, )B-(s.1)) 
x | f a6. Gw(e. n)agan)asar). (6.1.34) 
xo J yo 


then for all (x,y) € R, 


u(x, y) < a(x, y) + b(x, y)G"! / : / , w(s, tx, yas t)G(a(s, tha! (s, t)) 


x[e(s, 1) + p(s, 1)] + Bls, )GO(s, DB-'(s,)p(s, 0) 


x i . / “alG, Gal. Ne" E) 


x[c(&,n) + p(—.n) + aE, mv, 0: s, natal wu (5.1.35) 


Theorem 5.1.7 (The Pachpatte Inequality [472]) Suppose (H,) and (H) are 
true. Let G(r), G' be the same functions as defined in Theorem 5.1.5. Let 
v(s,t; x,y) and w(s,t; x,y) be the solutions of the characteristic initial value 
problem 


Liv] = vs — G(b(s, D[c(s, 1) + p(s.) + q(s, D]v = 0, 


v(s, y) = v(x, t) = 1, (5.1.36) 
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and 


M[w] = ws — G(d(s, D)c(s, Dw = 0, 
w(s, y) — w(x, t) = 1, (5.1.37) 


respectively and let D* be a connected sub-domain of D which contains P and on 
which v > 0. and w > 0. Then, if R C D* and for all (x,y) € R, 


u(x,y) < a(x, y) + bx, yo] / . / ” els, )G(u(s, ))dsdt 
x py 
+ ,t)(G ,t)) + G(b(s, t 
[. [ 26.9(ewes.0) + 606.0) 
x / / g(, n)G(u(&, ))d&dn) sar, (5.1.38) 


then for all (x, y) € R, 
1 a i 
ur,3) < ciao» + 60.9] / ; w(s, in (Gta ‘))le(s. 1) + pls.) 
+G(b(s.1))p(s.1) / ) 7 Gale, m))lc(&. n) + pé.n) + 4(6. 0] 
x0 ¥Y yO 


xv(&, 7X, >t) aa] (5.1.39) 


We note that in the special case when p(x, y) = q(x, y) = 0, Theorems 5.1.4— 
5.1.7 and Theorems 5.1.32, 5.1.33 in Qin [557] reduces to the further generalizations 
of the integral inequality recently established by Snow [619]. In the special case 
when c(x, y) = 0, the results in these theorems are new to the literature. 

We now apply Theorem 5.1.34 in Qin [557] to establish the following interesting 
and useful integral inequalities in two independent variables. 


Theorem 5.1.8 (The Pachpatte Inequality [473]) Suppose 


(H,) u(x, y), a(x, y), b@, y), cy), pO, y¥), 9 y), ry), AQ, y), and g(x,y) are 
real-valued non-negative continuous functions defined on a domain D. 

(H) Po(xo, yo) and P(x, y) are two points in D such that (x — xo)/(y — yo) = 0 and 
R is the rectangular region whose opposite corners are points Po and P. 

(H3) The function V(s,t;x,y) and W(s,t;x,y) are the Riemann functions for 
the partial differential operators L and T, respectively, and satisfy all the 
properties of Riemann functions for operators with continuous coefficients. 


5.1 Nonlinear Two-Dimensional Bellman-Gronwall Inequalities and Their. . . 547 


Let G(u) be continuous, strictly increasing, convex, and sub-multiplicative 
function for all u => 0,G(0) = 0, lim,++40 G(u) = +00; for all (x, y) in D, let 
a(x, y), B(x, y) be positive continuous functions defined on a domain D; and let 
a(x,y) + B(x, y) = 1. Let V(s,t;x, y) be the solution of the characteristic initial 
value problem 

M[V] = 0, (5.1.40) 
in which M is the adjoint operator of the operator L defined by 
LIW] = Wy + a Ys + ao, + a3 (5.1.41) 


with a, = —BG(bB™)cq, ay = —BG(bB™')cp, and a; = —[g + BG(bB™")c(r + 
h)]. Let W(s, t; x, y) be the solution of the characteristic initial value problem 


N[W] = 0, (5.1.42) 

in which N is the adjoint operator of the operator T defined by 
T[] = dsr + bids + bop; + b3d (5.1.43) 
with b} = —BG(bB)cq, bo = —BG(bB~')cp, and b3 = —BG(bB™')c(r — h). 


Let Dt be a connected sub-domain of D which contains P and on which V = 0 and 
W = 0. /fR C D* and for all (x, y) € R, 


iG) 2aOs) Ge" os ,) / SE NGUE DIE 
4g(x.y) / * ox, )G(ulx,y))dt + r(x.y) | . / " e(s, )G(u(s, )ds dt 


yO 


x py s et 
BC i! / a(s.0)( / i cl. n)G(u(é.n) dé ands a, (5.1.44) 


then for all (x,y) € R, 
iO) SAG PEE. 96] por) / / c(s,y)G(uls, yds 
GG) / * efx, )G(u(x,t))dt + rey) Qolny) 


+h(x, y) i; ; i ” gle, t)Qo(s, t)ds a) (5.1.45) 


yO 
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where Qo(x, y) is defined by the right-hand side of (5.1.218) in [557] by replac- 


ing a(x, y) by a(x, y)G(a(x, ya" (x, y)) and b(x,y) by B(x, y)G(b@ y) Boy). 
Further, if q(x, y) = 0, then for all (x, y) € R, 


u(x,y) < a(x,y) + b(x,y)G! [ros Qotx y) + h(x, y) / . / "gs, t)Qo(s, t)dsdt 
+p(x, y) i c(s, y)fo(s, y) 


x exp( / c€E. BE GOE NBG PE aya, (5.1.46) 


where fo (x, y) is defined by the right-hand side of (5.1.220) in [557] replacing a(x, y) 
by a(x, y)G(a(x, y)a7! (x, y)), bQx, y) by B(x, y)G(b(x, y) B(x, y)), and Q(x, y) by 
Qo(x, y). Again, if p(x, y) = 0, then for all (x,y) € R, 
(x.y) < alx.y) + (4, )G" [ros Qotx yt htes) ff e(s.nQos. tsar 
tate») [els nfo0% 


x exp / ela, BO G(x. Be mC. nanar| (5.1.47) 


where Qo(x, y) and fo(x, y) are as defined above. 
Proof We may rewrite (5.1.44) as 


u(x, y) < a(x, y)a(x, y)aW | (x, y) 
+ B(x, y)b@, yp''[ D0, y) c(s, y)G(u(s, y))ds 


+q(x, y) ik c(s, t)G(u(x, t))dt + r(x, y) a ix c(s, t)G(u(s, t))dsdt 


x py Ss t 
+h ff aon [ eg mace. mae dryasar) 
xo Y yo x0 “yo 
Since G is convex, sub-multiplicative, and monotonic, we have 
G(u(x, y)) < a(x, y)G(a(x, ya! (x, y)) 


+Bls. GOB 9)| Pls) / c(s, y)G(u(s, y))ds 
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y x fy 
+q(x.y) | c(x, )G(u(x, t))dt + r(x, yf / c(s, t)G(u(s, t))dsdt 
yo x0 “YO 


+hx.y) / / | a(s.n¢f ] cl, n)G(u(E. n) a an)asat|. 
x0 yo x0 yO 


The estimate (5.1.45) follows by first applying Theorem 5.1.34 in Qin [557] with 
axy) = a(x,y)G(ale yam"@y)), bey) = BO »)G(bE.y)B-'(.y)), and 
u(x, y) = G(u(x, y)) and then applying G~! to both sides of the resulting inequality. 
The rest of the proof when q(x, y) = 0 and p(x,y) = 0 follows by the similar 
argument as in the last part of the proof of Theorem 5.1.34 in Qin [557] in view of 


the proof of the first part of this theorem with suitable modifications. We omit the 
details. O 


Theorem 5.1.9 (The Pachpatte Inequality [473]) Suppose (H,)-(H3) are true. 
Let G(u) be a positive, continuous, strictly increasing, sub-additive, and sub- 
multiplicative function for all u > 0, G(O) = 0 for all (x,y) € D, and G™' is 
the inverse function of G. Let V(s, t; x, y) be the solution of the characteristic initial 
value problem (5.1.40) in which M is the adjoint operator of the operator L defined 
by (5.1.41) with a, = —G(b)cq, ay = —G(b)cp, and az = —[g + G(b)c(r + h)]. 
Let W(s, t; x,y) be the solution of the characteristic initial value problem (5.1.42) 
in which N is the adjoint operator of the operator T defined by (5.1.43) with 
b, = —G(b)cq, by = —G(b)cp, and b3 — G(b)c(r — h). Let D* be a connected 
sub-domain of D which contains P and on which V > 0 and W > 0. IfR C Dt and 
for all (x, y) € R, 


u(x,y) <alxy) + OG" pts) i. ; c(s, y)Glu(s,.»))ds 
+005. | ; cla NGluls ar + roxy) f ; | c(s, )G(u(s, ))dsdt 
+h(sy) [ ; i e.o(f | cE, Gul, m))dé anyasat|, (5.1.48) 
then for all (x,y) € R, 
ule.) < | Gtats.99) + Gx (009) | cc y)Gluls, ds 
+ats9) [Pols nGluls, de + ross) Qi6s.9) 


0 


+h(x, y) / . / “EOD. nasa) (5.1.49) 
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where Q,(x,y) is defined by the right-hand side of (5.1.218) in Qin [557] by 
replacing a(x, y) by G(a(x,y)) and b(x, y) by G(b(x, y)). Further, if q(x,y) = 90, 
then we have for all (x,y) € R, 


u(x,y) S a(n (x,y) + Gib(s.»9)C»] i “els. ySfils.y) 
<([ GO ynpE saa] (5.1.50) 
where f\(x,y) is defined by the right-hand side of (5.1.220) in Qin [557] by 


replacing a(x, y) by G(a(x, y)), b(x, y) by G(b(x, y)), and Q(x, y) by Oi (x, y). Again, 
if p(x, y) = 0, then 


We ln Gj eCbe dae »| [ comnesn 


x exp( : ~ e(x, n)G(b(x, n(x, nana |: (5.1.51) 


where Q(x, y) and f\(x, y) are as defined above. 
Proof Since G is sub-additive, sub-multiplicative, and monotonic, we infer from 
(5.1.48) 


G(u(x, y)) < G(a(x, y)) + G(bG, »]ecs » | c(s, y)G(u(s, y))ds 
aa x y 
+q(x, (x, t1)G(u(x, t))dt + r(x, y) (s, t)G(u(s, t))dsdt 
ates) [eb u(x, ft) rea) ff els. 960s.» S 


+n(2,9) / / “Heat ) / cE. G(ulE, n))aé anyasat|. 
xo 4 yo x0 v0 
(5.1.52) 


The desired bound in (5.1.49) follows by first applying Theorem 5.1.34 in Qin 
[557] to (5.1.52) with a(x, y) = G(a(,y)), bx, y) = G(b(%,y)), and u(x, y) = 
G(u(x, y)) and then applying G~! to both sides of the resulting inequality. Further, 
by setting g(x,y) = 0 and p(x, y) = 0 in (5.1.52) and applying Theorem 5.1.34 in 
Qin [557], we obtain the desired bounds in (5.1.50) and (5.1.51). Oo 


We note that the integral inequalities established in Theorems 5.1.8 and 5.1.9 are 
the two independent variable generalizations of the integral inequalities established 
in Theorem | by Gollwitzer [250], and Theorem 2 by Pachpatte [451]. Furthermore, 
we note that the functions V(s, t; x, y) and W(s, t; x, y) involved in Theorems 2.1—2.3 
are the well-known Riemann functions relative to the point P(x, y) (see, e.g., [618]). 
The existence and continuity of the Riemann function is well-known and may be 
demonstrated by the method of successive approximation (see, e.g., [177]). 
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The next result, due to Bondage-Pachpatte [98], deals with the two independent 
variable generalization of the integral inequality established by Gollwitzer [250]. 


Theorem 5.1.10 (The Pachpatte Inequality [98]) Suppose $(x,y), b(x,y), and 
c(x, y) are real-valued non-negative continuous functions defined on a domain D. 
Let G(r) be continuous, strictly increasing, convex and sub-multiplicative function 
for allr = 0, GO) = 0, lim,++400 G(r) = +00 for all (x, y) in D, a(x, y), B(x, y) 
be positive continuous functions defined on D, and a(x,y) + B(x,y) = 1. Let 
Po(xo, yo) and P(x, y) be two points in D such that (x —x0)(y — yo) > 0 and R be the 
rectangular region whose opposite corners are the points Po and P. Let v(s, t; x,y) 
be the solution of the characteristic initial value problem 


Liv] = vs — c(s, NB(s, NG(O(s, t)B\(s, t))v =0, v(x, 1) = v(s,y) = 1, 
(5.1.53) 


and let Dt be a connected sub-domain of D which contains P and on which v > 0. 
IfR C D* and for all (x, y) € R, 


(x,y) < a(x, y) + d(x, y)G! ([ ik c(s, )G(P(s, ‘yds , (5.1.54) 
then for all (x,y) € R 


play) Satey) + bE" Jf eG.Na05.NGlab.90(.0) 
xu(s, thx, y)dsdt). (5.1.55) 
Proof We may rewrite (5.1.54) as 
#9) < ax, yale, yo") 
epee sibonptee sno" (ff et. nao c.nyasa) 
Since G is convex, sub-multiplicative and monotonic, we can get 
G(G(x.y)) < ale, (ale. 9) 


x y 
+B(x, y)G(b(x,») Bx, 9) )G ( / / c(s, 1)G(p(s, nas) 
xo Y yo 


(5.1.56) 
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Define 
x py 
u(x, y) = / / c(s, t)G(P(s,t)), u(x, yo) = u(xo, y) = 0, (5.1.57) 
x0 Yo 
then 
Uxy(X,y) = c(x, y)G(P(% y)), 
which, in view of (5.1.56), implies 


Llu] = usy(x,y) — e(x, y) BQ, y)G(b(, y) B(x, y) u(x y) 


c(x, y)[a(x, y)G(a(x, y))a7| (x, y)]. (5.1.58) 


A 


The operator L is self-adjoint and hyperbolic, and for any twice continuously 
differentiable u and v the operator L satisfies the identity 


vL[u] — uL[v] = —(uvy) + (vix)y. (5.1.59) 
Let Po and P be any points as in the theorem and label the directed sides and corners 
of the rectangle R. 


Using s and f as the independent variables, we integrate the identity (5.1.59) over 
R and use Green’s formula to obtain 


/ [cout — uL[v])dsdt = -| (vusds + uv,dt). 
R Cy +C2+C3+C4 


This holds for any functions in C? (Fig. 5.1). 


| A 6 


Fig. 5.1 Region and directed path around R 
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For the particular function u defined earlier, we have u = 0 onc3 andu = us, = 0 
on c4, so the right-hand side of the above identity reduces to 


-[ VUsds -{ uv, dt. (5.1.60) 

C1 C2 

Now suppose v satisfies 
Llv] = vs — c(s, )B(s, HG(b(s, )B | (s, 0)v = 0, (5.1.61) 
v=1, on C, (5.1.62) 
v;=0, on Co. (5.1.63) 


Then (5.1.62) and (5.1.63) imply that 
v=1, on C. (5.1.64) 


Since v > 0 on R and u(P}) = 0, by using (5.1.58), (5.1.60) becomes 


x py 
u(x, y) < / / c(s, Ha(s, )G(a(s, tha !(s, t))u(s, t; x, y)dsdt. 
Xo yo 


The conclusion (5.1.55) follows from (5.1.56) and (5.1.64). Oo 


The proof of this theorem is obtained by reducing the integral inequality to a 
differential inequality and then integrating it by Riemann’s method for hyperbolic 
partial differential equations [177]. The function v(s,¢;x,y) involved in Theo- 
rem 5.1.10 is a Riemann function relative to the point P(x, y) for the self adjoint 
operator L. There is such a function and a domain D* on which v > 0 since v = 1 
on the vertical and horizontal lines through P and since V is continuous (Fig. 5.2). 


Fig. 5.2 Directed path f 
around R 
Cz 
P I F (x, y) 
C3 | | C; 
P,(X,, Yo P, 
(hI) ee 
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In Theorem 5.1.11 below, we introduce the following two independent variable 
generalization of the integral inequality established by Pachpatte [454]. 


Theorem 5.1.11 (The Pachpatte Inequality [454]) Suppose $(x,y), a(x,y), 
b(x,y), c(x,y), and k(x,y) are real-valued non-negative continuous functions 
defined on a domain D. Let G(r), a(x,y), B(x,y) be the same functions as 
defined in Theorem 5.1.10. Let Po(xo, yo) and P(x, y) be two points in D such that 
(x — x0)(y — yo) > 0 and R be the rectangular region whose opposite corners are 
the points Po and P. Let E(s, t;x, y) be the solution of the characteristic initial value 
problem 


LIE] = Es: — c(s, t)B(s, H)G(b(s, DB! (s, D)[e(s, 2) + k(s, NJE(s, 1) = 0, 
E(x, t) = E(s, y) = 1, 


(5.1.65) 


and let D* be a connected sub-domain of D which contains P and on which v > 0. 
IfR C D*™ and for all (x,y) € R, 


x py 
oxy) satny) + bE" ff els. NGL. n)asar 
x py 
+/ / c(s, t)B(s, t)G(b(s, 1) B's, t)) 
“Tl Seen an) sat} (5.1.66) 
«(Ef (m, n)G(¢(m, n))dmdn ) ds | 
then for all (x,y) € R, 
x py 
b(x.y) < a(x.y) + d(x. y)G" Q(s, t)dsdt 
x,y) < a(x,y x,y [f. [ s, t)ds 
+ ff c6s,0 86, G(,9B-"(,0) 
[ [oe B(s (s,t)B (ss 
x ( / ; / Gunniiees. ‘and dsat], (5.1.67) 


where 


O(x,y) = c(x, y)a(x, y)G(a(x, ya! (x, )) + cl, y) BO y)G(D(, y) By) 


x [ [ k(m, n)a(m,n)G(a(m, nya | (m, n))dmdn. (5.1.68) 
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Proof We may rewrite (5.1.66) as 

-l 
b(x,y) S a(x, y)a(x, yo (x, y) 


+B(x, y)b(x. y) BN (x, no f [iw t)G(@(s, t))dsdt 


x py s ot 
+f / c(s, NB(s, NG((s, jp! (s, t)) (/ / k(m, n)G(o(m.1))dal) ant] 
xo Yy0 xo J yo 
Since G is convex, sub-multiplicative and monotonic, we obtain 


G((x,y)) < a(x, y)G(a(x, ya" (x, y)) 


+ Ble )G0 96a ME"[ [| e(s.96((.1)asdr 


i / . / " e(s, )B(s.)GW(s, )61(s,1)) 


x ( / / k(m, n)G(o(m, n))dman) dsat], (5.1.69) 


Define 


x 


u(x,y) = [ a c(s, t)G(@(s, t))dsdt + ik c(s, t)B(s, t)G(b(s, t)B '(s, t)) 
xo 4 Yo yo 


x0 


x (/ [um nG(o(om.m))dnl) dsdt, u(x, yo) = uxo, y) = 0, 


x0 “YO 


then 
Ury(x,y) = C(x, y) [aw (x, y)) + B(x, y)G(o(x, y)B (x. y)) 


xf i k(m, n)G(o(m, n))dman|, 


x0 “YO 


which, in view of (5.1.67), implies 
Uxy(X,y) < Q(x, y) + c(x, y)BO y)G(O, y) By) 
x J, y)+ [ i: k(m, n)G(b(m, n)B~'(m,n))u(m, n)dmdn} . 


(5.1.70) 
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Define 


r(x, y) = u(x, y) + i * K(m, n) B(m, n)G(b(m, n) B~!(m, n))u(m, n)dmdn, 
r(x, 0) = r(%o, y) = 9, 


(5.1.71) 


then 


Pxy(X, Y) = Uxy(x, y) + k(x, y) B(x, y)G(O(x, y) B(x, y) u(x, y). (5.1.72) 


Using the facts that 
Ury(x,y) < Oa, y) + cx, y) BQ y)GO@, y) By) y), 
from (5.1.70) and u(x, y) < r(x, y) from (5.1.71) in (5.1.72), it follows 
L[r] = ray, y) — Bx y)G(b, y) Bo" yey) + kK yr, y) S OC, y). 
Now following the last argument as in the proof of Theorem 5.1.10, we can obtain 
x py 
r(x,y) < i i O(s, t)E(s, t; x, y)dsdt. 

xo J yo 

Using this bound on r(x, y) in (5.1.70), we can arrive at 


x py 
terp(2,9) < O09)-+e(x, BO, )GOC, BG, 9)) / / Os, NEG, tx, y)dsdt. 


Integrating both sides of the above inequality first with respect to y from y to yo, and 
then with respect to x from x9 to x, we conclude 


u(x, y) < [ is Q(s, t)dsdt + [ f t) B(s, t)G(b(s, np l(s, t)) 


AY t 
x (/ / k(m, n)\E(m, n, s, ‘dd dsdt. (5.1.73) 
xo 4 yo 
Thus the desired bound in (5.1.66) follows from (5.1.67) and (5.1.73). Oo 


We next introduce the two independent variable generalization of the integral 
inequality established by Pachpatte [471]. 


Theorem 5.1.12 (The Pachpatte Inequality [471]) Suppose (x,y), a(x, y), 
b(x,y), c(x,y), and k(x,y) are real-valued non-negative continuous functions 
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defined on a domain D. Let N(r) be a positive, continuous, strictly increasing, sub- 
additive and sub-multiplicative function for all r > 0 and N~ is the inverse function 
of N. Let Po(x0, yo) and P(x, y) be two points in D such that (x — xo)(y — yo) > 0 
and R be the rectangular region whose opposite corners are the points Py and P. 
Let e(s, t; x, y) be the solution of the characteristic initial value problem 


Lle] = es:N(B(s, t))[c(s, t) = K(s, D]e(s, 1) = 0, (5.1.74) 


e(x,t) = e(s,y) = 1, 


and let D* be a connected sub-domain of D which contains P and on which v > 0. 
IfR C D*™ and for all (x, y) € R, 


(x,y) < a(x, y) + D(x, yn / i  c(s, )N((s, t))dsdt 


+ I i "cls, DN(D(s, 0) (/ I n(n.) iin) a 
xo J yo x0 “Yo 


(5.1.75) 


then for all (x,y) € R, 
x py 
o(x,y) < N7') N(a(x, y)) + NO y)) (s, t)dsdt)N(a(s, t)) 
x,y [ a(x, y x,y [ [« sat} a(s 
+N(D(s, t)) [ [lcm n) + k(m, n)|N(b(m, n))e(m, n, s, t)dman\ dsat |, 
| (5.1.76) 


Proof The proof follows by the similar argument as in the proofs of Theo- 
rems 5.1.10 and 5.1.11 with suitable modifications (see also [471]). We omit the 
details. Oo 


We note that the inequalities here can be extended very easily to the correspond- 
ing vector problems as in [620]. We also note that there is no essential difficulty in 
obtaining n independent variable generalizations of the inequalities established in 
Theorems 5.1.9—5.1.11 by using the technique used by Young in [658]. 

We next introduce the following inequality which can be used in more general 
situation. 


Theorem 5.1.13 (The Pachpatte-Pachpatte Inequality [525]) Let u(t), a(t), b(0), 
be as in Theorem 1.1.5 in Qin [557] and L : R72 — Ry be a continuous function 
which satisfies the condition: for all u => v = 0, 


0 < Lit, u) — Lit, v) < M(t, v)(u— v), 
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where M(t, v) is a real-valued non-negative continuous functions defined for all 
t,u © Rx. Iffor allt € Ry, 


+00 +00 
u(t) < a(t) + / b(s)u(s)ds + / L(s, u(s))ds, (5.1.77) 
then for allt € R4, 
u(t) < E([a(t) “ A(exp( / * Ms, E(s)a(s))E(s)ds) |, (5.1.78) 
where for allt € R+, 
+00 
E(t) = exp( | b(s)ds), (5.1.79) 
A(t) = [ E(s)a(s))ds. (5.1.80) 
Proof Define a function z(t) by 
+00 
z(t) = / L(s, u(s))ds, (5.1.81) 
then (5.1.77) can be restated as 
+00 
u(t) < a(t) + z(t) + : b(s)u(s)ds. (5.1.82) 


since a(t) + z(t) is non-negative, continuous and non-increasing for all t € R;, by 
applying Theorem 1.1.5 in Qin [557] to (5.1.82), we have 


u(t) < (a(t) + c()E(A). (5.1.83) 
From (5.1.81) and (5.1.83) and the hypotheses on L, we observe that 


+00 
a(t) < / [L(s, E(s)a(s) + E(s)z(s)) — L(s, E(s)(s)) + L(s, E(s)a(s))]ds 


+00 
<A(t) + M(s, E(s)a(s))E(s)z(s)ds. (5.1.84) 
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Clearly, A(t) is non-negative, continuous and non-increasing for all t ¢ R4. Now 
applying Theorem 1.1.5 in Qin [557] to (5.1.84) yields 


z(t) < A(exp( / ~ Ms, E(s)a(s))E(s)ds). (5.1.85) 


Using (5.1.85) in (5.1.83), we get the required inequality in (5.1.78). 
The inequalities established in the following Theorems 5.1.14—5.1.16can be used 
in certain applications. 


Theorem 5.1.14 (The Pachpatte-Pachpatte Inequality [525]) Let u(t), a(t), b(t) 
be real-values non-negative continuous functions defined for all t € R4 and L,M 
be as in Theorem 5.1.13. If for allt € R+, 


+00 
u(t) < a(t) + bo | L(s, u(s))ds, (5.1.86) 
then for allt € R+, 
+00 

u(t) < a(t) + b(ne(t)exp( / M(s, a(3))b(s)ds), (5.1.87) 

where for allt € R+, 

+00 

e(t) = / L(s, a(s))ds. (5.1.88) 


Proof Define a function z(f) by (5.1.81). Then from (5.1.86), we have 
u(t) < a(t) + b(f z(t). (5.1.89) 
From (5.1.81), (5.1.89) and the hypotheses on L, we observe that 


+00 
a(t) < i [L(s, a(s) + b(s)z(s)) — L(s, a(s)(s)) + L(s, a(s))]ds 


+00 
<e(t)+ M(s, a(s))b(s)z(s)ds, (5.1.90) 


where e(f) is defined by (5.1.88). Clearly e(t) is real-valued non-negative, continu- 
ous and non-increasing in all t € R4. An application of Theorem 1.1.5 in Qin [557] 
to (5.1.90) yields 


+00 
z(t) < e(exp( 7 M(s,a(s))b(s)ds). (5.1.91) 


Thus the desired inequality in (5.1.87) follows from (5.1.89) and (5.1.91). Oo 
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Theorem 5.1.15 (The Pachpatte-Pachpatte Inequality [525]) Let u(x, y), a(x, y), 
b(x, y), be as in Theorem 5.1.9 in Qin [557] and L : Ri — R4+ be a continuous 
function which satisfies the condition: for all u = v = 0, 


0 < L(x, y,u) — L(x, y, v) < M(x, y, v)(u— v), 


where M(x, y, v) is a real-valued non-negative continuous functions defined for all 
x,y,v € R4. Iffor all x,y € R+, 


+00 +00 too p+oo 
u(x, y) < a(x,y) + : / b(s, t)u(s, t)dtds + / / L(s, t, u(s, t))dtds, 
x y x y 
(5.1.92) 


then for all x,y € Ry, 


+oo p+oo 
u(x, y) < F(x, y) ts y) + B(x, y)exp (/ M(s,t, F(s, tha(s, ») F(s, pa F 
x y 
(5.1.93) 


where for all x,y € R+, 


+00 p+oo +00 p+oo 
F(x, y) = exp (/ / b(s, naa) , Bx, y) = / / L(s,t, F(s, t)a(s, t))dtds. 
x y x y: 


(5.1.94) 


Proof The proof follows by the proofs of Theorems 5.1.13-—5.1.14 and Theorem 
2.1.59 in Qin [557], and using Theorem 5.1.9 in Qin [557]. Oo 


Theorem 5.1.16 (The Pachpatte-Pachpatte Inequality [525]) Let u(x, y), a(x, y), 
b(x, y) be real-value non-negative continuous functions defined for all x,y € R+ 
and L,M be as in Theorem 5.1.15. If for all x,y € Ry, 


+00 +00 
u(x,y) < a(x, y) + btx.y) [ i L(s, t, u(s, t))dtds, (5.1.95) 


then for all x,y € Ry, 


+0o ptoo 
u(x, y) < a(x, y) + bx, y)f@, y)exp ( / M(s, t, a(s, t))b(s, Had) : 


(5.1.96) 
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where for all x,y € R, 


+0o pt+oo 
f(xy) = / / L(s, t, a(s, t))dtds. (5.1.97) 


Proof The proof is similar to that of Theorem 5.1.15. Oo 
Theorem 5.1.17 (The Pachpatte-Pachpatte Inequality [525]) Let u(x, y), a(x, y), 
b(x, y) be as in Theorem 5.1.16 and L : Ri — Rx be a continuous function which 
satisfies the condition: for allu => v = 0, 

0 < L(x, y,u) —L(x,y,v) < M(x, y,v)W' (uv), 
where M(x, y, v) is defined as in Theorem 5.1.15, w : R4 — R+ be a continuous 


and strictly increasing function with W(0) = 0, W~' is the inverse function of v and 
forallu,v € R4, 


vl) <0 wy). 


Ifforallx,y € Ry, 


+00 pt+oo 
u(x,y) < a(x, y) + ba, yy (/ : L(s, t, u(x, »))ds) ; (5.1.98) 


then for all x,y € R+, 


+00 p+oo 
u(t.y) <aley) + bOI) (v0 y)exp ( [of Mo.t.a6.o7 06. »| aus) 
x y 
(5.1.99) 
where f (x, y) is defined by (5.1.97). 
Proof The proof is similar to that of Theorem 5.1.15. O 


5.1.2 Nonlinear Two-Dimensional Bihari Inequality 
and Their Generalizations 


In this subsection, we shall introduce some new nonlinear integral inequalities of 
the Gronwall-Bellman-Ou-Yang-type in two variables, which, on the one hand, 
generalize and on the other hand furnish a tool for the study of qualitative as well as 
quantitative properties of solutions of differential equations. 

Bainov, Simeonov and Lipovan [42] observed the following Gronwall-Bellman- 
type inequality. 
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Theorem 5.1.18 (The Bainov-Simeonov Inequality [42]) Let J = [0,a], J = 
[0, b], where 0 < a,b < +00. Let c > 0 bea constant, g € C(R+,R+) be non- 
decreasing with g(r) > 0 for allr > 0, andb € CU x J,R+). fu € CU x J, R+) 
satisfies for all (x,y) € Ix J, 


ieee , : / "bls, )olu(s, ards, 


then for all (x,y) € [0,x1] x [0, yi], 


u(x,y) < 7! fo. + / . i iG: nan 


" ds 
D(r) =| gs)’ r= 1, 


where 


and ®~' is the inverse of ®, and (x,,y,) € I x J is chosen such that ®(c) + 
i Jp B(s, t)dsdt € Dom (®~") for all (x, y) € [0, x1] x [0, yi]. 


Proof The proof is left to the reader as an exercise. Oo 


Snow [619, 620] and Ghoshal and Masood [246] have obtained some useful 
generalizations of Theorem 5.1.18 by using Riemann’s function. Bondge and 
Pachpatte [94] have also obtained some useful generalizations of Theorem 5.1.18. 


Theorem 5.1.19 (The Bondge-Pachpatte Inequality [94]) Let (x, y) and p(x, y) 
be real-valued non-negative continuous functions defined for allx = 0, y = 0. 
Let H(u) be a positive, continuous, monotonic non-decreasing function for all u > 
0, H(0) = 0, H,(u) = 0, and suppose further that the inequality holds for all 
x20, y20, 


(x,y) < a(x) + bY) + / i p(s, t)H((s, t))dsdt, (5.1.100) 


where a(x), b(y) > 0, a(x), b’(y) = 0 are real-valued continuous functions 
defined for allx = 0, y = 0. Then forallO<x<x,,0<y<y, 


= " a'(s) 
(x,y) <Q 00) +509 4 , Has +b@)" s+ ff i, p(s, oat 
(5.1.101) 


where 


= ro = 0, (5.1.102) 
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and Q7 is the inverse function of Q, and x,, y, are chosen so that 


* a'(s)ds * ji 
240) +60) + | aaa boy | i p(s, t)dsdt € Dom (Q7') 


for all x, y lying in the sub-intervals 0 < x < x1, 0 < y < y of real numbers. 


Proof Define a function u(x, y) by the right-hand side of (5.1.100), then 


| Ury(X,) = p(x, yA (P(x, y)), 
u(x, 0) = a(x) + b(0), u(O,y) = a(0) + BG), 


which, in view of (5.1.100), implies 


Uxy(x, y) < p(x, y)H(u(x, y)), 


ie., 
a a < p(x.y). (5.1.103) 
From (5.1.103) it follows 
a ee pay 
(Gea) spew. 


Integrating both sides of the above inequality with respect to y from 0 to y, we have 


Ux(X, Y) a (x) y 
Haty) — Hae) +5O) ” +f p(x, pdt. (5.1.104) 


From (5.1.102) and (5.1.104), we derive 


a’ (x) y 
(u(x, y)) S Ha) +b) * +f D(x, t)dt. 


Integrating both sides of the above inequality with respect to x from 0 to x, we can 
get 


* g) 
Aulx.y)) $a) +40) + | AA Has + ik [ st Lo 
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Now substituting the bound on u(x, y) from (5.1.105) into (5.1.100), we can obtain 
the desired bound in (5.1.101). The intervals of real numbers for x and y are 
obvious. Oo 


We next establish the following two independent variable generalization of the 
integral inequality established by Bondge-Pachpatte [94]. 


Theorem 5.1.20 (The Bondge-Pachpatte Inequality [94]) Let 6(x, y) and p(x, y) 
be real-valued non-negative continuous functions defined for allx = 0, y = 0. 
Let H(u), Hy(u) be the same functions as defined in Theorem 5.1.19, and suppose 
further that the inequality holds for allx = 0, y = 0, 


x py 
bles) sao) +60)+ ff pe.o(o.0 


+ [ [om n)H (p(m, n))dmdn )dsdt, (5.1.106) 
0 Jo 


where a(x), b(y) > 0, a(x), b’(y) = 0 are real-valued continuous functions 
defined for allx = 0, y = 0. Then for all0 <x <x, O<y< yo, 


x py 
peas) <a +b0)+ ff p(s.“ [Gtaco) + 40) 
0 JO 
t a'(m)dm Ss “ 
+ / a(m) + b(0) + H(a(m) + b(0)) = I I Pm, rds] sat, 
(5.1.107) 


where 
G(r) i, >m>0 (5.1.108) 
n= , rer ; wl. 
» StH) 


and G~' is the inverse function of G, and x2, y2 are chosen so that 


a'(m) 


G(a(0) + b(y)) + [ aan) + b(0) + Haun) + bo)” 


S 4 
+ / / p(m, n)dmdn|dsdt € Dom (G~') 
o Jo 


for all x, y lying in the sub-intervals 0 < x < x2, 0 < y < y2 of real numbers. 


Proof Define a function u(x, y) by the right-hand side of (5.1.106), then 


Uxy(X.y) = p(x, yV(O(a%.y) + fp Jo Pm, n)H(p(m, n))dmdn), 
u(x, 0) = a(x) + b(0), ~u(0, y) = a(0) + by) 
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which, in view of (5.1.106), implies 


usb») < PCy) (uls9) + ff pln n\Hb(on,n))aindn). (1.108) 
If we put 


v(x, y) = ulxy) + fo fo p(m, n)H(p(m, n))dmdn, 
v(x, 0) = a(x) + b(0), v(0,y) = a(0) + dG), 


then 
Usy(X,Y) = May (sy) + pCa YH (u(a y)). (5.1.110) 


Using the facts that u,,(x,y) < p(x, y)u(@, y) from (5.1.108) and u(x, y) < vi, y) 
from (5.1.109) in (5.1.110), we have 


Uxy(x, y) S p(x, y)[v(x, y) + A(v(x, y))]. 


Now by following the similar argument as in the proof of Theorem 5.1.19 in view 
of the definition of G, we obtain 


—1 as a'(s)ds x py 
v@y) <G [ Gta) + b(y)) + [ as) + b(0) + Hats) + B(0)) +f [ D(s, t)dsdt]. 


Substituting the above bound on v(x, y) in (5.1.109) and then integrating both sides 
first with respect to y from 0 to y and then with respect to x from 0 to x, we conclude 


u(x.y) < a(x) + by) + i / " p(s.t)G7"[G(a(0) + b() 


° a'(m)dm sft 
- aon) +b(0) + H(aim) +b) > / i p(m,n)dmdn\dsdt. 


Now substituting this bound on u(x, y) in (5.1.106), we can obtain the desired bound 
in (5.1.107). The intervals of real numbers for x and y are obvious. Oo 


We next introduce the following integro-differential inequality in two indepen- 
dent variables. 


Theorem 5.1.21 (The Bondge-Pachpatte Inequality [94]) Let ¢(x,y) and 
Pxy(x, y) be real-valued non-negative continuous functions defined for all x = 
0, y= 0; o(%,0) = 6(0,y) = 0, and p(x, y) be real-valued continuous function 
defined for allx => 0, y = 0. Let H(u), H,(u) be the same functions as defined in 
Theorem 5.1.19, and suppose further that the inequality holds for allx = 0, y = 0, 


dy(t.y) < ax) +b) +M[ by) + if / p(s, NH (ls, ))dsdt], (5.1.111) 
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where a(x), b(y) > 0, a(x), b’(y) = 0 are real-valued continuous functions 
defined for all x = 0, y = 0, and M = Ois aconstant. Then for all0 <x < x3, O< 


ySy3, 


a'(s)ds 


dry(x,y) < c'| Ga) + b(y)) + a(s) + b(0) + H(a(s) + b(O)) 


+m f° [ v6. Ndsdt| (5.1.112) 
0 0 


where G and G"! are as defined in Theorem 5.1.20. G~' is the inverse function of 
G, and x3, y3 are chosen so that 


x d (s) 


G(a(0) +b(y)) + [ a(s) + b(0) + H(a(s) + b(0)) 


x py 
ds+M / / p(s, t)dsdt € Dom (G7), 
0 JO 


for all x, y lying in the sub-intervals 0 < x < x3, 0 < y < y3 of real numbers. 


Proof Define a function u(x, y) by the right-hand side of (5.1.111), then 


Uxy(x, y) = M[dxy(x, y) a p(x, y)H (dry (x, y))], 
u(x, 0) = a(x) + b(0), u(O, y) = a(0) + bY) 


which, by using (5.1.111) and the fact that p(x, y) > 1, implies 
Uxy(x,y) < Mp(x, y)[u(x, y) + H(u(, y))]. 


Now, following the similar argument as in the proof of Theorem 5.1.19, we may 
obtain 


| - d'(s)ds xy 
u(x, y) <G [G(ao) + bo [ a(s) + b(0) + H(a(s) + BO) + uf [ v6. Ndsdt). 


Substituting this bound on u(x, y) in (5.1.111), we can obtain the desired bound in 
(5.1.112). oO 


Next we shall introduce the following two independent variable generalization 
of the integro-differential inequality established by Pachpatte [462] which may be 
convenient in situations. 


Theorem 5.1.22 (The Bondge-Pachpatte Inequality [94]) Let (x,y), x(x, y). 
p(x, y) and H(u), Hy(u) be the same functions as in Theorem 5.1.21, and suppose 
further that the inequality holds for all x = 0, y = 0, 


dry (x,y) < a(x) + by) + [ [ v6. DH( os, t) + ds(s, 1)) dst, (5.1.113) 
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where a(x), b(y) > 0, a(x), b’(y) = 0 are real-valued continuous functions 
defined for all x = 0, y = 0, and M => Ois aconstant. Then for all0 <x < x4, O< 


yS ya, 
botey) sas) +b0)+ | [ p(s.nHG"[G(a0) + b10) 
Ay a'(m) s t 
+{  —— an +/ [ ote, dmanp asa 


a(m) + b(0) + H(a(m) + b(0)) 
(5.1.114) 


where G and G"! are as defined in Theorem 5.1.20. G~! is the inverse function of 
G, and x4, y4 are chosen so that 


a'(s) 


G(a(0)+b())+ i a(s) + b(0) + H(a(s) + b(0)) 


x py 
ast | / p(s, t)dsdt € Dom (G_!), 
0 Jo 


for all x, y lying in the sub-intervals 0 < x < x4, 0 < y < ya of real numbers. 


Proof Define a function u(x, y) by the right-hand side of (5.1.113), then 


Uxy(X, y) = P(x, yA (p(x, y) ar dsi(x, y)); (5.1.115) 
u(x, 0) = a(x) + b(0), u(0,y) = a(0) +: dG). 
From the definition of u(x, y) and (5.1.112), it follows 
dxy(X, y) < ue, y) (5.1.116) 
and hence which together with (5.1.116), yields 
x py 
b(x,y) < i / u(s, t)dsdt. (5.1.117) 
0 Jo 


Using (5.1.116) and (5.1.117) in (5.1.115), we may derive 


x py 
u(y) S ples (uex.») + [of w(s.trddt). 
0 0 
If we put 


v(x, y) = u(x, y) + fo fo wm, n)dmdn, 
v(x, 0) = a(x) + b(0), v0, y) = a0) + bv), 


then as in Theorem 5.1.20, we can obtain 


Uxy(x, y) < p(w, y)[v(x, y) + H(vG, y))]. 
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Since the remainder of the proof is similar to an argument as in Theorem 5.1.20, we 
may leave the details to the reader. Oo 


The following results, due to Dragomir and Kim [207], concerns integral 
inequalities involving functions of two independent variables. 

All the functions which appear in the following Theorems 5.1.23—5.1.26 are 
assumed to be real-valued and all the integrals are involved in existence on the 
domains of their definitions. 

In the following results, we shall use the class f of functions introduced in 
Chap. 1. 


Theorem 5.1.23 (The Dragomir-Kim Inequality [207]) Let u(x,y), a(x, y), 
b(x, y), c(x,y), d(x, y) be non-negative continuous functions defined for all x,y € 
R4, let g € F. Define a function z(x, y) by 


x p+oo 
z(x,y) = a(x, y) + c(x, y) / i b(s, thu(s, t)dtds, 
» 


with z(x,y) is non-decreasing in x and z(x,y) => 1 for all x,y € R4. If for all 
a,x,y © Ry, anda <x, 


u(x,y) < z(x,y) + i, b(s, y)g(u(s, y))ds, (5.1.118) 


then for all x,y € R+, 


E 4 +00 
u(x, y) < p(y) [avs y) + cv, y)e(x, veo( 1 d(s, t)p(s, t)e(s, oa) ; 
" 


(5.1.119) 
where 
P(x, y) = G'(Ga) + [ o0.0008), (5.1.120) 
x ptoo 

etn) = | / d(s, t)p(s, t)c(s, t)dtds, (5.1.121) 

0 Jy 

u ds 
G(u) = / —, u=u>0 (5.1.122) 

uw &(S) 


and G~'is the function of G such that G(1) + i b(s, y)ds € Dom (G"!). 
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Proof Let z(x, y) is a non-negative, continuous, non-decreasing and let g ¢ #. Then 
(5.1.118) can be restated as 


u(x, y) _ 
z(x,y) 


1+ a D(s, ee y))ds. (5.1.123) 
a 2(x, y) 


Define a function w(x, y) by the right-hand side of (5.1.123), then wn < w(x, y) 
and 


w(x,y) <1 + / ' b(s, y)g(w(s, y))ds. (5.1.124) 


Treating x,y € Ry fixed in (5.1.124) and using (i) of Theorem 1.1.2 to (5.1.124), 
we can get 


w(x, y) < G'(G(1) + [ v6. y)ds). (5.1.125) 


a 


Using (5.1.125) in [u(x, y)/z(x, y)] < wx, y), we may obtain 


u(x, y) < z(x, y)p(x, y), 


where p(x, y) is defined by (5.1.120). From the definition of z(x, y), we derive 


u(x, y) < p(x, y)(a(x, y) + c(x, y)u(x, y)), (5.1.126) 


where 
x +00 
v(x, y) =] / d(s, t)u(s, t)dtds. 
0 Jy 


From (5.1.126), we derive 


x p+oo 
u(x, y) < i / d(s, t)p(s, t) (a(s, t) + c(s, tu(s, t)) dtds 


x +00 
= e(x, y) +f / d(s, t)p(s, t)c(s, t)u(s, tdtds, 
y 


where e(x, y) is defined by (5.1.121). Clearly, e(x, y) is non-negative, continuous, 
non-decreasing in x, x € R 4 and non-increasing in y,y € R+. Now, by (i) of 
Lemma 5.1.4 in Qin [557], we obtain 


x p+oo 
u(x, y) < e(x, y) exp (/ / d(s, t)p(s, t)c(s, Hu(s, nas) : (5.1.127) 
y 


Using (5.1.127) in (5.1.126), we can get the required inequality (5.1.119). Oo 
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Theorem 5.1.24 (The Dragomir-Kim Inequality [207]) Let u(x, y),a(x,y), 
b(x, y),c(x, y), d(x, y) be non-negative continuous functions defined for all 
x,y € Ry, let g € F. Define a function z(x, y) by 


+oo p+oo 
z(x,y) = a(x, y) +f / d(s, t)u(s, t)dtds, 


with z(x,y) is non-decreasing in x and z(x,y) > 1 for all x,y € R4. If for all 
B,x,y € Ry and B < x, 


B 
te Sees / bs, ye (uls,y))ds, 


then for all x,y € Rx, 


u(x, y) S p(x, y) ts y) + c(x, ye(x y) 


+00 ptoo 
x exp (| / d(s, t)p(s, t)c(s, oa) | 


where 


B 
By) = G'(G() + / b(s, y)ds), (5.1.128) 


+00 pt+oo 
e(x,y) = if / d(s, t)p(s, tha(s, t)dtds, (5.1.129) 
x: y 
and G is defined in (5.1.122), G~! is the inverse function of G, such that 


p 
G(1) +f b(s, y)ds € Dom (G"!). 


Proof The proof follows by a similar argument to that in the proof of Theo- 
rem 5.1.23 with suitable changes. We omit the details. O 


Theorem 5.1.25 (The Dragomir-Kim Inequality [207]) Let u(x,y),a(x,y), 
b(x, y),c(x, y) be non-negative continuous functions defined for all x,y € R+ 
and F : Ri — R+ be a continuous function which satisfies the condition: for all 
u=v=0, 


0 < F(x, y,u) — F(x, y,v) < K(x, y, v)(u — v) (5.1.130) 
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where K(x, y, v) is a non-negative continuous function defined for all x, y,v € Ry. 
And let g € F . Define a function z(x, y) by 


* +00 
z(x,y) = a(x, y) + c(x, » | / F(s,t, u(s, t))dtds, 
f 


with non-decreasing in x and z(x,y) => 1 for all x,y € R4. If for alla,x,y € R+ 
anda < x, 


u(x, y) < z(x,y) + / b(s, y)g(u(s, y))ds, (5.1.131) 


a 


then for all x,y € Ry, 


x p+oo 
u(x, y) < p(x, y) [oc y) + c(x, y)A(x, y) exp / K(s, t, p(s, Ha(s, t))p(s, tc(s, na). 
(5.1.132) 
where p(x, y) is defined by (5.1.120) and 


x pt+oo 
Atey) = f / F(s, t, p(s, Ha(s, t))dtds, (5.1.133) 


and G(u) = Sie rae u> uo > 0, G! is the inverse function of G such that 


G(1) + [ b(s, y)ds € Dom (G“"). 


Proof The proof follows by a similar argument to that in the proof of Theo- 
rem 5.1.23. Since z(x,y) is a non-negative, continuous, non-decreasing and let 
g ©f, then 
u(x, y) S zx, y)p@, y), 
where p(x, y) is defined by (5.1.120). From the definition of z(x, y), we can get 
u(x, y) S p(x, y)(a(%, y) + c@&, y)w(x y)), (5.1.134) 


where w(x, y) is defined by 


x +00 
w(x, y) =| i F(s,t, u(s, t))dtds. 
y 
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From (5.1.131) and (5.1.134), we infer 
x +00 
w(x, y) < / / | Fi.1.06. t)(a(s, t) + c(s, t)u(s, t))) 
0 dy 
+F(s, t, p(s, Da(s, t)) — F(s, t, p(s, tals, »| dtds 


x +00 
< A(x, y) +f / K(s, t, p(s, tha(s, t))p(s, t)c(s, t)w(s, Ddtds, 


where A(x, y) is defined by (5.1.133). Clearly, A(x, y) is non-negative, continuous, 
non-decreasing in x, x € R and non-increasing in y, y € R+. Now, by (i) of Lemma 
5.1.3, we conclude 


x +00 
w(x, y) < A(x, y) exp (/ / K(s, t, p(s, Ha(s, t))p(s, t)c(s, thw(s, nas) . 
0 Jy 
(5.1.135) 
Using (5.1.134) in (5.1.135), we can get the required inequality (5.1.132). Oo 


Theorem 5.1.26 (The Dragomir-Kim Inequality [207]) Let the assumptions of 
Theorem 5.1.25 hold. Define a function z(x, y) by 


+00 ptoo 
z(x,y) = a(x, y) + cta.y) | / F(s,t, u(s, t))dtds, 


with non-decreasing in x and z(x,y) = 1 for all x,y € Rx. If for all B,x,y € Ry 
and B <x, 


p 
u(x, y) < z(x,y) + / b(s, y)g(u(s, y))ds, (5.1.136) 


x 


then for all x,y € Rx, 


u(x, y) < p(x, y) [oc y) +c(x, y)A (x, y) exp (/ / K(s, t, p(s, Ha(s, t))p(s, tc(s, nau) : 
. (5.1.137) 
where p(x, y) is defined by (5.1.128), 


+00 +00 
A(x, y) = / i F(s, t, p(s, t)a(s, t))dtds, (5.1.138) 
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and G is defined in (5.1.122), G~! is the inverse function of G, such that 


p 
G(1) +f b(s,y)ds € Dom (G"'). 


Proof The proof follows by a similar argument to that in the proof of Theo- 
rem 5.1.25 with suitable changes. We omit the details. Oo 


5.1.3 Nonlinear Two-Dimensional Nonlinear Ou- Yang 
Inequality, Gollwitzer Inequality and Their 
Generalizations 


The next result is due to Pachpatte [519]. 


Theorem 5.1.27 (The Pachpatte Inequality [519]) Let u(x,y),f(x,y) € 
C(R7.,R+), h(x y, s,t) € C(Ri. x R7.,R4) for allO < s < x < +m, 
0<t<y< +oo. Letc,p,g,G,G! be as in Theorem 1.1.36. If for allx,y € R+, 


uP (x; 9) Seb [ a [Fo tg(u(s,t)) + i [vs t,o, ng(u(o, m)dndo | dsdt, 


(5.1.139) 
then forall0 <x<“,0<y<y1,x,x1,y,y1 € Ro, 
—1 1/p 
u(x,y) <[G'[G(ce) +A, y)]] (5.1.140) 
where 
x py St 
A(x, y) = i / [Fo t) +f i h(s, t,o, mando |dsat, (5.1.141) 
0 Jo 0 Jo 


and x,,y, € Rx, are chosen so that 
G(c) + A(x, y) € Dom (G"'), 

for all x, y lying in the intervals 0 < x <x,0<y< y; of Ry. 
Proof Let c > 0 and define a function z(x,y) by the right-hand side of (5.1.139). 
Then z(0, y) = z(x,0) = c, u(x, y) < ((x,y))'? and 

a] x t 

rit) = f tre netuts.e) + f° [hGs.1.0,me(uto, mdndoldr 
0 
y x t 
=f renecto'es [° [ ne.ro.meeo.m) dolar 
0 0 Jo 


< g((e(x, y))!/”) i Lf.) + i / h(x, t, 0, n)dodndt. (5.1.142) 
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From (1.1.236) and (5.1.142), we deduce 


D,2(x, y) 
g((z(x, y))!/P) 


ie es t) +f [ine 1,0, ndodn fat. (5.1.143) 
0 0 0 


Keeping y fixed in (5.1.143), setting x = s and integrating with respect to s from 0 
to x and using the fact that z(0, y) = c, we get 


D,G(z(x, y)) — 


lA 


G(z(x, y)) < G(c) + AG, y). (5.1.144) 


Now substituting the bound on z(x, y) from (5.1.144) in u(x, y) < (z(x, y)) 1”, we 
can obtain the desired bound in (5.1.140). The proof of the case when c > 0 can 
be completed as mentioned in the proof of Theorem 1.1.25. The domain 0 < x < 
x1, O< y < y, is obvious. o 


Next, we shall introduce the following corollary whose proof is similar to that of 
Corollary 1.1.5. 


Corollary 5.1.1 Let u,f,h,c, p be as in Theorem 5.1.26. If for all x,y € R, 


POd 264 i . / [Fo. )u(s,t) + / : i h(s,t,0, nu(o, n)dodn |dtds, 
0 0 0 0 
(5.1.145) 


then for x,y € R4, 


ie 


| 
u(x, y) < joe +P Ace y (5.1.146) 
P 


where A(x, y) is defined by (5.1.141). 


Remark 5.1.1 We note that, the upper bound on the inequality (5.1.145) when 
p = 1andh = O was established by Wendroff [65]. For various generalizations 
of Wendroff’s inequality, see [42, 507]. 


As an application of Theorem 5.1.39 in Qin [557], we next introduce the 
following two independent variable generalization of the Gollwitzer’s inequality in 
[249]. 


Theorem 5.1.28 (The Bondge-Pachpatte Inequality [95]) Let ¢(s,1), a(s,d), 
b(s,t), and u(s,t) be as defined in Theorem 5.1.39 in Qin [557]; let H(r) be a 
positive, continuous, strictly increasing, convex, and sub-multiplicative function for 
allr > 0, H(O) = 0, lim,+4. H(r) = +00; let a(s,t), B(s,t) be positive 
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continuous functions defined on Ry. x R+, and a(s, t)+ B(s, t) = 1. Suppose further 
that the inequality holds for all0 <x <s<+o0,0<y<t<+o, 


u(s,t) > (x,y) — a(s,2) (ff b(m,n) H(d(m, n)) dm dn). (5.1.147) 
Then forall0 <x<s<+w,0<y<t<+4oM, 
u(s,t) > a(s,t) H'(a'(s,t)) H(d(x, y)) 
x exp ( ~ B(s,t) H(a(s,t))B-'(s, 1) i, b(m, n) dm dn). (5.1.148) 
Proof We may rewrite (5.1.147) as | 


(x,y) < a(s,t) u(s, tha" (s, 1) + B(s,t) a(s, )B~'(s, 2) 


x m(f [ b(m,n) H(¢(m, n)) dm in) 
x dy 


Since H is convex, sub-multiplicative and monotonic, we have 


a(s,t) H(u(s, aX" (s,t)) = H(p(x,y)) — Bls,t) HC als, )B'(s,0)) 


(ff b(m, n) H(b(m, n)) dm in) 


Now applying Theorem 5.1.39 in Qin [557] to the above inequality, we may get 
the desired bound in (5.1.148). Oo 


We next introduce the following two independent variable generalization of the 
integral inequality established by Langenhop [328]. 


Theorem 5.1.29 (The Langenhop Inequality [328]) Let u(s,t), a(s,t), and 
b(s,t) be as defined in Theorem 5.1.39 in Qin [557]; let Wi(r) be a positive 
continuous, monotonic, non-decreasing function for all r > 0, W(O) = 0, and 
(0/dy)W(r(x,y)) = Wy, r(x, y)) = 0; and suppose further that the inequality 
holds forall0 <x<s<+w,0<y<t<+4+m, 


u(s,t) > u(x,y) — a(s, Af [ b(m,n) W( u(m, n)) dm in) (5.1.149) 


Then forall s,, t €R4,0<x<s<51,0<y<t<h, 


u(s, t) > | u(x, y)) — a(s, aff b(m,n) dm in| (5.1.150) 
x dy 
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where 


r a 
an = | a r>1 > 0, Gili) 


"0 


and Q~ is the inverse function of Q such that for all0 < x < s < +o0,0<y< 
t < +00, 


Q( u(x, y)) — als, a(f b(m,n) dm dn) € Dom (Q7'). 


y 


Proof We may rewrite (5.1.149) as 


u(x,y) < u(s,t) + a(s, »( i b(m,n) W( u(m, n)) dm dn). (5.1.152) 
y 


For fixed s and f in the interval R,, we define forallO <x<s, 0<y<t, 


r(x,y) = u(s,t) + als, df b(m,n) W( u(m, n)) dm dn). 


(5.1.153) 
r(x,y) = r(s,y) = u(s,t). 
Then from (5.1.153) it follows 
Nyy) = a(s,t) d(x, y) WC u(x, y)), 
which, by (5.1.152), implies 
Txy(X,¥) S als, t) b(x,y) WCr@, y)), 
1.e., 
EY 5 ot ha ah, (5.1.154) 
W(rQ,y)) ~ 


From (5.1.154), we derive that 


W( 7G, y)) Try Y) Wy (7, y)) xe Y) 


< a(s,t) b(x,y) + 


W( r(x, y)) Were) 
1.e., 
d/ r(x, y) 
(Wore ayy) = 19 POD: 
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Now integrating both sides of the above inequality with respect to y from y to t, we 
can get 


W(r(.d) Wry) — 


Thus from (5.1.151) and (5.1.155) it follows 


r(x, t) n@y) as. oe (5.1.155) 


QC r(&,y)) — Qal re) < als.) 1 “Meehan 


Integrating both sides of the above inequality with respect to x from x to s, we 
conclude 


aren <otuernyeaeal | f vine ana), 
r(x, y)) u(s, f)) as.n( ff (m,n m dn) 
which implies 
Q(uls,t)) > A(ulx,y)) — as, (ff b(m,n) dm dn). (5.1.156) 
x dy 


The desired bound in (5.1.150) follows from (5.1.156). The intervals of real numbers 
s and ¢ are also obvious. Oo 


We now apply Theorem 5.1.40 in Qin [557] to present the following two 
independent variable generalization of the integral inequality established by 
Pachpatte [450]. 


Theorem 5.1.30 (The Pachpatte Inequality [450]) Let $(s,t), a(s,t), b(s,1), 
c(s,t), and u(s,t) be as defined in Theorem 5.1.40 in Qin [557]; let H(r), a(s, t) 
and B(s, t) be as defined in Theorem 5.1.29; and suppose further that the inequality 
holds forall0 <x<s<+o, 0<y<t<+o, 


u(s,t) > d(x, y) — a(s, ft) H"! [/ [ b(m,n) H(¢(m,n)) dm dn 
x dy 


ff Me mf f cl, 0) H(G(E,6)) dé de) dm in. 


(5.1.157) 


578 5 Nonlinear Multi-Dimensional Continuous Integral Inequalities 


then forall0 <x<s<+o0o, O<y<t<+o, 


u(s,t) > a(s,t) H—! [rw A(p(x,y)) {1 + B(s,.) HC als, 0) B-"(s,0)) 
ws i / b(m, n) exp (J / [B(s.t) H(a(s,t)B '(s, 0) b(£,0) + c(é, 0] 


-1 
x dé a) dm af | (5.1.158) 
Proof We may rewrite (5.1.157) as 
$(x,y) < a(s, A) u(s, am" (s, 1) 


+B(s, t) a(s, t)B'(s, t) mf [ b(m,n) H(b(m, n)) dm dn 


3 / . *ban.n)( / / " e(€.£) HbE.6) dé a) dm in. 


Since H is convex, sub-multiplicative and monotonic, we have 


a(s,t) H( u(s, tha '(s, t)) 
> H(p(x.y)) — B(s,t) HC als, 0B, o| i / b(n, a) H@Gnin)) dm in. 


Now applying Theorem 5.1.40 in Qin [557] to the above inequality, we can obtain 
the desired bound in (5.1.158). Oo 


Next, we introduce a two independent variable generalization of the integral 
inequality established by Pachpatte in [451]. 


Theorem 5.1.31 (The Pachpatte Inequality [451]) Let u(s,t), a(s,t), b(s,d), 
and _ c(s,t) be as defined in Theorem 5.1.40 in Qin [557]; let G(r) be a positive, 
continuous, Strictly increasing, sub-additive and sub-multiplicative function for all 
r > 0, H(0) = 0; let G~! denote the inverse function of G; and suppose further 
that the inequality forall0 <x<s<+o,0<y<t<4%, 


u(s,t) > u(x,y) — a(s, ft) Aff b(m,n) G( u(m,n)) dm dn 


+f f sim ( [ff 0) (ue. a «) dm in. 


(5.1.159) 
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then for all0 <x<s5s<+o0, 0< y<t< +00, 
S [4 

u(s,t) > u(x,y) G! [! + G(a(s, of / b(m, n) 
x y 


x exp ( / , / [ bE, £) G(als,2)) + c(€,O)] ab i) dm inl’). 
(5.1.160) 


Proof In fact, we may rewrite (5.1.159) as 


u(x, y) < u(s,t) + a(s,t) G! | [ b(m,n) G( u(m, n)) dm dn 
x dy 


+ff | vim ( [ [0 cue. a | di in 


(5.1.161) 


Since G is sub-additive and sub-multiplicative, we infer from (5.1.161) 


G(u(x, y)) < G(u(s, 1) + G(a(s, ALL b(m,n) G( u(m, n)) dm dn 
x dy 


- / . / = boo, n)( [ , / " e(€.0) Gl ulE, 0) af dé) dm in. 


(5.1.162) 


Defining r(x, y) by the right-hand side of (5.1.162) and by following a similar 
argument to that in the proof of Theorem 5.1.40 in Qin [557], with suitable 
modifications, we can obtain the desired bound in (5.1.160). Oo 


5.1.4 Nonlinear Two-Dimensional Nonlinear Henry 
Inequalities 


The following several results are concerned with nonlinear integral inequalities with 
weakly singular kernels for functions in two and n independent variables. These 
results , due to Medved’ [387], are related to the well-known Gronwall-Bihari and 
Henry inequalities for functions in one variable and the Wendroff inequality for 
functions in two variables. A modification of the Ou- Yang-Pachpatte inequality and 
inequalities for functions in n independent variables are also introduced. 
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Henry proposed in his book [279] a method to estimate solutions of linear integral 
inequality with weakly singular kernel, which plays the same role in the geometric 
theory of parabolic partial differential equations (see, e.g., [267, 279, 590]) as the 
well-known Gronwall inequality in the theory of ordinary differential equations. In 
[384], a new method to estimate solutions for nonlinear integral inequalities with 
singular kernels of Bihari type is proposed. The resulting estimate formulas are 
similar to those for classical integral inequalities (see, e.g., [47, 82, 230, 374, 375, 
382, 383, 500]). For instance, the estimate of solution of the Henry inequality is of 
exponential form in contrary to the Henry’s estimate (see, e.g., [279, 590]) by an 
infinite series of a complicated form. The method has been applied in [385] in the 
proof of global existence of solutions and a stability theorem for a class of parabolic 
PDEs. In what follows, we shall introduce the method proposed in [384] to obtain 
an analogue of the Wendroff inequality (see, e.g., [47, 230, 374, 375]) for functions 
in two variables. Thandapani and Agarwal [643] proved some results concerning 
inequalities for functions in nm independent variables. Applying the method of 
desingularization of weakly singular inequalities, we introduce a singular version 
of one of them, due to [387]. We note that the works [94, 100, 474, 643] contain 
many results on inequalities of Wendroff type and applying the desingularization 
method, we can prove their singular versions in a similar way. We also present an 
estimate of solutions of an analogue of the Ou- Yang inequality whose generalization 
for the nonlinear case has been given by Pachpatte [500]. 

We shall study an inequality of the type, for all (x,y) € [0,7) x [0,T)(0 < 
T< +0), 


u(x, y) < a(x, y) + / . / “O— yHy — DP F(s, thw(u(s,t))dsdt, — (5.1.163) 


where a > 0, 6 > 0. Results on integral inequalities in two variables with regular 
kernels (i.e., with a = 1,8 = 1, F continuous) and a(x, y) constant are contained 
in the books [47, 230, 374, 375]. 


Lemma 5.1.2 ((387]) Leto : Ry + R be a non-negative, non-decreasing C! 
function, a(x, y) be a non-negative C?-function on [0,T)*, (0 < T < +00) such 
that 


2 
0°a(x, y) 26) da(x, y) uh: (pi da(x, y) 
Oxdy dy Ox 


> 0) 


on [0,T)? (0 < T < +00). Let k(x, y) be a continuous, non-negative C? function 
and z(x,y) be a continuous, non-negative function on [0,T)* satisfying for all 
(x, y) € [0, 7), 


z(x,y) < a(x, y) + / : i Borne. (5.1.164) 
0 0 
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Then for all (x,y) € [0,T,)’, 
oe 2 [a(a,y)) 4 [ [ x.nasar), (5.1.165) 
0 0 


where T; > 0 is such that the argument of Q7' in the above inequality belongs to 
Dom (Q7!) for all (x, y) € [0,T,)*. 


Proof Let V(x, y) be the right-hand side of (5.1.164). Then 


V(x,y) _ Palx,y) 


dxdy  axdy + k(x, y)@(z(, y)), (5.1.166) 
2 2 
ft) Q(V (x, y)) = 2(ve.y)2 V(x, y) + Q” (v(x, y)) aV(x,y) dV (x,y) 
Oxdy Oxdy Ox dy 
(5.1.167) 
Since Q’(V) = tal and Q”(V) < 0, we obtain from (5.1.166) and (5.1.167) 
PQA(V(x,y)) _ Palx,y) 1 
pli aE —_4k 
dxdy 7 dxdy w(V) ve») 
07 a(x, y) 1 


=o hy OGG) k(x, y). (5.1.168) 


However, 


a _ ¢@ ay) dg _ 0 (da(x,y) 1 
pata = sf = 2 (ee 


dxdy Jo wo) dy (a(x, y)) 
_ a(x, y) 1 ’ da(x, y) i 
oa Oe eee 


a 07a(x, y) 1 . a(x, y) 1 
axdy w(a(x,y))~ dxdy w(a(x,y))’ 


07 a(x, y) 1 
dxdy (a(x, y)) 


) 
FA (ax, y)) 2 
b4 


and (5.1.169) 


da 
If a > 0, then we can obtain (5.1.168) by estimating 
obtain fot (5.1.167) and (5.1.168), 


or Q (a(x, y)). Thus we 


PAV(xy)) — PR(a(x, y)) 


k 
dxdy = axdy + K(x, 9), 
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which yields 
avery) sea.» + [Pf ko.ndsdr 
From this inequality, we can obtain 
z(x,y) < Vix, y) < QT! EcoD + [ ik k(s, vasa 


oO 


Remark 5.1.2 If a(x, y) is a constant, then the lemma is a consequence of [375]. In 
this case, it suffices to assume that w is only continuous. 


Theorem 5.1.32 (The Medved’ Inequality [387]) Let a(x, y) be a non-negative, 
C -function, 


Paley) 9 dale.) 


da(x, y) 
oxdy ax " 20 


dy 


>0(0 ) (5.1.170) 
on [0,T)? = [0,T) x [0,T) (0 < T < +00), u(x,y), F(x, y) be continuous, non- 
negative functions on [0, T) satisfying the inequality (5.1.163), wherew : Ry > R 
is a non-negative C' -function. Then the following assertions holds: 


(i) Suppose a > 5, B> 5 and satisfies the condition (q) with q = 2 in Qin [557]. 
Then for all (x,y) € [0, 71)? = [0, 71) x [0, 71), 


1 
Z 


xX py 
u(x,y) < e 7? Q7'(2a?(x, y)) + 2x f / F?(s, t)R(s + t)dsdt] 
0 Jo 
(5.1.171) 
where 


T(26 — DF (2a —1) 
aa 


and T is the Gamma function, Q(v) = is a: v > v9 > 0, QU! is the 
inverse of Q and T, > 0 is such that the argument of Q7! in (5.1.171) belongs 
to Dom (Q7") for all (x,y) € [0,T;)*. 

(ii) Supposea = B = <q Jor some real number z > 1 and w satisfies the condition 


(q) in Qin [557] with q = z+ 2. Then for all (x,y) € [0, Tz)’, 


q 
u(x, y) < ety 


Qt are. +M, / . / : F%(s, t)R(s + nasa 
0 0 


(5.1.172) 
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where 


vin 


_ £+2 _ {T@—ps) _ _ 2 
p= EE w= (a ,6=1-B= , 


and T, > 0 is such that the argument of 27! belongs to Dom (Q7') for all 
(x, y) € [0, Ta). 


Proof First let us prove the assertion (i). Using the Cauchy-Schwartz inequality, we 
derive from (5.1.163) 


u(x, y) < a(x,y) + [ [oe _ sey _ 1)Pl ete CH) F(s, t)w(u(s, t)) |dsdt 


1 


x py 2 
<a(x,y)+ | | G5)" 727 = ea 
o Jo 


1 
x py 2 
x / i e St F*(s, thw (u(s, nyt ; (5.1.173) 
0 JO 
For the first integral in (5.1.173), we have 
x y x y 
i ; (x _ sy ty = 1)? 6 dsdt = ety) / 24-29-20 / oe 2"dodn 
0 Jo 0 0 


eet) pt, hese 
== rte [Phe td 

aan | 0 

e2ty) 


etp=2! 2B = 1) Qa = 1). 


Therefore we obtain from (5.1.173), 


Nie 


1 * 
u(x, y) < a(x, y)K2 / [ F(s, t)?e7"*% @(u(s, t))*dsdt 


where K is as in Theorem 5.1.32. Using the inequality (5.1.163) with n = 2, r= 2 
and applying the condition (q) in Qin [557] with g = 2, we can obtain 


v(x,y) < a(x,y) + 2K / . / ” F(s,1)R(s + Dol v(s,)dsdt (5.1.174) 
0 0 


where 


v(x.y) = (ee ux»), a(x, y) = Zale, y). (5.1.175) 
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Applying Lemma 5.1.2 to the inequality (5.1.174), we obtain 


x py 
v(x,y) < QT! Eco + 2x | i F*(s,H)R(s + oan 


Using (5.1.175), we get 


1 
2 
u(x,y) < 


271] 220°C, y)) +2K / . i ” F(s, )R(+ vas] 
0 0 


which gives us (5.1.171). 


(ii) Letp = 443, q =2+2.Then 


u(x, y) < a(x, y) + i . i, ee — 5) P8 Py — meta ‘ 


x / ; i : e ISTO FAs, that (u(s, nas) 
0 0 


We note that 


x py x y 
i / (x—s) Pe (y — 1) edsdt = / (x —s) Pers / (y —1) Pe 'dtds 
0 0 0 (0) 


x+y 


e y ext 
ee = — ¢)—P5 oP _ yey2 
= peel p8) | (x—s) e’sds < pars) Td —pé)’. 


Thus we conclude 


ah 


u(x, y) < a(x, y) + Ke] a - F%(s, R(t + s)o(e 4 Tus, ))dsat | 
0 JO 


which yields 


x y 
v(x, y) < a(x, y) + 2K? / / F4(s, t)R(t + s)w(v(s, t))dsdt, 
0 0 
where 


ued rd —pé)\3 
OC, y) = PCy), VEE) = (CEM UC, Me = (— a) 
and this implies (5.1.172). Ifa # B,a,B < 5. then there are some technical 
problems and we omit this case. Oo 
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Theorem 5.1.33 (The Medved’ Inequality [387]) Let functions a,F be as in 


Theorem 5.1.32 and u(x,y) be a continuous, non-negative function on [0,T)* 
satisfying the inequality 


x py 
u(x, y) < a(x,y) + [ i (x—s)P-! x (y- t's’ PIE (s, t)u(s, t)dsdt, 


(5.1.176) 
where B > 0, y > 0. Then the following assertions hold: 
(i) IfB > 3, y>1- a then for all (x,y) € [0,T), 
u(x, y) < et’ B(x, y), (5.1.177) 


where 
@(x, y) = 2'-% exp| [as a [ F°4(s, Netdsat|, (5.1.178) 


and K is as Theorem 5.1.32, 


P(2y -2p +) \3 11 
(= oa) »p2 eg 
(ii) Let B = =a for some real number z > 1,p = =. g=ztly>il- a 
where k > 1. Then 
u(x,y) < e*W(x, y), (5.1.179) 


where 


V(ny) = 2 Malx,y) oo : 


om f* 
/ / eT F(s, t)dsdt |, 
qd Jo Jo 


and y > 1 is such that 1/K + 1/r = 1, Q = M-P, M, is as in Theorem 5.1.32, 
= [P(sq(y — 1) + DP anda = -2/(¢+ 1) = B-1. 


Proof 


(i) From (i) and (5.1.176) it follows 
x py 1/2 
u(x, y) < a(x, y) + [ / / (x= 8)°7 20 (y — 1? Pedsat| 
0 Jo 
x ry 1/2 
[ f i P72 PV-2 F2(5, (eT SH u(s, 1))?dsadt| 
0 JO 


x py 1/2 
< a(x,y) Fe tK'? x [ / i 522 F2(5, (eS u(s, 1))Pdsdt] 
0 J0 


586 5 Nonlinear Multi-Dimensional Continuous Integral Inequalities 


where K is as in Theorem 5.1.32, which yields 
xX py 
v(x, y) < c(x,y) + 2K i; / x? PY F?(5, t)v(s, t)dsdt (5.1.180) 
0 Jo 


where 


v@xy) = (eS u(x, y))?, c(x,y) = 2a°(x,y). (5.1.181) 


From (5.1.180), we infer 
xX py 1/p 
v(x,y) < e(x,y) + 2% / / i ome] 
0 Jo 


xX py 1/q 
al | i. F415, thet ys, nasa (5.1.182) 
0) 0 


For the first integral in (5.1.182), we have 


x py _ 1 px py 
/ / $272 427-2 POTN dst = : f go 2Y-2) 9-2 i OY)? et eda 
0 Jo (per F1)2 Jog 0 


Z (“ —2)p+ 2) 


pev—2)p+1 


which, combined with (5.1.182), implies 
x y 
v(x,y) < (x,y) + 2KL / / F74(s, thet’ * p(s, t)dsdt, (5.1.183) 
0 Jo 


which yields 


x y 
vi(x,y) < alo, yy? + zai / F°4(s, the#t p4(s, Ndsat|, 
0 Jo 
(5.1.184) 


Also from the assumptions of theorem it follows that 


ACO) 4 BOY) Sg Gp BCCEY) Sg) 


axdy — 7 Ox dy 


Thus from Lemma 5.1.2 and (5.1.184), we obtain 


4q x py 
v(x, y) < 2471 c4(x, y) exp Sau f i F*4(s, Het dat 
0 Jo 


and the equalities (5.1.181) yield (5.1.184). 
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(ii) From the inequality (5.1.176), we infer 
x py \/p 
u(x, y) < a(x,y) + / / (x— sy Py— Per (st vasa 
0 JO 


: I/q 
x y 
x | / st1Y-D AOD e-IF9 FIs, t)u2(s, nas 
0 Jo 


2/p I/k 
< a(x,y) + et (—— =) f iM gt) ka—D 6 a 
— : l—ap 
xX py 1/rq 
+| | i eM STO FIs, eS) y"4(s, nas 
0 JO 


1/rq 
x py 

<ats.)-+e9] i / ems neous pa : 
0 0 


where Q = M-_P, M, is as in Theorem 5.1.32, P is as in theorem and r, k are as 
in the assertion (ii). The above inequality yields 


x py 
voxy) < 207! [orn +0" [ f esmrne.nve., vasa 
0 0 


where 
v(x,y) = (Fue, y))™. (5.1.185) 


Therefore we have 


x py 
v(x, y) < 27 !a" (x, y) exp fo" | i eM STD F's, oat 
0 Jo 


and using (5.1.185), we obtain (5.1.179). Oo 


The next theorem is an analog of the Ou-Yang-Pachpatte inequality (see, e.g., 
[384, 500]). 


Theorem 5.1.34 (The Medved’ Inequality [387]) Let T > 0, F and w be as 
in Theorem 5.1.32 and a be a positive constant. Let u(x, y) be a continuous, non- 
negative function on [0, T)* satisfying the inequality for all (x,y) € [0, T)?, 


u(x, y) <a+ [ fo er ae t)P F(s, t)o(u(s, t))dsdt. (5.1.186) 
0 Jo 
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Then the following assertions hold: 


(i) 


(it) 


Suppose a > 1/2,B > 1/2, and w satisfies the condition (q) in Qin [557] with 
q = 2. Then for all (x, y) € [0,T)’, 


u(x,y) < e*’O(x,y), (5.1.187) 


where 
x py 1/4 
(0,9) = [AMAQa?) + 2K i i FG ORO + Nas 
0 Jo 


and K is the number from Theorem 5.1.32 and A(v) = i db/w(./o), v = 
Vo > 0, T; > 0 is such that the argument of A~! belongs to Dom (A~!) for all 
(x, y) € [0, T;). 

Suppose a = B = 1/(z+ 1) for some real number z > 1 and let p = (z+ 
2)/(z+ 1),g = z+ 2. Assume that w satisfies the condition (q) in Qin [557] 
with q = z+ 2. Then for all (x, y) € [0, T2)’, 


u(x, y) < &PW(x, y), (5.1.188) 


where for all (x,y) € [0, T2), 


x py 1/2 
W(x, y) = [A1aartaty + zmtaeg f i F%Q(s, t)R(s + pasa . 
0 Jo 


and Ty > 0 is such that the argument of A~! in the above inequality belongs to 
Dom (A~') for all (x, y) € [0, T2)*, M, is as in Theorem 5.1.32. 


Proof 


(i) 


Using the Cauchy-Schwartz inequality and Jensen inequality, we can obtain 
x py 
ray) sat ff G@—9y—' 1eMo(ula, »))asdt 
0 Jo 
x py 1/2 
2 yaks (/ i (x _ sy (y _ ihe asat) 
0 Jo 
x. y 1/2 
x ( / ‘| F°(s, )R(s + hole" (s, nds) 
0 Jo 


x py 1/2 
<a+Ke ?™ (/ i F*(s, )R(s + hole 6 w(s, nds) ; 
0 Jo 
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where K is as in Theorem 5.1.32. Applying the Jensen inequality similarly as 
in the proof of Theorem 5.1.32, we obtain 


x py 
ey? (x, y) < 2a? + 2x f / F?(s, 1)R(s + hole u(s, t))dsdt, 
o Jo 
where K is as in Theorem 5.1.32, which yields 
x py 
v*(x,y)<e+ 2x | / F?(s, t)R(s + t)w(v(s, t))dsdt, (5.1.189) 
o Jo 


where 
vicy) = (C&M ule y)), ¢ = 20. (5.1.190) 


Let V(x, y) be the right-hand side of (5.1.189). Then 


v(x,y) < VV(x,y), @(v(x, 1) < o( V(x, y)). (5.1.191) 
We note that 


a°V(x, y) 


———— = 2KF* (x, y)R(x + y)w(v(x y)), (5.1.192) 
axdy 


and 


. ye ee ee 
dxdy Jo = (Vt) Ox \w(/VG.y)) ) AY 


_ PVG) 1 V9) VEY) __ ol VVRD) 
dxdy  w(./V(x,y)) dy dx 2,/V(x, y)o(./V(x, y))? 
a 0° V (x, y) 1 


~  axdy  w(/V(x,y)) 


1.€., 


a2 V(x, y) 1 
ae ; SSS 
axdy (VG) s dxdy w(./V(x, y)) 


Thus from the above inequality and (5.1.192), we derive 


(5.1.193) 


0 x y 
——A(V(x, y)) < 2K / / F(s, t)’R(s + t)dsdt, 
dxdy 0 Jo 


and using (5.1.190)-(5.1.191), we can obtain the inequality (5.1.186). 
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(ii) Following the proof of the assertion (ii) of Theorem 5.1.32, we can show that 
w(x, y) < a@ + 2K? i , / : F4(s, t)R(s + t)w(w(s, t))dsdt (5.1.194) 
0 
where 
a = 2a’, w(x,y) = (8 uw, y))4. 
Applying the same procedure to (5.1.194) as we have used in the proof of 


the assertion (ii) as well as that one from the proof of (ii) of Theorem 5.1.32, 
we can prove the inequality (5.1.188). Oo 


Next, we shall introduce the results due to Shastri and Kasture [599]. To this end, 
we consider a Bihari-type inequality of the form, for all x > 0,y > 0 


x py 
(x, y) < a(x, y) +f / c(s, t)W[o(s, t)|dsdt. (5.1.195) 
0 Jo 


Recall that there are many works dealing with (5.1.195) or its one dimensional 
analogue or even with more general inequalities in one or two dimensions [59, 197, 
198, 200, 451, 642, 643, 702, 703, 707]. However, in all earlier work, particularly in 
two dimensions, one or more of the following stringent conditions are imposed on 
W: 

(1) W is sub-additive; 

(2) W is sub-multiplicative; 

(3) W is convex; 

(4) +Wul < W{u/v], for all u > 0, v > 0; (5) There exists a function ¢ continuous 
on [0, +00) such that for alla > 0, u,v > 0, 


W[u + vv] < Wu] + (@)W[v]. 


The next result is to relax such conditions on W, which limit the class of 
admissible nonlinear functions W in (5.1.195). Other conditions assumed by earlier 
authors for the study of (5.1.195) are: 

(6) The functions ¢@,a and c are real-valued conditions and non-negative for all 
x>0,y > 0; 
(7) W[u] is a real-valued positive continuous non-decreasing, function for all u > 0. 

We retain these assumptions (6) and (7) and add an assumption on the function 
a(x, y), not taken by earlier authors. 

(8) The derivatives a,(x, y), a,(x, y) and a,,(x, y) of the function a(x, y) exist, and 
are continuous for all x > 0, y = 0 and a,(x, y) = 0, ay(x, y) = 0 while a,,(x, y) < 0 
there. 

We next introduce point-wise estimates for @ satisfying (5.1.195), due to [599], 
subject to conditions (6), (7), (8) above. The importance of such results in the study 
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of the qualitative behaviour of the solutions of differential and integral equations 
including the existence via monotone methods [477], uniqueness and continuous 
dependence on initial conditions [703], and stability [655], is well-illustrated by 
earlier authors. 


Theorem 5.1.35 (The Shastri-Kasture Inequality [599]) Assume (5.1.195) hold 
subject to conditions (6), (7) and (8). Then for all x = 0,y = 0, 


lay) <M "Ma(0, 99} + atx, 09} ~ 400,03 + f [ets nasa 
(5.1.196) 


where 
" ds 


Q(r) = Ws)’ 


(5.1.197) 


and Q~ is the inverse function of Q, and it is assumed that the quantity in square 
bracket on the right-hand side of (5.1.196) belongs to the domain of Q7'. 


Proof Define 


u(x, y) = a(x, y) + [ fA c(s, t)W[o(s, t)|dsdt 


so that 
u(0, y) = a(0, y), ux(x, 0) = ax(x, 0), uy(0, y) = ay(0, y). 
Then 
p(x, y) < uy) (5.1.198) 
and 
ux (x,y) = ay(x,y) + / ae: 1) Wp (x, Dat. (5.1.199) 


Since dyy(x, y) < 0, we have 


Uxy(X, Y) < c(x, y) W[b (x. y)] 
< c(x, y)W[u(x, y)]. 


Thus 


Uxy(X, y) 
Whey) = 


592 5 Nonlinear Multi-Dimensional Continuous Integral Inequalities 


Since u,, Uy are non-negative, we conclude 


Wie Dues) tein hw eGo 
Wey) + wey 


Now keeping x fixed, setting y = ¢ and integrating with respect to t from 0 to y, 
we get 


ux(Xx, y) a(x, 0) y 
Wlucx.»)] ~ Wace. 0) +f eesnae 


Using the definition of Q in (5.1.197), we obtain 


(x, 0 y 
Qu [ucx.y)] < aetn 7 +f Aeipie 


Keeping y fixed, setting x = s and integrating with respect to s from 0 to x, we 
obtain 


Q{lu(x, y)] < QlaO, y)] + Qla(x, 0)] — Qa, 0)] 


+f i c(s, t)dsdt. 


Since Q is strictly increasing, so is Q~!. Therefore 


u(x,y) < Q7"[Qfa(x, 0)] + Qla(0, y)] — Q[a(O, 0)] 


4 i . [ “ee baaa. 


Substituting this bound on u(x, y) in (5.1.198), we can get the desired estimate 
(5.1.196). Oo 


Note that there is a large class of functions satisfying the condition (8). 
For example, if F,f,g are continuously differentiable non-negative functions on 
(0, +00) such that F’(£), f’(E), @/(E) => 0, while F’(&) < 0 for all € € (0, +00), 
then the composite function 


a(x,y) <= FIf@) + g0)] (5.1.200) 
satisfies the conditions (8). 


F(é) = K&*,0 <a < 1,& € (0, +00), 
F(&é) = Klog( + &) 
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where K > 0 is a constant, are some examples of F, while the set of real- 
valued functions on [0, +0) is rich with non-negative non-decreasing differentiable 
function [0, +00). Thus a function having the form (5.1.200) in general, and a 
constant function in particular, can be always found to majorise the given free term 
a(x, y) on a closed and bounded sub-domain of the first quadrant. 

The characteristic initial value problem for a hyperbolic differential equation 
[658] 


drys y) = cx, y) WIP(, y)] (5.1.201) 


when converted to an integral equation, generates a free term of the form [f(x) + 
g(y)], which is of the form (5.1.200) if f and g are positive and non-decreasing, or 
else the free term can be majored easily by a function of the form (5.1.200). 

Again the functions of the form c(x, y)W[#(x, y)] appearing on the right-hand 
side of (5.1.201) can be used as majoring functions in the study of the qualitative 
theory of nonlinear differential and integral equations [658]. Thus Theorem 5.1.35 
has a wide range of applicability. 

We next introduce the following inequalities in two independent variables similar 
to those given in Theorems 1.2.7 and 1.2.8. 


Theorem 5.1.36 (The Pachpatte Inequality [496]) Let F(x,y) and g(x,y) be 
real-valued non-negative continuous functions defined for all x,y € R+, and let 
p > 1 beaconstant. If for all x,y € Ry, 

F'(x,y) <c+ Bix, y, gF], (5.1.202) 


where c = 0 is a constant, then for all x,y € Rx, 


—1) 


F(x,y) < je“ 4 Cp y, a] a (5.1.203) 


Proof 1n order to establish the inequality (5.2.203), we first assume that c > 0 and 
define a function z(x, y) by 


z(x,y) = c+ Bix, y, gF]. (5.1.204) 
From (5.2.204) it is easy to observe that 
D3 Di2(x, y) = g(x, y) F(x, y). (5.1.205) 


Using the fact that F(x, y) < ¢/z(x, y) in (5.2.205), we have 


D3'Diz(x, y) < g(x,y) Vz(%, y). (5.1.206) 
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From (5.2.206) and the facts that z(x,y) is positive, and D2[%/z(x,y)] and 
Di'D'z(x, y) are non-negative for all x, y € R+, we observe that 


Do[%/z(x, y)|D3'! Diz(x, y) 
[/20, 


D"D"z X, 
DyDiz(x, Y) < g(x,y) + 


Vuxy) 


p, ( De Diz») 
V/2(x, y) 


Keeping x fixed in (5.2.207), setting y = ¢ and then, by integrating with respect 
to t from y and using the fact that D3’"'D'z(x, 0) = 0, we have 


Dp” Ipn 
Py Pe 2 <[ g(x, dt. (5.1.208) 
0 


¥2(x, y) 


Again as above, from (5.2.208) and the facts that z(x,y) is positive and 
Do(2/z(x, y)) and D%'~! Diz(x, y) are non-negative for x,y € R;, we observe that 


De= 1D 2(x, y) =f 
Dp) 2 d 5.1.209 
( PACE) g(x, dt. ( ) 


By keeping x fixed in (5.2.209), setting y = f, then integrating with respect to fy 
from 0 to y, and using the fact that D3’"'D"z(x, 0) = 0, we have 


m—1 yn 
Ds (7 oe» ae 2) « [ [ secnauan, 


Computing in this way, we obtain 


Dp" ; y tn—-1 ty 
12x y) < / i of g(x, t)dtdt, =++dtm—1. (5.1.210) 
V2(x,y) 40 Jo 


From (5.2.210) and the facts that z(x, y) is positive and D,[{/z(x, y)] and D7 !z(x, y) 
are non-negative for all x, y € R+, we observe that 


Diz(x, y) a Dilq/z(x, y)IDT'2, y) 
Way =a [-- ff g(x, t)dtdt, +--+ dt._—, - [Wace WP i 


< g(x,y). (5.1.207) 


(5.1.211) 
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Now keeping y fixed in (5.2.211), setting x = s, then integrating with respect to s 
from 0 to x, and using the fact that Di !z(0, y) = 0, we have 


D" ; xX py plm—1 t 
12(x y) < / 1 f a(s, t)dtdt, +++ dty—1ds. 
Vz(x,y) Jo Jo Jo . 


Computing in this way, we obtain 
Diz(x, y) =f [- i, ia? 
t/z(x,y) Jo Jo 0 Jo Jo 
th 
xf 2(s, t)dtdty -- + dty—\dsds, +--+ ds). (5.1.212) 
0 


Now by keeping y fixed in (5.2.212), setting x = s,_;, then integrating with respect 
to s,—; from 0 to x, and using the fact that z(0, y) = c, we have 


-1 
[eat IP — WEP! (Bt. 8 (5.1.213) 
From (5.2.213) and using the fact F(x, y) < 4/z(x, y), we observe 
p=1 1/(p-1) 
Fy) < oe + ——Bix,y, a] (5.1.214) 
Dp 


The proof of the case when c = 0 can be completed by following the arguments 
in the proof of Theorem 1.2.7 given above, and hence the proof is complete. Oo 


Theorem 5.1.37 (The Pachpatte Inequality [496]) Let u(x,y) => 0,v(x,y) = 
0,hi(x,y) > 0 fori = 1,2,3,4 be real-valued continuous functions defined for 
all x,y € Ry and let p > 1 be a constant. If c,,c2 and jt are non-negative constants 
such that for all x,y € Ry, 


uw? (x,y) < cr + Bix, y, hiu] + Bly, y, hod], (5.1.215) 
v(x, y) < co + Bh, y, hati] + Bix, y, hav], (5.1.216) 


where U(x, y) = exp(—pH(x + y))u(x, y) and U(x, y) = exp(piu(x + y))u(x, y) for 
allx,y € R4, then forall x,y € R+, 


u(x, y) < exp(u(x + y)) 


1 
p-l 


=| (el) —1 p-1l 
«|e (cr +e2)} 7 +2? Cabs y.t . (61.217) 


p-l 


v(ay) [2 Mer + ey +P patsy. (5.1.218) 
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where for allt € Ry, 


A(x, y) = max{[hi (x, y) + h3(x, y)], 2 y) + hae, yj. G-1.219) 


Proof The proof follows by the same arguments as those given in the proof of 
Theorem 1.2.8 above and by applying Theorem 5.1.36 with suitable modification, 
and hence we omit here. Oo 


Let J = [t, T), J) = [xo, X) and Jz = [yo, Y) be given subsets of R, A = J, X Jo. 


Theorem 5.1.38 (The Pachpatte Inequality [520]) Let u(x,y),aQ,y) € 
C(A, Ry), bi, y, 5,1) € C(A?, R+) ,forallxy<s<x<X,y<t<y< 
Y,a(x) € Cl(,J1), BW) € C!(U2,J2) be non-decreasing with a(x) < x on 
Ji, Bly) < yon Jz and k < 0 be a constant. 

(b,) If for all (x,y) € A, 


a(x) p Bly) 
u(x,y) <k+ / la(s, thu(s, t) 
B 


a(xo) ¥ B(yo) 
S t 
+ / b(s, t,o, n)u(o, n)dndo|dtds, (5.1.220) 
a(xo) ¥ B(yo) 
then for all (x,y) € A, 


u(x, y) < kexp(A(x, y)), (5.1.221) 


where for all (x, y) € A, 


a(x) Bly) s t 
A(x, y) = / i} la(s,t) + / i b(s, t, 0, n)dndo|dtds. (5.1.222) 
a(xo) 4 B(yo) a(xo) ¥ B(yo) 


(b2) Let g be as part (az) of Theorem 1.2.36 in Qin [557]. If for all (x,y) € A, 


a(x) eB) 
ieee / la(s, t)g(u(s, t)) 
B 


a(xo) ¥ B(yo) 


Ss ik 
+f / b(s, t,o, n)g(u(o, n))dndo|dtds, (5.1.223) 
a(x) ¥ B(yo) 
then for allxyp <x <X1,Y¥o <y <1, 


u(x,y) < G'[G(k) + A(x. y)] (5.1.224) 
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where A(x,y) is defined by (5.1.222), G,G~! are as defined part (ax) of Theo- 
rem 1.2.36 in Qin [557] and x, € J\, y, € Jz are chosen so that 


G(k) + A(x, y) € Dom (G'), 


for all x and y lying in [xo, x1] and [ yo, yi respectively. 


Proof (b,) Let k > O and define a function z(x,y) by the right-hand side of 
(5.1.220). Then z(x, y) > 0, z(xo, y) = z(x, yO) = k, u(x, y) < z(x,y) and 


BO) a(x) pt 
Diz(x,y¥) = if ON! +f i ae a, n)u(a, n)dndojdt}a’ (x) 


(xo) 


BO) 
<| / [a(a(x), z(oe(x), 1) 
B(yo) 


a(x) pt 
" / i, BG) Ae ela mandelada’ By. (5.1.225) 
a(xo) ¥ B(yo) 


From (5.1.225) it is easy to observe that 


D BY) a(x) et 
Diz(x, y) < | [a(a(x), t) + / b(a(x), t,o, n)dndo|dt|a' (x). 
2(x, y) B(v0) a(x) 4 B(yo) 
(5.1.226) 


Keeping y fixed in (5.1.226), setting x = € and integrating it with respect to e from 
Xo to x and making the change of variables, we get 


z(x,y) < kexp(A(x, y)). (5.1.227) 


Using (5.1.227) in u(x, y) < z(x,y), we get the required inequality in (5.1.221). The 
case k > 0 follows as mentioned in the proof of (a,) of Theorem 1.2.36 in Qin 
[557]. 

(bz) The proof can be completed by following the proof of (a2) of Theo- 
rem 1.2.36 in Qin [557] and closely looking at the proof of (b,) . Here we omit 
the details. Oo 


Theorem 5.1.39 (The Pachpatte Inequality [518]) Let a,b € C(A,R+),@ € 
C!(,.J1), B € C! (Jz, Jz) be non-decreasing with a(x) < x on Ji, B(y) < y on Jy 
and k > 0, c = 1, and p > | are constants. Let g; € C(R+,R+) be non-decreasing 
functions with g;(u) > 0 for allu > 0. 

(d,) Ifu € C(A, R+) and for all (x,y) € A, 


x py a(x) BO) 
u(x,y) <k+ / / a(s, t)g,(u(s, t))dtds + i / b(s, t)g2(u(s, t))dtds, 
xo J yo a(xo) B (yo) 


(5.1.228) 
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then for allxy <x <%X1,y09 <y <I, 
(i) in case 82(u) = gi(u), 

u(x, y) < Gy'[Gi(k) + A@, y) + B(x y)], (5.1.229) 
(ii) in case g\(u) < g2(u), 

u(x, y) < Gy" [Gr(k) + A(x, y) + B(x, y)] (5.1.230) 


where G;, G;' are as part (b1) of Theorem 1.2.30 in Qin [557], and 


x ag 
AQ, y) = / : a(s, t)dtds, (5.1.231) 
xo Y yo 
a(x) PB) 
B(x, y) = i : b(s, t)dtds, (5.1.232) 
a(xo) ¥ B(yo) 


and x; € Jj, y, € Jz are chosen so that for i = 1,2, 
Gi(k) + A(x, y) + B(x, y) € Dom (G;"), 


for all x and y lying in [xo, x1] and [ yo, yi], respectively. 
(d>) Ifu € C(A,R)) and for all (x,y) € A, 


x py 
u(x,y) <c +f i a(s, thu(s, t)g log u(s, t))dtds 
X0 yo 


a(x) BO) 
+f / b(s, t)u(s, t)g2 (log u(s, t))dtds, (5.1.233) 
a(xo) ¥ B(yo) 


then for all x) < x <x2,¥o SY < y2, 


(i) in case go(u) < gi(u), 

u(x, y) < exp (Gj '[G;(logc) + A(x, y) + B(x. y)]), (5.1.234) 
(ii) in case g\(u) < g2(u), 

u(x, y) < exp (Gz '[Go(logc) + A(x, y) + B(x. y))]) ; (5.1.235) 


where Gi, G;', A(x, y), BO, y) are as in (d,) and x2 € J\, y2 € Jz are chosen so 
that fori = 1,2, 


G;(log c) + A(x, y) + B(x, y) € Dom (G;), 
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for all x and y lying in |xo, X2| and [ yo, ya], respectively. 
(d3) Ifu € C(A,R+) and for all (x, y) € A, 


x py 
u?(x,y) <k+ i / a(s, t)gi(u(s, t))dtds 
xo 4 yo 


a(x) PBC) 
+ / 7 b(s, t)go(u(s, t))dtds, 
a B 


(xo) ¥ Bo) 
then for all x) < x < x3,Yo < y < 93, 


(i) in case go(u) < gi(u), 
uoxy) < [Ayn () +A) + Bey)”, 
(ii) in case g\(u) < go(u), 


u(x, y) < [Hy ![Ho(k) + A(x, y) + BG. y)]]”, 
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(5.1.236) 


(5.1.237) 


(5.1.238) 


where H;, H7' are as part (b3) of Theorem 1.2.30 in Qin [557], and 
A(x, y), B(x, y) are defined by (5.1.231) and (5.1.232), and x3 € Ji,y3 € Jo 


are chosen so that fori = 1,2, 
Hi(k) + A(z, y) + B(x, y) € Dom (H;'), 


for all x and y lying in |xo, x3] and [ yo, y3], respectively. 


Proof Since the proofs resemble one another, we only give the details for (d3), the 
proofs of the remaining inequalities can be completed in the same manner. 
(d3) Let k > 0 and define a function z(x, y) by the right-hand side of (5.1.236). 


Then z(x,y) > 0, z(xo, y) = z(x, yo) = k, and u(x, y) < (z(x, y))'/”, and 


yo 


y BY) / 
Dos / a(x, t)g1 (ule ))dt + ( i; i He). deaoats. a(x) 


IA 


yo (yo) 


IA 


y BY) 
/ asl. + ( i b(a(x), t)g2({z(oe(x), )}!/? dt 


or’ (x) 


y BO) 
gi (tz, yey f a(x, tdt + eattaee.scon1"9( J b(a(a), oa) a’ (x). 


(5.1.239) 
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(i) When go(u) < g)(u), then from (5.1.239), we derive that 


D,2(x, y) y BO) ; 
ziax, yr < [ a(x, t)dt + f b(a(x), t)dt)a (x). (5.1.240) 


From (1.1.240) of Theorem 1.2.30 in Qin [557] and (5.1.240), we infer 


Dy, z(x, y) 


Di (ey) = ee 


lA 


y Biy) 
i a(x, t)dt + / b(a(x), t)dt | a’ (x). (5.1.241) 
yo Bo) 

Keeping y fixed in (5.1.241), setting x = o, then integrating with respect to o 
from xp to x,x € J;, and making the change of variable, we conclude 


Ay (z(x, y)) < Ay (k) + A(x, y) + BO, y). (5.1.242) 


Using the bound on z(x,y) from (5.1.242) in u(x,y) < {z(x,y)}!/?, we get 
(5.1.237). The case k > 0 follows as mentioned in the proof of part (a) of 
Theorem 1.2.29 in Qin [557]. The sub-domain for x, y is obvious. The proof of 
the case when gi (uw) < g2(u) can be completed similarly. Oo 


Theorem 5.1.40 (The Pachpatte Inequality [521]) Let u,a,b; € C(A,R+) and 
a; € C!(i,J1), Bi € C! (2, J2) be non-decreasing with a(x) < x on Ji, Bily) < y 
on Jy fori = 1,---,n and k > 0 be a constant. Let g € C(R+,R+) be non- 
decreasing and sub-multiplicative function with g(u) > 0 for allu > 0. 

(B1) Ifforallx €Ji,yeéd2, 


a(x) pBily) 


u(x,y) <k+ / a(s, y)u(s, y)ds + el bi(s, t)g(u(s, t))dtds, 
x0 j=] 2 %i(%0) ¥ Bilyo) 
(5.1.243) 


then for all xy <x <x1,y0 SY Sixx ESi,y, 1 € Jo, 


ai(x) Pp Bily) 


u(x,y) < q(x, y)G" cw +> i bi(s, Ng(q(s, yas (5.1.244) 
is1*% 


i(xo) J Bi(yo) 


where for allx €J,, y € Jo, 


g(x,y) = exp ( / “alé, 9) (5.1.245) 


x0 
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and G7 lis the inverse function of 


ea 
G(r) -| SS r>=m>0, (5.1.246) 
ro &(S) 


19 > Ois arbitrary and x; € J\, y) € Jz are chosen so that 


a(x) Bly) 


G(k) + ey bi(s, t)g(q(s, t))dtds € Dom (G"'), 
i=1 2 %i(%0) ¥ Bi(yo) 


for all x and y lying in |xo, x1| and | yo, y:] respectively. 
(B2) Ifforallx eI, y € Jo, 


y ds a(x) Bily) 
u(x,y)<k+ / a(x, thu(x, tdt + yi i bi(s, t)g(u(s, t))dtds, 
yo i=1 2 %i(%0) Y Bilyo) 
(5.1.247) 


then for all x9 < x < X2, yo SY S yo x, x2 ES, yy, y2 € Jo, 
Nn paj(x) 

u(y) reo" 1G) + > f 
i=1 °% 


Bi(y) 
i, bi(s, t)g(r(s, t))dtds (5.1.248) 
i(xo) ¥ Bi(yo) 


where G, G~! are as in part (B1), r(x, y) = exp ( i a(x, ndn), and xp € Ji, yo € Jo 
are chosen so that 


n a(x) pBily) 
G(k) + >| / bi(s, t)g(r(s, t))dtds € Dom (G“'), 
i=1 2 %i%0) Y Bilyo) 


for all x and y lying in [xo, x2] and [ yo, ya] respectively. 


Proof We give the details of the proof of (B1) only. The proof of the remaining 
inequalities can be completed by closely looking at the proofs of the above 
mentioned inequalities with suitable modifications. 

(B1) Define a function z(x, y) by 


nt ai(x) p Bil) 
x,y) =k+ >> i bi(s, t)g(u(s, t))dtds. (5.1.249) 
j=1 2 %i(%0) 4 Bilyo) 


Then (5.1.243) can be stated as 


u(x, y) < (x,y) + / ae y)u(s, y)ds. (5.1.250) 


x0 
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Using Theorems 1.1.4—1.1.5 in Qin [557] to (5.1.250), we have for all x € Jj, y € Ja, 


u(x, y) < q(x, y)z%, y), (5.1.251) 


where q(x, y) and z(x, y) are defined by (5.1.245) and (5.1.249). From (5.1.249) and 
(5.1.251) and the hypotheses on g, we deduce 


i a(x) p Bily) 

any sk+ > f bils, Dg(q(s. Nets, ))dtds 
j=1 2 %i%0) Y Bilyo) 
aj(x) p Bily) 


<k+)> / bi(s, t)e(q(s,t))g(z(s,t))dtds. — (5.1.252) 
i=1 2 %(%0) Y Bi(yo) 


Let k > 0 and define a function v(x, y) by the right-hand side of (5.1.252). Then it 
is easy to check that v(x, y) > 0, v(x, y) = v(x, yo) = k, z(x,y) < v(x, y) and 


de Bily) 
Div(x,y) =o ( / gy DauCsdetdgtatait), D)atelasts) oy ali(x) 
i (VO 


i=1 


n BiG) 
< ~ (/ bi(ai(x), Da(q(ai(x), D)g (vai), oy ou! (x) 


i=1 i (Yo) 


us Bily) 
< gv.) > ( i bi(aui(x), Dg (q(aulx), a a(x). (5.1.253) 


i=1 Bi(vo) 


From (5.1.246) and (5.1.253), we infer 


a Bi(y) 
DiGw(x,y)) = wes <\ ( / lee) tateue, oy al (x). 


i=l 

(5.1.254) 
Keeping y fixed in (5.1.254), setting x = o and integrating it with respect to o from 
X to x, x € J; and making the change of variables, we get 


n ai(x) p Bil) 


Gv(x,y)) < Gk) + > A bls t)e(q(s, t))dtds. (5.1.255) 
j= % Xi i(yo 


Since G~!(v) is increasing, from (5.1.255), we derive 


v(x,y) <G" cw ~ a 
i=1*% 


ati (x) 


Bily) 
/ bj(s, thg(q(s, t))dtds | . (5.1.256) 
i(xo) 4 Bi(yo) 
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Using (5.1.256) in z(x,y) < v(x, y) and then the bound on z(x, y) in (5.1.251), we 
can get the required inequality in (5.1.244). The case k > 0 can be completed by 
replacing k by k + ¢ (e > 0 arbitrary), then passing to the limit of e > 07. O 


Theorem 5.1.41 (The Pachpatte Inequality [523]) Let u,a;,b; € C(A, R+), and 
a; € C! (4,11), Bi € c! (Ib, 1) be non-decreasing with a;(x) < x onl, B; < y for 
i= 1,2,---,n. Letp > 1 andc = 0 be constants, 


(1) If forall (x,y) € A, 


de a(x) pBi(y) 
uw(x,y)<ct+p >| i) [a;(s, thu’ (s, t) + b;(s, tu(s, t)| dtds, 
i= 2% M0) Y Bilvo) 


(5.1.257) 


then for all (x,y) € A, 


a(x) Bil) cide 
u(x,y) < 5 B(x, y) exp | (p— 1) aj(a, t)dtdo : 
ai(xo) ¥ Bi(yo) 


(5.1.258) 


where for all (x,y) € A, 


ai(x) p Bil) 
B(x, y) = {cx?-P? + (p- 1) 1 bi(o,t)dtdo. —(5.1.259) 
ai(xo) 4 Bi(yo) 


(2) Let w be as in Theorem 1.2.20, part (2). If for all (x,y) € A, 
ik ai(x)  Bily) 
w(x,y)<ct+p >| la;(s, thu(s, )w(u(s, t)) + bi(s, thu(s, t)] dtds, 
j=] 2 elo) Y Bilyo) 
(5.1.260) 


then for allxy <x <%1,¥0 <y <1, 


u(x,y) S 


a;(xo) ¥ Bi(yo) 


mn pails) Bil) Me=1) 
G_'| GB. y) +(p-D 3 | a;(o, t)dtdo | ; 
i=! 


(5.1.261) 


where B(x, y) is defined by (5.1.259), G,G~! are as in Theorem 1.2.20 part 
(2) and x, € I, y, € Ih are chosen so that 
mn pails) pBily) 
G(B(x, y)) + (p— 1) 2) aj(o, t)dtdo € Dom (G"'), 
j= % M0) 4 Bilyo) 


for all x, y lying in the interval x» < x < X1,yVo XY <1. 
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Proof We only give the details of the proof for (2); the proof of (1) is similar. 
Let c > O and define a function z(x, y) by the right-hand side of (5.1.260). Then 
z(x, y) > 0, z(x0, y) = 2(x, yo) = C, Z(x, y) is non-decreasing in (x, y) € A, u(x, y) < 
{2(x, y)}!/? and 


DoDizx,y) = p > [ai(ailx), Biy))u(oi(x), Bi(y)) w(u(or(x), Bi(y))) 


i=1 


+bj(ai(x), Bily) u(ai(x), Bi(y) 1B; (y)oG@), 
<p Dade Bily) {z(ei(x), Bi(y))}'/ wz(oes(x), Bi(y))}"/”) 
+bi(ai(x), Bi(y) {z(ous(x), Biv} 1B; a(x), 
<p Dade Bily))w({z(au(x), Bi(y))}""”) 


+i (oui(x), Bi(y)) Kz, y) Bi (atx), (5.1262) 


From (5.1.262), we observe that 


PED < py alana), Bil w( (eux), Bi)" 
{z(x, y)}? i=l 


Diz y) [Datelx "J 
[te pr]? 
(5.1.263) 


+b; (ou;(x), Bi(y))]B; (v)e%j (x) + 


ie., for (x,y) € A, 


( Di z(x, y) 


aaa) = PY Mai(ou(s. Bile) elena), Bi)" 
+bi(ai(x), Bi(y)) 1B; oy (x). (5.1.264) 


By keeping x fixed in (5.1.264), we set y = ¢ and then, by integrating with respect 
to t from yo to y and using the fact that Di z(x, yo) = 0, we have 


Di z(x,y) 
{z(x, y)}1/P 


= rf SY [ai(ori(x), Bi(O))w({z(oui(x), B;(t))}"/”) 
%0 j=] 


+bi(ai(x), Bi() 1B. (Ne, (x)dt. (5.1.265) 
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Now by keeping y fixed in (5.1.265) and setting x = s and integrating with 
respect to s from xo to x we have 


y n 


fee, VP < fe} ?-D/P + (p= 1) x i. [ Y lailai(s), BO) w(elais), Bi(t))}"/?) 


¥0 j=1 
+bi(ai(s), Bi(t)) |B; Oar; (s)dtds. (5.1.266) 


By making the change of variables on the right hand side of (5.1.266) and 
rewriting we have 


ai(x) p Bil) 
{z(x,y}? < Boy) + (p— 1) | [ ‘ aj(o, t)w ({z(o, t)}1/?) dod. 
Bi 


(x0) (yo) 


(5.1.267) 


Now fix A € Kh, € Ib such that x9 < x < x1,y0 < y < w& < yj. Then from 
(5.1.267) we observe that 


ai(x) pBiQ) 
{e(x, y)}1/? < BA, w) + (p- of i. a;(a, t)w ({z(a, t)}'/”) dodr. 
Bj 


aj(x0) (yo) 
(5.1.268) 


for x) < x < x1,y9 < y < mw < y,. Define a function v(x, y) by the right 
hand side of (5.1.268). Then v(x, y) > 0, v(%o, y) = v(x, yo) = BA, 12), v(x, y) is 
non-decreasing for x) <x <A, yo <y < w, {z(x,y} < v(x, y) and 


a(x)  Bi(y) 
v(x,y) < BA, uw) + (p— 13 / a;(a, t)w ({v(a, t)}"/?-)) drdo. 


aj(xo) 4 Bi(yo) 


for x9 <x <A,yo < y < wu. Now by following the proof of Theorem 5.1.40 (see 
also [518], [521]) we get 


aj (x) Bi) 
v(Qx,y) < G owe b)) + (p— od | [ : aj(o, oust ; 


ai (x0) (yo) 


(5.1.269) 


forxo9 <x <A <x,,y¥ < y < pw < y. Since (A, 2) is arbitrary, we get the 
desired inequality in (5.1.261) from (5.1.269) and the fact that 


u(x, y) < {z(x,y}? < {[v(x, ype = {u(x, yO, 
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The proof of the case when c > 0 can be completed as mentioned in the proof of 
Theorem 1.2.20, part (1). The domain xp < x < x1, yo < y < yj is Obvious. Oo 


Remark 5.1.3 We note that the inequalities established in Theorem 5.1.41 can be 
extended very easily for functions involving more than two independent variables 
(see [507]). If we take p = 2,n = lay = o,f) = B,a, = f,b) = gin 
Theorem 5.1.41, then we get the two independent variable generalizations of the 
inequalities given in [356] (see Corollary 2 and Theorem 1). For a slight variant of 
the inequality in Theorem 5.1.41 given in [356] and its two independent variable 
version, see [518]. 


In the sequel, we shall establish a more general form of integral inequality 


dix) pei(y) 


u? (x,y) < a(x, y) + os / filx.y, t, s)pi(u(t, s))dsdt — (5.1.270) 


bi (x0) 4 c1 (yo) 


for all (x,y) € [%o,%1) x [yo,y1), where a(x, y) is a function and g/s is may not 
be monotone. We employ a technique of monotonization to construct a sequence of 
functions in integral which each possesses stronger monotonicity than previous one. 

Throughout, x9, x1, yo, y; € R are given numbers. Let J := [x0, x1), J := [o, y1) 
and A := I x J C R’. Suppose that 


(P;) all g; (i = 1,...,n) are continuous functions on Ry and positive on (0, +00), 

(P2) a(x,y) = Oon A, 

(P3) bh : 1 > I (Gi = 1,...,n) andc¢ : J > J (i = 1,...,n) are C! and non- 
decreasing such that b;(x) < x on J and c;(y) < yon J, 

(P4) all fj (i = 1,...,m) are non-negative functions A x A. We technically consider 
a sequence of functions w;(s), which can be calculated recursively by 


wi1(s) = maxzejo,s{Pi(T)}, 
(5.1.271) 


wi+1(S) = Maxzefos{Pi41(T)/Wi(t)}wils), t=1,...,n. 


Then for given constant u; > 0, the function 


_ u ds 
eae PRCICD) 


is well-defined for all u > 0 and strictly increasing. When there is no confusion, 
we simply let W, ;(u) denote W,,;(u, u;) and Waa } denote its inverse. As explained in 
Remark 2 in [13], different choices of u; in W,; do not affect the results below. 


Definition 5.1.1 Let A C R be a set. For w;, @2 : A > R+ two functions, we shall 
denote w; & W> if a is non-decreasing on A. 
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Theorem 5.1.42 (The Wang Inequality [664]) Suppose that (P; — P4) hold and 
u(x, y) is a non-negative function on A satisfying (5.1.270). Then for all (x,y) € 
[xo,X1) x [yo, Y1), 


u(x,y) < {Won (Ene, y))} (5.1.272) 
where 
dix) pal) 
BiG.) = Wore + ff ax fi(t.€,t,s)dsdr 
bi(xo) J ei(yo) ( pelo «]x[y0.9] 
i= 1,2,...,n,r;(x, y) is determined recursively by 


r(x, y) := a(xo, yo) + ff, lax(t, yo) dt + fo lay, s)|ds, 
(5.1.273) 


ri(x, y) = Woe (3 )-1 (9), 


and (X1, Y\) € A is arbitrarily given on the boundary of the planar region 


+00 ds 
Gye A: Buy) sf =1,...,n$.  (5.1.274) 


Uj Wi (s!/?) 


Proof First of all, we monotonize some given functions f;, p; in the integral. Obvi- 
ously, the sequence (w;(s)) defined by g;s in (5.1.271) consists of non-decreasing 
non-negative functions and satisfy w;(s) > g;(s), i= 1,...,n. Moreover, 


Wi & Wi4+1, i= 1,...,n-1, (5.1.275) 


for comparison of monotonicity of functions, because the ratios w;41(s)/w;(s), i = 
1,...,2 — 1, are all non-decreasing. Furthermore, let 


filx.y, t,s):= max fi(t, &,t, 5), 


(7,§)€[x0.x]x[y0.9] 


which is also non-decreasing in x and y for each fixed s and ¢ and satisfies 
fix, y,t, 8) = fix, y,t,5) = 0 for alli = 1,...,n. With the above defined functions 
w; and f; , from (5.1.270) we get for all (x, y) € A, 


dix) pei) 


u? (x,y) < a(x,y) + 3 oe ee fies y, t, s)w;(u(t, s))dsdt. (5.1.276) 
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Firstly, we discuss the case that a(x, y) > 0 forall (x, y) € A. It means that r(x, y) > 
0 for all (x,y) € A. In such a circumstance r; (x, y) is positive and non-decreasing 
on A and 


x y 
ri(x,y) = a(xo, Yo) + i ax(t, yo)dt + i dy(x, y)ds = a(x, y). 


x0 yo 
Consider the auxiliary inequality to (5.1.276) 
dix) pei) 


u? (x,y) < r(x, y) + > FAX, Y, t, s)wi(u(t, s))dsdt (5.1.277) 


bi(xo) Fei (yo) 


for all (x,y) € [xo,X) x [ yo, Y), where x) < X < X, and yo < Y < Yj are chosen 
arbitrarily, and claim that 


u(x, y) < {Wo (Tn(X, Y, x,y}? (G1278) 


for all x, X € [xo, X2) with x < X and y, Y in [ yo, Y2) with y < Y, where 
bi) peily) | 
Yi(X, Y, x,y) = Wh i(ri(X, Y, x, y)) + / F(X, Y, t, s)dsdt 
bi (x0) Yer (Vo) 


i=1,...,n,7;(X, Y,x, y) is defined recursively by 


r(x, Y,x,y) = ri (x,y), 
(5.1.279) 
r(X, Y, x,y) = Wei (Bi, Y,x, y)), 


and (X>, Y2) are both functions of X, Y such that (X2(X, Y), Yo(X, Y)) € A lies on 
the boundary of the planar region 


= boon 


+00 ds 
R(x, y) := GEA TH Yay = f aay? | 
Uj wi(s P) 


We can choose X>, Y2 appropriately such that for all (X, Y) € [xo, X1) x [yo, Y1), 


In fact, from the fact of (X,, Y;) being on the boundary of R, we see that 


+00 ds 
Ti(X1, M1,.X1, V1) = G(X, V1) = / 


—_—_. 5.1.281 
Uj wi(s!/P) 
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Moreover, the monotonicity that 7;(X, Y,x,y) and F(X, Y,x,y) are both non- 
decreasing in each variable implies that Y;(X, Y,x,y) is also non-decreasing in 
each variable. Therefore, it follows from (5.2.351) that the rectangles [xo, X1) x 
[ yo, Y1), [xo, X2) x [yo, Y2) and A are nestled one by one, i.e., 


[xo, X1) x [ yo. ¥i) C [x0, X2) x [yo, Y2) C A. (5.1.282) 
Obviously, 
[xo, X1) X [yo, ¥1) CR, [x0, X2(X, Y)) x [yo, Y2(X, Y)) C Ri (X, Y), 
so that 7;, 77(i = 1,2,...,n) are well-defined. 

Now prove (5.1.278) by induction. Let 6) (x, y) denote the function on the right- 
hand side of (5.1.277), which is a non-negative and non-decreasing function on 
[xo, Y) x [yo, Y). Then (5.1.277) is equivalent to 

u? (x,y) < Bi(x,y) for all (x, y) € [xo, Y) x [yo, Y). (5.1.283) 


By (P3), b| = 0 and b; (x) for all x € [xo, X). Moreover, w is non-decreasing. Then 


a a ans 
7, Bi (x, y) 2 mri, y) bi (x) e10) _ 
—Tiae et See X,Y,b ; b ,5))d 
iS wey weve 
a sty 
ari, y) bh (x) ci) | ‘ip 
mo ee tS X,Y, bi (x), ,5))d. 
= BPG)” wiCBY Peg) desoo o EMEL GE 
a oe 
ari, y) i ey) | 
—.—_ +b X,Y,b ,5)ds. 
7 wi (Bi! (x,y)) um c1 (0) A 1G) ” ° 


Integrating both sides of the above inequality from xo to x, we obtain for all (x, y) € 
[xo, Y) x Lyo, Y), 


cl 


x (y) 
ACH Ce en ACen / bit) | FX. Y.bi(), s)dsdt 


Xo c1(yo) 
dix) ped) | 
= pari (x, y)) + / Si(X, Y, bi (0), s)dsdt, (5.1.284) 
bi (x0) 4 c1 (yo) 


the right-hand side of which is contained in the domain of Wei by the definition of 
X2, Y7 and (5.1.282). It follows from (5.1.283), (5.1.284) and the monotonicity of 
W,,{ that for all xy <x < X < X2,yo Sy <Y <p, 


1/p 


Ue 
u(x, y) < pi? < |W [W,1(71 (x, y)) +f fi(X, Y, bi (0), s)dsdt] : 
bi(xo) Yc1 (yo) 


dix) peily 
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implying that (5.1.278) is true for n = 1. Next, we make the inductive assumption 
that (5.1.278) is true for n = k. Consider 


k+1 ci) 


u? (x,y) < r(x, y) + ay bi (0) fi (X, Y, t, s)w;(u(t, s))dsdt (5.1.285) 
c1(vo) 


for all x» < x < X,yo < y < Y. Let B(x, y) denote the non-negative and non- 
decreasing function on the right-hand side of (5.1.285) and rewrite (5.1.285) as for 


all (x,y) € [xo. Y) x [yo. Y), 
u(x, y) < n(x, y). 


Let ¢j41(u) := wi4i/wi(u),i = 1,...,k. Similarly to the above statement for 
n = 1, by the fact that bt > 0 and bj(x) < x for all x € [xo,X), given by (P3), 
and the monotonicity of w;, we have for all (x, y) € [x0, Y) x [yo, Y), 

may) MY bi) 


Se SS ee acy, Y, bi(x), s)wi(u(bi (x), s))ds 
wi(Bs?(x,y)) wiry? (x,y) a7 1 (B4/? 9) JerOoo) 


d oo 
ri (x, iy) 
~ = + bi) fi (X, Y, by (x), s)ds 
wi(ry/?(~,y)) cilyo) 


Dh ie ” Fi, ¥,bi41 0), s)obe41(BY!? (bi41 09,5) 


Ci+100) 


Integrating the above from x9 to x, we get for all (x, y) € [xo, Y) x [yo, Y), 


dix) peily) 


W,1(Bo(x.3)) < Wpa(ri(x.y)) + i F(X, Vat, s)dsdt 
by (x0) 4 e1 (vo) 


bi peti) / 
Df Fa lX Yt, 8)bia (BL? (t,3))ds. 


bj4100) 4 ci+1(0) 


Let 


EP (x,y) = Wy1(Bo(x, y)), (5.1.286) 


dix) peily) _ 
0, := Wpa(ri(, y)) +f Si(X, Y, t, s)dsdt. (5.1.287) 
bi (x0) ci (yo) 


It follows that 
bi410) pciti) 


BP < Ory) + > 7 FX Yt sper l(Wp1 E(x. y)))"/? ds, 


bi+10%0) J ci+1(00) 


(5.1.288) 


5.1 Nonlinear Two-Dimensional Bellman-Gronwall Inequalities and Their. . . 611 


the same form as (5.1.277) for n = k, for all (x,y) € [x0, Y) x [yo, Y) and we are 
ready to use the inductive assumption for (5.1.278). In order to demonstrate the basic 
condition of monotonicity, let h(s) := (Wot (sp))!/? which is clearly a continuous 
and non-decreasing function on [0, +00). Thus each ¢;(A(s)) is continuous and non- 
decreasing on [0, +00) and satisfies $;(h(s)) > 0 for all s > 0. Moreover, 


Piti(H(s)) _ Wilh) _— np Pit) 
pilh(s)) wi(h(s)) —— re[0.h(s)] wi(T) 


which is also continuous and non-decreasing on [0, +00) and positive on (0, +00), 
implying that 


P(h(s)) « b41(A(s)), i = 2,...,k. 


Therefore, the inductive assumption for (5.1.278) can be used to (5.1.288) and we 
obtain 


EQ») < {OL ne (X, Yo,” (5.1.289) 


for all x9 < x < min(X, X3) and yo < y < min(Y, Y3), where 


a ds 
®,; = eae |) (5.1.290) 
: ou; Pi(A(s)) 
w(u) = (Wp (u))"/”, (5.1.291) 
Bix) peily) | 
m(X,¥,2,y) = ®pi(ri@ey)) + : F(X.Y.t,s)dsdt, (5.1.292) 
bi(xo) 4 ci(yo) 
0; = ©F (ni(X, Y.x,y)), (5.1.293) 


i=2,..,,k+ 1, and X3, Y3 are functions of (X, Y) such that (X3(X, Y), Y3(X, Y)) € 
A lies on the boundary of the planar region 


@ (+00) ds 


GEA mY” sf a a ee 


R(X, Y) = w (ui) di(h(s)) 


Here (+00) denotes either the limit lim, +. w (u) if it converges or +00. Note 
that 


pi) ds . 
ew) = f are a =W,i(W,1(w’)), i=2,..k4 1. (5.1.294) 
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Thus (5.1.289), where we note those functions defined in (5.1.286), (5.1.287) and 
(5.1.292), can be equivalently written as, for all x) < x < min(X,X3),yo < y < 
min(Y, ¥3), 


u(x, y) < By!” (x.y) = (WEP)? 


1 
bet) perpily Ip 


< YW Ways (Wo OC.) + / "F(X. ¥.t,s)dsdi 
be+1Q0) Ycr+100) 


(5.1.295) 


We further claim that the term W,” 1 (9; (x, y)) in the formula (5.1.295) is just the 
same as 7;41(X, Y,x, y), defined in fc 1.279), for all i = 1,...,k. For convenience, 
let 6; (x, y) denote that term. It is trivial to see that 6, (x,y) = 7% (XK , Y,x, y). Assume 
that the claimed result is true for some i. Then, using (5.1.289) and noting some 
definitions of functions in (5.1.292) and (5.1.293), we have 


_ bi41@) 10) _ 
6i41(x, 9) = ni Di [Ppi+1 (Gila, y)) +f / Siri (X, Y, t, s)dsdt] 
bi+1(x0) ¥ ci+1(00) 


b; 


1) pczilY) — 
= Woh [Wyre (Wel @Gy))) + / / Fea (X, Y,t,s)dsdi 


bi41(%0) Yci+1(0) 


bi41Q) pciti0) 
= Wrinil[Woiti it (X, Y,x,y)) + Feri (X, Y, t, s)dsdt] 
biz1(%0) Fci+1(yo) 


= ri+2(X, YX; y). 


Thus the claimed result is proved. Hence (5.1.295) can be equivalently written as 


u(x,y) < Wyeril Wari (F+1(X, Y, x,y) 


dete) peep) _ 1/p 
Set 1 (X, Y,t, spas 3 (5.1.296) 
be+100) ¥ex+100) 


Similarly, from (5.1.292) and (5.1.294), 


7 Dix) peily) _ 
HELE) = Waa y+ / F(X, Y,t,s)dsdt 
bi(xo) 4 ci(yo) 


= Y,(X,Y,x,y). (5.1.297) 


Note that /, at 5 coy a C= ds/w;(s'/?), Then, comparing the definition of R> 


with that of R; and noting (5.1.297), we see that X3, Y3 can be chosen appropriately 
such that for all (X, Y) € [x0, X1) x [yo, Y1), 


X3(X, Y) = X(X,Y), Y3(X, Y) = Yo(X, Y). (5.1.298) 
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It means that (5.1.296) holds for all x < x < X < X2,yo9 < y< Y < ¥. It 
actually proves (5.1.278) by induction. Having (5.1.278), we start from the original 
inequality (5.1.270) and see that 


bX) pe) 


u? (X,Y) < (X,Y) + » i A(X. Y,t, s)w;(u(t, s))dsdt, 


bi(xo) Yci(yo) 


ie., the auxiliary inequality (5.2.348) holds for x = X, y = Y. By (5.2.349), we get 


b(X) pel) _ 
u(X,Y) < {Wp [Won (7n(X, ¥,X.¥)) + / F(X, Y,t, s)dsdt}}!/?, 
bi(xo) Fcilyo) 
b(X) pel) 


= (Wy hMpn(ral.¥)) + f FAX, ¥,t,s)dsdqh}"/? 
bi(xo) 4 cilyo) 


for all x) < X < X1,yo < Y < Y; since X. > Xj, VY. > Y, and7,(X, Y,X,Y) = 


rn(X, Y). This proves (5.2.343). 
The remainder case is that a(x, y) = 0 for some (x, y) € A. Let 


rey) = ny) +6, 
where ¢ > 0 is an arbitrary small number. Obviously, r1,<(x, y) > 0, we get 


bX) pen(¥) ‘iP 
uer.y) <4 Wo Wynne (9) + / FAX t.s)dsaqs 


bn(xo) ¥en(Yo) 


for all xy < x < X1,yo < y < Yj. Letting e > 0+, we obtain (5.2.343) because 
of continuity of 7; in ¢ and continuity of W,; and Wei fori = 1,...,n. This 
completes the proof. Oo 


Remark 5.1.4 Remark that X,, Y; are defined by (5.2.345). In particular, (5.2.343) 
is true for all (x, y) € A when all w;,i = 1,2,...,n, satisfy ies ds/w;(s'/?) = co 
so we may take X} = x1, Y; = yy. 


If we choose n = 2,9 ;(s) := 57, Q2(s) := s?w(s), fi y,t5) = (p/(p - 
q))gi(t, s), where i = 1,2 andO < q < p, and restrict a(x, y) to be a constant a, 
then we can give a different estimate from [142] for the unknown function u in the 
inequality 


bi(x) pearly) 
u?(x,y) <a a — ‘| gilt, s)u4(t, s)dsdt 
bi (xo) ¥ e1 (yo) 


b2(x) pc2(y) 
y go(t, s)ui(t, s)w (u(t, s))dsdt, 


b2(x0) 4 c2(yo) 
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where a > 0 and p > q > O are constants, b;(s) and c;(s) are C! non-decreasing 
functions, g;(s) are continuous positive functions and yy is a continuous and non- 
decreasing positive function. If we choose p = 1| and u(x, y) := v(x), let a(x, y) := 
a(x), fi(x, y,t,8) = gi(x,f,i = 1,..., n, and restrict all cjs to satisfy that c;(y) — 
ci(yo) = 1 for all y € J, then inequality (5.2.341) reduces to the same form as that 
in Theorem 2.1 in [13], where we do not require the monotonicity of sequence of 
functions g;. Obviously, Theorem 5.2.59 is applicable to more general form than 
Theorem 2.1 in [13]. 

The following theorem concerns some new Gronwall-Ou- Yang integral inequal- 
ities in two independent variables. These results are obtained by Cheung and 
Ma [145]. 

We define R; = [1, +00), and for any k € N, RA = (R*)*. Denote by C'(M, S) 
the class of all i-times continuously differentiable functions defined on set M with 
range in set S (i = 1,2,---.) and C°(M,S) = C(M,S). The first-order partial 
derivatives of a function z(x,y) for x,y € R with respect to x and y are denoted 
as usual by D;z(x, y) and D2z(x, y), respectively. We also assume that all improper 
integrals appeared in the sequel are always convergent. 


Lemma 5.1.3 Let u(x, y), a(x, y), c(x, y) and d(x, y) be non-negative continuous 
functions defined for all x,y € Rs and w(u) be a non-negative, non-decreasing 
continuous function for all u € R4 with w(u) > 0 forallu > 0. 


(i) Assume that a(x, y) and c(x, y) are non-decreasing in x and non-increasing in 
y forall x,y € Ry. Ifforallx,y € Ry, 


+00 


u(x, y) < a(x, y) + c(x, yf / d(s, t)w(u(s, t)) dt ds, (5.1.299) 
0 dy 
then forall0 <x <x, yj Sy +0, 
x p+oo 
u(x, y) <G! | Gtats, y)) + c(x, y) / i d(s, t) dt as , (5.1.300) 
0 dy 
where 
" dr 
G(r) = / ae te 0, (5.1.301) 
rm W(T) 
and G~' is the inverse function of G, and x1, y, € R+ are chosen so that 


x +00 
G(a(x, y)) + ctay) | i. d(s, t) dt ds € Dom (G""). (5.1.302) 
0 dy 
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(ii) Assume that a(x, y) and c(x, y) are non-increasing in each variable x, y € R+. 
If for allx, y € R4, 


+00 pt+oo 
u(x, y) < a(x, y) +c, » | / d(s, t)w(u(s, t)) dt ds, (5.1.303) 


then for all0 < x < x2, yo <y < +o, 
+00 pt+oo 
uls.y) $6 [Glatsy)) + elo) | / ats.) at as], (5.1.304) 
x y 
where G and G~' are defined as in (i), and xx, yz, € R4 are chosen so that 


+00 +oo 
G(a(x, y)) + c(x, y) / i; d(s,t) dt ds € Dom (G"'). (5.1.305) 
Proof 


(i) Fixing any numbers x; and y; with 0 < x; < x; andy; < y, < +o, from 
(5.1.299) we infer 


x +00 
u(x, y) < a(x1,y1) + oi in) f / d(s, t)w(u(s, t)) dt ds (5.1.306) 
0 dy 


foralO <x <x, yj) <y<+o. 

Defining r; (x, y) as the right-hand side of the last inequality, then r; (0, y) = 
r(x, +00) = a, yi), 

u(x, y) < r(x, y), (5.1.307) 
where 7} (x, y) is non-increasing in y € [¥,, +00), and 
+00 +00 
Dini,y) = o(i.51) f d(x, t)w(u(x, t)) dt < oG.i) f d(x, t)w(r1 (x, t)) dt 
y y 


+oo 
= eG. Frw(rex.») | KD de (5.1.308) 
: 


Dividing both sides of (5.1.308) by w(r(x, y)), we obtain 


+00 
Dir\ (x, y) <ou.5) [ dts) ae (5.1.309) 
w(r1 (x, y)) ¥ 
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From (5.1.301) and (5.1.309), we infer 


+00 
D,G(ri(x,y)) < on) | d(x, t) dt. (5.1.310) 


Now setting x = s in (5.1.310) and then integrating with respect to s from 0 to 
x, we obtain 


x +00 
G(r (x, y)) < G(r (0, y)) + c(%1, y1) i: i d(s, t) dt ds. (5.1.311) 
- 


Noting G(r; (0, y)) = G(a(x1, ¥1)), we get 


x p+oo 
G(ri(x, y)) < G(a(%1, 91) + e191) / / d(s, t) dt ds. (5.1.312) 
0 dy 
Taking x = x}, y = y in (5.1.307) and the last inequality, we have 
u(x1,¥1) <1, y), (5.1:313) 


xX] +o0o 
G(ri(%1,y1)) < GlaGir.5)) + oC.5) f / d(s,t) dtds.  (5.1.314) 
M1 


Since 0 < x1 < x1, yi < yi; < +00 are arbitrary, from (5.1.314) we deduce for 
al0<x<x, y) <y<+um, 


u(x, y) < n(x, y), (5.1.315) 


x p+oo 
G(ri(x, y)) < G(a(x, y)) + (x, y) i i. d(s,t) dt ds,  (5.1.316) 


or 
x +00 
n@wy<G' | Gtats.9») + ctay) f i d(s, t) dt as . (5.1.317) 
0 y 


Hence from (5.1.315) and (5.1.317) it follows that for allO <x <x, yi <y< 
+00, 


Xe +00 
u(x,y) < G! | Gtats.99) + c(x, y) / / d(s, t) dt as). (5.1.318) 
A 


By (5.1.299), (5.1.318) holds also when x = 0. 
The proof of (ii) is similar to the argument in the proof of Lemma 5.1.3 (i) with 
suitable modification. We omit the details here. Oo 
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Theorem 5.1.43 (The Cheung-Ma Inequality [145]) Let a(x,y), c(x,y), and 
w(u) be defined as in Lemma 5.1.3 (i), and e(x,y) € C(R?., R+). Let g(u) € 
C'(R4,R+) with g'(u) > 0 for all u > 0, here g’ denotes the derivative of 9. 
If for allx, y € Rx, 


x +00 
plule,)) Sale 9) Hee) i / g'(uls,1))ld(s. dw(uls,1)) + es, 1)] dt ds, 
(5.1.319) 


then 


x +o0o 
ieee (ate/(ats.y» +£0.»)] + ony) [ [dena as) 
(5.1.320) 


for all0 < x < x3, y3 < y < +e, where 
x +00 
E(x, y) := c(x, »f / e(s, t) dt ds, (5.1.321) 
0 dy 


and G and G™' are defined as in Lemma 5.1.3, g~! is the inverse function of p, and 
x3, y3 € R+ are chosen so that 


x pt+oo 
G[g™' (a(x, y)) + E(x, y)] + e(x, »| / d(s,t) dt ds € Dom (G"'). 
(5.1.32) 


Proof If a(x, y) > 0, fixing any numbers x3 and y3 (0 < x3 < x3, y3 < y3 < +00), 


from (5.1.319) we derive for all 0 < x < x3, V3 < y < +00, 


x p+oo 
plu(x, y)) < a%3, 93) + etia.3a) f ; g' (u(s, t))[d(s, t)w(u(s, t)) + e(s, 1] dt ds. 
» 
(5.1.323) 


Defining r2(x, y) as the right-hand side of the last inequality, then for all 0 < x < 
x3, ¥3 SY < +00, 


r2(0, y) = ra(x, +00) = a3, y3), (5.1.324) 
u(x,y) < gy '(r2(x.y)). (5.1.325) 
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Since r(x, y) is non-increasing in y, by (5.1.325), we have 


+00 
Dira(x, y) = c(%3, of g' (u(x, t))[d(x, Nw(u(x, 1) + e(x, 1)] dt 


lA 


+00 
c(X3, i f 9 (gp (r(x, d(x, Nw (72(x,)) + ea, ] dt 


IA 


+00 
es, 53)0' Oa) y [d(x, Nw(y7! (ra) + e(x, 8] dt. 
f 
(5.1.326) 


Dividing both sides of (5.1.326) by v'(y7!(r2(x, y))), we get 
D,r2(x, Ze +00 = 
Pe < eGis.in) flare" '(rata.0)) + eC.) at 
y 


g'(e"(r2(x, y))) 
(5.1.327) 


Observe that for any continuously differentiable and invertible function ®(&), by the 
change of variable 7 = ®~!(£), we obtain 


G2 ff PO) os 
Pca; ~ / Bey =ntc=@ (&)+e. — (5.1.328) 


Keeping y fixed in (5.1.327), setting x = s and integrating with respect to s from 
0 to x, and applying (5.1.328) to the left-hand side, we obtain 


o'(2@) < 9720.3) + cs, 58) [ i "als, Dw(y7H(ra(s,D)) + €(s, 1) at ds 


Co ee / / © [dls, (pals, 8) + es, 8)) at ds. 
0 Jy 


(5.1.329) 


Applying Lemma 5.1.3 (i) to the last inequality, we get for all 0 < x < x3, y3 < 
y<+o, 


ea +oo 
Phe = &1(4]e-%ee.5 oe | / els. t) dt a 
0 dy 


x p+oo 
+c(x3, 93) i i d(s, 1) dt i) (5.1.330) 
0 Jy 


5.1 Nonlinear Two-Dimensional Bellman-Gronwall Inequalities and Their. . . 619 


By (5.1.325), (5.1.330) and using similar procedures as from (5.1.314) to (5.1.315) 
in the proof of Lemma 5.1.3 (i), we can get the desired bound of u(x, y) in (5.1.320). 
By continuity, (5.1.320) also holds for the case a(x, y) = 0. Oo 


Theorem 5.1.44 (The Cheung-Ma Inequality [145]) Leta(x,y), c(x, y), w(u) be 
defined as in Lemma 5.1.3 (ii) and p(u), e(x, y) defined as in Theorem 5.1.43. If for 
allx, y € R4, 


+00 +00 
ie 21a) =e) / i g(uls. d)[d(s, Dw(uls,) + els. 8] dt ds, 
x y 
(5.1.331) 


then for all x4 < x < +00, y4 < y < +00, 


_ +0o pt+oo 
u(x,y) < G7 (Garcon) + EG) 4c) / i d(s,t) dt as) . 
x y 
(5.1.332) 


where 
_ +00 p+oo 
E(x, y) = c(ay) f / e(s, t) dt ds, (5.1.333) 
x y 


G and G"' are defined as in Lemma 5.1.3, @ and y™! are defined as in Theo- 
rem 5.1.43, and x4, y4 € R+ are chosen so that 


_ +00 f-+oo 
Glo" | (a(x, y)) + E(x, y)] + cx, » | / d(s,t) dt ds € Dom(G"'). 
(5.1.334) 


Proof The proof follows by an argument similar to that in the proof of Theo- 
rem 5.1.43 with suitable modification. We omit the details here. Oo 


Theorem 5.1.45 (The Cheung-Ma Inequality [145]) Let a(x,y), c(x, y), ex, y), 
w(u), v(u), and g'(u) be defined as in Theorem 5.1.43. Let b(x,y), d(x, y), and 
S(x,y) € C(R?,, R,) and b(x, y), d(x, y) be non-decreasing in x and non-increasing 
iny. If for allx, y, a € Ry, 


PEG) 266: )+0GS) i, elu, solute, 3) as 


x +00 
4d(x.y) i; / g!(uls. DEF, Dwuls,t)) + es, 1)] dds, 
; 


(5.1.335) 
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with a < x, then for all0 <x < x5, ys <y<+o, 


u(x, y) < G! (<te-*es y)a(x, y)) + p@ yEi@, y)] 


x p+oo 
+p(x, yacx.y) f / f(s, t) dt i), (5.1.336) 
0 dy 
where 
p(x, y) := 1+ b@, y) iz c(s, y) exp ([ b(m, y)c(m, y) an) ds, — (5.1.337) 
xX p+oo 

E\ (x,y) := ac») [ / e(s, t) dt ds, (5.1.338) 

0 dy 


G and G"' are defined as in Lemma 5.1.3, @ and y™! are defined as in Theo- 
rem 5.1.43, and x5, ys € R+ are chosen so that 


x p+oo 
Glo (we. r)a(x,9)) +r. DEG.) + PH de.y) i / F(s.t) dt ds € Dom (G7). 


(5.1.339) 
Proof Define a function z(x, y) by 
x +oo 
2(x,9) = a(x,3) +dly) / i g'(uls, DFC. Dwluls, 1) + es, 2)] dt ds. 
0 dy 


(5.1.340) 


Then (5.1.335) can be rewritten as 


olez)) S209) + bY) : “es, oGu(s,y)) ds. (3.1.341) 


Obviously, z(x, y) is non-negative and continuous in x € R+. Fixing y € R+ in 
(5.1.341) and using Corollary 1.2.3 (i) in Qin [557], we get 


g(u(x,y)) < 20,9) + BOY) / a(s,y)e(s,y) exp ( / “Fone an) Fi 
(5.1.342) 


Since z(x, y) is non-decreasing in x € R+, we obtain from the last inequality that 


p(u(x,y)) < z(x, y)p(x, y), (5.1.343) 
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where p(x, y) is defined by (5.1.337). From (5.1.343), we derive 


x p+oo 
plus, 9) < py) (xs.9rds [ i outs, LF, Pwluls,d) + es, 2)] aa), 
; 
(5.1.344) 


Observe that p(x, y), a(x, y), and d(x, y) are continuous, non-decreasing in x and 
non-increasing in y for x, y € R4, so also are p(x, y)a(x, y) and p(x, y)d(x, y). Now 
applying Theorem 5.1.43 to (5.1.344), we can directly get the desired bound u(x, y) 
in (5.1.336). oO 


Theorem 5.1.46 (The Cheung-Ma Inequality [145]) Let u(x, y), f(x,y), e@, y), 
y(u), and w(u) be defined as in Theorem 5.1.45. Let a(x,y), b(x,y), c(x,y), and 
d(x, y) be non-negative continuous and non-increasing in each variable x, y € Ry. 
If for allx, y € R* withx < B, 


B 
g(u(x, y)) S ay) + bx.) [ c(s, y)p(u(s, y)) ds 


+00 +oo 
4d(x,y) i i o!(uls, D)Lf(s, )wluls,t)) + els, 1)] dt ds, 
(5.1.345) 


then for all x5 < x < +00, yo < y < +00, 


+oo p+oo 
nee (te Gl. aCe») + PEE + Ped! [Flot at as) . 
(5.1.346) 


where 


B ry 
p(Qx,y):= 1+ bx.) f c(s, y) exp (/ b(m, y)c(m, y) an) ds, — (5.1.347) 
2 +00 pt+oo 
E\ (x,y) := acy) [ / e(s, t) dt ds, (5.1.348) 


G, G"!, gy and g™' are defined as in Theorem 5.1.45, and xg, yo € R+ are chosen 
so that 


» +00 fp +00 
Glo G@.ya.y)) + BEG) 4 Bae, »f / f(s.) dt ds € Dom (G7). 
x y 


(5.1.349) 
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Proof The proof follows by an argument similar to that in the proof of Theo- 
rem 5.1.45 with suitable modification. We omit the details here. Oo 


By choosing suitable functions for g, some interesting new Gronwall-Ou- Yang 
type inequalities of two variables can be obtained from Theorems 5.1.45 and 5.1.46. 
For example, the following interesting inequalities are easily obtained. 


Corollary 5.1.2 (The Cheung-Ma Inequality [451]) Let b(x, y), c(x, y), d(@, y), 
e(x,y), f(x,y), and w(u) be as defined in Theorem 5.1.45. Let k > 1 be a real 
number. If for allx, y, a € Ry witha <x, 


way) Salxy) + Bley) fF e(s.y)uh(o.9) as 
x +00 
tats.) f / u's, t)[f(s, t)w(u(s, t)) + e(s,8)] dt ds, (5.1.350) 
0 vy 
then for all0 <x < x7, y7 <7 <+M, 


u(x,y) = G" (ofr yal, 9) + EPO) | 


x +o0o 
+ople,y)dx y) / / f(s, t) dt i), (5.1.351) 
0 Jy 


where G, G~!, p(x, y) and E(x, y) are as defined in Theorem 5.2.62, and x7, y7 € 
IR are chosen so that 


x p+oo 
GLP y)a"/Mx.9) + ple )Evey)] + ls sdateyyf [ flo.1) dt ds € Dom (6), 


(5.1352) 


Proof This follows immediately from Theorem 5.1.45 by setting y(u) = u*. Oo 
Corollary 5.1.3 (The Cheung-Ma Inequality [145]) Let b(x,y), c(x,y), d(x, y), 


e(x,y), f(x,y»), and w(u) be as defined in Theorem 5.1.45. Let u(x, y), a(x,y) € 
C(R+,R,) and k > 0 be a real number. If for all x, y, « € Ry witha <x, 


u¥(x,y) <a(x,y) + B(x.) ij sedate 


x +00 
+d(x, » | / u*(s, t)[ f(s, )w(log u(s, t)) + e(s, t)] dt ds, 


(5.1.353) 
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then for allO < x < xg, yg Sy < +00, 


u(x, y) < exp 


1 1 
Gc! lo(; log( p(x, y)a(x, y)) + pe ME 9) 


1 x p+oo 
+ oP, pac») f / f(s, t) dt al : (5.1.354) 


where G, G~!, p(x, y) and E\(x, y) are as defined in Theorem 5.1.45, and xg, yg € 
R+ are chosen so that 


1 1 
G (; log( p(x, y)a(x, y)) + Pe y)E\ («.)) 


+2pls.y)dC y) [ [4 t) dtds € Dom(G"').  (5.1.355) 
0 dy 


Proof Using the change of variable v(x,y) = logu(x,y), inequality (5.1.353) 
reduces to 


+00 
ey) < a(x, y) + b(, » | c(s, yey) ds 


ix +00 
+d(x, y) [ / e(S-OT F(s, t)w(u(s, t)) + e(s, t)] dt ds,  (5.1.356) 


which is a special case of inequality (5.1.335) when g(v) = exp(kv). By 
Theorem 5.1.45, the desired inequality (5.1.354) follows. Oo 


Theorem 5.1.47 (The Cheung-Ma Inequality [145]) Let u(x, y), a(x, y), b(x, y), 
c(x,y), d(x, y), e(x,y), f(x,y), and g(u) be as defined in Theorem 5.1.45, and 
L, M € C(R?.,R*) satisfy, for allx, y, v, w € Ry with v < w, 


0 < L(x, y, v) — LQ, y,w) < M(x, y, w)(v — w). (5.1.357) 


If for allx, y, a € Ry witha < x, 


olu(s,y)) < a(e,9) +b») / (s, oCu(s,9)) ds 


x +00 
sates) / / g'(uls, ))Lf(s, DLs, t,u(s,1)) + e(s, #)] dt ds, 
(5.1.358) 


then for all x, y € R4, 


u(x, y) < N(x, y) + p(x, y)d(x, y)Li(x, y) exp(M) (x, y)) (5.1359) 
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where 
Ni (x,y) = 9 (p(x. yal, y)) + p yEL(%, 9), 


x +00 
L\(x,y) =f [ f(s, t)Lfs, t, Ni (s, 0)] dt ds, (5.1.360) 


x pt+oo 
M(x, y) := [ / f(s, Op(s, thd(s, Ms, t, Ni (s, 1] dt ds, 
y 


and p(x, y), E\(x, y) are defined in (5.1.337), (5.1.338), respectively. 


Proof By similar arguments as those used in the proof of Theorem 5.1.45, applying 
Corollary 1.2.3 (4) in Qin [557] to (5.1.358), we conclude for all x, y € R+, 


p(u(x, y)) <p ya, y) 
x pt+oo 
+p(x, y)d(x, »f / g' (u(s, t)) [f(s, OL(s, t, u(s, t)) + e(s, )] dt ds. 
| (5.1.361) 


Defining a non-negative continuous function z(x,y) as the right-hand side of 
(5.1.361), then using similar procedures as in the proof of Theorem 5.1.43, we can 
derive from (5.1.361) that for all x, y € R4, 


u(x,y) < g | (z(x,y), 


x +00 
ED SN L2E IED / i Fs. Ls, t, 971 (2(s,)] dt ds, 
0 vy 
(5.1.362) 


where Nj (x, y) is defined in (5.1.360). 
Setting 


x +c0o 
E(x,y) = ; f(s, t)LIs, t, 9” | (z(s, t))] dt ds, (5.1.363) 


y 


then from (5.1.362), we derive for all x, y € Ry, 


go (z(x, y)) < Ni(x,y) + pe yd, y)E(y). (5.1.364) 
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Since L(x, y, v) is non-decreasing with respect to v for fixed x, y, by (5.1.363) 
and (5.1.364) with condition (5.1.357), we obtain 


x +00 
E(x,y) < / / f(s, DLs, t, Ni (s, t) + p(s, t)d(s, thE (s, t)] dt ds 
0 vy 
x +00 
< / F(s, OL|s, t, Ni(s, t)] dt ds 
0 Jy 
x +00 
+f / f(s, t)p(s, td(s, t)M[s, t, Ni (s, OJE(s, t) dt ds. 
0 dy 


(5.1.365) 


Applying Lemma 5.1.3 (i) (the case when w(u) = u, c(x,y) = 1) to the last 
inequality, we conclude 


x +00 
E(x,y) < (/ i f(s, OL[s, t, Ni (s, t)] dt as) 


x +00 
xX exp (/ T(s, t)p(s, thd(s, )M[s, t, Ni (s, t)] dt as) 
0 


y 


= L\(x, y) exp(Mi (x, y)), (5.1.366) 


where Li(x,y) and M,(x,y) are defined in (5.1.360). The required inequality 
(5.1.359) now follows from (5.1.362), (5.1.364) and the last inequality. Oo 


Theorem 5.1.48 (The Cheung-Ma Inequality [145]) Letu(x,y), a(x, y), D(x, y), 
c(x,y), d(x, y), f(x,y») and g(u) be defined in Theorem 5.1.46, and L(x, y, v) and 
M(x, y, v) as defined in Theorem 5.1.47. If for all B, x, y € R+ withx < B, 


B 
eu )) <0G.y) + 5G9) i; ls NoCulssy)) as 


+oo ft+oo 
+d(x, yf / g' (u(s, t))[f (s, DL(s, t, u(s, 2) + e(s, 0] dt ds, 
x y 
(5.1.367) 


then for all x, y € Rx, 


u(x,y) < M(x, y) + p(x y)d(x, y)Li(x.y) exp(Mi(x,y)) (51.368) 
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where 
M(x, y) = 9 '@, y)a(x, y)) + pr, y)Ei(x, y), 


_ +oo ptoo = 
Li(x, y) = | : F(s, OL[s, t, Ni(s, 1)] dt ds, (5.1.369) 


7 +00 too _ 
M(x, y) := / f(s, Dp(s, thd(s, )M[s, t, Ni (s, t)] dt ds, 
x y 


and p(x, y), E\(x,y) are defined in (5.1.347), (5.1.348), respectively. 


Proof The proof follows by an argument similar to that of Theorem 5.1.47 with 
suitable modification. We omit the details here. Oo 


Remark 5.1.5. As in Corollaries 5.1.2 and 5.1.3, other new Ou-Yang type integral 
inequalities of two variables can be obtained from Theorems 5.1.47 and 5.1.48 by 
choosing suitable functions for g. Details are omitted here. 


The following two results, due to Zheng, Wu and Deng [723] generalizes the 
results Theorems 5.1.43—5.1.48 of Cheung and Ma to more general inequalities with 
more than once distinct nonlinear terms. 

Cheung [143], and Dragomir and Kim [208] established additional Ou- Yang type 
integral inequalities involving functions of two independent variables. Meng and Li 
[388] generalized the results of Pachpatte [516] to certain new integrals. Cheung 
and Ma [145] (see, Theorems 5.2.22—5.2.26) discussed the following inequalities 


x +00 
u(x,y) < a(x,y) + cx, » | / d(s, t) w(u(s, t)) dt ds, 
as (5.1.370) 
+00 f-+oo 
u(x,y) < a(x,y) + c(x, » | y d(s, t) w( u(s, t)) dt ds, 
x y 


where a(x, y), and c(x, y) have certain monotonicity. 
Motivated by the work of Cheung and Ma [145], the following two results on 
more general integral inequalities with n nonlinear terms will be discussed 


n xX p+oo 
u(x,y) < a(x,y) + ei / di(x, y, s,t) w;( u(s, £)) dt ds, (5.1.371) 
j=1 79 YY 


+00 p+oo 
u(x,y) < a(x,y) + >| : d(x, y, s, t) wi( u(s, t)) dt ds, (5.1.372) 
i=" y 


where we do not require the monotonicity of a(x, y) and d;(x, y, s, f). Furthermore, 
we note that some results of Cheung and Ma [145] can be deduced from the present 
results as some special cases. 
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As in [13, 151, 541], we define wy « w2 for w1, w2: A C R > R\{0} if wo/w, 
is non-decreasing on A. This concept helps us compare monotonicity of different 
functions. Suppose that 


(C}) wi(u) G@ = 1,...,n) is a non-negative, non-decreasing, and continuous 
function for all u € A with w;(u) > 0 for all uw > O such that w) x wo « 
oe XO Wy} 

(C2) a(x, y) is a non-negative and continuous function for all x, y € Ry; 

(C3) d(x, y,s,t) (i = 1,...,n) is a continuous and non-negative function for all 
x,y, 5,t € Ry, take the notation W;(u) := De dz/w;(z)), for all u > u;, where 
u; > O is a given constant. Clearly, W; is strictly increasing, so its inverse 
W,' is well-defined, continuous, and increasing in its corresponding domain. 


Theorem 5.1.49 (The Zheng-Wu-Deng Inequality [723]) Jn addition to the 
assumptions (C,), (Cz), and (C3), suppose that a(x, y) and d,(x, y, s, t) are bounded 
in y € Rx for each fixed x,s,t € R4. If u(x, y) is a continuous and non-negative 
function satisfying (5.1.371) for all x,y € R*, then for all0 < x < x,y < 
y< +0, 


x pt+oo 
u(x,y) < W,! Wal bx.»)) + f / d, (x,y, 8, t) dt as). (5.1.373) 
0 dy 
where b, is determined recursively by 


bi(x,y) = a(x, y), 
baiy) = Wr! [ wc bix.y) + fof aly.s.t) dt ds], 
GX, y) = SUPy ey ey SUPycpctoo UT Ms GOY,S,1) = supper cr SUPpepepoo Gt 1.5.1), 


(5.1.374) 


and W, := 0, and x,, y; are chosen such that 


+o0o dz 


xX] +00 _ 
Wi( bi(x1,y1)) + / / d(x, y, 8, t) dt ds < / eis (5.1.375) 
0 y1 di wi(z) 


fori=1,-+-+,n. 


Proof From the assumptions, we know that G(x, y) and d;(x, y, s, t) are well-defined. 
Moreover, a(x,y) and dj(x,y,s,f) are non-negative, non-decreasing in x, non- 
increasing in y; and satisfy a(x,y) > a(x,y) and dj(x,y,s,t) > dj(x,y,s,) for 
i=1,-++,n. 

We first discuss the case that a(x, y) > O for all x, y € R +. Thus, D;(x, y) is 
positive, non-decreasing in x, non-increasing in y; and satisfies b,(x,y) > a(x, y) 
for all x,y € Ry. 
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From (5.1.371), we derive 
a x ptoo | 
wox,y) < bie.y) + 1 / di(x,y,s,) wi(uls,1)) dtds. —_ (5.1.376) 
i= 9 “Y 


Choose arbitrary x, y, such that 0 > x; > x1,y; => y, < +00. From (5.1.376), it 
follows for all0 < x < xX, <x, vy) < yj) < y < +00, 


R ax p--oo 
u(x, y) < bi (1,51) + By i d(%1, 91,8, 0) wi(u(s,t)) dt ds. (5.1.377) 
i=1 70 Vy 


Having (5.1.377), we claim for all 0 < x < min{%,, x2}, max{¥,, yo} < y < +00, 


x +00 
u(x,y) < We" | Wal BuGa sno) ff / d,(%1, ¥1, S, t) ara 
0 dy 
(5.1.378) 
where 
bi@.1.x,y) = biG. 51), 
7 . x +0o 7 
bi41001,91,%,9) = W,’ | WiGiGr. 51%.) +f / dj(X,, 91,8, t) dt as 
c dy 
(5.1.379) 
fori=1,...,n—1 and x2, y2 € Ry are chosen such that 


= x2 +00 _ +00 dz 
WGC Si i / FG hs dbdede = / he 
0 y2 Uj w;(z) 


(5.1.380) 


fori = 1,...,n. Note that we may take x2 = x; and y2 = y,. In fact, bi(X1,.91,%.y) 
and dj(%,,¥1,x, y) are non-decreasing in X;, non-increasing in }; for fixed x, y. 
Furthermore, it is easy to check that bi(X1,. 915.21 ,y1) = biGa,¥1) fori = 1,...,n. 
If x2, yo are replaced by x1,y; on the left-hand side of (5.1.380), we have from 
(5.1.375) 


i xX] +0c0o - 
Wi( bi(%1, 91,%1,.y1)) + / / d(x, 91,8, t) dt ds 
Oo vy 


IA 


_ xX] +00 a 
Wi( biti, y1,41, V1) + / / dj(x1,y1,,5,t) dt ds 
Oo vy 


II 


xX] +00] +00 dz 
W;( bi(%1,y1)) + / / dj(x,,y1,5,t) dt ds < / —~. (5.1.381) 
0 yy uj wi(Z) 


Thus it means that we can take x2 = x1, y2 = y1. 
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In the following, we shall use mathematical induction to prove (5.1.378). For 
n = 1, let 


x +00 7 
z(x,y) = ii / d\(%1, 91, 8, t) wi ( u(s, t)) dt ds. (5.1.382) 
0 dy 


Then z(x,y) is differentiable, non-negative, non-decreasing for all x € [0,x,], and 
non-increasing for all y € [¥,, +00) and z(0, y) = z(x, +00) = 0. From (5.1.377), 
we infer 


u(x, y) < bi (%1, 51) + 2, y), 


+00 | 
Di2(x,y) = / di (%1,91,x, 0) wi (u(x, t)) dt 
i 


too _ (5.1.383) 
< / Gr 3.% i iG. Sd £26,0) a 
: 


+00 
< wi bia Fi) + 20.9») f dy (1,1, x,t) dt. 
, 


Since w; is non-decreasing and b; (x;, y,) + z(x, y) > 0, we get 
D, (1 (%1, 91) + 2x, y)) = D(x, y) 
wi(bi(%1,91) + z(x,y) wi (bi 1,91) + 2, y)) 
wi (bi rn) + z(x,y) fy di, 5.x, 0) dt 


wi(di 1, 51) + 2% y)) 


II 


+00 © 
/ dy (X1,.1,x, 0) dt. (5.1.384) 
y 
Integrating both sides of the above inequality from 0 to x, we obtain 


x p+oo 
WHC. SWC. et / / PACE | 
0 dy 


x +oo ie 
=wmibiG.iot ff AG Sued ade, 
0 y 
(5.1.385) 


Thus the monotonicity of W;' implies 


x ptoo _ 
u(x, y) < 6) @.51) + 2@,y) < Wy! i.s9 +f / d; (X1, 91, 5,1) dt as : 
f 
(5.1.386) 


that is, (5.1.447) is true forn = 1. 
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Assume that (5.1.377) is true for n = m. Consider 


m+1 


x +00 
u(x, y) < bi (%1,51) + my | / di(X1, 51, 8,1) uj(u(s,t)) dtds — (5.1.387) 
i179 YY 


for allO <x < X|,¥) < y < +c. Let 


m+1 


ix +00 
z(x,y) = ay / di(%1, 91, s,t) w;(u(s, t)) dt ds. (5.1.388) 
i=1 79 “Y 


Then z(x,y) is differentiable, non-negative, non-decreasing for all x € [0,51], and 
non-increasing for y € [¥, +00). Obviously, z(0, y) = z(x, +oo) = 0 and u(x, y) < 
by (1, ¥1) + 2(x, y). Since w; is non-decreasing and b; (x;, ¥;) + z(x, y) > 0, we have 


D, (61 (1,91) + z(x,y) 
wi (bi (1, 91) + z(x, y)) 
pans So dir. 51x, wi(u(x, 1) dt 
w1(b1(%1, 91) + 2, y) 
int Sy dil Fr. x, Dwilbi G51) + zx, ) dt 
wi(b1 (1, y1) + 2, y) 


m+1 


+00 7 +00 7 
< / Aino d+ So if Rs DO a Lae) at 
y i=2°Y 


m+1 


+00 +00 | 
sf ar Fr dey) [dis rGia. 51. bis s(br Ce 5a) + 200.0) de 
PY i=1 °Y 

(5.1.389) 


where $41(u) = wisi(u)/wi(u), i = 1,...,m. Integrating the above inequality 
from 0 to x, we obtain for all 0 < x < x; and y, < y < +00, 


x +oo 7 
Wi(biCh5i) +209) < MiG.) + [of di G1.51.s é) dt ds 
: 


mM ax poo | 
+> [ J arr.in.s. 0b: b1Gs.51) + 26.0) ads 
i=1 y 


(5.1.390) 
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or 


m 


x +00 
gor) sect D> ff disrGa.sr.sdbi41W~'E(.0)) ards 
jap" 4Y 
(5.1.391) 


the same as (5.1.377) for n = m, where &(x,y) = Wi(bi(%1, 91) + z(x, y)) and 
ci(a.y) = Wii i.5)) + fo SP? di Ger. in. s, 0) dt ds. 

From the assumption (C;), each di+1(W; | (u)),i = 1,...,m, is continuous and 
non-decreasing for all u. Moreover, ¢2(W,') « $3(W;!) « ... & dn(W,!). By 
the inductive assumption, we have, for all 0 < x < min{x,,x3}, max{¥,, y3} < 
y< +0, 


x +oo 
E(x,y) < Ort, | Pe ilen(s»)) + / / Aiea as 
0 y 


(5.1.392) 


where 4) (u) = Si. (d2/ dit (Wy '@))). u>0, Hit, = Wi(uiti), O71) is the 


inverse of ®4;, i= 1,...,m, 


x p+oo 
ci+1(x, y) = aa [eestetey) +f / di+1(%1, V1, 8, t) dt as ae ic — a eee , im, 
0 vy 
(5.1.393) 


and x3, y3 € IR + are chosen such that 


x3 +oo = W, (+00) dz 
Di+1(ci(x3, y3)) + / / di+1(%1, 91, 8,0) dt ds < ) —___—___. 
0 Jy3 ae bi+1(W, '(z)) 


(5.1.394) 


fori=1,...,m. 
Note that 


®,(u) = u dz [ wi (W,!(z))dz 


a PWD) Jiviauy Wi Wy) 


Ww, lu) dz 
| —— = WoW, '(u), i=2,...,m+1. — (5.1.395) 
Uj wi(z) 
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From (5.1.392), we infer for all 0 < x < min{x,, x3}, max{¥, y3} < y < +00, 
u(x,y) < bi, 51) + 20%, y) = Wr (EC y)) 
xX p+oo] 
s Watt | Wins s(Wr "ent y))) + / / Aint 1(%1, V1, s, t) dt as : 
0 y 
(5.1.396) 
Let G:(x, y) = W; | (ci(x, y)). Then, 
ex, y) = Wy (ci, y)) 
Xx ptoo] 
= Ww! | W050) + / / d\(%1, y1, 8, t) dt as 
0 dy 
= bo(%1,51,x,y). (5.1.397) 


Moreover, with the assumption that ¢,,(x, y) = Binge Ci ,¥1,X,y), we get 
x +00 = 
Cm+1(X, y) = w,! | at (nei(enls9) = / / dni (%1,91, 8, t) dt a)| 
0 Jy 
x +00 ” 
= wel, [Wintel y)) + i; i an (i, 51,8, 2) dt as 
0 dy 


ba +00 y 
=w, [Wont a(Entt99) ‘ i : Acie aa ak as 


= Wels | Winter dion m+ fo | Gwe a i] 
= bing 2(%1.51.%,) (5.1.398) 

which proves that 
Gi(x.y) = bin iG. 51.x.y), i= 1,...,m. (5.1.399) 


Therefore, (5.1.394) becomes 


7 x3 +00 _ cae 
WarGinGiar.yd +f / di+1(%1,.1, 5, t) dt ds 
0 Yy3 


Wi(+00) £O 
< | —-| a 1,...,m. (5.1.400) 
fii git (Wy (z)) uit Wit1(2) 
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The above inequalities and (5.1.380) imply that we may take x. = x3,y2 = 3. 
From (5.1.396), we conclude for all 0 < x < X) < 2, ya < Wp <y< +e, 


x +00 
u(x, y) < Wit [Wari GnerGrsinyy+ f / din41(%1,. V1, 8, t) dt as : 
0 vy 
(5.1.401) 
This proves (5.1.378) by mathematical induction. 


Taking x = X,, y= yj), x2 = x, and y2 = y;, we have for all 0 < x; < x1, y) < 
y1 < +00, 


z X1 +00 | 
3020 wate. 5im.s00+ f i. TG8 0 tas] 
0 vy 
(5.1.402) 


It is easy to verify by (X ¥1,%1, 91) = b,(X1, 91). Thus, (5.1.402) can be rewritten as 


x1 +00 i 
u(%1, 1) < W, Prsowcr.sin+ f / dy(X1, 91,8, t) dt a] (5.1.403) 
0 Jy 


Since x1, y; are arbitrary, replace x; and ); by x and y respectively, and we have for 
alO<x<x, y<y<+0, 


x +00 
u(x,y) < W,' | WatOats y)) + / / dn (x,y, s,t) dt as]. (5.1.404) 
0 Jy 


In case a(x, y) = 0 for some x, y € Ry. Let by .<(x, y) := bi (x, y) + € for all x, y € 
R+, where ¢ > 0 is arbitrary, and then b;,,(x, y) > 0. Using the same arguments as 
above, where b, (x, y) is replaced with b; -(x, y) > 0, we get 


x +00 7 
u(x, y) < Wy [Wr(bn(x, y)) + / / d,(x,y,s,t) dt ds]. (5.1.405) 
0 Jy 


Letting ¢ > 0, we obtain (5.1.373) by the continuity of W; and w;! under the 
notation W; (0) := 0. Oo 


Remark 5.1.6 x, and y, are confined by (5.1.375). In particular, (5.1.373) is true for 
all x, y where all w; (i = 1,...,7) satisfy yaaa dz/w;(z)) = +00. 


Remark 5.1.7 As in [13, 151, 541], different choices of u; in W; do not affect the 
above present results. 


Theorem 5.1.50 (The Zheng-Wu-Deng Inequality [723]) In addition to the 
assumptions (C\),(C2), and (C3), suppose that a(x,y) and dj(x,y,s,t) are 
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bounded in x,y € Ry for each fixed s,t € Ry. If u(x,y) is a continuous 
and non-negative function satisfying (5.1.372) for all x,y € R4, then for all 
X4 SX < +00, aS y< +o, 


+00 too | 
u(x, y) < W,! | Walbat9) + i / d,(x, y, 8, t) dt as (5.1.406) 
x y 
where b,(x, y) is determined recursively by 


bi(x,y) = a(x, y), 

biti. y) = Wr! [ Widice y) + 1 A fd dj(x, y, 8, t) dt ds| , 
a(x, y) = SUP y<r<+00 SUP) <),<-+00 a(t, LL), 

d;(x, ys 5, t) = SUP; <r<+00 SUP) <<+00 dt, b, 5, t), 


(5.1.407) 


W, (0) := 0, and x4, y4 € R+ are chosen such that 


+00 +00 | +00 dz 
weicard+ ff ders ards [ 6.1.408) 
x4 ya Uj wi(z) 


fori=1,...,n. 


Proof The proof is similar to the argument in the proof of Theorem 5.1.49 with 
suitable modification. We omit the details here. Oo 


Remark 5.1.8 Take di(x,y, s,t) = c(x,y)d(s,t) and n = 1 in (5.1.371). Suppose 
that a(x, y) and c(x, y) are continuous, non-negative, non-decreasing in x and non- 
increasing in y; and d(s, tf) is non-negative and continuous. We note that 


b (x,y) = a(x, y), d(x, y, s,t) = c(x, y)d(s, f). (5.1.409) 


From Theorem 5.1.49, it follows 


x +00 
u(x,y) < W;' | Wide y)) + c(x, y) i i d(s, t) dt as). (5.1.410) 
y 


which is exactly (5.1.300). 


Remark 5.1.9 Take d(x, y, s,t) = c(x,y)d(s,t) and n = 1 in (5.1.373). Suppose 
that a(x, y) and c(x,y) are continuous, non-negative, non-increasing in x, y; and 
d(s, t) is non-negative and continuous. It is easy to check that 


by (x,y) = a(x,y), di(x,y, 8,0) = c(x, y)d(s, 1). (5.1.411) 
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From Theorem 5.1.50, we get 


+00 pt+oo 
u(x, y) < W;! | Wives.) + c(x,y) i i d(s, t) dt as). (5.1.412) 


which is (5.1.304). 


Integral inequalities involving functions and their derivatives have been estab- 
lished by many authors in the literature during the past several years, see [48, 272, 
395]. In particular, integral inequalities of considerable interest involving functions 
and their derivatives are associated with the names of Wirtinger and Opial [395]. A 
large number of papers have been written dealing with the various extensions and 
generations of these two inequalities, see [53, 607] and the references given therein. 
Pachpatte [480] has established some new integral inequalities of the Opial type in 
two independent variables which in turn contain as a special case the interesting 
analog of Opial’s inequality given by Yang [698]. We shall introduce the result 
in [480] and some new integral inequalities of Wirtinger and Opial type involving 
real-valued functions of two independent variables and their partial derivatives. The 
method used in the proofs is very elementary and based on some simple observations 
and applications of the fundamental inequalities. The following established results 
in this yield in the special cases the two independent variable analogous of some of 
the Wirtinger and Opial type inequalities established in [481] and Traple in [647]. 

Next we use the following notations: Dip(x,y) = A p(x, y), Dop(x,y) = 
EP(x.y), DiDop(x,y) = x5P0.y) and A = [a,b] x [c,d], Ar = [a,X] x 
[c, Y], Ao = [a,X] x [¥,d], Az = [X,b] x [c, Y], As = [X,b] x [Y,d] for all 
a<X<b,c<X<d. 

Theorem 5.1.51 (The Pachpatte Inequality [485]) Let p(x, y) be real-valued 
non-negative function defined on A. If f,(x, y), Dyf;(x, y) and D\D>f,(x, y) are real- 


valued continuous functions defined on A for all r = 1,-++ ,n and if f.(a,y) = 
S-(b, y) = Dif-(x, c) = Dif (x, d) = 0, fora <x <b,c<y<d, then 


b d 7 2/n 
[ (fee TTiie" dy | ax 
a é 7=1 


1 b d 
< ~K(a,b,¢,d,n,m,--- , Mn) if (/ p(s.y)dy) ax} 

b b n 
/ (/ bp prpsitsi™ «| a : (5.1.413) 


r=1 


x 
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where m, = | (for r = 1,-++ ,n) are constants and 
2/n) y~"_, m, 
Seer 1+ 2/n) DP (m,—1) 
K(a,b,c,d,n,m,,-++ ,My,) = Z {(b —a)(d—c)} 
(5.1.414) 
is a constant depending on a,b,c, d,n,m,++* ,Mp. 
Proof It is easy to observe that the following identities hold: for r = 1,--- ,n, 


x y 
f(y) = / (f D,Dof,(s, t)dt)ds, forall (x,y) ¢ Ay,  (5.1.415) 
x d 
f(x,y) = -| (f D,Dof,(s, tdt)ds, forall (x,y) € Az,  (5.1.416) 
a y 
b y 
f(x,y) = -| (f D,Dof,(s, tdt)ds, forall (x,y) € A3, — (5.1.417) 
b d 
S(x,y) = -| (f D,Dof,(s, t)dt)ds, forall (x,y) € Ag.  (5.1.418) 
x y 
From (5.1.415)—(5.1.418) we derive for all (x, y) € A, 


1 b d 
|f-(x,y)| < if (f |D Dof,(s, t)|dt)ds. (5.1.419) 


From (5.1.419) and using H6lder’s inequality twice with indices m, and 1/(m,— 1) 
forr = 1,--+ ,n, we obtain 


1 _ fe pa 
Licey” = Gy(b—ayid— oy" ff [Dwatts.ndtds. —(5.1.420) 
From (5.1.420) and using the elementary inequalities 
11 
(bi =+2D,)” = = (01 =F Dp) (5.1.421) 
n 


(for all b},--- ,b, > Oreals andn > 1) and 


(bh tee t+ bn)? < n(b} deena b?) (5.1.422) 
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(for all b;,--+ ,b, = O reals) and the Schwartz inequality twice, we obtain 


n 2/n 1 (2/n) or, my 2 n 1 
[fer < (3) {(b —a)(d—c)}! /n) op=1 (m1) 
i=1 


x (1 (ff ios nia) ) 


1) 2/0) Lhe m, ; 
(z) {(b—a)(d— c)pe/ r= (m1) 


2 
«(3d ( (fof |D Dof,(s, nian) 


1/1 (2/n) Drm Mr , 
a ) {((b—a)(d—c)}OEFalm— 
n\4 
2 
- ep f° |DiDof;-(s, nianas| | 
r=1 
1 
< -K(a,b,c,d,n,m,+++ , 1) 
n 


b d 
x i ( / [D> |DiD2f-(s, )|’m,]dt)ds. (5.1.423) 
ei yl 
Multiplying both sides of (5.1.423) by p(x, y) and integrating the resulting the 
resulting inequality on A, we have 


2/n 


b d n 
[Uf re TI itso dy | ax 
@ e r=1 


1 b d 
< -K(a,b,c,d,n,m,,+++ ,my) if (f pls. »)dyy 
n a c 


b bf 
/ ( / [D> DiDof-x, nema 
a i r=1 


which is the desired inequality in (5.1.413) and the proof is complete. O 


In the special cases when (i) m, = 1 forr = 1,--- ,n, (ii) n = 2, (iti) n = 1, (iv) 
n= 2 and m, = m = 1, and (v)n = 1| and m = 1, the inequality established in 
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(5.1.413) reduces respectively to the following inequalities 


b pd a 
/ ( / pe. NE] [L6G IP ayax 


r=1 


1 b d 
< —K(a,b,c,d,n,1,-°-, nef (f P(x, y)dy)dx} 
n a c 


x 


b pb on 
i: ( / be Dada P (5.1.424) 
. i=1 


Cc 


b b 
«tf (f DiDafics.»)P™ + Dahle. ™|ayyarh (5.1.425) 


b d b d 
id pls MiGs y)PMaydde < K(a,b.e.d, Lm) f (f P(x, y)dy)dx} 
b b 
| Ig IDiDafice.)P™ aah (5.1.426) 
b d 1 b d 
Ig P@& IAC MAG Mldy)dx < 5K(asb.c.d.2,1,06f (f p(x, y)dy)dx} 


b b 
x | / ( / (ID: Dafi(x.9) 2 + IDiahas.» Pay) 


(5.1.427) 
b d b d 
[of roviicamPara s Kabod2..06f f ponaras 
b b 
| i; ( / Drafts. (5.1.428) 
O 


It is interesting to note that the inequalities obtained in (5.1.426) and (5.1.425) 
are the two independent variable analogous of the Wirtingers type inequalities 
established by Pachpatte in [481], and the inequality obtained in (5.1.427) is a two 
independent variable analogue of the Wirtinger type inequality established by Traple 
in [647]. 
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Theorem 5.1.52 (The Pachpatte Inequality [485]) Let the functions p(x, y), 
f(x, y), Dif-(x, y) and D, D>f,(x, y) be as defined in Theorem 5.1.51. Then 


n 


b d n 
[of rent] Piece sits Didaftes slay) 
a c r=1 r=1 


1 


b d 2 
< }K(a.bye.dsn tees 1) f (f PP sddy)ds| 


b b n 
x | / ( ij [D> DiDafe(x, sem . (5.1.429) 
a a: r=1 
where m, = 1 (forr = 1,--- ,n) are constants and K(a, b,c, d,n,mj,-+-- , mp) is as 


defined in (5.1.414). 
If we take (i) m, = 1 forr = 1,-:- ,n, (ii)n = 1 and m, = 1 in (5.1.428), then 
we get respectively the following inequalities 


b a n I/n n 
i [ res [Tuie-o bp papain | dx 
- ¢ r=1 r=1 


1 
b d 2 
< | Kab c,d,n,mj,+°° vm) f (/ p?ts.y)dy) ax} 


b pb 
/ ( / [D> DiDofex, rianal (51.430) 
@ Cc r=l 


x 


b d 
/ ( / ply) file)" [DiDaficx yay) de 
b d 3 
< | Ka c,d, 1m) | (/ py)dy) ax} 
b b 
<1 (f DDahitssyPMadyash (5.1.431) 


b d 
/ ( / pls.) fle MIDiDafi(s yay) de 


b d 3 
< {Kab cd.tt) f (/ P?t.y)dy) ax} 
b b 
<1 f (/ PiDahicss) ly) ash (5.1.432) 
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Proof By virtue of the Schwartz inequality twice and the inequalities (5.1.413) and 
(5.1.422), we observe that 


b[ pd n a We 
/ [ren TI its p papain) | dx 
; r=1 i=1 


b d n 2/n W/2 
/ / p (x.y) TI ts dy | dx 
- e r=1 


n 


| l (/ b ID Dafi@, a ‘| a ° 


r=1 


1 b pd 
| labo d,n,m,+++ ,™Mpy) if (f p(x, »yayyast | 


b pb 0 me 
“| / ( il » rbatts.Pmurn 


b b fn 1/2 
/ ( fom rbarts.9i™) 


r=1 


A 


IA 


x 


b pd 
= |K(a.Dy dynam vm) f (f Ps»ndyya 


b b n 
fof Padus. 
a c r=1 


which is the desired inequality in (5.1.428) and the proof is complete. O 


x 


We note that the inequality obtained in (5.1.431) is a two independent variable 
analogue of the Opial type inequality established by Traple in [647]. In the special 
case when p(x, y) is a constant, then from (5.1.431), we have the following Opial 
type inequality 


b d 
ii ( / p(x.y)| file, y)I|DiDafi (x, y) dy) 


a. oe b pd 
at oo / ( / IDiDofi(x.y)Pdy)dx. (5.1.43) 


Here, we note that the possible constant (b — a)(d — c)/4 involved in (5.1.432) 
is not the best possible constant. The inequality (5.1.432) with the best possible 
constant (b — a)(d — c)/8 is recently established by Yang in [698] by using a 
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different method. However, the present proof of inequality (5.1.432) depends on 
the inequality established in Theorem 5.1.51 which in turn does not yield the sharp 
constant obtained in [698]. 

Throughout all the functions which appear in the inequalities are assumed to be 
real-valued and all the integrals, sums and products involved exist on the respective 
domains of their definitions. We need the inequalities, which are the slight variants 
of the inequalities given in [507]. 


Theorem 5.1.53 (The Pachpatte Inequality [516]) Let u(x, y), a(x, y), b(x, y) be 
non-negative continuous functions defined for all x,y € Ry and F : Ri — R4 be 
a continuous function which satisfies the condition: for allu => v = 0, 


0 < F(x, y,u)— FQ, y, v) < KQ@,y, v)(u— v), 


where K(x, y, v) is a non-negative continuous function defined for all x,y,v € R+. 
(c,) Assume that a(x, y) is non-decreasing in all x € Ry. If forall x,y € R+, 


xe x ptoo 
u(x, y) < a(x, y) +f b(s, yyuts.y)as+ f i F(s,t,u(s,t))dtds,  (5.1.434) 
0 0 y 


then for all x,y € R+, 


x +oo 
u(x, y) < p(x, y) [acs y) + BG, y) exp ( / / K(s, t, p(s, als, 1) p(s, naa) 


(5.1.435) 
where for all x,y € R, 
x +00 
B(x, y) = i / F(s, t, p(s, tha(s, t))dtds, (5.1.436) 
0 Jy 
and 
p(x, y) = exp ( / D(s, yas) ‘ (5.1.437) 
0 


(cz) Assume that a(x, y) is non-increasing in all x € Ry. Iffor all x,y € Ry, 


+00 +00 +oo 
u(x, y) < a(s,y) + / b(s, y)u(s, y)ds + | / F(s,t, u(s, t))dtds, 
x y 


(5.1.438) 
then for all x,y € R+, 


_ +oo +co 
u(x, y) < p(x, y)| [acs y) + BQ, y) exp (/ / K(s, t, p(s, t)a(s, t))p(s, oats) , 
x y 
(5.1.439) 
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where for all x,y € R, 


+00 +00 
B(x, y) = / i F(s, t, p(s, t)a(s, t))dtds, (5.1.440) 


and 


+ oo 
p(x, y) = exp (/ b(s, yas) : (5.1.441) 


Proof (c1) Define a function z(x, y) by 


x pt+oo 
z(x,y) = a(x, y) + / i F(s, t, u(s, t))dtds. (5.1.442) 
0 dy 


Then (5.1.433) can be restated as 


X 


u(x, y) < z(x,y) + [ v6. y)u(s, y)ds. (5.1.443) 
0 


Clearly, z(x, y) is a non-negative, continuous and non-decreasing function in x, x € 
R . Treating y, y € R+ fixed in (5.1.442) and using Theorem 1.1.4 in Qin [557] to 
(5.1.442), we obtain 


u(x, y) < z(x, y)p(%, y), (5.1.444) 


where p(x, y) is defined by (5.1.436). From (5.1.443) and (5.1.442), we have 
u(x, y) < p(x, y)la@, y) + v(x, y)], (5.1.445) 
where 
x +00 
v(x, y) = / i F(s, t, u(s, t))dtds. (5.1.446) 
0 dy 

From (5.1.445), (5.1.444) and the hypotheses on F, it follows that 

x +00 

vad s ff Fo.1nr.9(a(s.1) + 6.9) = F.1.p6.als.0) 
0 dy 
+F(s, t, p(s, ta(s, t)) |dtds 


x +00 
< B(x, y) +f / K(s, t, p(s, tha(s, t))p(s, thu(s, thdtds. (5.1.447) 
0 vy 
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Clearly, B(x, y) is non-negative, continuous and non-decreasing in x and non- 
increasing in y for x,y € R+. Following the proof of (al) of Theorem 5.1.7 in 
Qin [557], we get 


x +00 
u(x, y) < B(x, y) exp (/ / K(s, t, p(s, tha(s, t))p(s, pads) ; (5.1.448) 
0 Jy 


The required inequality (5.1.434) follows from (5.1.444) and (5.1.447). Oo 


In the subsequent discussion, we assume the following hold, 

(Ai) u(x, y), a(x, y), bx, y), cx, y), p(y) and g(x,y) are real-valued non- 
negative continuous functions defined on a domain D. 

(Az) Po(xo, yo) and P(x, y) be two points in D such that (x — xo)(y — yo) > 0 and 
R the rectangular region whose opposite corners are the points Pp and P. 

A useful two independent variable generalization of Theorem 1.2.11 in Qin [557] 
is embodied in the following theorem. 


Theorem 5.1.54 (The Pachpatte Inequality [472]) Suppose (A,) and (A2) are 
true. Let v(s,t;x,y) and w(s,t;x,y) be the solutions of the characteristic initial 
value problem 


L{v] = Ust — [p(s, t) a b(s, t)(c(s, t) + as, t))|v = 0, (5.1.449) 
v(s,y) = v(x, tf) = 1, 


and 


M[o] = os — [b(s, Hels, t) — p(s, Dv = 0, (5.1.450) 


o(s,y) = w(%,t) = 1, 


respectively and let D* be a connected sub-domain of D which contains P and 
on which v > 0 and w > 0. Then, if R C Dt, 


u(x, y) < a(x, y) + b(x, y) (f [e. t)u(s, t))dsdt 


+f [ nls, o(f ie (ale. nyulé. n))86dn) ava, (5.1.451) 


x y 
ieee EGGS) i / (o(s, t:x,y)(a(s, els, 1) 
x0 yO 


then 


toto ff (aG.m x lel6.n) + a Moen x.)))a&di) ) ava 


(5.1.452) 
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Proof Define a function (x, y) such that 


oy) = [2 LCs. Dus, \dsde + f° [ (w6. 0%, fi, qe. mul&, m)d&dn))dsdr, 
(x0. ¥) = (yo) = 0, 


then we have 
x y 
Boley) = eG y)ucxy) + ply) ff gG.nutg, maar 
x0 Yo 
which, in view of (5.1.450), implies 


olay) < eC yal») + be 96H] + PEG ; | ale mate, n) 
+D(E, 1)b(E. n)d&dn)). 
Adding p(x, y)(x, y) to both sides of the above inequality, we have 
Pxy(x, y) + py) (x, y) < cx, y)la@, y) + bx, y)b@,y)] 


SpieG) + / / " q(é. m)la(é.n) + b(E. n)p(E.n)dédy]). (5.1.453) 


If we put 
Wixy) = 0,9) + fi I aE, mlaé, 0) + bE, no (E, n)dédn, (5.1.454) 
V (x0, ¥) = W(x, yo) = 9, 
then we obtain 
Vay = Dry + a, ya, y) + be, yO, y)].- (5.1.455) 


Using ¢xy < c(x, y)[a(x, y) + b@. y)b@. y)] + PG. y) WG, y)) from and (x,y) < 
w(x, y)) from (5.1.453) in (5.1.454), we have 


Way < a(x, y)[c(x, y) + 9, y)] + [p@, y) + bx, y)(c@, y) + a, y) IW, y) 
1.€., 


LIW] = Vay — [p(x y) + b@, y) (cx, y) + a, y) 1 (x, y) < ax, y)[e@, y) + 9, y)]. 
(5.1.456) 
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Fig. 5.3. Directed path t 
around R 
C2 
P; —— P(x, y) 
C3 | | C; 
PX Jo) Ee Pa 


The operator L is self-adjoint and hyperbolic. For any twice continuously differen- 
tiable y and v the operator L satisfies the identity 


vL[w] — WL[v] = —(Wry)x + (Us). (5.1.457) 


Let Po and P be any points as in theorem and label the directed sides and corners 
of the rectangle R as shown in Fig.5.3. Using s and tf as the independent variables, 
we integrate the identity (5.1.456) over R and use Green’s theorem to obtain 


foun — WL[v])dsds = -| uw,ds + wu,dt 
R Cc 


p+C2+C4+C3 


= -| (vy.jas— f Wusdt 
Ci +4 C2+C3 


which holds for any functions in C?. 
For the particular function y defined earlier, we have y = 0 on C; and w = 
Ws = 0 on Cy, so the right-hand side in the above identity reduces to 


=e UYsds — te Worgdt. (5.1.458) 
Now suppose v satisfies 
L[v] = wst) — [p(s, 1) + b(s, H(c(s, 1) + g(s,D]Ju =O  (5.1.459) 


v=1 on C (5.1.460) 
u,=0 on Cy. (5.1.461) 


646 5 Nonlinear Multi-Dimensional Continuous Integral Inequalities 


Then (5.1.459)and (5.1.460) imply that 
v=1 on C. (5.1.462) 


Since v > 0 on R and y(P1) = 0. By using (5.1.455), identity (5.1.457) becomes 


W(P) < [ (ula(s, Nlc(s. 1) + als. d)|))dsat, 


xX py 
w(x,y) < / i (a(s, t)[c(s, t) + g(s, Dl U(s, t; x, y)dsdt. 
xo J yo 
Substituting this bound on y(x, y) in (5.1.452), we obtain 


M[¢] = ¢ixy) — [b(x, y)c(x, y) — p(x, yo, y) 


< [a(x, y)e(x, y) = pty) | / (a(s, t)[c(s, t) + g(s, D]u(s, t; x, y)dsdt. 


Again by following the same argument as above, we obtain 
xX py 
(x,y) < / / w(s, t; x, y)[a(s, t)c(s, t) 
xo yo 


+p(s,1) i / até, n)[c(E.n) + 4(&, n)lu(é, ns, )dédnjdsat. 


Now substituting this bound on ¢(x, y) in (5.1.450), we obtain the desired bound in 
(5.1.451). oO 


The proof of this theorem is obtained by reducing the integral inequality 
(5.1.450) to a partial differential inequality and then integrating it by Riemann’s 
method for hyperbolic partial differential equations [618]. The functions v(s, f; x, y) 
and w(s,t;x,y) involved in theorem are Riemann functions relative to the point 
P(x, y) for the self adjoint operators L and M respectively. There are such functions 
andadomain Dt on which v > O since v = 1 andw > Osince w = | on the vertical 
and horizontal lines through P and since v and w are continuous. The existence and 
continuity of the Riemann function is well-known and may be demonstrated by the 
method of successive approximation (see [177]). 

Another interesting and useful generalization of Theorem 1.2.11 in Qin [557] is 
embodied in the following theorem (Fig. 5.4). 
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re on ’ Yo) 


Fig. 5.4 Region and directed path around R 


Theorem 5.1.55 (The Pachpatte Inequality [472]) Suppose (A,) and (A) are 
true. Let u(s,t;x,y) and w(s,t;x,y) be the solutions of the characteristic initial 
value problem 


Liv] = vs: — b(s, D[c(s, 1) + p(s, t) + g(s, ]u = 0, 


(5.1.463) 
v(s,y) = v(x, t) = 1 


and 
M[o] = os — b(s, Hc(s, Jo =0, o(s,y)=o@,) =1, (5.1464) 


respectively and let Dt be a connected sub-domain of D which contains P and on 
which v > 0 and w > 0. Then, if R C Dt, 


ys Jy) + by, “f it , t)dsdt 
wey) < aly) “Lf [ c(s, tus, tds 
+ “f° ,t)(u(s, t) + D(s, t i. ; ,n)dédn)dsdt],  (5.1.465) 
[ [ 2% Nuls, 1) + BGs | fae nu(é, n)dédn)dsde] 
then 
wey) < a(x,y) + Gy) / / " es, tx, (als, A(c(s, 1) + pls.) 


+(s, p(s.) / / até, n)lc(é.n) +p En) +4. lve. ms, Hagdn)asa| 


(5.1.466) 
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The proof of this theorem follows by an argument similar to that in the proof 
of Theorem 5.1.54 with suitable modifications. We omit the details. We now apply 
Theorem 5.1.54 to establish the following interesting and useful integral inequalities 
which in turn are the further generalizations of the integral inequalities recently 
established by Gollwitzer [250] and Pachpatte [451]. 


Theorem 5.1.56 (The Pachpatte Inequality [472]) Suppose(A,) and (Az) are 
true. Let G(r) be continuous, strictly increasing, convex and sub-multiplicative 
function for all r > 0, G(0)=0, lim,++o0 G(r) = +00 for all (x,y) in D, a(x, y), 
B(x, y) be positive continuous functions defined on a domain D, and a(x, y) + 
B(x, y) = 1. Let v(s,t;x, y) and w(s, t;x, y) be the solutions of the characteristic 
initial value problem 


| Liv] = vs — [p(s.t) + B(s, )E(W(s, DB" (s,))(cls, 0) + a(s,0)] = 0, (5.1.467) 
v(s,y) = v(x, t) = 1, 
and 
{ea = ma = DEI DEAN.) — PEDO = 514g 
o(s,y) = w(x, t) = 1, 


respectively and let D* be a connected sub-domain of D which contains P and 
on which v > 0 and @ > 0. Then, if R C Dt, 


u(x, y) < a(x, y) + B(x, y)G"! fh [ c(s, t)G(u(s, t))dsdt 
x0 Yo 


x py st 
+ i [ pis. t)( [ i, g(é. nGulé, nagar] (5.1.469) 


then 


u(x,y) <a(x,y) +b, y)G! If [ 6. tx, y)(G(a(s, t)a(s, t))c(s, t) 


+p(s,1) / / a(é.n) 
xG(a(E, na-"(E, n))Ie(E. n) + 4(E. nul. n:5,\d&dn)] dsdt. — (5.1.470) 


Proof We may rewrite (5.1.468) as 


u(x,y) < a(x, y)a(x, ya! (x, y) 


+ B(x, y)b(x, y)B7!G7! | i / “ pls.t)( / | i até. mG u(y aganpds 
x0 YO x0 yo 
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Since G is convex, sub-multiplicative and monotonic, we have 
G(u(x,y)) < a(x, y)G(a(x, ya (x, y)) 


x py 
+ B(e.y)G((x,y) By) / / Re DOC ideas 


yO 
a i P(s, af il q(&, NG(ué, magna. (5.1.471) 


The estimate given in (5.1.469) follows by first applying Theorem 5.1.54 with 
a(x,y) = a(x, y)G(a(x, ya7!(x, y)), 

b(x, y) = B(x, y)G(b@. y) B(x, y)) and u(x, y) = G(u(x, y)) and then applying 
G'to both sides of the resulting inequality. Oo 


Theorem 5.1.57 (The Pachpatte Inequality [472]) Suppose (A,) and (Az) are 
true. Let G(r) be a positive, continuous, strictly increasing, sub-additive and sub- 
multiplicative function for all r > 0, G(O) = 0, for all (x,y) € D, and G™ is 
the inverse function of G. Let v(s,t;x,y) and w(s,t;x,y) be the solutions of the 
characteristic initial value problem. 


Lv] = vse — [pls.1) + GOS. D(C.) + 4(s. lV = 9. 65 1 479) 
v(s, y) — v(x, t) = 1, 
and 
M[o] = @s; — [G(b(s, t1))c(s, t) — p(s, t)]o = 0, 
o(s,y) = wo(%,1) = 1, (5.1.473) 


respectively and let Dt be a connected sub-domain of D which contains P and on 
which v > 0. and w > 0. Then, if R C Dt, 


u(x, y) < a(x,y) + b(x, yop [ c(s, t)G(u(s, t))dsdt 


+ [ [ p(s.) [ ii gE. n)G(u(E.n))dédn)dsdi], ——(5.1.474) 


then 
u(x.y) < G-'[G(a(x,y)) + GE y))| / | / * ew(s,t:x,y)(G(als,)e(s, 1) 


+p(s,1) i | y G(a(E. n))[c(E. n) + 4(&. nlué. ns, dédn)dsdf]). 


(5.1.475) 
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Proof Since G is sub-additive, sub-multiplicative and monotonic, we have from 
(5.1.473) 


G(x.) < Gla(x,y)) + GE y))I / . / " e(s, #)G(u(s, #))dsdt 
x0 Yo 


x py Ss et 
is [ [ p(s.) [ [ g(E.nG(u(E, ))dédn)dsdi]. — (5.1.476) 


The desired bound in (5.1.474) follows by first applying Theorem 5.1.54 to (5.1.475) 
with a(x, y) = G(a(x, y)), b(, y) = G(b(x, y)) and u(x, y) = G(u(x, y)) and then 
applying G7! to both sides of the resulting inequality. Oo 


Now we apply Theorem 5.1.55 to establish the following integral inequalities 
similar to that proved in Theorems 5.1.56 and 5.1.57 which can be used in some 
applications. The proofs of Theorems 5.1.56 and 5.1.57 can be adapted readily into 
this context. 


Theorem 5.1.58 (The Pachpatte Inequality [472]) Suppose (A,) and (Az) are 
true. Let G(r), a(x, y), B(x, y) be same functions as defined in Theorem 5.1.56. 
Let v(s,t;x, y) and w(s,t;x,y) be the solutions of the characteristic initial value 
problem 


Llu] = va — BLS. NGH(s, B's. N[Ce(s.9) + PA + 465.) = 05 1.477) 
v(s,y) = v(x, ft) = 1, 
and 
pee eG DB'.D)eC.N = 0. 05 arg) 
w(s,y) = w(x, ft) = 1, 


respectively and let D* be a connected sub-domain of D which contains P and on 
which v > 0. and w > 0. Then, if R C Dt, 


x py x py 
: : mis." ,t)G(u(s, t))dsd .t)(G(u(s, 
u(s,9) < aay) + by) [ [ cs, 2)G(u(s, ))dsde + a [ v6 (Gluls.1)) 
Ss t 
+B(s, )G(O(s, )B—1(s, 8) / / alG.mGlulE, magarpasa (5.1.479) 


then 
x 


: w(s, tx, y)(a(s, t)G(a(s, tha! (s, t))(c(s, t) + p(s, t)) 


x0 “YO 


u(x,y) < a(x.y) +b, y)G! 


+B(s, )G(b(s, t)B~ | (s, t)p(s, of f a(s, t)G(b(s, ta! (s, £)) 


x[e(E,n) + p(E.n) + a. mu. 0; s, )d&dn)dsdd] . (5.1.480) 
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Theorem 5.1.59 (The Pachpatte Inequality [472]) Suppose (A,) and (Az) are 
true. Let G, G~! be same functions as defined in Theorem 5.1.57. Let v(s, t; x, y) 
and (s, t; x, y) be the solutions of the characteristic initial value problem 


[Hel= re BOGEN + P.9+ HDIV =O 5.481 
v(s,y) = v(x, t) = 1, 


and 


| M[o] = os, — G(s, 1))c(s, Nw = 0, (5.1.482) 


w(s,y) = w(x, ft) = 1, 


respectively and let Dt be a connected sub-domain of D which contains P and on 
which v > 0. and w > 0. Then, if R C Dt, 


u(x, y) < a(x, y) + dQ, yg! if 7. c(s, t)G(u(s, t))dsdt 
xo 4 Yo 


x y: . t 
ie / . i “Pls. (G(U(s.0)) + GOES.) / i: al. mGlulE, magarpasa] 
(5.1.483) 


then 
wey) < G7! [Gat ¥) + GO») ( / / * ols. tix »(G(a(s, D)le(s.) + pls. )] 


+G(W(s,1))p(s.2) / i} Gale, Mc. n) + aE. Due. ns. Hagdn)ase) , 
x0 Y yO 


(5.1.484) 


We note that in the special case when p(x, y) = q(x, y) = 0, Theorems 5.1.54— 
5.1.59 reduces to the further generalizations of the integral inequality recently 
established by Snow [619]. In the special case when c(x,y) = 0, the results in 
Theorems 5.1.54—5.1.59 are new to the literature. 

Assume Xo, yo € R are two fixed numbers. Let J := [xo, X) C R,J := [yo, Y) C 
R, and A := Ix J C R’. Note that here we allow X or Y to be too. As usual, 
C'(U, V) will denote the set of all i-times continuously differentiable functions of 
U into V, and C°(U,V) := C(U,V). Partial derivatives of a function z(x,y) are 
denoted by z,, Zy,Zxy, etc. The identity function will be denoted as id and so in 
particular, idy is the identity function of U onto itself. 
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For any g, w € C(R+, R+) and any constant 6 > 0, define 


Op() = fi“, Ya := fi “4p. r>0, 
y(sF) W(sP) 


Dg (0) = lim,_,o+ Pg (r), W,(0) = lim,_,o+ Wa(r). 


Note that we allow W,(0) and ®g(0) to be —oo here. 


Theorem 5.1.60 (The Cheung Inequality [142]) Let c > 0 and p > 0 be 
constants. Let b € C(A,R+), y € C'(U,D,5 € C'V,J), and yg € C(R+,R4) 
be functions satisfying 


(i) y, 6 are non-decreasing and y < id;, 6 < id; and 
(ii) g is non-decreasing with g(r) > 0 for all r > 0. 


Ifu € C(A, R+) satisfies for all (x,y) € A, 
yx) dy) 
wP(x,y)<c+ b(s, Noe (u(s, t))dtds, (5.1.485) 
y(xo) 4 8(yo) 
then for all (x,y) € |[xo,x1] x [yo, yi], 
u(x,y) < {®>'[®,(c) + Bex, y)]}"”, (5.1.486) 


where 


yx) p(y) 
B(x, y) := / | b(s, t)dtds, 
y 5 


(xo) 4 8(y0) 


and o,! is the inverse of ®,, (x1, y1) € A is chosen in such a way that ®,(c) + 
B(x, y) € Dom (>") for all (x, y) € [xo, x1] x [ yo, yi]. 

Proof It suffices to consider the case c > 0, for the case c = 0 can then be arrived 
at by continuity argument. Denote by g(x, y) the right-hand side of (5.1.484). Then 


g > 0,u < g!/? on A, we have and g is non-decreasing in each variable. Hence for 
any (x,y) € A, 


80) 
ae = 7) [bore deur. oat 


A 


5(y) 
y'() __, Bre) -eC@C)- a 


A 


8) 
= y'@elety0),80)) f bore). nat 


IA 


5(y) 
ype.) i; __, Bare Dae 


5.1 
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By the definition of ®,, we get 


d®, 


(® 0 8)s(u.y) = > 


* 8x(X, y) 
g(x,y) 


1 80) 
Be j a 
< aeey MOD) f dOred. Hat 


5(y) 
( / b(y (a). oa} y'(). 
5(y0) 


II 


Integrating with respect to x on [Xo, x] gives us 


x 5(y) 
Bp(ets.3)) — O(a.» [Cf bore). ndny' rds 


ye) p80) 
= / i: b(s, t)dtds, 
y(xo) 4 d(yo0) 


or for all(x, y) € A, 


®, (g(x, y)) < ®,(c) + B(x, y). 


AS @,! is increasing on Dom (o); this yields for all (x, y) € [xo, 1] x [yo yi], 


Thus the proof is complete. Oo 


1/p 
devel = (o;"@,10 sae vi) 


Remark 5.1.10 


(i) In many cases, the non-decreasing function ¢ satisfies /, + (ds/ g(si/”)) = 


(ii) 
(iii) 


+oo. Examples of such functions are g = 1, g(s) = s?, y(s) = s?/?, etc. In 
such cases, ®,(-+oo) = +00, so we may take x; = X,y; = Y. In particular, 
inequality (5.1.485) holds for all (x, y) € A. 

Theorem 5.1.60 reduces to Theorem 2.1 of Cheung [143] when p = 1, and 
reduces further to Theorem 5.1.18 if we set y(x) = x, d(y) = y. 

Theorem 5.1.60 is also a generalization of the main result in Lipovan [355] to 
the case of two independent variables. In fact, if we set p = 1 and 6(y) = d(y0) 
for all y € J , Theorem 5.1.60 reduces to Theorem 1.1.47. If we further require 
y(x) = x for all x € J, Theorem 5.1.60 further reduces to the famous Bihari’s 
inequality [82]. 
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Theorem 5.1.61 (The Cheung Inequality [142]) Let k > 0 and p > 1 be 
constants. Let a,b € C(A,R+),a,y € C'U,D,B,6 € C'VU,J), and g € 
C(R+, R+) be functions satisfying 


(i) a, B, y,6 are non-decreasing with a, y < id;, B,5 < id;; and 
(ii) @ is non-decreasing with p(r) > 0 for allr > 0. Ifu € C(A, Ry) satisfies for 
all (x,y) € A, 


a(x) pB(y) 
u’(x,y) <k ee — y a(s, t)u(s, t)dtds 
a(xo) 4 B(yo) 


y@) 8) 
ry b(s, t)u(s, t)p(u(s, t))dtds, (5.1.487) 
y(x0) 4 8(v0) 


then for all (x,y) € |[x0,x1] < [yo,. y1], 


1/p— 
Ho) = (954 [10h + Ats.9 + Hes] , (5.1.488) 
where 
a(x) Bly) y@) 80) 
A(x, y) =| / b(s, t)dtds, B(x, y) =i i, b(s, t)dtds, 
a(xo) 4 B(yo) y(xo0) 48(0) 


and (x\,y,;) € A is chosen in such a way that ®,-) (ki-l/p + A(x, y)) + 
B(x, y) € Dom (®;",) for all (x,y) € [x01] x Ly0, 1}: 


Proof It suffices to consider the case k > 0, for the case k = 0 can then be arrived 
at by continuity argument. So assume k > 0. Denote by f(x, y) the right-hand side 
of (5.1.486). Then f > 0,u < f!/? on A, and f is non-decreasing in each variable. 
Hence for any (x, y) € A, we have 


By) 
f(x,y) = 7H) I ' a(a(x), t)u(a(x), t)dt 


p ; 5(y) 
+P oy | bre). dur). Dour). at 
5(y0) 
BO) 
<P oats falas). nf (aa). at 
p-1 B(yo) 


Posy a 1/, 1/p 
+P yy | b(y (x). Of? (ya). DoF? (v(x), 1))at 
P 5(y0) 


Pp ; Vp BO) 
=P oa'(op'"(acs). po) | alae, tar 
P BO) 
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P , 1/p ne 1/p 
+P coreo.50)) f bOre).NeCF"7(8).D)dt 
P 5(y0) 


Biy) 
< soe eri” | a(a(x), f)dt 


B(yo) 


5(y) 
4 ong? i] b(y (a). Nef? (y(x).))at 
p-1l 


5(y0) 


Since f!/? > 0, we get 


p—1 fix,y) AO) . 
FF (fo, Meer-naryered 


6(y) 
+f bore. ne F/"700. oa). 


Thus integrating with respect to x on [xo, x] yields 


x BW) 
Fry FG) sf (ff alors. nat)a/ eas 
YO 


x0 


+ [ Ce b(y(&). Ne(f'? (v8), ‘))dt) y' (E)dé 


5(y0) 
a(x) By) y@) pds) 
= / i: a(s, t)dtds + / a(s, t)dtds, 
a(xo) ¥ B(yo) yo) 4 8(yo) 


or for all (x,y) € A, 
y@) pd) 
f (G9) ok" Ae) +f / a(s, t)dtds. 
y(x0) 4 8(v0) 
Hence for any fixed x,y € [xo, x1] x [yo, yi], since A is non-decreasing in each 
variable, we have, for all (x, y) € [xo,X] x [ yo. ¥], 
yi) dy) 
fi’ y) < KIO? + AGS) + i a(s, t)dtds. 
y(xo) ¥8(yo) 


Applying Theorem 5.1.60 to the function f!~!/? (x, y), we conclude for all (x, y) € 
[xo, x] x [yo, yl, 


f''P@y) < OT [Oi-ajpk'” + AG.) + BO. y)] 
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In particular, this gives us 
=< I/p= = 1-1/pe= =] 1/(p-1 
W(X, 9) = fPE = [FP HINO 


<4 Oo [Pap + AG) + BEDI). 


Since (x, y) € [x0, x1] < [yo, y:]) is arbitrary, this completes the proof of the theorem. 
Oo 


Remark 5.1.11 


(i) Similar to (4) of the previous remark, in many cases ®,_)(+-0o) = +00 and so 
in such cases, inequality (5.1.487) holds for all (x,y) € A. 

(ii) Similarly to (ii) of the previous remark, if we set B(y) = B(yo) and 6(y) = 
5(yo) for all y € J in Theorem 5.1.61, we easily arrive at the following one- 
dimensional result. 


Theorem 5.1.61 can easily be applied to generate other useful nonlinear integral 
inequalities in more general situations. For example, we have the following theorem. 


Theorem 5.1.62 (The Cheung Inequality [142]) Letk > 0 andp > q> 0 
be constants. Let a,b € C(A,Ri),a,y € C'U,D,B,6 € C'U,J), andy € 
C(R+, R+) be functions satisfying 

(i) a, B, y, 6 are non-decreasing with a, y < id;, B,6 < id;; and 

(ii) g is non-decreasing with g(r) > 0 for all r > 0. 


Ifu € C(A, R+) satisfies for all (x,y) € A, 


a(x) pBly 
u?(x,y) <k wee — / a(s, t)u"(s, t)dtds 
a(xo) 4 B(yo) 
p v(x) 
+— ata b(s, thu? (s, thp(u(s, t))dtds — (5.1.489) 
P~ 4 Jy(xo) F850) 


then for all (x,y) € [xo, x1] x [yo. yi} 


u(x, y) < (51 [p—g(kI-4” + AG, y)) + BO)” (5.1.490) 


where 
a(x) pb) yx) pd) 
A(x, y) =| / b(s, t)dtds, B(x, y) =| / b(s, t)dtds, 
a(xo) ¥ B(vo) yo) 4 8(y0) 


and (x1,y1) € A is chosen in such a way that ®y4(k'~@ + A(x,y)) + B(x, y) € 
Dom (®,~ ! q) for all (x,y) € [xo, x1] x [yo, yi]. 
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Proof For any r > 0, define 

V(r) := g(r'’4). (5.1.491) 
Then clearly y satisfies condition (ii) of Theorem 5.1.61. By (5.1.488), we get for 
all (x,y) € A, 


a(x) pBly 
u?(x,y) <k ae — / a(s, t)u"(s, t)dtds, 
a(xo) 4 B(yo) 


y@) dv) 
| b(s, thu" (s, tw (u(s, t))dtds. 


y(xo) 4 d(yo0) 


Writing v = u’, this becomes for all (x, y) € A, 


a(x) pBiy) 
wie yepe Ps i / a(s, t)u(s, f)dtds 
a(x) JB 


P/A—\ Juco) Jao) 
yx) pd) 
P/q / / b(s, t)u(s, y(v(s, D)dtds. 
*p/q=1 vx) J 60) 


Since p/q > 1, it follows from Theorem 5.1.61 that for all (x, y) € [x0, x1] x [yo, y1], 
‘ : 1/(p/4 
v(x.) < (Yih [Dpjq—1(k'#/? + Ae, y) + B0.»))) 


a (Yel ®er-ayalk + A(x, y)) + Bo.y)) . 
where (x1, 1) € A is chosen in such a way that for all (x, y) € [xo, x1] x [yo. yi], 
B(p—qy/g(k'? 9? + A(x, y)) + BO, y) € Dom (B®) 5/4) 

Now it is easy to check by the definition of y in (5.1.490) that 
Vp-g/q() = Pp-q(r), 


which implies for all (x, y) € [x0, x1] < [yo, 1], 


q/(p—4) 
v(@w,y) < (e7'yl,-4(4r-m” +A(x, y)) + BQ, mm) 
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or for all (x, y) € [x0, x1] x [yo. 1], 
, : 1/(p—-4) 
u(x,y) = v'/4(x,y) < (op, lp-4t4r-o” + A(x, y)) + BQ, ») 


where (x), 1) € A is chosen in such a way that ®,_, (k(P-9/P + A(x, y)) + B(x, y) € 
Dom (O51) for all (x, y) € [x0, x1] < [yo, v1]. oO 


A special case of Theorem 5.1.62 is the following corollary. 


Corollary 5.1.4 (The Cheung Inequality [142]) Let k > 0 and p > | be 
constants. Let a,b € C(A,R+i),a,y € C'(,1), B,8 € C!(VJ,J), and ge 
C(R+, R+) be functions satisfying 


(i) a, B, y,6 are non-decreasing with a, y < id;, B,5 < id; and 
(ii) @ is non-decreasing with p(r) > 0 forall r > 0. 


Ifu € C(A, R+) satisfies for all (x, y) € A, 


a(x) pBO) 
u(x,y)<k+p ; as, t)u?"(s, t)dtds, 
B 


a(xo) 4 B(yo) 


v(x) p80) 
+p 7 b(s, thu?" (s, t)p(u(s, t))dtds, 
y(xo) 4 8(yo) 


then for all (x,y) € |[xo,x1] X [yo, yi], 
ulsy) < | OF"[Br (RP + AC») + ac.» 


where 


a(x) Bly) vy) diy) 
A(x, y) =| / b(s, t)dtds, B(x, y) =| i b(s, t)dtds, 
a(xo) ¥ B(yo) yo) 4 8(yo) 


and (x,y) € A is chosen in such a way that ®,(k'/P + A(x, y)) + B(x,y) € 
Dom (®7') for all (x,y) € [x0, x1] x [yo. y1]- 


Proof The assertion follows immediately from Theorem 5.1.62 by taking g = p — 
1>0. oO 


In particular, we have the following useful corollary. 


Corollary 5.1.5 (The Cheung Inequality [142]) Let k > 0 and p > 1 be 
constants. Let a,b € C(A,R+),a,y € C'(I,1), 8,6 € C!(U, J) be functions such 
that a, B, y,6 are non-decreasing with a,y < id;, B,5 < idy. Ifu € C(A,R+) 
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satisfies for all (x,y) € A, 


a(x) Bly) 
u’(x,y) <k+p / a(s, t)u?—|(s, t)dtds 
B 


a(xo) ¥ Bio) 


yx) 8) 
+p | / b(s, thu? (s, t)dtds 
y(xo) Jd(y0) 


then we have for all (x,y) € A, 


u(x, y) < (k'/? + A(x, y)) exp (Box, y)) (5.1.492) 


where A(x, y) and B(x, y) are as defined in Theorem 5.1.61. 


Proof Assume first that k > 0. Let g = id on R,. Then all conditions of 
Corollary 5.1.4 are satisfied. Note that in this cases ®} = In and so ®;! = exp 
is defined everywhere on R. By Corollary 5.1.4, we get for all (x, y) € A, 


u(x,y) < exp [In(k'” + A(x.) + BO y)] = (k'? + AG, y)) exp (BG.y)). 


Note that the above inequality holds for all k > 0, by continuity argument it also 
holds for k = 0. Oo 


Remark 5.1.12 Corollary 5.1.5 generalizes the results of Pachpatte (Theo- 
rem 1.2.11 (a;)), Dafermos (Theorem 1.3.1), and Ou- Yang (Theorem 1.2.1). 


Corollary 5.1.6 (The Cheung Inequality [142]) Let k > 0 and p > 1 be 
constants. Letb € C(A,R+),y € C1U,D,8 € C!(J,J) be functions such that 
y,6 are non-decreasing with y < id;, 5 < id;. Ifu € C(A, Rx) satisfies for all 
(x.y) € A, 


y@) p80) 
u?(x,y) <k+ al i b(s, thu? (s, t)dtds, 
y(x0) 4 8(y0) 


then we have for all (x,y) € A, 
u(x,y) < k'/? exp (B(.»)), (5.1.493) 


where B(x, y) are as defined in Theorem 5.1.61. 


Proof The proof follows immediately from Corollary 5.2.8 by taking a = 0. O 


Remark 5.1.13 Corollary 5.1.6 generalizes the corollary in Lipovan [355] to the 
case of two independent variables. In fact, if we set p = 2 and 6(y) = 4(yo) for all 
y € J, Corollary 5.1.6 reduces to the above mentioned corollary. In particular, if we 
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further require y(x) = x for all x € 7 , Corollary 5.1.6 further reduces to the famous 
Gronwall-Bellman inequality [65, 259]. 


Remark 5.1.14 It is evident that Theorem 5.1.62 and Corollary 5.1.4—5.1.6 can 
easily be generalized to obtain explicit bounds for functions satisfying certain 
integral inequalities involving more retarded arguments. It is also clear that these 
results can be extended to functions of more than two variables in the obvious way. 
Details of these are rather algorithmic and so will not be given here. 


The following theorem deals with the two independent variable versions of the 
inequalities established in Theorem 1.2.15 which can be used in certain applications. 


Theorem 5.1.63 (The Pachpatte Inequality [523]) Let u,a;,b; ¢ C(A, R+), and 
a; € C'(,), Bi € C'(h, hb) be non-decreasing with a;(x) < x onl, B; < y for 
i= 1,2,--:,n.Letp > 1 andc = 0 be constants. 

(dj) If for all (x,y) € A, 


7 a(t) pBily) 
w(th<c+p > [, [ lai(s, thu(s, thw(u(s, t)) + bi(s, tu(s, t)| dtds, 
j= 2 ei i (V0 


(5.1.494) 


then for all (x,y) € A, 


1 


RB paix) phil) at 
u(x, y) < {Pts y) exp C — 1) eI / a;(o, ouoa) | ; (5.1.495) 


j= 2 U0) Y Bilvo) 
where for all (x, y) € A, 
pt n ai(x) p Bil) 
Bx.y)=c? +(p-l)>> / i bi(o, t)dtdo. (5.1.496) 
i=] 2 (x0) Y Bilyo) 


(d>) Let w be as in part (2) of Theorem 1.1.32. If for all (x,y) € A, 


I ai(t) Bil) 
u(x, y) <e +f [. la;(s, t)u(s, )w(u(s, t)) + bi(s, tu(s, t)] dtds, 
ee) io 


(5.1.497) 


then for allxy <x <x1,Y¥o <y< M1, 


== 


if a(x) pBily) Pot 
G! coop +(p-1) >| i a;(o, ound ‘ 
i=1 Hi) 4 Bilvo) 


i 


u(x, y) S 


(5.1.498) 
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where B(x, y) is defined by (5.1.495), G,G~' are as in part (2) of Theorem 1.2.15, 
and x; € I), y1 € 1 are chosen so that 


Pg 
G(r) = a > FE wy >, (5.1.499) 
ro w(sP—") 


and ro > 0 is arbitrary and t, € IT is chosen so that 


ie a(x) pBily) 
G(B(x, y)) + (p-1) » aj(o,t)dtdo € Dom (G"'), 
i=1 2 %i(%0) ¥ Bilyo) 


for all x, y lying in the interval xo < X < X1.y0 Sy <1. 


Proof We only give the proof of (dz), the proof of (d;) can be done in the same 
manner. Let c > 0 and define a function z(x, y) by the right hand side of (5.1.497). 
Then z(x,y) > 0,z(xo,y) = z(%,yo) = c,z(x,y) is non-decreasing in (x,y) € 
A, u(x,y) < {2(x,y)}? and 


D2Di (x,y) = p Y [ai(ai(x), Bi(y))u(ai(x), Biv) w(u(ou(x), Bi(y))) 


i=1 


+b: (a(x), Bry) (aux), Bily))]B/()ee (x) 
< py“ lar(ai(x), Bily)){z(ailx). Bily)) }? wfz(ai(), Bil))}?) 


i=1 
+b; (on (x), Bi(y))kz(aue(x), Bily))}? 1B} aL (x) 
< py lailoi(x), Bi) (kell), Bi(y))}?) 


i=1 
+bi(aj(x), Bi(y))kz(x, y)}? Bia). (5.1.50) 


From (5.1.499) we derive that for all (x, y) € A, 


ee ep y Boo Bil) )w(2(aui(2), Biy))}?) 
{z(x,y}? i=! 
Dyalx, y) [Datel »)}? | 
+b;(ai(x), pio) £0.@) -————__— 
[te.993? | 


(5.1.501) 
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D> (2s) < pYlailo(x), Bil) )w(telou(x), Bi(0))}") 
{z(x, y)}? i=] 


+b; (a(x), Bily))1B; (yo; (x). (5.1.502) 


Keeping x fixed in (5.1.501), setting y = ¢ and integrating with respect to t from yo 
to y and using the fact that D)z(x, yo) = 0, we have 


Di z(x, » 
—— lai(ai(x), Bi) wz(ai(x), Bi ()}?) 
{eQx,y)}? ef y 


+bi(ai(x), Bi) 1B) (Del, (x)dt. (5.1.503) 


Now keeping y fixed in (5.1.502) and setting x = s and integrating with respect 
to s from x9 to x, we have 


{ex}? <c°F + (p-1) [ [ J lau(ou(s), Bil w(e(ou(s), d0)}9) 


yO j=] 
+b;(ai(s), Bi(t)) |B; (tha) (s)dtds. (5.1.504) 


Making the change of variables on the right-hand side of (5.1.503) and rewriting, 
we have 


ai(x) p Bil) 
(z(x, yr < = B(x,9) + (p= 1) | [ a;(o, t)w (tel, t)}?) dodt. 


ai(xo) (yo) 
(5.1.505) 


Now fix A € I), € Jb such that x9 < x < x1,y0 < y < pw < yj. Then from 
(5.1.504), we observe that for all xy <x <x1,yo Sy us, 


ai(x) pp Bily) 
(c(x,)'F < BA, m+ P-DE LJ... 290 (Wee. 03") dod 


ai(xo) 4 Bi(yo) 
(5.1.506) 


Define a function v(x, y) by the right-hand side of (5.1.505). Then v(@x,y) > 
0, v(%o, vy) = v(x, yo) = BA, 1), v(x, y) is non-decreasing for all x» < x < A, 
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yo<y< 1, f2(x, y)}? < v(x, y) and forall xo <x <A,yo Sy <p, 


ox (x) i(y) 
v(x, y) < BA, m+o-0y f° fe aj(o, t)w (vo, T)}P-t *) drdo. 


Now by following the proof of part (B;) in Theorem 5.1.40 (see also [518]), we get 
forallxo <x<A<mM,y SYS MSY, 


a(x) p Bily) 
v(x,y)<G! cia, L)) + (p-1) yf" / a;(o, ad . (5.1.507) 


j= 2 %i(%0) Y Bilyo) 


Since (A, 4) is arbitrary, we get the desired inequality in (5.1.497) from (5.1.506) 
and the fact that 


ux, y) < fee,)}? < {oe MI}? = oar. 


The proof of the case when c > 0 can be completed as mentioned in the proof of 
part (1) in Theorem 1.2.15. The domain x9 < x < x1, yo < y < yy is Obvious. O 


Remark 5.1.15 We note that the inequalities established in Theorem 5.1.63 can be 
extended very easily for functions involving more than two independent variables 
(see, e.g., [507]). If we take p = 2,n = 1,a; = a, 6, = Bia, = f,b) = g 
in Theorem 5.1.63, then we get the two independent variable generalizations of the 
inequalities given in [356] (see, e.g., Corollary 2 and Theorem 1). For a slight variant 
of the inequality in Theorem 5.1.63 given in [356] and its two independent variable 
version, see, e.g., [518]. 


5.2 Nonlinear Multi-Dimensional Bellman-Gronwall 
Inequality and Their Generalizations 


5.2.1 The Opial Inequalities, LaSalle Inequalities, Gollwitzer, 
Langenhop, Bondge and Pachpatte Inequalities 
and Their Generalizations 


Rasmussen [569] obtained a nonlinear two-dimensional version of the inequality by 
using ideas previously applied to functions of one independent variable by Opial 
[435] and others. 

In the sequel, we shall introduce the result from Headley [277] show that these 
techniques can be further exploited to obtain nonlinear extensions to any number of 
independent variables. 
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Let G be an open connected (possibly unbounded) set contained in N- 
dimensional Euclidean space R%. For any two points x and y in G, with 
xX = (x1,-+:,Xy) and y = (j1,--: , yy), define the set G(x, y) to be the closed 
rectangular parallelepiped with one diagonal joining the points x and y; that is, 


G(x.y) = reR" |, = (1—Apyj + Ay, OX Ay <1, f= 1,2, NS. 


We remark that the identity G(x, y) = G(y, x) is an immediate consequence of the 
definition of G(x, y). This symmetry will enable us to drop the requirement in [569] 
that the line joining the points x and y have non-negative (though not necessarily 
finite) slope. 

For fixed € in G, define the integral operator K by 


(Kv) (x) = : - k(t, v(to)) dt, (5.2.1) 


where v and k are real-valued functions (k being continuous on G x R), x is a point 
of G, the set G(x, €) is contained in G, and dt is Lebesgue measure on R". 


Theorem 5.2.1 ({277]) Let & and y be points in a (possibly unbounded) domain 
G C RN such that G(é,y) C G. Let g and k be real-valued functions, with g 
continuous on G, and with k continuous on G X R and non-decreasing with respect 
to its last argument. Let €, (n = 1,2,---) bea strictly decreasing sequence of real 
numbers with limit zero. Suppose that there exists a family {v,|\n = 1,2,---} of 
functions continuous on G(y, €) such that, forn = 1,2,--- , andall x in G(y, &), 


Un(X) = B(x) + €n + (Kn) (x). (5.2.2) 


Let U be the maximal solution on G(y,&) of the nonlinear Volterra integral 
equation 


u(x) = g(x) + (Ku)(x). (5.2.3) 


Then limy++o0 Un = U on G(y, €). 


Proof If & = y; for some j, then the parallelepiped G(y, &) has volume zero and 
the result is trivially true. We therefore suppose that & 4 y; forj = 1,2,---,N. We 
shall show that the sequence {v,} is strictly decreasing and satisfies the hypothesis of 
the Ascoli-Arzela Theorem [236]. Accordingly, we first note that v,,(&) — v,(€) = 
€m — €n < 0 whenever m > n. If the sequence {v,} were not strictly decreasing, 
then it would follow from the continuity of the functions v,, and v, that, for some 
zin G(y, §), with z #4 &, we would have v,, < v, on the set G(z, £) — {z}, whilst 
Um(Z) = v,(z). But then it follows the definition of v, and the monotonicity of {e,} 
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and k that 


Un(z) = (2) + €n + (kun) (2) 
> g(z) + Em + (kUm)(Z) = Um(Z), 


whenever m > n. This contradicts the definition of z and shows that v,,(x) < u,(x) 
whenever m > n and x € G(y, &). It follows that the sequence {v,}(n = 1,2,---) 
is bounded above by M; = max{v,(x)|x € G(y, &)}. Let u be any solution of (5.2.3) 
on G(y, €). Then u(€) < v,(&) forn = 1,2,-+-. 

We now show that u(x) < v,(x) forn = 1,2,--- and all x in G(y, &). If this were 
not true, then there would exist some function v,, satisfying (5.2.2) and some point 
nin G(y, €&) —{n}, whilst v,,(7) = u(7). But then it follows from (5.2.2)—(5.2.3) and 
the monotonicity of k that 


u(y) = a(n) + Ku(n) < g(q) + €m + (KUm)(q) = Um), 


which contradicts the definition of 7 and shows that u(x) < v,(x) for each positive 
integer n and all x in G(y, £). Consequently, the sequence {v,} is bounded below by 


M>, = min {ue(x)lx € Gy, i. 
To prove equicontinuity, let « be any positive number, and let y’ and y’ be any two 


points in G(y, €), with y’ = (y/,--- yy) and y” = (,--+ .yy). Forn = 1,2,---, 
the first two terms on the right-hand side of the identity 


Un(y) _ Un(y”) = (Kvn)(’) _ (Kun) (") + g(y) _ gy") (5.2.4) 
may be written as 
(Kv) = Ko") = f Keone f Kem()d, 6.25) 
E F 
where 


E=G(',8)-—G0",8), F= G60", - G68, 


the negative signs denoting relative complementation. 
The set E may be decomposed into N disjoint (possibly degenerate) rectangular 
parallelepipeds £\,--- , Ey as follows 


Ej = {x € E| min(y,,y/) <x < max(y’ yD}, 
Ej = {x € E= Ej-1| min(yj, y/’) < Xj < max(y,,/)t, J = 2. 3, ce ,N. 
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Similarly, the set F may be decomposed into N disjoint (possibly degenerate) 
rectangular parallelepipeds F\,--- , Fy defined by 


F, = {x € Fl min(y,,»f ) <x) < max(y.y/ \, 
i= {x € E— Ei|min(y,, v1) < yj < max(yj,¥/)}, J =2,3,++°,N. 


For j = 1,2,--- ,N, consider the parallelepipeds E; and F;. Each edge parallel to the 
X;-axis has ieneth ly, i yj "|, and each edge parallel to the, x,-axis (r 4 j) has length 
not greater than max(|y', — &|, |” — &-|), and therefore not greater than |y, — &,|. It 
thus follows from (5.2.5) that, forn = 1,2,---, 


|(Kvn)(") = (Kin)")| < Bye ly;-yiL, 


j=l 


where 
A= sup | kl uphr€ G(y, £), M2 < vem}, 
B= max | yr &lr = 1 2yrt wt, 


We now introduce the norm 
y-y"|= YW — yl. 


Since g is continuous and therefore uniformly continuous on the compact set 
G(y, &), there exists a positive number 6; such that |g(y’) — g(y’)| < €/2 whenever 
y’,y” € GO, ) and ||’ —y”|| < 6,. For A > 0, choose 62 so that 0 < 6) < €/(4AB), 
and let 6 = min(6), 42). It follows from (5.2.4) that, forn = 1,2,--+ ,|v»G’) — 
Un(y"”)| < € whenever y,, y’ € G(y, €) and ||y’ — y"|| < 6. 

If A = 0, this estimate is trivially true for all 6 < 6;. We have therefore shown 
that the sequence {v,} is equicontinuous and uniformly bounded on the compact 
set G(y, £). According to the Ascoli-Arzela theorem, there exists a subsequence 
{U,,} @ = 1,2,-++), being decreasing and bounded below, converges on G(y, €). It 
thus follows that limp—+>+4o0 Un = limy—++0o0 Un,. If we let i > +00 in the identity 


Un (x) = B(x) + €n, + (Ktn,)(@), x € GU, &), 


we can see that, in view of the continuity of & and the uniform convergence of the 
sequence {v,,}, the function lim; +50 Uy, is a solution of (5.2.3). Moreover, since 
each solution u of (5.2.3) satisfies the inequality u(x) < v,(x) for all x in G(y, &) 
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andn = 1,2,---+ , so does the maximal solution U; consequently 


U(x) < lim v,,(x) < U@) 
i>+00 


for all x in G(y, €). This completes the proof of the theorem. oO 


We note that the existence of maximal solutions for the integral equations is a 
consequence of general results proved in Walter’s monograph [658]. 


Theorem 5.2.2 (The Walter Inequality [658]) Let & and y be points in a (possibly 
unbounded) domain G C RN such that G(é, y) C G, let g, v and k be real-valued 
functions, with g and v continuous on G, and with k continuous on G x R and non- 
decreasing with respect to its last argument. Let v be a solution on G(y,&) of the 
nonlinear integral inequality 


v(x) < g(x) + (Kv)(2). (5.2.6) 


Then v(x) < U(x) for all x in G(y, €), where U is the maximal solution on G(y, €) 
of the integral equation 


u(x) = g(x) + (ku) (x). (5.2.7) 
Proof It & = y; for some j, then the result is trivially true. We therefore suppose 
that & A y; forj = 1,2,---,N. Let {e,}(n = 1,2,---) bea strictly decreasing 


sequence of real numbers with limit zero. For n = 1,2,---, let v, be a continuous 
solution on G(y, &) of the integral equation 


Un (x) = g(x) + en + (Kv, )(X). 


We now show that v(x) < v,(x) for all positive integers n and all x in G(y, €). If 
this were false for some v,, at some point of G(y, ), then, in view of the inequalities 


v(E) < g(&) < g(E) + €m = Um(&), 
it follows from the continuity of v and v,, that there must exist some point z in 


G(y, €), with z # &, such that v(x) < v,,(x) on the set G(y, €)/{z}, whilst v(z) = 
Um(z). But then 


v(z) < gz) + (Kv)(2) < g(2) + €m + (KUm)(2) = Um(Z)- 


This contradicts the definition of z and shows that v(x) < v,(x) forn = 1,2,---, 
and all x in G(y, &). It follows from Theorem 5.2.1 that, for all x in G(y, &), 


v(x) < tim Un(x) < U(X). 


This completes the proof of the theorem. Oo 
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It should be noted that G need not be connected. It is enough if £, y and G(y, €) 
lie in the same component (=maximal connected subset) of G. 

The Gronwall-Bellman inequality has been extended to several variables by a 
number of mathematicians [94, 135, 153, 159, 190, 246, 277, 456, 619, 620]. For 
example, Conlan and Diaz [159] generalized the Gronwall-Bellman inequality in n 
variables in order to prove uniqueness of solutions of a nonlinear partial differential 
equation. Walter [658] gave a more natural extension of the Gronwall-Bellman 
inequality in several variables by using the properties of monotone operators. Snow 
[619] obtained corresponding inequality in two variable scalar and vector-valued 
functions by using the notion of a Riemann function. Young [709] established 
Gronwall’s inequality in n variables, which coincides with the result given in 
Walter [658], where a representation of the Riemann function is used. Chandra 
and Davis [135] generalized the Gronwall-Bellman inequality to systems of n 
linear inequalities in m variables by arguments that amount to manipulation of the 
resolvent kernel equation for a monotone operator. Their results encompass some 
works of Chu and Metcalf [153], Snow [619, 620], Walter [658], Wendroff [47], 
and Young [709], as well as providing extensions to kernels having more general 
form and weaker regularity properties. Bondge and Pachpatte [94] and Yeh [701] 
established some nonlinear integral inequalities of Wendroff type [47]. Shih and Yeh 
[601] extended the Gronwall-Bellman inequality to several variables by a different 
approach. 

Throughout S$ will denote an open bounded set in the n dimensional Euclidean 
space R”. 

Dhongade and Deo [197] introduce the class ¥ in Definition 1.1.3. 

We establish next the following integral inequality which may be used certain 
situations. 


Theorem 5.2.3 (The Yeh-Shih Inequality [707]) Let w(x), g(x) be real-valued 
positive continuous functions on S, and n(x) be a positive continuous non- 


decreasing function on S and H on ¥. Suppose that the inequality holds for all 


xin S with x > x°, 


wa) sna) + [a6 (wo +f s(oHov(0)a) ds. (5.2.8) 
Then for x° < x < x*, 

wx) <n) 1 Es [ Foe (ow + : ro) a| (5.2.9) 
where 


rds 
G(r) = ——, r> 0, 
(r) la r>1nm> 
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and G~' is the inverse of G and x* is chosen so that 
G(l) + i. g(t)dt € Dom (G"') 
x0 


for all x in S lying in the parallelopiped x° < x < x*. 


Proof Since n(x) is positive, non-decreasing and H in ¥, we infer from (5.2.8), 
w(x) 7 w(s) * gQH(w(0)) 
mat fO(Fet Le 4) 


sit fi 2) (“2 + +f con (2) a ras (5.2.10) 


Define u(x) by the right-hand side of (5.2.10). Then 


Di: -Dyuts) = g(a) (9 + [eon yar), 


(x) (t) (5.2.11) 
u(x) = lonx; =x°, i=1,2,-++,n. 
It follows from (5.2.10) and (5.2.11) that 
D,---Dyju(x) < g(x) (uw + [ etomacpar) . (5.2.12) 
Let 
ve) = ula) + fee u(t)at 
Then 
v(x) = u(x) on x; =x, i=1,--:,n, 
u(x) < v(x), 
and 
D,---Dyv(x) = D,---Dyu(x) + g@®)A(v(a)). (5.2.13) 


It follows from (5.2.12) and (5.2.13) that 


D, ++: Dnv(x) S g)(v(a) + H(v(a))), 
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1.€., 

D, +++ Dyv(x) 

0G) +H) = 8%: 
Thus 
(v(x) + Hv)? ~ (x) + HO) 

1.€., 

dD, oa -Dn—1v(x) 

oe (aS) < g(%). (5.2.14) 


Integrating both sides of (5.2.14) with respect to the component x, of x from x° to 
Xn, we get 


g(x, set yXn-1, ty )dty. 


dD, -++Dy—1 U(x) . _ 
v(x) + H(v(x)) — 


x 
Therefore 


(@) + HO@y BOX Xn tn)dtn 


0 
n 


(u(x) + H(v(x))? 


D, +++ Dy—20(x) Xn 
rai jf | < g(r, — Xn—15 tn) atn. 


Integrating both sides of the above inequality with respect to the component x,_; of 
x from oe tO X,—-1, we derive 


D,-- D,— v 
1 2 Dy «++ Dn-2(x) 7h f[ B(X1,°°* .Xn—25 tn—1, tn) Atnadty—1. 
ar ae xo 


Continuing in this way, we may atrive at 


—_ DiDov(x) 
v(x) + H(v(a)) + H(v(x)) ~ ey ne 8(%1,%2, 3,7:  ty)dty- : 
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Thus 


Dyv(x) 
D> (=o) < i — BUH, 82, y+ db --dls. (5.2.15) 


Integrating both sides of (5.2.15) with respect to the component x2 of x from a to 
X2, we can obtain 


— Div | 
v(x) + H(v(a)) + A(v(x)) ai ae B(X1,f,°°+ , ty) dty---dt 


Hence 


x2 
DiG(v(x)) < / Ce ees eee 
0 


x9 


Integrating both sides of the above inequality with respect to the component x, of x 
from x to x1, we can get 


Gwe) - Ga) =f ecoar. 
Hence 
vay)<G! (ow + [/ soar) . 
Substituting the above bound on v(x) in (5.2.12), we can conclude 
D,-+:D,u(x) < G" (ow + [ soar) : 
Integrating both sides of the above inequality from x° to x, we deduce 
u(x) <1+ il : 2(s)G7! (ow a / : s(t) ds 


from which and w(x) < n(x)u(x), we can obtain the desired bound in (5.2.13). This 
proves the theorem. Oo 


Remark 5.2.1 The integral inequality obtained in Theorem 5.2.3 extends Pach- 
patte’s result [456] to several variables. 
Similarly, we have the following result. 


Theorem 5.2.4 (The Yeh-Shih Inequality [707]) Let w(x) and g(x) be real- 
valued positive continuous functions on S, and n(x) be a positive, non-decreasing 
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continuous function on S and H on F . Suppose that the inequality holds for all x in 
S with x > x°, 


x 


Teor / * g(s)H(w(s))ds. 


x9 


Then for x° < x < x*, 


w(x) < n(x)G! (ow + [/ eas) ds, 


x 


where 
" ds 
an = | —, r>r>Q0, 
ro H(S) 


and G~' is the inverse of G and x* is chosen so that G1) + foo g(s)ds € Dom (G~'). 


Remark 5.2.2 For n = 1 in Theorem 5.2.4, we obtain Bihari’s inequality [82] and 
Theorem 3 of [197]. 


We know that the Gronwall Bellman’s inequality is covered by LaSalle’s 
inequality. LaSalle’s inequality is important in proving uniqueness, boundedness, 
and convergence of successive approximation [330]. 

A two independent variable generalization of the Gronwall-Bellman-LaSalle 
inequality due to Wendorff given in [47] has evoked of Snow [620], Ghoshal and 
Masood [246], Chandra and Davis [135], Headley [277], Bondge and Pachpatte 
[94, 95], Chu and Metcalf [153], Shin and Yeh [601], Walter [658], Yeh [701], and 
Young [709]. 

In the sequel, we shall introduce n independent variable generalizations of the 
integral inequalities from [600] established by LaSalle [330], Gollwitzer [249], 
Langenhop [328], Pachpatte [450, 451], and Bondge and Pachpatte [95] form = 1 
orn = 2. 

First, Gollwizer’s inequality [249] and Bondge and Pachpatte’s inequality [95] 
are unified in the following theorem. 


Theorem 5.2.5 (The Shih-Yeh Inequality [600]) Let w(x), a(x) and b(x) be a 
real-valued, non-negative and continuous functions defined on R"; let u(s) be a 
positive real-valued continuous functions defined on R". Suppose that the inequality 
holds for all0 <x <5, 


u(s) => w(x) — a(s) [ b(t)w(t)dt, (5.2.16) 
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where s € R". Then for all0 <x <s, 
u(x) > w(x) exp (-a0) i binat) : (5.2.17) 
Proof We first discuss the case when n is even. We may rewrite (5.2.16) as 
w(x) < u(s) + a(s) [ rowan (5.2.18) 


For fixed s in R”, we define, for all 0 < x < s, 


r(x) = u(s) + a(s) / * bOw(dt. (5.2.19) 
Then 
r(x) =uls) on x =5;, F=1,2,....05 (5.2.20) 
and 
D,D>... Dar(x) = a(s)b(x)w(x). (5.2.21) 


Then by (5.2.18) 
D,D2...Dyar(x) < a(s)b@)r@), 
which implies 


r(x)D,... Dar(x) 
r?(x) 


Dyr(x)(D1 ..., Dn—1r(x)) 


< a(s)b(x) + es ; 


1. €., 


D, (* .. Dp r(x) 
r(x) 


) < a(s)b(x). (5.2.22) 


Integrating both sides of (5.2.22) with respect to the component x, of x from x, 
to s,, we have 


Dis Deere ates) Die De) 


r(X1,°°* ,Xn-1, Sn) r(x) 


Sn 
< ats) [ b(x1,°°° »Xn-15 ty) dty. 
Xn 


Since 


dD, ++ Dn-ir(a, + »Xn—15 Sn) = 0, 
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we derive 


Dea: Sn 
_Di-+-Dn-ir) Z a(s) f B(x1,++* yXn—1, tn) dt, 
r(x) 7 


which implies 


Die Ds 
Drs ( 1 n 2r(x) 


) = ats) [ D(x1,°+* .Xn—15tn)dty. (5.2.23) 
r(x) % 


Integrating both sides of (5.2.23) with respect to the component x,_; of x from 
Xn—1 tO Sp—1, We arrive at 


dD, a -Dy—21(x) 


Sn—1 Sn 
< a(s) / i f(x o°°* > Xn—2; th—-1 ; ty) dtydty—| . 
r(x) Xn—1 Xn 


Computing in this way, we can obtain 


D\D a i 
_ : ar) = a(s) f ff D(x, x2, 1B, °° tn) ty ++ dts. (5.2.24) 
r(x) x3 x 
It follows from (5.2.24) that 
D ma is 
Dy ( ) s ats) [ of D(x, X2, 637° ,t,)dt, +++ dts. (5.2.25) 
r(x) % xo 


Integrating both sides of (5.2.25) with respect to the component x2 of x from x2 
to so, we have 


Di r(x, 52,%3,°+* Xn) _ Dir(x) 


r(X1, 82,.X3, °°" Xn) r(x) 


$2 Sn 
<a [ f Ne a ed: 
x2 Xn 


Thus 


D s2 Sn 
_ ir) < ats) [ a D(X1,2,°++ tn) dty +++ Adtr. 
r(x) x2 X, 


Xn 


Integrating both sides of the above inequality with respect to the component x, 
of x from x; to 5, we have 


log a" < a(s) i " p(Odt, 


u(s) 
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which implies 


w(x) < r(x) < u(s) exp («9 | binat) 


and the theorem follows for even n. 
Next, we discuss the case n is odd. As in the proof of the case n is even, we have 


DD ...Dyr(x) = —a(s)b(x)w(x), 


and 


r(x)D,...Dar(x) 


Di OP 1-325 Dat) 
PQ) | 


> a(s)b(x) + Px) 


D,...D,— 
v,( 1 ir (x) 


=e ) > —a(s)b(x). 


Integrating both sides of the above inequality with respect to the component x, 


of x from x, to s,, we conclude 


D,...Dy—1r(x) 
r(x) - 


-a(s) | b(x1,---.Xn—1, tn) dtn, 
which implies 


D,...D,— 
Dra ( 1 n—21(X) 


) < a(s) I: bx, see Xn—-ls tn) dt. 
r(x) Xn 


As in the proof of the case n is even, we can obtain the desired result. O 


As an application of Theorem 5.2.5, we can establish the following n independent 
variable generalization of the equality of LaSalle [330], Gollwitzer [250], and 
Bondge and Pachpatte [95]. 


Theorem 5.2.6 (The Shih-Yeh Inequality [600]) Let w(s),a(s) and b(s) be as 
defined in Theorem 5.2.5; let H(r) be a positive, continuous, strictly increasing, 
convex, and sub-multiplicative for all r > 0, H(O) = 0 and lim,4.0 H(r) = +00. 
Suppose that g(s) and h(s) are positive functions defined on R" with g(s) +h(s) = 1 
and the following inequality holds for all0 < x < s, where s € R", 


x 


u(s) > w(x) — acne i “wont (5.2.26) 
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Then for all0 <x < s, 
u(s) > g(s)H~'[g~"(s)H(w(a)) exp(—A(s)H(a(s)h"(s)) / “b(ddn). (5.2.27) 
Proof We may rewrite (5.2.26) as 
w(x) < g(s)u(s)g'(s) + h(s)a(s)h"(s)H"( / * b(t) HOw(0))dt). 
Since H is convex sub-multiplicative and increasing, we have 


H(w(x) S a(s)H(u(s)g '(s)) + h(s)H(a(s)h"(s)) : “(NH (w(t))at, 


g(s)H(u(x)g”'(s)) < H(w(x)) — h(s)H(a(s)h"(s)) ; b(t\)H(w(0))dt. 


Applying Theorem 5.2.5 to the above inequality, we can get the desired bound in 
(5.2.27). oO 


We next introduce the following n independent variable generalization of the 
integral inequality established by Langenhop [328] and Bondge and Pachpatte [94]. 


Theorem 5.2.7 (The Shih-Yeh Inequality [600]) Let u(s),a(s) and b(s) be as 
defined in Theorem 5.2.5; let W(r) be a positive, continuous, non-decreasing 
function for all r > 0, W(0) = 0 and W'(r) € C(R+,R+). Suppose that the 
inequality holds for all0 < x < s, wheres € R‘, 


u(s) > u(x) — a(s) [oe W(utodr (5.2.28) 


Then for all so eR"  andall0<x<s<s5°, 


u(s) => O~"[O(u(x)) — a(s) / b(t)dt], (5.2.29) 


where 


" ds 


Q(r) = Wo)’ 


r> 17 > 0, (5.2.30) 
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and Q~ is the inverse function of Q, and for all 0 < x < s, 


QO(u(x)) — a(s) [ b(t)dt € Dom (Q"'). 


Proof We only prove the case when n is even. We can rewrite (5.2.28) as 
u(x) < u(s) + ats) [ b(t)W(u(t))dt. (5.2.31) 


For fixed s in Ri, we define, for allO <x <s, 


r(x) = u(s) + a(s) [ vow 


Then 
r(x) =u(s) on x;=5;, i= 1,2,....0: (5.2.32) 
DD... Dar(x) = a(s)b(x)W(u(x)), (5.2.33) 
and 
u(x) < r(x). 


Since W is non-decreasing, (5.2.33) implies 


D,Dz... Dnr(x) < a(s)b(x)W(r(x)), 


1e., 
D,D2...Dyr(x) 
Wire) < a(s)b(x). 
Thus 
W(r(x))Di tee Dnr(x) D,W(r(x))D1 tees Dy-1r(x) 
Wry = POD * Wa) : 
1.e., 
D,...Dy— r(x) 
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Integrating both sides of (5.2.34) with respect to the component x, of x from x, 
to s,, we get 


D,...Dy—11(%1,- ++, Xn—15 Sn) D,...Dy— r(x) 
W(r(1,.--;Xn—155n)) Wi(r(x)) 


Sn 
< ats) [ b(x1,...,Xp—15 tn) dtn. 
Xn 


Since 
dD, oa Dri" (XI, tee »Xn—1, Sn) = 0, 


we know 


D...Dy- : 
_ Di... Dn-1r@) < ats) [ b(x1,---,Xn—1, tn) dtn, 
r(x) Xn 


which implies 


D,...Dy- Sn 
—D,-| jp < a(s) [ b(x1, tee gn—=ls ty)dty. 


As in the proof of Theorem 5.2.5, we have 


Dy r(x, 52,.%3,°+* Xn) _ Dir(x) 


r(X1, $2,X3,°** ,Xn) r(x) 


52 Sn 
< ats) [ -f D(x, ta,°** 4 ty) dty +++ dt. (5.2.35) 
x2 Xn 


Thus it follows from (5.2.30) and (5.2.35) that 
S2 Sn 
— Di Q(r(x)) < als) / . [ D(x, fo, +* ty) dty +++ dtr. (5.2.36) 
x2 Xn 


Integrating both sides of the above inequality with respect to the component xj 
of x from x; to s;, we have 


—O(r(s1, x2, er: »Xn)) + O(x) < a(s) [ b(t)dt. 
It follows from (5.2.32) that 


—~O(r(s)) + O(r@)) < als) / b(i)dt, 
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Le., 
Q(r(s)) = O(r(@x)) - ats) [ b(t)dt. (5.2.37) 


From (5.2.37), we can obtain the desired bound in (5.2.29). Oo 


Next we introduce n independent variable generalizations of the integral inequal- 
ities established by Pachpatte [450, 451] and Bondge and Pachpatte [94]. 

The next result concerns the n independent variable generalization of the integral 
inequality established by Pachpatte [453] and Bondge and Pachpatte [94]. 


Theorem 5.2.8 (The Shih- Yeh Inequality [600]) Let w(s), a(s), b(s), and c(s) be 
real-valued non-negative continuous functions defined on R",; let u(s) be a positive 
real-valued continuous functions defined on IR"_. Suppose that the inequality holds 
forall0 <x <8, wheres € RB‘, 


u(s) > w(s) — a(s) i b(m)w(m)dm + [ venc[ tomar . (5.2.38) 


Then forall0 <x <s, 


Ss 5 -1 
u(x) => w(x) [ + ats) [ b(m) exp (/ (a(s)b(t) + «(o) any : (5.2.39) 


Proof We only proof the case when n is even. We rewrite (5.2.38) as 


w(x) < u(s) + wo] [ b(m)w(m)dm +f ome f coavin} (5.2.40) 


For fixed s in IR", we define, for allO <x <s, 


re) =H) +a] / * b(m)w(m)dm + / “o( i contoa an} (5.2.41) 
Then 

r(x) = u(s) on x,j=5;, i=1,2,...,7; (5.2.42) 
and 


w(x) < r(x). 
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Hence 
D,D»... Dyr(x) = a(s)b(x) Eo + i c(t | (5.2.43) 
< a(s)b(x) roo + yi “elor(oat| , 
Define 
v(x) =r(@x) =r(s), on x) = 5;, f= 12,00 (5.2.44) 
and 


dD, ae -Dyv(x) = D, oe -Dyr(x) “ c(x)r(x) 
< [a(s)b() + c()]v(). 


By an argument similar to that in the proof of Theorem 5.2.5, we obtain 


v(x) < u(s) exp ( / “(a(s)b(t) + c(t) 


Substituting this bound on v(x) in (5.2.43), we have 


D,...Dyr(x) < a(s)b(x)u(a) exp ([ caw + c(o)at] : 


Integrating both sides of the above inequality with respect to the component x, 
of x from x, to s,, we arrive at 


Dy -++Dn—-1r(%1,..-,Xn—1, Sn) — D1... Dn—ir(x) 


< a(s)u(s) / Weise ene 


exp ( / oe / ~ : ” io 4 c(o)at) ditty. 


Integrating both sides of the above inequality with respect to the component x,,_| 
of x from x,— to 5,1, we derive 


—Dy +++ Dn-27(X1.+** ,Xn—25 Sn—15 Xn) + Dy +++ Dn-2r(x) 


Sn—-1 Sn 
atsyuts) f° [bese tn-acmnssima) 
Xn-1 Xn 


S1 Sn—2 Sn—1 Sn 
x exp (/ of / (a(s)b(t) + c(o)at) dm,dmy-\. 
x1 Xn—2 Mn—1 Mn 
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Computing in this way, we conclude 
Dyr(x1,52,%3,---,%n) — Dir(x) 


§2 Sn 
< a(s)u(s) / = / ees tna ie 
x2 Xn 


exp ( / : i : / i (a(s)b(t) + c(n)dt) ditt, »»- dita, 


Integrating both sides of the above inequality with respect to the component x, 
of x from x; to s;, we obtain 


r(x) < wo] + a(s) [ b(m) exp ([ caw + c(n)ar) in (5.2.45) 


The desired bound in (5.2.39) follows from (5.2.40) and (5.2.45). Oo 


Next we can apply Theorem 5.2.8 to establish the following n independent 
variable generalization of the integral inequality established by Pachpatte [450] and 
Bondge and Pachpatte [97]. 


Theorem 5.2.9 (The Shih-Yeh Inequality [600]) Let w(x), a(s), b(s), c(s), and 
u(x) be as defined in Theorem 5.2.8; let H(r), g(s), and h(s) be as defined in 
Theorem 5.2.6. Suppose that the inequality holds for all0 < x < s, wheres € R‘, 


u(x) => w(x) — aye] f b(m)H(w(m))dm 


+ i * pln) ( / , c(Htw(aanan|, (5.2.46) 


Then forall0 <x <s, 
u(s) > gC) 'HOHO)E +hyMaioyh'(9) [ * bm) 


Ss —l 
xexp [ |h(s)H(a(s)h7'(s))b(t) + c(platimi} : (5.2.47) 


m 


Proof We can rewrite (5.2.46) as 
w(x) < g(s)u(s)g'(s) + A(s)a(s)h7!(s)H™! 


x{ / “POR OOA ane / * bimy( / c()H(w(0))dt)am]. 
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Since H is convex, sub-multiplicative, and strictly increasing, we get 


g(s)H(u(s)g'(s)) = H(w(x)) — h(s)H(a(s)h~"(s)) / b(m)H(w(m))dm. 


By Theorem 5.2.8, we can derive the desired bound in (5.2.47). Thus the proof 
is complete. Oo 


Next we shall introduce the following n-independent-variable generalization 

of the integral inequality established by Pachpatte [450] and Bondge and Pach- 
patte [97]. 
Theorem 5.2.10 (The Shih-Yeh Inequality [600]) Let u(s), a(s), b(s), and c(s) 
be as defined in Theorem 5.2.8; let G(r) be a positive, continuous, strictly 
increasing, sub-additive, and sub-multiplicative function for allr > 0, r € Ry 
and G(0) = 0; let G~! denote the inverse function of G. Suppose the following 
inequality holds for all0 < x < s, wheres € R”, 


n(s) > u(x) — a()G7 / " b(m)G(u(m))dm 


4 i; “bin)( / : <9) (5.2.48) 
Then forall0 <x <5, 


u(s) > u(x)G"! 


[ + Gta(s) f “ b(m) 


-1 
x exp ( (b(t)G(a(s)) + c(t) dt) in| (5.2.49) 


— 


Proof We may rewrite (5.2.48) as 


u(x) < u(s) + a(sjo~"| /  b(m)G(u(m))dm 


x 


+f vem(  ccautoat)amt. (5.2.50) 
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Since G is sub-additive, we infer from (5.2.50) 
Glu(s)) < G(s) + G(ais))| fi “ b(m)G(u(m))d 
# : ; bom)( / “e(*)G(u( dt) dm]. (5.2.51) 


By defining r(x) by the right-hand side of (5.2.51) and following a similar 
argument to that in the proof of Theorem 5.2.9 with suitable modifications, we can 
obtain the desire bound in (5.2.49). Oo 


The next result, due to Singare-Pachpatte [613], concerns the following n 
independent variable generalization of Gollwitzer’s inequality given in [250] for 
lower bound on unknown function. 


Theorem 5.2.11 (The Singare-Pachpatte Inequality [613]) Let ¢(x), a(x), b(x) 
and u(x) be as defined in Theorem 5.4.41 in Qin [557], H(r) be a positive, 
continuous, strictly increasing, convex and sub-multiplicative function for all r > 
0, H(0) = 0; lim,++.0H(r) = +00. Let a(s), B(s) be positive continuous functions 
defined on Q with a(s) + B(s) = 1. Suppose further that the inequality holds for all 
x<six,s EQ, 


u(s) = (x) —a(s)H | ( / . ig (ote) ) (5.2.52) 


then for all x < s;x,s € Q, 


u(s) > a(s)H' Gato exp(—BS)(als)B~"%)) | b(&)dé |. 
* (5.2.53) 


Proof The proof is identical to that given by Gollwitzer [250]. We rewrite 
(5.2.52) as 


(x) < a(s)u(s)a~'(s) + B(s)a(s)B~'(s)H™! (/ bie n(ote)vat) - (5.2.54) 


Since H is convex, sub-multiplicative and monotonic, we get 


ws) us)e-"(0)) = M(B) = BoNH(a(syB-"() ( [HE VH@EDAE) 
Now applying Theorem 5.4.41 in Qin [557] yields the desired bound 
in (5.2.53). oO 


Remark 5.2.3 We note that in Theorem 5.2.11, if we take H(u) = u, then 
Theorem 5.2.11 reduces to Theorem 5.4.41 in Qin [557]. 
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In the next theorem, we introduce an n independent variable generalization of the 
integral inequality established by Langenhop [328]. 


Theorem 5.2.12 (The Singare-Pachpatte Inequality [613]) Let u(x), a(x) and 
b(x) be as defined in Theorem 5.4.41 in Qin [557]; let W(r) be a positive, 
continuous, monotonic non-decreasing function for all r > 0, W(0) = 0 and W’(r) 
exist and is continuous, with W'(r) > 0 for all r => 0; and suppose further that the 
inequality holds for all x < s;x,s € Q, 


u(s) > u(x) — als) / b(E)W(w(E))dE. (5.2.55) 
Then, for Q  C Q, 
u(s) > o~'[Gue9) Suite / b(é)d8) | (5.2.56) 
where 
G(r) = [ os r>1ro>0, (2.57) 


and ro is any fixed positive number; G~' is the inverse of function of G, and Q, is 
such that 


G(u(x)) —a(s)( / b(E)dé) € Dom (G"') 


forallx <s,x,sEQ{ CQ. 
Proof We may rewrite (5.2.55) as 


u(x) < u(s) + a(s) ( / . bigym(ule)aé) (5.2.58) 
For fixed s € Q, we define for x < s,x € Q, 
r(x) = u(s) + a(s) ([ bey (ule))as) : (5.2.59) 


Therefore 


1(S1,X2,°8* Xn) Se = W(X, Xn-1, Sn) = U(S1, +++ , Sn). 
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Then by the same argument as in the proof of Theorem 5.2.11, we obtain from 
(5.2.59) that 


SkH1 Sn 
D, +++ Der(x) = (-1)*a(s) f bt, +>2 me begs (En) 


Xk+1 
Wuxi. XE ts En) dE dE 41 (5.2.60) 


and continuing in this way, we obtain 
D, +++ Dar(x) = (—1)"a(s)b(x)W(u(a)). (5.2.61) 


We distinguish the following two cases. 
Case I. If the order n of the derivatives in (5.2.61) is even, then from (5.2.61) we 
infer 


D, +--+ Dyr(x) = a(s)b(x)W(u(x)) (5.2.62) 
which, along with (5.2.58), implies 


D1 +++ Dyr(x) S a(s)b(x)W(r)) 


D, +++ Dar(x) 


Trey < a(s)b(x). (5.2.63) 


From (5.2.63), we get 


W(r())[Pi ++ Dar)! 


W'(r@)) + Dn(7@))[D1 ++ D1) 
W?(r(x)) 


< a(s)b(x) + Sey 


(5.2.64) 
For, by (5.2.64) we see that D, r(x) and D,---D,—,r(x) are both non-positive 


which implies that D,r(x)[D,---D,—1r(x)] is non-negative and hence (5.2.64) is 
true. Now (5.2.64) is equivalent to 


yee 


ea ) <.a(s)b@). 


Now keeping x1,--- ,X,—1 fixed in the above inequality, setting x, = &, and then 
integrating with respect to & from x, to s,, we have 


dD, -++Dn—ir(x) = 


~ W(r(x) = —a(s) [ d(x, “tt yXn-1, En)dén. (5.2.65) 
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Again from (5.2.65), we observe that 


W@)Di Dri] 


Wr) a I, “Pe a BM 


i W’ (r(x))Dn—1(7(&®)) [D1 ... Dn—ar(x)] 


EN (5.2.66) 


Nothing that, (5.2.66) shows that D,—;r(x) is non-positive and D, ---D,—2r(x) is 
non-negative, which implies that D,-;r(x)[D, ---D,—2r(x)] is non-positive, (5.2.66) 
is true. But (5.2.66) is equivalent to 


D, +--+ Dy-2r(x 
D(a) 


wey = [ BO Sets Enddbn. 


Now keeping x1, +--+ , Xn—2, Xn fixed in the above inequality, setting x,-; = §,—; and 
then integrating with respect to &,—; from x, to 5,1, we get, 


dD, e6% Dy-21r(x) Sn—1 f 
a < a(s) b(x1,+°° »Xn—21 En—15 En) dEndEn—-1. 
W(r(Q)) ant Stn 


Proceeding in this way, we finally obtain 


Dir(x) = 
Wr) ~ 


From (5.2.57) and (5.2.67), we conclude, 


—a(s) / | i) "Bx, fo+++ Exldfn...d&. (5.2.67) 


D,G(r(x)) = —a(s) i . / " b(x1, +++ , En)d&n +++ dé. (5.2.68) 


Now keeping x2,--- , x, fixed in (5.2.68), setting x, = & and then integrating with 
respect to €, from x, to s;, we obtain 


G(r(x)) < G(u(s)) + a(s) / b(é)dé (5.2.69) 
which implies 
G(u(s)) = G(u(s)) — a(s) il b(e)dé. (5.2.10) 


Thus the desired bound in (5.2.56) follows from (5.2.70). The sub-domain Q; of Q 
is obvious. 
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Case II. If the order n is odd, then (5.2.61) becomes 


Dy +++ Dar(x) = —a(s)bQx)W(u(a)), 


and the proof proceeds exactly as in Case I, again leading to (5.2.70). O 


Remark 5.2.4. We note that in Theorem 5.2.12, if we take W(u) = u, then (5.2.56) 
reduces to 


ue ue ee (- / | neat ) . 


and if we set, W(u) = u®,0 <a < 1, then (5.2.53) reduces to 


u(s) = [wea — Bais) [ve ae] ” 


wherea + 6 = 1. 


The next result from [643] for the nonlinear case is concerned with the inequality 


u(x) < a(x) (« af ye H'(x, ») . (S271) 


r=1 
where 


A(x, u) — [ fachu (x!) ee a fu" @) diet oe dx! 
> y 


) 


anda,;, 1 <i< yr, 1 < r < mare non-negative real numbers and the constant 
c>0. 
In the following result, we shall denote a, = yeh Ay, @ = MAX <p<my. 


Theorem 5.2.13 (The Thandapani-Agarwal Inequality [643]) Assume that 
inequality (5.2.71) holds in Q (an open bounded set in R"). Then we have 


u(x) < ca(x)exp ([ Q(s) as) ‘ if a=1, (5.2.72) 
7 


x 1/l-a 
u(x) < a(x) G +(1 -a) [ O(s) as) if al, (5.2.73) 
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where 
00=) Maa 
r=1 
and when a > 1, we assume, c'!~* + (1 —@) i Q(s) ds > 0. 
Proof 1n fact, inequality (5.2.71) can be rewritten as 


u(x) < a(x)o(x), (5.2.74) 
where 
o(x) =c+ FG u). 
r=1 
Thus using the non-decreasing nature of #(x) and (5.2.74), we easily find 
(x) < DO A(x a[g@]”. 
r+1 
Since @(x) = c, we can get 


bela) < Yo Hix, ayet* p(x) 


r=1 


= O(x)b" (x). 


Now following the proof of Theorem 5.4.54 in Qin [557], we easily show 


Pu) / ef O(x1, 52,-+* 5 Sy) d52 +++ Sp. (5.2.75) 
eed) y2 Yn 
Since $(y1,%2,...,%n) = c, the results (5.1.423)-(5.1.424) follow by integrating 
(5.2.75). Oo 


Forn = m= 1, a(x) = 1, a, = 2, Theorem 5.2.13 reduces to first result in this 
direction by Freedman [235]; also for m up to 2 (see, e.g., [94]). 

For the next result, we shall need the following class of functions: 

In [706], Yeh and Shih considered a class of functions £, whose definition is 
Definition 1.1.3 in Chap. 1. 

Clearly condition (ii) in Definition 1.1.5 implies that H(u) = H(1)u. To avoid 
such a triviality, see, Beeseck [56] redefined the class ¥ as the class of F;, see 
Definition 1.1.6. 
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Definition 5.2.1 A function W : [0, +00) — (0, +00) is said to belong to the class 
F2 if 


(i) W(u) is positive, non-decreasing, continuous and W,, (u(%1,%2,°++ .%n)) = 0 
for all2 <k <nandallu > 0, 
(ii) (1/v)W(u) < W(u/v) for allu > 0, v > 1. 


This class #2 has been modified here as given by class F; and used for n = 1 in 
[194, 195] to avoid the triviality W(u) = uW(1); see also [56]. 


Theorem 5.2.14 (The Thandapani-Agarwal Inequality [643]) Assume that the 
inequality holds 


m 


u(x) < a(x) + YoE (x, u) + Daw f hj(s)W;(u(s)) ds, (5.2.76) 


r=1 i=1 


where 


(i) a(x) = 1 and is non-decreasing, 
(ii) gi) 21, 1si<l 
(iii) Wi € Fo, 1<i<l. 


Then we have 


1 
u(x) < ax) @e(x) | | Fi@). 


i=1 


where 
w(x) = exp oi E" (x, e)) ; 
F(x) = Gy"[GeD + fF hese (s)e(s) THEI Fis) ds], 
Fo(x) = 1, Psksi, 
G,(8) = late Wo 95 %<4, 
as long as 
k-1 
G,(1) of. he(s)y(sye(s) | | Fi(s) ds € Dom(G;'), 1<k<1. 
j=l 


Proof From inequality (5.2.76), we derive 


u(x) 


26) Sa “e+ DE =) 
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where 
l ix 
a* =a(x)+ >> | hi(s)W;(u(s)) ds. 
i |, 


Since a* (x) is non-decreasing, from Theorem 5.4.54 in Qin [557] it follows that 


te 
ex) ~ 


and hence by using the definition of class ¥2, we get 


< a" (x) Wx) 


l x 
yor) 14 | hilsre(s()WOU)) a 
df 


where 


u(x) 


Ye) = Ty Gee): 


Thus it is sufficient to show that y(x) < Tie F(x), which will be proved by finite 
induction. For / = 1, we have 


yx) <14 1 "hy (s)e(s) vr (8) Wi (y(s)) ds. 


y 


Let (x) be the right-hand side of the above inequality, then using non-decreasing 
nature of W,, we find 


Pix(x) < (ev) Wi (di) 


or 


Pixt..Xny (x) 
(Tagan), <mereonwen 


and hence as in Theorem 5.4.54 in Qin [557], we get 


Pix1...%n, (x) o ie jane x : oe : : wee x sx) ds 
we ek fa 1M15+-++54n—-1s9n 1l>-++5An—-1,9n 1lo-++54n—-1,9n ne 
Wi(Pila)) ~ Jy, 
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Repeating the above procedure, we may obtain 


x2 Xn 
wae < | -f hy (X1, © 6. Xn—-15 Sn OX, - , Xn—15 Sn) 
WwW (1 (x)) yo Yn 


XW(X1,- +. Xn—15 Sn) US2 +++ dp. (5.2.77) 


From the definition of G1, it follows 


(i@) — Gir eo ee a 
G(¢1(%)) — Gi (101, %2,--- Xn =) muiee 
G1 (V1 X25-.Xn) Wi (s) 
“bis, (81,.X2,--- Xn) 


db}. 5.2.78 
aul Wi (o1 (s1,X2, we we Xn)) , : 


By using (5.2.77) in (5.2.78), we can obtain 


d(x) < G|' fo + ia hy (s)e(s)W(s) as = F(x). 


Now assuming that result is true for some k such that 1 < k < /—1 fork+ 1, we 
conclude 


y(x) < [ 4 j hus (s)e(s)¥-(s) Wea (5) as 
j 


k x 
+) / hi(s)e(s)W(s) Wi(y(s)) ds. 
i=1°Y 


Since the part inside the bracket is non-decreasing, we easily find 


x k 
yQ@) < I! +f h()e(W)Wies (9) [lA 
; 


i=1 


or 


x k k 
aE no =1 +f he+i(s)e(s)W(s) I] Wret (vo TT09) ds 


from which, y(x) < ieee ‘ F;(x) follows by using the same arguments as for the case 


1 = |. This thus completes the proof. Oo 
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Theorem 5.2.15 (The Thandapani-A garwal Inequality [643]) In addition to the 
hypotheses of Theorem 5.2.14, let gi(x), q < i < l be non-decreasing, Then we have 


1 
u(x) < a(x) (x) |] Fi@), 


i=1 


where 
wilx) = exp (Soi E(x, 1D), 
Fu) = ge()Gz" [ gel) + ff hus) 9s)gu(s) TTt Fits) ds] 
1<k<l, Fo(x)=1 

as long as 


7 k-1 
Gilt) + [hs a(s)en(s) [] FG) ds € Dom (Ge), Lek st 


. i=1 


Theorem 5.2.16 (The Thandapani-Agarwal Inequality [643]) Assume the 
inequality holds 


m 1 


u(x) < a(x) + D> E(x, w) + D> E(x, Ww) (5.2.79) 
r=1 i=1 


where 


(i) a(x) => 1 and is non-decreasing, 


(ii) WE Fo. 


Then we have 


cae 
u(x) < a(x)Wi()G! [cus / > BGs, Was (5.2.80) 


i=l 


where W(x) is the same as in Theorem 5.2.15 and the term inside the bracket of 
(5.2.80)€ Dom (G™'). 


The proofs of Theorem 5.2.15 and 5.2.16 are similar to the proof of Theorem 5.2.14. 


Theorem 5.2.17 (The Thandapani-Agarwal Inequality [643]) Assume that the 
inequality (5.2.79) holds, where 


(i) a(x) is positive and non-decreasing, 
(ii) Wis positive, continuous, non-decreasing, sub-multiplicative and 
W,,(u(Q1,..-.%Xn)) = Oforall2 <k <n. 
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Then we have 


1 
u(x) < a) Wi)! [cw i DH we 4 i. (5.2.81) 


where (x) is the same as in Theorem 5.2.15 and the term inside the bracket of 
(5.2.81)€ Dom (G'). 


Proof We apply Theorem 5.4.54 in Qin [557] for inequality (5.2.79) to obtain 
l 
u(x) < as + EG, m0) wis) 


i=1 


or 


Ux) if, “ 
a(xyw(x) ~ s1+ be w(= a wi)/a )). (5.2.82) 


Let $(x) be the right-hand side of (5.2.82), then 


x(x) = sre (. W (sania ‘)). 


i=1 
Now using the fact that W is non-decreasing and sub-multiplicative, we get 


1 


a2 Ff (x, W(ay1)/a). 


_PxQX) 
Wo) — 


Using the same arguments as those in Theorem 5.2.14, we easily find 


x 
o(x) < G! [oa / S > Ei(s, W(aW1)/a) i 


which gives us the required result. Oo 


Some particular cases n = 2, m up to 2 with different assumptions on a(x) have 
been discussed in [94]. 

Gollwitzer [250] considered a couple of functional integral inequalities in one 
independent variables and obtained results which incorporate the well-known 
Bellman lemma [65], a case similar to the Langenhop inequality [328], and an 
inequality studied by Willett [671]. Bondge and Pachpatte [95] gave some integral 
inequalities in two independent variables which extend Lemma 2 and part one of 
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Theorem 1 of Gollwitzer, as well as an inequality of Langenhop. These results are 
useful tools in the analysis of differential and integral equations. 

Next we show that by making use of a version of Bellman lemma in n variables 
[709], it is possible to extend completely Theorem 1 of Gollwitzer to integrals 
involving n independent variables. This method, which gives a sharp bound for 
the solution, is entirely different from the method used by Bondge and Pachpatte 
[95]. However, by generalizing the procedure used in [95], we are able to extend a 
Langenhop inequality to n dimension. 

Let D be a bounded domain in E” and denote by x a point (x1,--- ,x,) in D. If x 
and y are any two points in D, we say x < y if x; < y; fori = 1,--- ,n. Further we 
adopt the notation 


y Yn nal 
/ f(s)ds = i f Sf(si,-°° , Sn) ds, +++ dSp 
x Xn *1 


In the subsequent discussions, we shall require the following conditions: 

(C;): a(x), b(x), c(x) and u(x) are conditions, non-negative functions in D; 

(C2): G(u) is a continuous, increasing, convex and sub-multiplicative function 
for all uw > 0 such that G(0) = 0 and G(u) — +00 as u > +00; 

(C3): a(x) and B(x) are positive functions in D such that a(x) + B(x) = 1. 


Lemma 5.2.1 (The Young Inequality [710]) Suppose condition (C) holds. Let 
u(t; y) be the solution of the characteristic initial value problem 


(—1)"D1---D,v(ty) —bOcvGy) =0 in D 


5.2.83 
v(tiy) = 1 when ti = yi ( ) 


where D; = 0/0t;,i = 1,--- ,n. Let R be a sub-domain of D containing y in which 
v = 0. Iffor all x in R, and for all x < y, 


u(y) < a(y) + by) c(s)u(s)ds, (5.2.84) 
then 
y 
u(y) < a(y) + bo) [ a(t)c(t)u(t; y)dt. (5.2.85) 


This lemma is an n-dimensional analogue of the well known Bellman lemma which, 
except for the extra factor b(y), was proved in [709]. The function v(t; y) is known 
as a Riemann function with pole at the point y. 

The next lemma is an extension of a special case of Langenhop inequality [328] 
cast in the form of Lemma 5.2.1. 
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Lemma 5.2.2 (The Young Inequality [710]) Suppose condition (C) holds. Let 
u(s;x) be the Riemann function with pole at x satisfying 


Dyv(s;x) — bQy)c(s)u(s;x) =O in D 


v(s;x) = 1 when 5; =x; C280) 
where D; = 0/05s;,i = 1,--- ,n. Let R be a sub-domain of D containing x in 
which v = 0. If for all y in R, and for all x < y, 
a(y) = u(x) — bGQ) / : c(s)u(s)ds, (5.2.87) 
then 
a(y) = u(x)/ [ + b(y) / : c(s)u(s; sas ; (5.2.88) 


Proof The proof of this lemma is similar to that of Lemma 5.2.1 and is therefore 
omitted. O 


We remark that in both Lemmas 5.2.1 and 5.2.2, the bound obtained for u is sharp 
in the sense that if equality prevails in (5.2.84) or (5.2.87), then equality also holds 
in (5.2.85) or (5.2.88), respectively. 


Lemma 5.2.3 (The Young Inequality [710]) Let condition (C,) hold. If for all 


ae 
a(y) = ula) = b0) f e(syusyas (5.2.89) 
then for all x < y, 
a(y) = u(x) exp (-»09 / ‘ c(shs) (5.2.90) 
Proof Set 
v(x) = aly) + D(y) i ror (5.2.91) 


so that u(x) < v(x). Then 


(—1)"Dj -+-Drv(x) = bYy)c(a)u(a) < b(y)e@x)u(~) 


696 5 Nonlinear Multi-Dimensional Continuous Integral Inequalities 


or 
(—1)"D, ---D,v(x) 
v(x) 


where D; = 0/0x;,i = 1,--- ,n. Since (—1)"(D,v)(D2---D,v) => 0, we may 
rewrite (5.2.92) as 


< b(y)c(x) (5.2.92) 


Dy ---Dyv(x) 


(—1)"D, a 


< b(y)c(x). 


Integrating this from x; to y;, using s; as a variable of integration, and noting that 
v(x) = a(y) when x; = y; for any i, 1 < i <n, we find 


cy 2 i ” BONE ie (5.2.93) 


Since (—1)"(D2v)(D2---D,v) => 0, we may repeat the process. Proceeding in 
this manner, we obtain after (n — 1) times, 


an < [oof boyetsyds1 ode. 


Integration of this from x, to y, gives us 
7 
—Ina(y) + Inv(x) < / b(y)c(s)ds, 
which leads to 
y 
u(s) < uta) <ay)exp (00) f e(ond) 


Hence this yields the desired result (5.2.90). Oo 


We point out that this lemma is a direct extension of Lemma 5.2.2 of Gollowitzer. 
It provides an alternate bound for a(y) which, however, is not as sharp as that given 
by Lemma 5.2.2. 

The next theorem is an extension of the first part of Theorem 1 in [250]. 


Theorem 5.2.18 (The Young Inequality [710]) Suppose conditions (C,) — (C2) 
hold. Let u(t; y) be the solution of the characteristic initial value problem 


(-1)"D,---Dnrv(ty) — BOGOO/BM)vG y) = 0, 


5.2.94 
v(t;y) = 1 when t; = yi, ( ) 
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where D; = 0/0dt;,i = 1,--- ,n. Let R be a sub-domain containing y in which v > 0. 
Tf for all x in R, and for all x < y, 


u(y) < a(y) + b(y)G"! (G(u(2))c(t)dt) , (5.2.95) 


then 
y 


i / G(u(t))c(t)dt < / ' a(t)G(a(t) /a(t))c(t)u(t; y)dt (5.2.96) 


where G~! denotes the inverse of G. 


Proof From (5.2.95), we derive 


‘ 
u(y) < a(y)(a(y)/a(y)) + BO)(LO)/B(Y))G (/ Glude(od) 


Since G is convex, sub-multiplicative and monotonically increasing, we have 


. 
G(u(y)) < ay)G(a(y)/a(y)) + poIGO)/BO)) [ G(u)c(s)ds. 


Hence the inequality (5.2.96) follows from Lemma 5.2.1. Oo 


An estimate for u(y) is obtained by substituting (5.2.96) back in (5.2.95). This 
estimate is the best possible in the sense that if equality holds in next theorem. 


Theorem 5.2.19 (The Young Inequality [710]) Suppose conditions (C1) — (C2) 
hold. Let v(s; x) be the solution of the characteristic initial value problem 


(—1)"D, - +: Dnv(s; x) — B(y)GOO)/BO))c(s)u(six) = 0 in’ D, 


v(s;x) = 1 when si = xi, 


(5.2.97) 


where D; = 0/0s;,i = 1,---n. Let R be a sub-domain of D containing x in which 
v => 0. If for all x in R, and for all x < y, 


u(y) > u(x) — b(y)G"! ([ Glu(s)t0)d5) , (5.2.98) 


then 


y 
u(y) 2 a(y)G" (cwe/a + ay) 6(0)66)/0)) | u(s; s)e(9hs)) 


(5.2.99) 
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Proof In fact, from (5.2.98), we derive 


x 


y 
u(x) < a(y)(u(y)/a(y)) + BO)(6O)/BO))E (/ Glu(s)ol0)d5) 
From the definition of G it follows that 
G(u(x)) < a) Gud)/a()) + BO)GO)/BO)) [ G(u(s))c(s)ds. 


Hence, by Lemma 5.2.2 


a(y)G(uly)/a(y)) = G(u(x))/ + BO) GO)/BO) iA v(s; x)c(s)ds}. 


from which the inequality (5.2.99) follows. O 
Noting that under conditions (C1), (C2) and (C3), if (5.2.98) holds, then 


a(y)G(u(y)/a(y)) > G(x) expl-B)GH()/BO) / "e@aa 


which provides an alternative bound for u(y). This result follows from Lemma 5.2.3. 
Oo 


The next result extends an inequality of Langenhop [328] to one involving n 
variables. 


Theorem 5.2.20 (The Young Inequality [710]) Let condition (C;) hold and let 
g(u) be conditions and non-decreasing for all u = 0 and g(u) > for allu > 0. If for 
allx < y, 


uly) = ula) BO) | els)au(s)ds (5.2.100) 
then 
u(y) > Ho (Hwy — b(y) [ c(sus) (5.2.101) 
where H~ denotes the inverse of the function 


vd 
H(v) = / vam >0. (5.2.102) 
wy 87) 
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Proof This theorem can be proved by the same method used in proving 
Lemma 5.2.3. O 


5.2.2 The Wendroff Inequalities, Bihari Inequalities, Ou- Yang 
Inequalities and Their Generalizations 


The following results are some generalizations of Wendroff’s integral inequality 
in n independent variables, which are due to [701]. The two independent variable 
generalization of this inequality is given by Wendroff [47]. Wendroff’s inequality 
has interested many mathematics, such as Bondge and Pachpatte [94, 95], Chandra 
and Davis [135], Ghoshal and Masood [246], Headley [277], Pachpatte [471], Snow 
[619, 620], Defranco [190], and Young [709]. 

In what follows, we introduce some nonlinear integral inequalities in n inde- 
pendent variables, which are the further generalized results of some inequalities 
established by Bondge and Pachpatte [94]. 

Let S be an open bounded set in R” and a point (x,--- ,x,) in S be denoted by 
x. Let x° = (x?,--- ,x°) and x (x° < x) be any two points in S, D = D\D)---D, 
where D; = 0/0x; fori = 1,2,--- ,n. 

We now wish to introduce the following n independent variable generalization 
of the Bondge and Pachpatte type [94] (see, Theorems 5.1.19-5.1.22), which can 
be used in investigating the behavior of solutions of a class of nonlinear hyperbolic 
partial and integro-differential equations. 


Theorem 5.2.21 (The Yeh Inequality [701]) Let w(x) and p(x) be real-valued 
non-negative continuous functions defined for all x > x° and H(u) be a positive, 
continuous, monotonic non-decreasing function for all u > 0 satisfying H(O) = 0 
and D\H(u) => Ofori = 1,2,...,n. Suppose that the following inequality holds for 


all x > x®, 


n 


w(x) < > aj(x;) + [vo (wi + [ rvomov(syas)at (5.2.103) 


i=1 ¥ 


where aj(xi) > 0 and a(x) > 0 Gi = 1,2,...,n) are real-valued continuous 
functions defined for all x = x°. Then for all x® < x < x*, 


wa) = rata) + [pO GCL alt) + al) 
i=1 me i=2 
rr 
YS ailas) + a(x) + ar(o1) + Hailes) + aa(28) + ax(s1)) 
i=3 i=3 


+ / ret dt = F(x), (5.2.104) 
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where 


an =f a >r>0 (5.2.105) 
r)= StH’ =" : 2. 


and G"' is the inverse function of G, and x* is choose so that 
G (» ai(ti) + ac) +f “POsids 
i=2 - 
+f ST a i a 
SF aia) + alah) + an (si) + HCY alas) + aa(eh) + an(s1)) 
i=3 i=3 
€ Dom (G"') 


for all x € S lying in the parallelepiped x® < x < x*. 


Proof Define a function u(x) by the right-hand side of (5.2.103), then 


Du(x) = pa)wa) + fo p(s)H(wx))ds), 
u(x) = doy ai(xi) + aj(x)) —aflxj) x= a l<j<n. 


It follows from (5.2.103) that 


Du(x) < p(x) (u(x) ie i : p(s)H(u(s))ds). (5.2.106) 
Let 
v(a) = ula) + J p(oyetts)as: 
Then 
v(x) = u(x) on xy =x, 1<j<n; 
Dv(x) = Du(x) + p(x)H(u(x)), Dux) < p(x)v(x), uw) < vQ@). 
Hence 


Dv(x) S p@)(u(x) + Hv), 
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1.€., 
dD, oe -Dyv(x) 
0G) +H@@) =P: 
Thus 
(0) + HOP PoMl0) < gyy 4 PaO) + HOOD) -Do-10l) 
OG +HOM)P (@) + HOO)? 
1.€., 
dD, - Dy v(x) 
me Gees <= p@). (5.2.107) 


Integrating both sides of (5.2.107) with respect to the component x,, of x from x° to 
Xn, we may derive 


Dy +++ Dn u(x) Xn 
v(x) + H(v(x)) =f, POL, +++ Xn—1s tn)dtn. 


Therefore 


(u(x) + H(v@)))D1- +: Dn-1@) 
(v(x) + H(v(x)))? 


Xn 
< / P(X,°°° Xn—15tn)dty + 
x9 


n 


Dn—1 (v(x) + H(UQX)))D1 +++ Dn—2000) 
(u(x) + ON: 


reat i 
n= ————_ 1 < X52 yXn=15 th dtp. 
(a Pee ee) 


Integrating both sides of the above inequality with respect to the component x,_; of 
x from x _1 tO X,-1, we have 


D,---D n— Dy +++ Dn—-20(X) Si, [ 
x * ,Xn—25tn—-1 tn) dty—1dty. 
TOES (C(C) eat Oe ea dis 


Continuing in this way, we obtain 


— DiDzv(x) __ 
TASS sf a P(x1,X2, ta, °° ta) dts «++ dt. (5.2.108) 
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It follows from (5.2.108) that 


Dyv(x) 
Dy (— os ie aA P(x1, X2, f3,° : ++ Xn—2, tn)dt3 +++ dtn. 


(5.2.109) 


Integrating both sides of (5.2.109) with respect to the component x2 of x from to 
X2, we can get 


Dy v(x) Dyv(x1, X3,.%3,-+* Xn) 
v(x) + A(v(x)) v(x, x9,.43,+++ Xn) + A (u(r, x9,.03, +++, Xn) 


x2 Xn 
< | ff P(X, fo, °°° , ty) dtz --- dt, 
x) a 


a (x1) 
» aj(x;) + a2(x$) — a2(x2) + H()~ ai(x;) + a2(x>) — a2(x2)) 


i=1 i=1 


x2 Xn 
+f of PX, ta, -++ y ty)dty +++ dtp. 
x3 x2 


Integrating both sides of the above inequality with respect to the component x, of x 
from x! to x1, we obtain 


Gv) — G (dato + ai(a}) ): < [nou 


“n 


Hence 


D,G(v(x)) < 


+ f° <———__4@_____a, 
ae (xi) + a(x) + ati) + Ha (xi) + a(x) + a(n) 
i=3 i=3 
Hence 
v(x) < G'4G aj (xi) + act)) + [vou 
= : 
% [ _ q(t) dt, 


Yo ails) + a5) + a(t) + Ha (x;) + ao(x3) + ai(t)) 
i=3 


i=3 
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Substituting this bound on v(x) in (5.2.106) and then integrating both sides from x° 
to x, we conclude 


u(x) < F(x), 


where F(x) is the function as defined in (5.2.104). From this and w(x) < u(x), we 
can obtain the desired bound in (5.2.104). Thus the proof is complete. O 


We next introduce an independent variable generalization of the inequality (see, 
Theorem 5.1.21) given by Bondge and Pachpatte [94]. 


Theorem 5.2.22 (The Yeh Inequality [701]) Let w(x) and Dw(x) be real-valued 
non-negative continuous functions defined for all x = x°,w(x) = 0 on x= x 1< 


j <n; and p(x) = 1 be a real-valued continuous functions defined for all x > x°; 


let H(u) and D;H(u) be the same functions as defined in Theorem 5.2.21. Suppose 
that the following inequality holds for all x > x°, 


n 


Dw(x) < ~ aj(x;) + M (woo + [/ pton@w(oar) (5.2.110) 


i=1 


where M > 0 is a constant; a;(x;) > 0 and a;(x;) > 0 are the same functions as 
defined in Theorem 5.2.21. Then for all x° < x < x*, 


Dw(x) < o(o (>: aj(xj) + a) +M [pod 


i=2 


+f. n a wu n i) 
SS aii) + an(x8) + a(t) + HOD ~ a(x) + a2 (x8) + a(t) 


i=3 i=3 


= K(x), (5.2.111) 


where G and G"! are the same functions as defined in Theorem 5.2.21 and x* is 
chosen so that 


G (x aj(xi) + act} 4. mf roar 


i=2 


.[/ ———, 
i Yo giles) + a(x) + arr) + ACY ai(xi) + an(23) + a(n) 
i=3 i=3 
€ Dom (G"') 


for all x € S lying in the parallelepiped x° < x < x*. 


704 5 Nonlinear Multi-Dimensional Continuous Integral Inequalities 
Proof Define a function u(x) by the right-hand side of (5.2.110), then 


Du(x) = M(Dw@) + p(@)H(Dw(x))), 
u(x) = Yo, ai(xi) + aj(x}) —aj(xj) on x= Bo l<j<n. 


Using (5.2.110) and p(x) = 1, we have 
Du(x) < Mp(x)(u(@x) + H(u(x))). 
Using the similar as in the proof of Theorem 5.2.21, we get 
u(x) < K(x), 


where K(x) is the function as defined in (5.2.111). Substituting this bound in 
(5.2.110), we can derive the desired inequality (5.2.111). Oo 


We next introduce the following n independent variable generalization of the 
integral inequality (see, Theorem 5.1.22) given by Bondge and Pachpatte [94]. 


Theorem 5.2.23 (The Yeh Inequality [701]) Let w(x), Dw(x), p(x), H(u) and 
D,H(u) be the same functions as in Theorem 5.2.22. Suppose that the following 
inequality holds for all x = x°, 


n 


Dw(x) < > aj(xi) + [pono + Dw(t))dt (5.2.112) 
i=1 x 


where a;(x;) > 0 and a’(x;) > 0 are the same functions as in Theorem 5.2.21. Then 
forall <x< 2", 


pw) = Dats) + fron (o c (>: ait) + acs) + | reras 


i=1 x i=2 


+f a 
. >; aj(x;) + ar(x$) + ay (s1) + H aj(x;) + a2(x9) + a1(s1)) 


i=3 i=3 


(5.2.113) 


where G and G"! are the same functions as defined in Theorem 5.2.21 and x* is 
chosen so that 


G (> ai(xi) + acs) or [poss 
i=2 x 
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Ba / 
+f a (s1) Hes 


* Y- ai(xi) + ap(x$) + ai (51) + H()~ ai(x;) + a2(x3) + ai(s1)) 


i=3 i=3 


€ Dom (G"') 


for all x € S lying in the parallelepiped x° < x < x*. 
Proof Define a function u(x) by the right-hand side of (5.2.112), then 


Du(x) = p@®)A(w() + Dw(a)) (5.2.114) 


and 


u(x) = Y > ai(xi) + aj(x}) —ajfxj) on x= x. l<j<n. 


i=1 
Hence 
Dw(x) < u(x), 


which implies 


w(x) < i: u(t)dt. 


Thus 
Du(x) < p(x)H (wo + / : u(pat) . 
Let 
uv) = ux) + / “u(t 
Then 


v(x) = u(x) on x= oe l<j<n. 
As in the proof of Theorem 5.2.21, we obtain 


Du(x) < p(®)(u(a) + H(v(Qa))). 
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The remainder of the proof follows by an argument similar to that in the proof of 
Theorem 5.2.21 with suitable modifications. We omit the details. O 


In the next result, the comparison method will be used to establish a number of 
fundamental partial integral inequalities in n independent variables. 

Here, we mention in particular the papers by Conlan and Diaz [159], Snow [619], 
Young [709], Rasmussen [569], Headly [277], Chandra and Davis [135], other 
sources of partial integral inequalities, see the lecture notes of Beesack [54] and 
the monograph [658] of Walter. 

Next, we introduce some useful partial integral inequalities from [476] in n 
independent variables which are motivated by a well-known integral inequality due 
to Wazeski [668] and the integral inequalities established in [441, 455, 456]. 

We use the following notations. 

Let Q be an open bounded set in R” and let D; = 0/0x;,1 < i < n; and 
denote by D the parallelepiped defined by x° < & < x (that is, x? < & < xj). For 
x,y € Q, x < yif and only if x; < y; forl| <i<n. 

We assume 


(H,) The function f(x) is real-valued, positive continuous and non-decreasing in x 
and defined on Q. 

(H) The functions $(x), a(x), b(x), c(x) and g(x) are real-valued, non-negative, 
continuous and defined on Q. 

(H3) The function q(x) => | is real-valued, continuous and defined on Q. 

(H4) The function K(x, y, @) and W(x, ¢) are real-valued, non-negative, continuous 
and defined on Q? x R and Q x R, respectively, and non-decreasing in the last 
variables; and K(x, y, @) is uniformly Lipschitz in the last variable. 

(H;) The functions H : [0,+00) — [0,+00) is positive, non-decreasing and 
continuous and satisfies 


G) (/v)H(u) < A(u/v), for allu > 0, v > 1; 
(11) H(u) is sub-multiplicative for all u > 0. 


A useful general version of Wazeski’s inequality [668] in m independent variables 
is embodied in the following theorem. 


Theorem 5.2.24 (The Pachpatte Inequality [476]) Suppose (H4) is true, and let 
(x) and a(x) be as defined in (Hp). If for all x € Q, 


b(x) < a(x) + W(z, / K(x, y,0())dy), (5.2.115) 
then for allx € Q, 


(x) < a(x) + W(x, r(x), (5.2.116) 
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where r(x) is the solution of the equation 


r@~)= i K(x, y,a(y) + WO, r(y)))ay, (5.2.117) 
existing on QQ. 
Proof Define 
u(x) = am K(x, y, 6(y))dy. (5.2.118) 


Then (5.2.115) can be restated as 
P(x) < a(x) + W(x, u(a)). (5.2.119) 


Using the monotonicity assumption on K and (5.2.119) in (5.2.118), we arrive at 


u(x) < i . K(x, y, a(y) + W(y, u(y)))dy. (5.2.120) 
x9 
Now applying Corollary 1.1.16 to (5.2.117) and (5.2.120) yields 
u(x) < r(x), (5.2.121) 


where r(x) is the solution of (5.2.117). Now using (5.2.121) in (5.2.119), we can 
obtain the desired bound in (5.2.116). Oo 


We next introduce the following n independent variable generalization of the 
integral inequality established in [441], which combines the features of two inequal- 
ities, namely, the n independent variable generalization of Wendorff’s inequality 
[47] and the integral inequality given by Headly [277], and can be used more 
effectively in the theory of partial integral equations involving n independent 
variables. 


Theorem 5.2.25 (The Pachpatte Inequality [476]) Suppose (H;), (H3), (H4) are 
true, and let $(x), g(x) and c(x) be as defined in (H2). If for all x € Q, 


#08) </0) + as [soroars [sora copia 


+W(x, / K(uy, $()))dy), (5.2.122) 
xo 
then for allx € Q, 


o(x) < Eg) [f@) + WO, r(x))], (5.2.123) 
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where 
E(x) = a + soraorerr( [ale + colt) ar} (5.2.124) 
and r(x) is a solution of the equation 


r(x) = [ K (x.y, Eo)Lf0) + WO.r0)])dy. (5.2.125) 


existing on Q. 


Proof Define a function m(x) by 


m(x) = f(x) + w(x, / Keay. $())dy). (5.2.126) 


Then (5.2.122) can be rewritten as 


(0) < mx) + as] [, sorooras 


x y 
+ / ; g0)40( | cava) (5.2.127) 
Since m(x) is positive, non-decreasing and g(x) > 1, we derive from (5.2.127) that 
PO) $0) 
29 = q+ feo Pay 
+ / g0)40)( i: o(o) aay]. (5.2.128) 
Define a function u(x) such that 
_ a) $02) 
uy = 14 [eo 8ay+ [ eoraon( [oS Pachar 
u(x) = 1, on xj = 4), l<j<a, 


then 


p(x) 


Dy. Dyi(s) = g(o) 2 #@) 


+ eqn) [, o() ae, 
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which, in view of (5.2.128), implies 


x 


D,...Dyu(x) = g(x)q@) [ua + [ e(2)q(2)u(e)dz]. (5.2.129) 


x 


If we put 
v(x) = u(x) + fio c(z)q(@)u(z)dz, 
| v(x) = ua), on xj = a l<j<n, (5.2.130) 
then 
D,...Dyv(x) = D,... Dau(x) + c(x)gq(x)u(x). (5.2.131) 


Using the facts that Dy ...D,u(x) < g(x)q(x)v(x) from (5.2.129) and u(x) < v(x) 
from (5.2.130)—(5.2.131), we arrive at 


D,... Dyv(x) < q(x)[g(x) + cd) u(x). (5.2.132) 
From (5.2.132), we deduce that 


v(x)D,...Dyv(x) Dyv(x)[D, .. . Dn—10(x)] 


S go)[g(a) + c(a)] + 


v2 (x) v2(x) 
1.€., 
D, ieee Dy—\ v(x) 
Dy (PEPE) < gKafets) + 
v(x) 
By keeping x,,...,X,—; fixed in the above inequality, setting x, = y, and then 


integrating with respect to y, from x? to x,, we get 


dD, she . Dy—1 v(x) - 


Xn 
v(x) = [ q(X1, see Xn—1;, Yn) [8 (X1, tee »Xn—-1,Yn) 
x 


n 


+c(x1,.--,Xn—15 Yn) |dyn. (5.2.133) 


Again, as above, from (5.2.133), we derive 
dD, ai .Dy—20(x) 4n 
Dr-1 (Awe s / q(X1,---.Xn—15 Yn) 
u(x) x0 


x[gQ1,-- +, Xn—1, Yn) + C1, .-- Xn-1, Yn) dyn. 
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By keeping x;,...,X,—2, and x, fixed in the above inequality, setting x,-1 = yn-1 
and then integrating with respect to y,— from 4 to X,-1, We arrive at 


dD, es .Dy—1 V(x) 


Xn—1 Xn 
=| / G15 = 5Sn-2s nts Ya)| BOs = S-25 nts In) 
v(x) o_, Jo 
+c(a1, ey Kin-2sYr-1sYn) [dnt 


Computing in this way, we have 


Dy v(x) re . 
<|/ of q(X1,Y2,Y3,°°* Yn) 
x3 x 


v(x) 
x[g(x1, 92.93 °°* /Yn) + C1, ¥2. 3 +++ Yn) |dyo-++ dyn. 


Now keeping x2,...,x, fixed in the above inequality, setting xj = y, and then 
integrating with respect to y,; from ES to x1, we infer 


v(a) <exp( f/ aorleo) + colar). 


Substituting this bound on v(x) in (5.2.129), setting x, = y, and then integrating 
both sides with respect to y, from - to x,; then setting x,-1 = y,—1 and integrating 
with respect to y,—; from ce to x,-1; and continuing in this way, finally setting 
xX, = y, and then integrating with respect to y, from x to x, we finally obtain 


u(x) < 1+ i: ‘ g(y)q(y) exp ( / f q(z)[g(z) + c(t) dy. 


Substituting this bound on u(x) in (5.2.128), we have 
P(x) < Eo(x)m(x), (5.2.134) 


where E(x) is as defined in (5.2.124). From (5.2.126) and (5.2.134), it follows 


(0) = BoP) + Wee f Ke%.».80) A] (5.2.135) 


Now applying Theorem 5.2.24 yields the desired bound in (5.2.123). Oo 


We note that in the special case when c(z) = 0, the inequality established in 
Theorem 5.2.25 reduces to another interesting inequality which can be used in some 
application. 

Another interesting and useful partial integral inequality in m independent 
variables involving two nonlinear functions on the right-hand side of the inequality 
is established in the following theorem. 
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Theorem 5.2.26 (The Pachpatte Inequality [476]) Suppose (H,) and (H3)—(Hs) 
are true, and let (x) and g(x) be as defined in (H2). If holds for all x € Q, 


60) <0) + 400( [ ort@ona) + w(x [/ Key.6Ody), 62.136) 


then for all x € Qy C Q, we have 


o(x) < Ex@)[f@) + WO, r(x))], (5.2.137) 
where 
Eula) =g@)GG0) + f goyHgo)dy}. (6.2138) 
in which 
G(v) = “ v>u>0 (5.2.139) 
0 A(s)’ = = 


and G~' is the inverse of G such that for all x € Qy, 


Ga) + [ sortlay)ay € Dom G") 


and r(x) is a solution of the equation 


ra) = [Ky ZODLFO) + WO.rOVId. 2.140) 


existing on QQ. 


Proof Define a function m(x) as in the proof of Theorem 5.2.25, then (5.2.136) can 
be rewritten as 


#18) < me) + af eOHONd). (5.2.141) 


Since m(x) is positive, non-decreasing and non-decreasing q(x) > 1, and in view of 
(Hs)(i), we deduce from (5.2.141) that 


00) 
oe < al r+ feo e® 


60) 


dy]. 5.2.142 
ie mG) Y] ( ) 
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Define 
u(x) = 1+ [5 so) H(22)ay, 
u(x) = 1, on xj = x), l<j<n, 
then we get 
x 
Dy... Dnu(x) = eon o@ , 
m(x) 


which, in view of (5.2.142) and sub-multiplicative character of H, implies 
D,...Dyu(x) < g@)A(q(x))A(u(a)). (5.2.143) 
From (5.2.143) it follows 


A(u(x))D, ...D,u(x) 
H?(u(x)) 


D,H(u(x))[D1 ... Dp—-1v(x)] 


< g(Qx)A(q(x)) Fu) 


> 


(=: .. Dy—1u(x) 


Hut) —) = Ho). 


Now following a similar argument to that in the proof of Theorem 5.2.25 with 
suitable modifications, we can obtain 


Diu(x) 2 /. ie ees . 
—_— vee 1> 25 3> aoe, ? 
A(u(x)) x x " 


1 


XH (q(x1, 2, ¥3*** + Yn) )dy2*++ dyn. (5.2.144) 
From (5.2.139) and (5.2.144) and keeping x2,...,x, fixed, we know 
x2 Xn 
Diu(x) < [ ff 8(X1, Yas ¥3"** + Yn) 
x Xn 


xA(q(x1, 92, Y3°** Yn) )d¥2°++ dyn. 


By keeping x2,...,x, fixed in the above inequality, setting x, = y, and then 
integrating with respect to y,; from * to x,, we conclude 


ux) = 6G) +f eovH(ao)dy} 
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The rest of the proof is immediate by analogy with the last argument in the proof of 
Theorem 5.2.25. The sub-domain Q, of Q is obvious. Oo 


Next we shall introduce a further generalization of the integral inequality 
established by Bondge and Pachpatte [94] which can be used in more general 
situations. 


Theorem 5.2.27 (The Pachpatte Inequality [476]) Suppose (HM), (H4) and (Hs) 
are true, and let (x) and g(x) be as defined in (H2). If there holds for all x € Q, 


61) = £0) +f, 20)(00) + [) ee@H@eae)ay + w(x. [/ Key. 604)). 


(5.2.145) 
then for all x € Qo C Q, we have 
$(x) < Ex@)[F@) + WO, r(@))), (5.2.146) 
where 
BOSi+ i g)G""[G() 4: / g(@dz|ay, (5.2.147) 
in which 
G iS, S > v9 > 0: (5.2.148) 
(v _ i s+H()' UV = Vo 3 Le 
and G" is the inverse of G such that for all x € Qo, 
Ga) + [ sorlao)ay € Dome"), 
and r(x) is a solution of he equation 
ra) =a f Key. B0I1F0) + WOrroVdy, (6.2149) 


existing on Q. 


Proof The details of the proof follow by a similar argument to that in the proof 
of Theorem 5.2.26, together with the proof of Theorem 5.1.20, and we omit the 
details. Oo 


Next, we shall use Young’s method [709] to establish a new and more general 
partial integral inequality in n independent variables. The following inequality is 
established by solving the characteristic initial value problems by the Riemann 
method. 
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Theorem 5.2.28 (The Pachpatte Inequality [476]) Suppose (H,), (Hz), (H4) are 
true, and let v(y;x) and e(y;x) be the solutions of the characteristic initial value 
problems 


| (—1)" Uy1..n 3%) — [aQ)bO) + a(y)80) +cQ)JuQiy) =O mQ, (5.2.150) 
voix) =1 ony,=x, 1<i<n, 
and 

(1)"ey,..9,0%%) — [a0)0O) — cOYeOr) =0 in Q, 

ae 1 ony;=x;, 1<ix<n, Pah) 


respectively, and let D* be a connected sub-domain of Q containing x such that 
v > 0,e> O0forally € Dt and for all x € Q, 


6 <0) + a0of [boo + [orf e@o@derds] 
+(x [ KGy.60)¢), (5.2.152) 
then we have for all x € Q, 


(x) < E3()[f(*%) + W(x, rQ))], (5.2.153) 


where 


BOSie as] / “e(:3){b0) 


7 
+e(y)( / [b(z) + g(z)]u(z; owe) }or} (5.2.154) 
and r(x) is a solution of the equation 


ra) = [K(x EOOLF0) + WO.rON])d. 6.2155) 


x 


existing on QQ. 
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Proof Define a function m(x) as in the proof of Theorem 5.2.25, then (5.2.152) can 
be rewritten as 


oy sme) +atf boroorar+ [conf seedy). 6.2.156) 


Since m(x) is positive, non-decreasing, we observe from (5.2.156) that 


oO et +ato[ f no 2a + fe o(f 29 a2)ay] (5.2.157) 


Define a function u(x) such that 


| u(x) = [5 bQ)S2dy + [i ey) el) *#2dzay, 


u(x) = 0, On x= 2°, l<i<n; 
then we obtain 
Dy... Dyuts) = 0) +e) [oe ae, 
which, in view of (5.2.157), implies 
Dy... Dyu(x) + c@)u(x) < b@)[1 + aG)u(s)] 


+e(x)| / _ gL + a(z)u(2)]dz]. (5.2.158) 


If we put 
W(x) = u(x) + froll + au(o)]dz, 
W(x) = u(x) = 0, on x; = ce 1<i<a, pee?) 
then we obtain 
D,...D, V(x) = Dy... D,u(x) + g@)[1 + a@)uQ@)]. (5.2.160) 


Using D, ...D,u(x) < b(x)[1 + a(x)u(x)] + cx) V(x) from (5.2.158) and u(x) < 
W(x) from (5.2.159)-(5.2.160), we can arrive at 


L[W] = Dy... Dax) — [a b(®) + ax) g(x) + cx) YO) 
< [b@) + g@)]. (5.2.161) 


Furthermore, all pure mixed derivatives of Y with respect to x1, ...,Xi-1,Xi41,---5%n 
up to order n — | vanish on x; = a, 1 <i <n. If wis a function which is n times 
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continuously differentiable in D, then 


wLW — UVMw 
= DIGI 'DilDoDr ..- Di-1w)(Det1---DrDnzi WB], (5.2-162) 
k=1 
where 


Mw = (-1)"D,... Daw(x) — [a(x) d(x) + a(x)g(x) + c(X)]w) 
with Do) = Dn+i1 = I the identity. By integrating (5.2.162) over D, using y as 


a variable of integration, and noting that W vanishes together with all its mixed 
derivatives up to ordern — 1 ony, = a 1 <k <n, we can obtain 


[on — WMw)dy 

D 

- reve [ (Dy... De-1W) (Dey. DnDna i ¥)dy’. (5.2.163) 
k=1 VkFXk 


Now let w be chosen as the function v satisfying (5.2.150). Since v = Jon yz = 
Xz, 1 < k <n, it follows that D; ...Dy_-; = v(y;x) = O on yy = x, for2 <k <n. 
Thus (5.2.163) becomes 


/ vLW(y)dy = / v(y;x)D2...D,U(y)dy’ = V(x). (5.2.164) 
D 


YI=X] 


By the continuity of v and by the fact that v = 1, there is a domain D* containing 
x on which v > 0. Now multiplying (5.2.161) throughout by v and using (5.2.159) 
and (5.2.164), we can obtain 


U(x) < [b0) + 80)]v0. x)dy. 
Now substituting this bound on W(x) in (5.2.158), we can obtain 
Llu] = D,...D,u(x) — [a(x)b(@) — c@) u(x) 


< d(x) + cx) ( i: [b(y) + s()}u0:x0d9) 


x 
x9 


Again following the same argument as above, we can obtain 


us) < f° eo.{o0 + o0n(f + eCa}orer»)a2)} a. 
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Now substituting this bound on u(x) in (5.2.157), we obtain 
(x) < E3(x)m(a), (5.2.165) 


where E3(x) is as defined in (5.2.154). From the definition of m(x) and (5.2.165), 
we infer 


ba) = Ex) f0) + WO | Ky. b0)dy)] 


Now applying Theorem 5.2.24 to the above inequality yields the desired bound in 
G23). O 


We now introduce an interesting and useful n-independent variable generaliza- 
tion of Theorem 4.31.1. We observe that while Pachpatte’s result contains two 
nonlinear terms in (4.31.1), we shall present a result, due to Akinyele [27] which 
extends the non-linear terms to any finite number. 


Theorem 5.2.29 (The Akinyele Inequality [27]) Let (H) and (H3) — (H4) hold 
and suppose @ and g;,j = 1,2,...,m, are as defined in (Hz). Assume that Hj, j = 
1,2,...,m, satisfying (Hs); if there holds for all x € Q, 


m x 


o) <f@) +4@) > ( [ eu) H(0))dy) + We f KeydO)d) (6.2.16) 
l=1 x x 


then, for x € Qy C Q, 
P(x) < {f) + WO, RO) FOZ EQ), (5.2.167) 


where the function G; are defined as 
u 


ae 0 
uo? Hi(s)’ 


Gu) = O0<w <u, 1=1,2,...,m, (5.2.168) 


with 


£0) = 4067" 6,0) + J) avorticacsas] (5.2.169) 


and 


E,(x) = q(x)G' |G + [, eomtsievoriainas ,1=1,2,...,m; 


(5.2.170) 
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G7! is the inverse of G, such that G,(1) + fo gi(s) Te; E;(s)H(q(s)) € Dom (G;') 
and R(x) is a solution of the integral equation 


m 


va) = [Key TT BOO) + WO.VOY)dy. G27! 
ms i=1 


Proof If m = 1, then (5.2.166) becomes (5.2.136) and Theorem 5.2.26 implies that 
inequality (5.2.167) is true if (5.2.166) holds. We now proceed by induction and 
assume that inequality (5.2.166) implies (5.2.167) is true for k where 1 < k < m—1. 
Then this means 


k x 
0) <f) +4) 0 ( [ ei h(@))dy) 


l=1 
+Wx, ; _ Ky. b0))dy) (5.2.172) 


which, further, implies 


k 
(x) < | [ A@{f@) + WO. R@)} (5.2.173) 


i=1 
where E, = q(x)G;'[G\(1) + foo g1(y) Hi (gQ))dy], and 


x 


. -1 
xa) = 467" | Gy) + fai) T] B0)EG0) as 


j=l 


for 1 = 1,2,3,...,k. G* is the inverse of G,; such that G,(1)+ 


Jo 810) [a Ei} Hi(q))dy € Dom(G;!) for 1 = 1,2,...,k and R(x) is a 
solution of the integral equation 


a k 
R(x) = Q Ry, [ [tro + W(y, RO))})dy. (5.2.174) 


I=1 
Now assume that (5.2.166) holds form = k + 1; then 
k+l 


$0) <fo) +40) ( a si(h(@0))dy) + We f Keny.6O00) 


0 0 
l=1 


k x x 
<r) +40) > ( f, sshd) +400) [ suiorieone 
i=1 \* * 


+Wa, / K(x, y, 6(y)) dy). (5.2.175) 
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Define 
ula) = £0) + a0) J) grsiQ)Fhies@O))ds 


Then (5.2.175) becomes 


k x x 
600) < uo) +400 ([ ortnoondy) + Wes [/ Key. AOd) 6.2.16) 
1 \"* * 


where u(x) is a positive function, continuous and non-decreasing in x. Hence, by 
assumption, (5.2.176) implies 


k 
(x) < |] @) tu) + We, R@)} (5.2.177) 


l=1 


where F;(x) is as defined earlier and R(x) is a solution of the integral equation 
(5.2.174) with f(x) replaced by u(x). Set P(x) = Me E,(x); then P(x) is a positive 
function and so (5.2.177) becomes 


B(x) < POILFC) + WORD) + POIE) fg1410)Fix (ODA 


By assumption on q, p,f, W, and Hy+1, we have 


(x) 
POOF) + We RO 
‘ $0) 
St rae) [ epee (= (Fo) + Wo.RO| 


| d 5.2.178 
POO +WORO) | OFt® 


) P(y)dy 


< qi) [ + [, Povsnn0yt ( 


x0 


Define J : Q — R such that 


7 x (s) 
J(x) =1+ i, gr+i(s)P(s)Ag+1 laa) - 


and 


J(x) = 1 on x =x), 15 j<n. 


720 5 Nonlinear Multi-Dimensional Continuous Integral Inequalities 


Then D;D>-++DyJ(x) = ge+1P(x) (a OES eae ) and, using (5.2.178) and the 
sub-multiplicative property of Hi.+1, 


D,D2... DJ (x) S ge+i()P) A+ 1 (G(X) Aki J). 
Hence 


Hen UO) Drs DIO) 2... aPG Hada) 


[A+1(J (x)? 
D,D2 sree Dy—1J (x) ? Dr Ag+ (x)) 
[A+ (J (x)? , 
that is, 
D, (Pe) < gusiQ)P(x)Hesi(q@)). (5.2179) 


Keeping x1,...,%n,—1 fixed in (5.2.179), setting s, = y,, and integrating with 
respect to y, from x to x,, we have 
D,-+-Dy—\J (x) 
Ay+1(J(x)) 


< / Sk+V(X1 .  -Xn—15 Vn) Ae (GQ. Xn-1,Yn))dyn. — (5.2.180) 


“n 


Set € = (%1,...,Xn—1,¥n) in (5.2.180), and use the same type of arguments to 
arrive at 
D,.. -Dy-1J (x) in 
tN He@y = P(S)H, dy,. (5.2.181 
( A+1(J(x)) 2 ax+i(E)P(E)An+1 (GE) dy ( ) 
Keeping x1 . . .%y—2 and yy fixed, setting x,—1 = Yn—1, integrating (5.2.181) from 
x?_, to x,—1 with respect to y,—1, and setting 7 = (x1,x2,...,Xn—2), we have 
D,... Dp—2J (x) 
HiviJ@)) 


Xn-1 Xn 
< / [ (n, Yn-15 yn)P(n, Yn-1> Yn) Ag+ (q(y, Yn-15 Yn))AVn—14Yp. 
*y—-1 Xn 
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Proceeding in this manner, we arrive at 


DJ (x) 
A+1 J) 


<[/ ff Bet 1X1, V20 6+ Vn )PO 1s 25-6 Vn) Apt (G15 Y25 +++ Yn) dy... dyn. 
xy bot 
(5.2.182) 


Using (5.2.168) and (5.2.182), 
Di Gx410Q)) 


X2 Xn 
< [ ff Seti (X15 V2. +++ Vn) PO. V2. +++ Yn) A$ (G1, 25+» Yn) )dy2 «.. dn. 
# Xn 


Finally, keeping y2...y, fixed, setting xj = y,, and integrating with respect to y 
from x? to x), we obtain 


Gri (J(x)) < Geti C1) + [ b+ 10) PY) Ars (GQ) dy 


which concludes J(x) < Gry [Ge+1(1) + foo ge¢10)PO)Ar+1(90)) ay]. 
Consequently, by (5.2.178), 


$(x) oe 
POUG) + WRG] = fe 


& k 
= ge\G Gr) +f) eu+10) |] BOAO) 
a i=1 


= Exti(x), 


that is, 


k 
$(x) < |] A@)- Exri@{f@) + WO, RO)} 


1=1 
k+1 


= |] ff) + WO. RWD)}. 


l=1 
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where R(x) is a solution of 


x k 
Ra) = [Key] B0)tu0) + WO.ROD}. 


1=1 


Now u(x) = f(x) + () fio 8x41) Hk+1(@(y)) dy, so that 


ula) + We, RO) = fla) + WROD) + 40) | gxsiO)Fies GO). 
Using inequality (5.2.177) and a property of Ay+1, 
u(x) + W(x, ROX) 


k 
] [ 20){uo) + wo R0))] dy 


/=1 


< fa) + WROD) + 40) | sips 0)Fd ( 


5 k op k 
< f(x) + W(x, ROX) + gx) : 8419) = 7a Ay (1 E,(y){u(y) + wosron?] dy 
im [=| Fl l=1 


Pa k 
< f(x) + WO R(®) + 40x) / - 8410) |] 21) Ae+ uo) + WO, RO))ay. 


=1 


Setting m(x) = u(x) + Wx, R(x)), n(x) = f(x) + W(x, R(x)), and applying 
Theorem 5.2.26 to the above inequality, we obtain 


x k 
mex) < nada NIGehtGii) + f) gr) [] 20) (g0))d3] 


1=1 


S Exzi yt f(x) + WO, RO))}- 
Hence, 
u(x) + W(x, R(x) < Exzi tf) + WO, RO))} 


so that 


k+1 


; 
| [200 + Wo. R0))} < [] OO) + WO. RO))} 


l=1 l=1 
and, by the assumption on K, 
k+1 


Ra) =f Koay T] BOM /0) + WO.ROMDAy. 


[+1 
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Define Vo(x) = R(x) and, forj = 1,2,...., 


k+1 


va) = [Key TT BODLO) + WO Y-1OMD4y. 


i=1 
Then 


k+1 


vic) = f Key. [] 2OV/0) + WO.ROWAy = RE. 


l=1 


Hence, by the assumptions on K and W, we have 
RQ) < Vix) < Va) S... 5 Vi) S... 


and, by the uniform Lipschitz continuity of K in the last variable and the Arzela’s 
theorem, the sequence {V;(x)} converges to a unique solution V(x) of the integral 
equation 


k+1 


vi) =f Keey.[TEO)(F0) + WO.VOMDdy —-6.2.183) 


l=1 


and R(x) < V(x) existing on Q. 
Thus, since W is non-decreasing in the last variables, 


k+1 k+1 


(x) < {f@) + W(x. RO))} | [@) < (f@) + WO. VO))} T [A 


l=1 1=1 


where V(x) is a solution of equation (5.2.183). We have shown that, if (5.2.166) 
implies (5.2.167) for m = k, then (5.2.166) implies (5.2.167) form = k + 1, so that 
the proof is complete by the induction hypothesis. Oo 


We next apply Theorem 5.4.46 or Theorem 5.4.47 in Qin [557] to establish 
Theorems 5.2.30-5.2.35. 


Theorem 5.2.30 (The Yeh Inequality [703]) Suppose that u(x), a(x), b(x), c(x), 
P(x) and q(x) are real valued non-negative continuous functions defined on Q (an 
open bounded set of R"). Let G(r) be real-valued continuous, strictly increasing, 
convex and sub-multiplication function, r > 0, G(O) = 0, lim,++o0 G(r) = +00 
and G"! be the inverse function of G. Let A(x) and B(x) be positive continuous 
functions defined on Q and A(x) + B(x) = 1 for all x € Q. Let v(s, x) and w(s, x) be 
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the solutions of the characteristic initial value problems 


oe kee in Q, 


v(s;x) = 1 ons; =x;,i=1,...,n, 


(5.2.184) 
and 
| (1) Zee — [B)GW())B-e(s) = p(s) Jw(s,2) =0 B® wo igs 
w(s;x) = 1 ons; = xj, t= 1,...,n, 


respectively and let D* be a connected sub-domain of Q which contains x such 
thatu > 0, v > Oandw > Oforalls € Dt. IfD C D* and the following inequality 
holds for all x € D, 


u@) <a@)+b@)C7 ( i: “ e(s)G(u(s))ds + / “Psy il ; aociaoynas) 
(5.2.186) 


then 
ux) < of aenctaona-'en + BO\GOOB“) 
x [/ wis.9taoo(anneb) 
+00 [ AGlanaoyleW + aoe oda) (5.2.187) 
Proof We may rewrite (5.2.186) as 


u(x) < A(xja(x)A | (x) + B(x) D(X) B (XG! [ c(s)G(u(s))ds 


+f oof, anctayana , 
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Since G is convex, sub-multiplicative and strictly increasing, we have 
G(u(x)) < AG)G(aX)A10)) + BUs)G(()E-"()} i “e(s)Glu(s))as 
+ [ro f, amouyanas 
It follows from Theorem 5.4.46 in Qin [557] that 
Glu(x)) < AG)G(aQ)A“(0)) + BeyG¢0(9}8-"oo)| [) 6-tA@Gawy4“"(9je(0. 
+065) | AMGE(ADA"()le() + gO) sys. 


Applying G~! to the both sides of the above inequality, we can derive the desired 
result (5.2.187). Oo 


Theorem 5.2.31 (The Yeh Inequality [703]) Suppose that u(x), a(x), b(x), c(x), 
p(x) and q(x) are real-valued non-negative continuous functions defined on Q. 
Let G(r) be a positive, continuous, strictly increasing, sub-additive and sub- 
multiplicative function for all r => 0, G(O) = 0, and G"! be the inverse function 
of G. Let A(x) and B(x) be positive continuous functions defined on Q and 
A(x) + B(x) = 1 for all x € Q. Let v(s,x) and w(s,x) be the solutions of the 
characteristic initial value problems 


| Ce — (PO) + GOOLE) + HG.) =0 im O65 199) 
v(s,x) = 1 on §; = xj, i= 1,...,n, 
and 
| (Dae — [GOO))e() — P)Iw(s.2) =0 im B65 5 199) 
w(s,x) = 1 on §; = xj, i= 1,...,Nn, 


respectively and let D* be a connected sub-domain of Q which contains x such 
that u > 0,v > 0 andw > 0 forall s € Dt. IfD C D* and the following 
inequality holds for all x € D, 


Ss 


u(x) < a(x) + | i : c(s)G(u(s))ds + / p(s)( / ‘¢ootwos), 


(5.2.190) 
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then 


s 


u(x) < (<ioe ie Go(x))| / w(s, f{G(a())[e() + q(H]v(t, vias) 
(5.2.191) 


Proof Since G is sub-additive, sub-multiplicative and strictly increasing, it follows 
from (5.2.190) that 


Ss 


Guo) < GlaGs)) + cise] [corcuenas + [ r( [, aoceunpar) al 
(5.2.192) 
As in the proof of Theorem 5.2.30, first applying Theorem 5.4.46 in Qin [557] to 


(5.2.192) and then applying G~! to both sides of the resulting inequality, we can 
obtain the desired result (5.2.191). Oo 


In the same manner, we can show the following two theorems. 


Theorem 5.2.32 (The Yeh Inequality [703]) Suppose that u(x), a(x), b(x), c(x), 
p(x) and q(x) are real-valued non-negative continuous functions defined on Q. 
G(r) are the functions as defined in Theorem 5.2.30. Let v(s,x) and w(s,x) be the 
solutions of the characteristic initial value problems 


| (—1)" F252 — BE)GO(S)B())le(s) + p(s) + q(s)]v(,2) =0 in Q, 


v(s,x) = 1 on §; = xj,i=1,...,n, 
(5.2.193) 
and 
n0"w(s,x) a _ r 
(IEEE — BOVGOOB)e(s)w(5.2) =0 im sy 9p 
w(s,x) = 1 on §; = Xj,i= 1,...,n, 


respectively and let D* be a connected sub-domain of Q which contains x such 
thatu => 0,v = 0, andw => O forall s € Dt. IifDc D*™ and the following 
inequality holds for all x € D, 


oer or mayo" ( / ; c(s)G(u(s))ds + i : p(s)(G(u(s)) 


+B(s)G(b(s)B7!(s))( i : u(G(ul0)a)ds) ; (5.2.195) 
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then we have 


u(x) <G" (serctaona-ten + B(x)G(b(x)B'(x)) 


x 


x{ [ w6:n[A@\Gla)A“"(9)Le(9) + 2) 
+B()GHE)B-“(9) p10) f AG(AtHA~(0) 
x[e(t) + p(t) + q(D]u(t: oa. (5.2.196) 


Theorem 5.2.33 (The Yeh Inequality [703]) Suppose that u(x), a(x), b(x), c(x), 
p(x), g(x), G(r) and G~'(t) are the functions as defined in Theorem 5.2.31. Let 
u(s, x) and w(s, x) be the solutions of the characteristic initial value problems 


yn Ot v(sx) = i 
CD" aa, ~— COMME) + PE) + avs.) =0 in OB 659 gy 
v(s,x) = 1 on $s; = xj,i=1,..., n, 
and 
nO" w(s,x) = . 
CDM gr tn — COM)e(s)w(s.x) =0 im D5 9 198) 
w(s,x) = 1 on s; =xX;,i=1,..., n, 


respectively and let D* be a connected sub-domain of Q which contains x such 
that u > 0, v > 0, and w > 0 forall s € D*. If D C D* and the following 
inequality holds for all x € D, 


u(x) < a(x) + woner( [. c(s)G(u(s))ds 


+ i. p(s) (Gwis)) + G(b(s)B\(s)) i uncial) (5.2.199) 
then we have 


u(x) < (cio + GoODL [ w(s.N{G(a)V(CG) + pO) 


+G(b(s))p(s) i, ; G(a(t))(c(t) + p(t) + q(t) v(t, ods) (5.2.200) 
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Theorem 5.2.34 (The Yeh Inequality [703]) Suppose that u(x), Di ...D,u(x), 
a(x) and b(x) are real-valued non-negative continuous functions defined on Q. Let 
u(s, x) be a solution of the characteristic initial value problems 


(5.2.201) 


v(s,x) = 1 on §;=X;,t=1,...,n 


(1° 269 [1+ v(s)v.9 =0 in Q, 


and let D* be a connected sub-domain of Q which contains x such that v = 0 
foralls € D*. IfD C D* and the following inequality holds for all x € D, 


Dy... Dyu(x) < a(x) + [ oom) + D,...D,u(s)|ds, — (5.2.202) 


then we have 


x 


u(x) < h(x) + / 


x0 


Jac) + [pola + m0 


+ i v(m; s)(b(m)(a(m) + h(m)) + a(m))amle ds, (5.2.203) 


where 
h(x) = > u(x, Xo, wees Xn) — > uae , 25.3; eee, 
feet (-1)7! duce, tee ee ee 2 sXp) 
+...+ (-1)" lu@?,...,x°) > 0. (5.2.204) 
Here 
> u(x®, xo, eee u(x? x2, sey Xn) + u(x, X3,.X3, weer) 


feee tp Gs ea, ee eo 


» wih thn) = ile, a, ees Xn) + u(x}, x2, x3, x4, iso Ma) 
Fee FUEL, 6. X29 Xp My) 
Sout’, eee eam) = uC x8, 53a ee ere 


Feet u(x, x9, 2.2529); 
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Proof Let 
A(x) = i: b(s)[u(s) + D, ---D,u(s)]ds. 


Then 


A(x) = 0 Ona = x, i= 1, 2.44, 


D,...D,A(x) = b(x)[u@) + Di... Dru(x)] 


and from (5.2.205) it follows 
Dy... Dyu(x) < a(x) + A(x). 


Integrating both sides of (5.2.206) from x° to x, we obtain 


u(x) < h(x) + i; “[als) + A(s)lds 
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(5.2.205) 


(5.2.206) 


(5.2.207) 


where h(s) is the function as defined in (5.2.204). It follows from (5.2.205)— 


(5.2.207) that 


D, ...D,A(x) < b(x)| A(x) 4+ a(x) + A(x) + / “(als + A(s))ds]. (5.2.208) 


Let 
B(x) = A(x) + [is + A(s))ds. 
Then 
B(x) = A(x) onx =x),i=1,... 
A(x) < BQ), 
D,...D,B(x) = D,... Dy,A(x) + a(x) + A(x) 
and 
D,...DpA(x) < b(x)[A(x) + a(x) + B(x)]. 
Thus 


D, ... Dn B(x) — [1 + b@)|B@) S b@)[aa) + h(®)] + aQ). 


, 
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As in the proof of Theorem 5.4.46 in Qin [557], we can derive 
B(x) s i: v(s, x)[b(s)(a(s) + h(s)) + a(s)]ds, 
which, combined with (5.2.208), implies 
D, ...DpA(x) < b(x) fac) + A(x) + / : v(s, x)[b(s)(a(s) + h(s)) + ats}, (5.2.209) 


Since A(x) = 0 on x; = oe fori = 1,...,n, it follows from (5.2.209) that 


Aw) < [ b)(a(5) + mG) + [vee s\1b(N(ao 
x0 xo 
+h(t) + a()|dt) ds. 
Substituting the above estimate for A(x) in (5.2.206) and integrating both sides from 


x? to x, we can obtain the desired bound in (5.2.203). Oo 


Theorem 5.2.35 (The Yeh Inequality [703]) Suppose that D,---D,u(x), a(x), 
b(x), c(x) and p(x) are real-valued non-negative continuous functions defined on Q. 
Let v(s,x) and w(s, x) be the solutions of the characteristic initial value problems 


n 9" v(s3x) eae ao : 
Gl), a, (eS o(s) + p(s)Ju(six) =0 in Q, (5.2.210) 
v(s,x) = 1 on §; = xj, i= 1,...,Nn, 
and 
_4)n a" w(s,x) _ _ . —_ j 
( 1) 081 ...08p [1 ai b(s) eS x) 0 m Q, (5.2.21 1) 
w(s,x) = 1 on §;=x;, i= 1,...,n, 


respectively, and let D* be a connected sub-domain of Q containing x such that 
u>0,v > 0 andw > 0 forall s € Dt. IfD Cc D* and the following inequality 
holds for all x € D, 


x 


D,...Dyu(x) < a(x) + / b(s)[u(s) + D, ... Dau(s)|ds 


x 


4. / : e(s)( / “plitu(t) +D, ...Dyut(t)|d) ds, 
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then we have 


u(x) =o) +f (als) + f Ola + + B0) 


+c(t) [rena + h(m) + E(m))dm|dt) ds 


where h(x) is the function as defined in Theorem 5.2.34 and 


oe / we | a(s) + b(s)[a(s) + h(s)] 


+c(s) [ v(t, s)(laQ) + hO|[2O + pO) + a(oatl ds. 


Proof The details of the proof closely follow the proofs of Theorem 5.4.46 in Qin 
[557] and Theorem 5.2.34 with suitable modifications. We omit the details. Oo 


Next, we shall introduce the result from [288]. Let a, b € R”, b > a. We shall 
introduce the following notations: 


B(a,b) = h(a, b) x (a,b) x +++ x I,(a,b), B(0,b) = B’, 
By(a,b) = Iy(a,b) x «+» x 1 (a, b) x Ing ia, b) X +++ x In(a, b), 
where 
l<k<n, I(a,b) = lax, bi). 


Theorem 5.2.36 (The Hristova-Bainov Inequality [288]) Let the following con- 
ditions hold 


(1) The functions u(x), g(x), f(x) : R" — R are continuous for all x € R", x > 0. 

(2) The function w(t) : R — R is continuous, non-negative and non-decreasing 
and, besides, w(t- tT) < w(t)- w(t) forall t, t > 0. 

(3) The following inequality holds for all x € R", 0 < x < +00. 


u(x) < uo + / fisyu(sias + | g(s)w(u(s))ds (5.2.212) 
Bt a 


where uo > O is a constant. 


Then the following inequality holds for all x € B 


u(x) exp ( — [10] <G! co + [ dow(o [ra] a (5.2.213) 
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where 
t 
d 
ao= |. o<et. 
to w(s) 
and the function G~' is the inverse of G and 


B= 


x: G(uo) + i: cow(o [eoee)as € Dom (G') 
Proof Let us define the function 

p(s) =o + ff asywtus)ya 
Then the inequality (5.4.42) of Theorem 5.4.9 in Qin [557] can be rewritten as 
ula) < pla) + f Flsyu(ss. 


By Theorem 5.4.9 in Qin [557], the inequality holds for all 0 < x < +00, 


iene ( i ods) | 


From the condition (2) in Theorem 5.2.36, it follows that 


(uta) < w(peo) (exp ( f) fords)) 
Then 


/ 


Jp: 8%, 8 wu, 8"))ds! < | 2 (Xx, 5’) w(u(xz, 5”)) 
w(p(x)) ~ Jax W(X, 8) 


< | aea.s!)n(exp ff (cdr) ds! 
By Ty UBS 


where k € {1,2,...,n}, 


ds’ = ds, 2 + Asp dSx41 e58g dsp, 


eS Rida pHa sea) ex) =a 
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It follows from the definition of the function G that 


So 2(xx, S” )w(u(xg, 5’))ds’ 
w(p(x)) 


< / gir, s’)w( exp / / f(c)dr) ds. (5.2.214) 
BK i JB 


Integrating the inequality (5.2.214) from 0 to x;,, we obtain 


0 
aoe = 


Gp) GD.) s f eioywlerp f foaras 


where x = (xx, x’), or 


GPX) = Gn) + | eisywterp | flodryas 


which implies the inequality (5.2.213). Oo 


Theorem 5.2.37 (The Hristova-Bainov Inequality [288]) Let the following con- 
ditions hold 


(1) The functions u(x), f(x) : R" — R are continuous and positive for all x > 0. 

(2) The function w(t) : IR — R is continuous and non-decreasing for all t > 0 and, 
besides, (1/t)w(t) < w(t/t) where t > 0. 

(3) The function g(x) : R" — R is continuous and non-decreasing for all x > 0. 


Then, if the following inequality holds for all0 < x < +00, 
u(x) < g(x) + / Ff (s)w(u(s))ds, (5.2.215) 
BY 
then we have, for all x € B, 
u(x) < g@G-"|G() ak i. f(s)as]. (5.2.216) 
Bx 
where 
t dp 
co =| ax USSG 
to w(p) 
and the function G~' is the inverse of G with, 


B=}x: Ga) +f fG)ds.€ Dom (G')}. 
ne 
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Proof From the condition (3) of Theorem 5.2.37 and from the inequality (5.2.215), 
it follows that 


wr) yy f LOsdw(uis)) 


u(s) 
ee d. 1 — )ds. 
far in aay +f Creed 


Applying Bihari’s inequality (see, Theorem 1.1.1) to the function ~ we shall 
g(x 


obtain the inequality (5.2.216). 


Theorem 5.2.38 (The Hristova-Bainov Inequality [288]) Assume 


(1) the conditions (1) and (2) of Theorem 5.2.35 hold; 

(2) the function Q(t) : R — R is continuous and non-decreasing for all t > 0 and 
besides, (1/t)Q(t) < w(t/t), t > 0; 

(3) the following inequality holds for all 0 < x < +00, 


u(x) <k+ [ foros + I g(s)w(u(s))ds (5.2.217) 


where k > 0 is a constant. 


Then the following inequality holds for all x € B, 
u(x) [o"Ga) +4 / F(s)ds)"] < — (5.2.218) 
Bx 


FO 


F(k) + (s)w|G- (GC) a i fiona 
where for all0 < t <1, 


‘dp "dp 
oo=f 2, ro=[ 
OF) Gey laa 


and G" and F~' are the inverse functions of G and F respectively, and 


B= 


xix>0, Ga) + | fds € Dom (G'), 
BY 


F(k) + i: g(s)w[G 1 (G(1) + [ sean € Dom (F~') 
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Proof Let 
po) = +f gtyw(uts)oas 
Then the inequality (5.2.217) can be rewritten as 
us) < pO) +f fo)QuG)as 


Since the function p(x) is continuous, positive and non-decreasing for all x > 0, 
then by Theorem 5.2.37, for all x € B, 


u(x) < peyG"[GC) + [ fb)ds] 
where 


B= . > 0,G(1) + / f(s)ds € Dom (G7) 
bs 


Hence, taking into account the properties of the function w(t), we obtain 


Ux S D\X G : G 1 + d. : 
or 


J WU. 8) g(x, 8 ds 
ne .sw[G7(Gd dt)|ds’, 
TaN Sf 8ensievow + ff Feodonas 
where 
X= (Xp. 0. Xs Xe es Xn): 


It follows from the definition of the function F(t) that 


a Ig, Wwe. '))8Can, 5)! 
jg fo) = 


< [ 86% 0 GU) + I. y f(x)dz) as (5.2.219) 
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Integrating the inequality (5.2.219) from 0 to x,, we can obtain 


F(p(x)) — F(p(0,x’)) < [ _8(3)w[G" (GU) + y f(t)dt)|ds. (5.2.220) 


Hence, bearing in mind that p(0, x’) = k, we can obtain (5.2.220). Oo 


We shall now use Corollary 5.4.15 in Qin [557] to establish the following useful 
n-independent variable integral inequality with delay which generalizes Theorem 2 
of [456] and Theorem 1 of [197]. 


Theorem 5.2.39 (The Akinyele Inequality [28]) Let¢d(x), f(x), g(x), gq), o(@) 
and p(x) be as in Theorem 5.4.36 in Qin [557]. Let h(x) be a real-valued non- 
negative continuous function defined on B C R", and H(u) be a positive, continuous, 
monotonic non-decreasing, and sub-multiplicative function for all u > 0 and 
H(0) = 0. If for all x € B with x > x°, and D,H(u(x)) > 0 fork = 2,3,-++ ,n, and 
the following inequality holds for all x > x°, 


610) <b + a0o[ [ f@(o()as 
+f 10( [, eooooraas] + [nn@(ooas, 6.2221 
then we have 
(0) < aeexn(f (10 + e)aloyd 
<{o"Ge0) + | neyz[atoo 


x exp ( : - f() + g()q(o(s))dt) |as)} (5.2.222) 


x 


and 
oy <B[t+ f foazoyer( [110 + eoao@a)as] 62.223) 


where 


x ply) 
Bla) = 4)G"(Go) + [mora pO +f FE)4Co()AG)as})ay 
(5.2.224) 
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with 


A(s) = exp ( fof + 8()4(2O)dr), 


ie (5.2.225) 
G(u) = tio Ho’ u>=uo > 0, 


G"! is the inverse of G and x € B is such that x > x° so that 


x p(s) 
Go) + / (s)H(q(p(s)) exp ( [ (F() + 8()q(o()dr) )ds € Dom (G") 


xo 


and 


Gt) + [ ‘it anofi+ [ aoonre 
xexp([(F0 + ccoacarovna} dy € Dom (G"). 
Proof Define 
nts) = do + [WOH pls). (5.2.226) 
then we have 
n(x) = bo, if x =x? 1<iK<n. (5:2:227) 
Hence (5.2.221) becomes 
(0) < m0) +400] [ FoPlow)as 
+f #00( [| etoototoyan) as] (5.2.28) 


By definition, n(x) is positive, monotonic non-decreasing on B, so applying of 
Corollary 5.4.15 in Qin [557] to (5.2.228) gives us 


(x) < meac)exp( [FO + e@)alo()at) (5.2.29) 


and 


ota) <meoacay[1+ fflsalo(o) xexp( [1/0 + e@hao@at)as}. 
(5.2.230) 
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First consider (5.2.229). Since H is multiplicative and n is non-decreasing, we 
get 


P(x) 
H(B(pG)) < Hats) H[a(pUa)) exp f {£0 + e}alovopat)] 


which yields 
x) 
ECO < neon} gorer( [70 + sOqoa)t. 2.230 
H(n(x)) x0 


Using (5.2.226) and (5.2.231), we get 


D,D Ree Dyn(x) 


aay = HeDHlatols) 


p(x) 
xexp( ff) + )alo()d)).(5.2.232) 


Proceeding to integrate (5.2.232) from x° to x step by step, using the arguments 
similar to that of Theorem 5.4.60 in Qin [557] and using (5.2.225) and (5.2.227), 
we atrive at 


x p(x) 
Gincs)) <= Gla) + f. woot (a0 exp( [> (f+ ceaiocost) Ja 


Hence 


x p(x) 
n(x) < GO! cia + [norm (aronen(f 40 + eiatoco |. 
(5.2.233) 


Inserting (5.2.233) into (5.2.229), we have (5.2.222) as desired. 
Now consider (5.2.230) and proceed in the same manner to arrive at 


D,D» a Dyn(x) 


p(x) 
aa 1+ [Foie 


< h(@)H [ave 


x exp (fre + aenaoeon)ad | (5.2.234) 
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Integrating (5.2.234) from x° to x, we have 
x p(x) 
cna) = Gdn+ [nore awon(1+ f° seoaoon 
exp( [/(F0 + elyatoconai)as) as 
which gives us 
x p(x) 
ne) = 16060) + [ mortfatoon(1 + f roratooo 


x exp ( / : f(t) + «(ia(o(o)di)as) Jay (5.2.235) 


Thus inserting (5.2.235) into (5.2.230) yields (5.2.223). Oo 


The following theorem generalizes Theorem 3 in [706] which, in turn, gener- 
alizes Theorem 1 in [714] and includes Bihari’s inequality [82] and Theorem 3 
of [197]. 


Theorem 5.2.40 (The Akinyele Inequality [28]) Let (x) and g(x) be 
non-negative real-valued continuous functions on (5.2.223). Let n(x) be a non- 
decreasing continuous function on (5.2.223) such that n(x) => 1 and q(x) is 
a real-valued continuous function such that q => 1. Leto € Fj, and suppose 
Q:R» > Ry belongs to class F, with DiQ(u(x)) = 0 fork = 2,3,...,n. If the 
following inequality holds for all x € B, 


(0) <x) +40) [ a(0)ULO(9))a 
then for all x° < x <x’, 
09) < moan] 60) + [ec a@ro(o)4s| 
where 
GW) =[ oo > 1m >0, 
and G~ is the inverse of G and x’ is chosen so that for allx® < x <x 


G(1) + a uy € Dom (G"). 


0 
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Proof It is easy to verify 


oY <qo[i+ [ Pa@ooay 


n(x) ~ vy NY) 
Define 
_ * gy) 
u(x) = 1+ / 2 26(0))as 
then 
uxy=1 if x, =x, l<i<n 
and 
$(a(x)) < q(a(a))n(o (x) )u(x) 
< q(a(x))n(a)u(x). 
Hence 
DiD2...Dautx) < §™ 2(q(o))n(o))uQa)) 
n(x) 
g(x)q(o(x)) 
< EON ee 
< g(x)g(o(x))Q(u(a)), 
and 
Q(u(x))D, D2... Dyu(x) Dj Q(u(x))D D2... Dn— u(x) 
cae  —oae QueyP 
Le., 


(r= ne Dy—\u(x) 
2 | 


Q(u(x)) ) < g(x)q(a(a)). 


The rest of the argument can be down as in the last theorem to yield the required 
result. O 


Remark 5.2.5 For n = 1, Theorem 5.2.40 generalizes integral inequalities due to 
Bellman [79], Bihari [82], and Dhongade and Deo [198]. For Q(u) = u, o(x) = x, 
then n(x) can be taken to be positive and G’(u) = expu; so Theorem 5.2.40 reduces 
to Theorem | of Yeh [702]. If o(x) = x in Theorem 5.2.40, we have Theorem 3 
of [706]. 
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Corollary 5.2.1 [f q(x) = 1, Q(v) = v, (5.4.461) of Theorem 5.4.62 in Qin [557] 
holds, then, 


(0) < mtayexr( J e(y"2) < nayexp [| ora). 


Theorem 5.2.41 (The Akinyele Inequality [28]) Let d(x), f(x), g(x,) o(@) 
and p(x) be as defined in Theorem 5.4.60 in Qin [557]. Let q(x) be real-valued 
continuous functions defined on R" such that q(x) => 1 and Q be as defined in 
Theorem 5.4.62 in Qin [557]. Let w be a continuous function of class F,. If for all 
x€ B, DyQ(u(x)) = O fork = 2,3,...,n, 


610) = bo + 00) f Fls\w(G(o(9)) ds + ga) [| £65) 2G (0) 
: : (5.2.236) 
where oo is a constant greater than or equal to one, then for all x° < x < x, 
G(x) < qixar(x)Eoa)F 
<(Fldo) +f es)2qu(01s))an((9)\Ex(p(9))\ds]. (52.237) 
where for all x® < x <x, 
ow=[ rw [a v>v°>0,u>u°>0, 
fala) = 1G) +f Fo)aqulos))as 
: (5.2.238) 


and G~' and F~' are the inverses of G and F, respectively, and x’ is chosen so that 


G(1) + [foracoonas € Dom (G') 


and 


F(o) + i * 9(s)S2(q1(0(s))q2((s))Eq(0(s)))ds € Dom (F7!). 


x9 


Proof Define 


me) = do + ate) [eC (0)))as 
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Then m(f) is continuous monotonic non-decreasing, and m(t) > 1 so that (5.2.236) 
becomes 


(x) sm(a) + ala) [Foye Co(s)))a 
By Theorem 5.2.40, 


(x) = maqiNG™"[GA) + [| Foq (oC). 


Now 
(x) < aa0lb0 +f s(6) CHO) 
Define 
va) = do +f s)AHL(9))a 
then 
v(x) = do for xj = x9, 1<i<nandm(x) < q(x)v(x). 
Then 


(x) < qi(~)qz(x)v(4)G | [G() + / ; f(s)qi(o(s))ds]. 


Using the sub-multiplicative property of Q, we get 


QAG(o(x))) < (aoeetoonG"'IGa) +f fis\qu(o(s))as) 2(0(x)), 
1.e., 


8(x)2(H(0(X))) 


Tey 5 802 (avoeaatoone "tea + [/foatownas) 


Hence if we define E(x) = G~![G(1) + fo f(s)qi(o(s))ds], then 


D,.. .Dyv(x) 


QW) < g(x) 2(qi(P(@))q2(0(®)) Eo(p(x)). (5.2.239) 
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Integrating (5.2.239) by the same procedure as in Theorem 5.4.62 in Qin [557] form 


x to x, we have 


x 


FG) = Fa) + fg) Qq(p(9))aa())Ea(e))ds_———(5.2.240) 


where F is as defined in (5.2.238). From (5.2.240) it follows 


v(x) < Fo ri +f ea (1>yattoy Ete 
whence 


(3) < qu(a)ga(x)Eo(x)F™ ri +f ea iptya(to) dots) 


which is (5.2.237). Oo 


Corollary 5.2.2 (The Akinyele Inequality [28]) Let d(x), f(x), g(x), a(x), 
P(x), gi(x), qo(x), @ and Q be as in Theorem 5.2.40. Let n(x) be a continuous 
function such that n(x) = 1. If for all x = x°, 


1) =n) +m0) [ FNo(GlOO))ds 
+4211) [ g(5)2(6(0()))a 
then 


(x) < n(x)qu(a)qa(x)Eo(a) 
<P) + fe(6)Q(a(p(s) aa(0ls))Eo(066)))45 


where x° < x andG, G"!, F, F~', and Eo(x) are as defined in Theorem 5.2.41. 
Proof Define 


mx) = n(x) + aaa) f a(6)S1@(p(6))ds 
Then by Theorem 5.2.40, we get 


(0) <meaeye"[oa) + | Fora townas] 
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and 
m(x) = mayantay[1 + [e620 (06) ds] 
Define 
vay =1+ [ e@@CO)as, 
then 
v(x) =1 for 3 = x2, 1<i<n 
and 


m(x) < n(x)qo(x)v(a). 


Proceeding as in the last theorem, we can obtain 


va) =F '[Fa) + [) e()@ar())a2100)E(pO)) ds], 


Hence 
G(x) < n@)qi)a2(x) Eola) 
xF [ray + [a 2a(eo)axloEot 96), 
which is the required inequality. O 


Remark 5.2.6 For qi(x) = q(x) = 1, o(x) = x and p(x) = x, we have an 
n-independent variable generalization of Theorem 4 of Dhongade and Deo [197]. 
If in addition w(z) = z, we obtain a generalization of Theorem 1 of [197]. For 
n = 1, Theorem 5.2.41 is a functional integral inequality generalization of results, 
Theorems 1 and 3 of [197]. For Q(u) = wv’, p #4 1 > O and @(z) = xz 
Theorem 5.2.41 gives us a generalization of a result of Willett and Wong [673]. 
Corollary 5.2.2 unifies Theorem 5.4.62 in Qin [557] and Theorem 5.2.40 and 
generalizes Theorem 5.2.41. 


If x = (x1,°°+ 54%), ¥ = O1,°** 5 Yn) € R", we write x < y (x < y) if and only 
if x; < y; @; < y;),i = 1,---,n. Ifx < y, then [x, y] denotes the n—dimensional 
interval {z € R": x < z < y}. Letx = (y,x'), x! = (,:::. x), dx! = 
dx-++dx,. If D C R" andf : D > R, we say that f(x) is a non-decreasing function 
in Dif x,y € Dandx < yimply f(x) < f(). 


5.2 Nonlinear Multi-Dimensional Bellman-Gronwall Inequality and Their. .. TAS 


The generalization of the Bihari inequality in n dimensional case is stated as 
follows. 


Theorem 5.2.42 (The Bainov-Simeonov Inequality [42]) Leta, B € R",a < B. 
Tf u(x), b(x) be non-negative continuous functions for all x € |a, B| satisfying the 
inequality for all x € |a, B], 


x 


u(x) <a +f b(s)g(u(s))ds, (5.2.241) 


where a => 0 is a constant and g(u) is a non-decreasing continuous function for all 
u > 0 with g(u) > 0 for all u > 0. Then for all x € D, 


u(x) < G! Go + / . bis : (5.2.242) 


where G(u) = ti dz/g(z),u = uo > 0, and 


x 


D= re [a, B] : G(a) +f b(s)ds € Dom | : 


Proof In fact, (5.2.241) implies 
xX] x! 
u(x) <a+t / ( / Hats) ds, = v(x1,x!). (5.2.243) 
ay al 
For fixed x! € [a!, B'], the function w(x1) = v(x, x!) satisfies the relations 


w(a\) = a, (5.2.244) 


vei i © bea s!e(ubsi.s!))ds! 


< / b(x1, s')ds! g(w(x1)) (5.2.245) 


since v(x;,x!) and g(u) are non-decreasing. Hence by the Bihari Inequality (i.e., 
Theorem 1.1.1), 


wi) < G7! co " / : ( i] Hosa) is 


which, together with (5.2.243), implies (5.2.242). Oo 
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Corollary 5.2.3 If a(x) is a non-decreasing function in |a, B| C RY" and for all 
x € [a, B], 


x 


u(x) < a(x) + : b(s)g(u(s))ds, (5.2.246) 


a 


then for all x € [a, B], 
u(x) <G" | Gta) + / : bis , (5.2.247) 


and x € [a, B] such that G(a(x)) + i b(s)ds € Dom (G“). 
The next result is due to Young [712]. 


Theorem 5.2.43 (The Young Inequality [712]) Let a,B ¢€ R",a < 6. If 
u(x), b(x), f(x), g(x) be non-negative continuous functions for all x € [a, B], and let 
a(x) be a non-decreasing function in [a, 8B]. Suppose there holds for all x € [a, ], 


u(x) < ata)+ f fiyuds)+ f° e(eutcyardas+ [ v6synus)ya (5.2.248) 


where h(u) is a non-decreasing, sub-multiplicative, continuous function for all u = 
0 with h(u) > 0 for all u > 0. Then 


u(x) < rH! (Hoa) + / “B(si(o) as) (5.2.249) 
where H(u) = f/\ dz/h(z), u = uo > 0, 
nay = 1+ fsoyexp ( [m+ e(a)\dr) ds, 


and x € [a, B] is such that H(a(x)) + fF b(s)h(r(s))ds € Dom (H~'). 
Proof We set p(x) = a(x) + i, b(s)h(u(s))ds. Then (5.2.248) takes the form 


u(x) < p(x) + / “fls){uls) + i * g(r)u(r)dz]ds 


which, along with Corollary 5.4.2 in Qin [557], gives us 


28) 1+ [soyexp ( fue+ «(o)\tr) as | 
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Thus 
u(x) < r(x) [ats + a bisyh(u(s) as . 


Since h is sub-multiplicative, 


uo) < a(x) + i b(s)h(r(s))h(u(s)/r(s))ds. (5.2.250) 
r(x) a 


Applying Corollary 5.2.3, we can obtain 


u(x) < HU! 
r(x) 


which implies (5.2.249). Oo 


H(a(x)) + [ bisyh(ts)ds| 


a 


Let us consider the following integral inequality 


N x 
u(x) < f(x) + S(T) (x) + g(x)G | h(x, us) ; (52,251) 


i=1 


where x € IR“ and the integral operators T; are defined by 


(Tu) (x) =. kia (x, of katoi) [O ki3(s2, 53) 
0 


fe kji(si—-1, 5;)U(s;)ds;ds;_1 --- ds}, (5.2.252) 
0 


where uf, g : Ri — Ry andh, ky : RL x RE > Ri;sG@j=1---.Ni=yJ/ 
are continuous functions; and G,Q : Ry — Ry, are differentiable functions which 
verify some other assumptions. 

We first consider two particular nonlinear cases of (5.2.251). 


Theorem 5.2.44 (The Yang Inequality [693]) Letu,f,g: Ri. > Ry andh: 
Ri. x RY. > Ry be continuous, and G,Q : Ry — Ry be differentiable, non- 
decreasing, Q(u) > 0 for all u > 0. Suppose that Q € H(q@) and the integral 
inequality holds, for all x € Ri, 


u(x) < f(x) + g(x)G if A(x, sus) : (5.2.253) 
0 
Then 


u(x) < p(x) (1 4G [ao (Ax, s)(p(s))ds) |) (5.2.254) 
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where p(x) = max{ f(x), g(x)}, H7! denotes the inverse function of 


H(r): (5.2.255) 


-( == r>0 
~ Jo OU+GH))' = 


and X € Rx is chosen so that 
- n(x, S)p(x, s)o(p(s))ds < H(+o0) as long as0<x<X. 
0 


Proof Fixing anyt € R"_, X > t > 0, we derive from (5.2.253) that for all x € [0, ¢], 
u(x) < p(x) + GQ@)), (5.2.256) 


where p(x) = max{ f(x), g(x)} and 


r(x) = / “Bx, NO(uls)) ds. (5.2.257) 
0 
We derive from (5.2.257) by differentiation that for all x € [0, ¢], 


Dns Dir(x) = h(t, NOW) < ht, YOlP( + Gr) 
< hit, x)p(p(~))O[l + G(r(w))], (5.2.258) 


because of (5.2.256) and Q € H(g). Because Q(u) > O for all u > O, and 
Q', G’, Dar(x) and D,—1---Dir(x) are non-negative, we obtain from (5.2.258), for 
all x € [0,4], 


d, | P| “ D, +++ Dyr(x) ~~ 


At te Ae 
QC + G(r(x))) | ~ QU + G(r(x))) 
Letting x, = s, in the last inequality and integrating with respect to s,, over interval 
[0, X»], we have, for all x € [0, ¢], 


D,-\--:D Xn 

ia EA ACD) < i A(t, Xn-15 Sn) 0(P(Xn-1 ’ Sn))dSp, 

Q(1 + G(r(Qa))) ~ Jo 
since D,—,---D r(%,—1,0) = 0. From the last inequality, we can get for all x € 
(0, 7], 


Dy—2+++ Dyr(x) 
Da | ” 


aa | =a A(t, Xn—1, Sn) P(PM%n-1, Sn) )dSn- 
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Letting x,—1 = 5,— in the above inequality and integrating with respect to s,_, over 
interval [0, x,—1], we have, for all x € [0, ¢], 


Dn—-2 +++ Di r(x) a - ; ; 
O01 + G(r) 2) h(t, Xn—2, Sn—1) @(POn—2; Sn—1))dSn—1 


since Dy—2- ++ Di r(%p—2, 0, Xn) = 0. 
Continuing in the same way, we then arrive at, for all x € [0, ¢], 


OH(r(x)) Dara) Oe pi 3))d 
ci = Da arGy xf Men Bele ase 


where H is given by (5.2.255). Now, letting x; = s, in the last inequality and 
integrating with respect to s; over interval [0,x,], then we can obtain, for all 
x € (0, ¢], 


H(r(x)) < / “Rt, Jo(o(s))ds, 


since r(0,X2.) = 0 and H(0O) = O hold. Putting x = ¢ in this inequality, then we 
conclude, for allO < t < X, 


r(t) < H i “ht, syo(ato)as| , (5.2.259) 


where H~! is the inverse function of H, and the choice of X € Ri is obvious. 
Finally, since t > 0 is arbitrary, then the desired inequality (5.2.254) follows from 
(5.2.256) and (5.2.259). O 


Remark 5.2.7 


(i) The special case of Theorem 5.2.44 when n = 1 is an extension of Theorem 1 
of Dannan [181]. 

(ii) The two-variable integral inequalities considered in Theorems | and 2 by 
Bainov and Hristova [38], in Theorem 2.1 by Shastri and Kasture [599], and 
in Theorem | by Dzabbarov and Mamyedov [214], are all special cases of 
inequality (5.2.235). 

(iii) Theorem 5.2.44 is a generalization of Theorem 2 of Beesack [59] which in turn 
extends Theorem 3 of Yeh [702]. 

(iv) We note also that Theorem 5.2.44 generalizes Proposition 3 of Corduneanu 
[173] which was proved for the special case when h(x, s) is independent of x. 
Indeed, the restrictive conditions g(x) > 1, 0 < f(x) < lor0 <f(«) < lof 
[173] are now dropped in Theorem 5.2.44. In addition, the conditions G € F; 
and Q € F, in [173] are also dropped and relaxed, respectively, with Q € H(g) 
being only required. 
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Theorem 5.2.45 (The Yang Inequality [693]) Let u,f,g,h,G and Q be defined 
as in Theorem 5.2.43. Suppose further that Q(G(0)) > 0 holds and the inequality 
holds, for all x € Ri, 


u(x) < g(x)G i hee sus) (5.2.260) 
Then for all 0 < x < X, we have 
u(x) < g(x)G lw" ( i ae syole(o)as) (5.2.261) 
where W~! denotes the inverse function of 


rdw 
= a 0 
| Gm) "= 


and X € Ri is chosen so that 


/ n(x, s)o(g(s))ds < W(+o0) as long as O<x<X. 
0 


Proof The proof is similar to that of Theorem 5.2.44. The changes needed are: (i) 
The relation (5.2.256) is replaced by u(x) < g(x)G(r(a)), and (ii) Since Q(G(0)) > 
0, we can replace the function H of Theorem 5.2.44 by the function W defined 
above. Oo 


We now turn to introduce two theorems on the upper bound for the solutions of 
inequality (5.2.233). 


Theorem 5.2.46 (The Yang Inequality [693]) Leru,f,g : RY. > Ry andh,k;j : 
Ri x R4. > Ry be continuous, where i,j = 1,2,...,N with i> j. LetG,Q: 
Ry > Ry be differentiable and non-decreasing, with 0 € H(g), Q(u) > 0 for all 
u > 0. Suppose the integral inequality holds, for all x € RB‘, 


N x 
u(x) < f(x) + Y > (Tin) (x) + g(x)G / h(x, sus) ; (5.2.262) 


i=1 


where the integral operators T; are defined by 


(Tju)(x) =f kia (x, of ka(oisa) | ki3(s2, 53) 


~[ kji(si—1, 5;)U(s;)ds;ds;_1 --- ds}, (5.2.263) 
0 
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where u: RY > Ry and ky : RE x RL > Ry 3 Gj = 1,--+,N,i = j) are 
continuous functions. Then for all 0 < x < X, we have 


u(x) < R(x) }! +G [a ( i, ies syo(R(s))as) |} (5.2.264) 
0 
where H™ is the same as in Theorem 5.2.44, R(x) := max{fi(x), g1(x)}, and 


fil) =F (x) exp one Je Hilal, s)ds| 


Nauhos (5.2.265) 
a(x) = BQ) exp ey [2 Hi@okile, s)ds} ; 


and X, € RY‘, is chosen so that 
[ n(x, s)p(R(s))ds < H(+o0) as long as O<x< Xj. 
0 
Proof We easily derive from (5.2.262) that for all x < R’., 


u(x) < P(x) + D2 (Twa), 


n~ 


P(x) :=Flx) + BWG| fp Ale, OCu(s))] 


Clearly, function P is non-negative, non-decreasing and continuous on R"., so we 


have P(x) = P(x). Thus applying Theorem 5.4.30 in Qin [557] to the last inequality 
yields, for all x € Ri, 


u(x) < fi(x) + gi@)G | i A(x, (us) . (5.2.266) 


The inequality (5.2.266) is obvious under the condition of Theorem 5.2.44, hence 
we arrive at the desired conclusion immediately. Oo 


Theorem 5.2.47 (The Yang Inequality [693]) Letu,f,g : RU. > Ry, h,ky : 
R" x Ri — Ry be continuous, where i,j = 1,2,...,N withi > j. LetG,Q: 
Ri — R4 be differentiable, Q € H(y), Ge T(v), Q(u) > Oforallu > 0. 
Suppose further f(x) > 0 holds and the inequality (5.2.262) holds for all x € R',. 
Then we have for allO0 < x < Xo, 


u(x) <fi(L@x) jag ia ( / ic. syo(tts)sds) |} (5.2.267) 
0 
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where H~' is the same as in Theorem 5.2.44, and 


h(x, s)p(fils)) 


L(x) := max{l,gi@wv(fi@))}, Ma,s):= Fi@ ; (5.2.268) 
where f\, g1 are given by (5.2.265) and X2 € IR", is chosen that 
[ M(x, s)p(L(s))ds < H(+oo) as long as O<x<X). 
Proof In the above, we have deduced from (5.2.262) that for all x € R',, 
u(x) <fi) + 81()G / “Tie tus) | : (5.2.269) 


Since kj(x,s) are non-negative and f(x) is positive, we derive from (5.2.265) that 


Fy (x) = fi(x) holds for all x € R%_. Using G € F(w) and Q € H(9), we then derive 
from (5.2.266), for all x € R’, 


: BOE [7 
A@ <1+ Fin) G | h(x, (us) 


1 ees 
<1+gi@w(A@)G la f h(x, (ua 


i u(s 
<1+ onan] [me.oc as], 
0 fils) 
where M(x, s) is defined by (5.2.268). Now, applying Theorem 5.2.44 to the last 
inequality completes of the proof. Oo 


__ Note that the function M(x,s) in (5.2.267) can be replaced by N(x, 5s) := 
h(x, sw (fils) /fA(s). 
Remark 5.2.8 


(i) When n = 1, Theorems 5.2.46—-5.2.47 are new extensions of Theorem | of 
Dannan [181]. 
(ii) The special case of (5.2.262) when N = 1, g(x) = 1, and ky, h are directly 
variable-separable had been studied in Theorem 3 by Beesack [59]. 
(iii) For the same reason as mentioned in Remark 5.2.7. 
(iv) Theorems 5.2.46-5.2.47 considerably generalize Proposition 4 of Corduneanu 
[173]. 


Theorem 5.2.48 (The Oguntuase Inequality [427]) Let k(x, t) be a good kernel 
and u(x) be a real valued non-negative continuous function on S. If g(x) be a 
positive, non-decreasing continuous function on S and belong to class F, for which 
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the following inequality holds for all x € S with x > x°, 
u(x) < g() + i ; k(x, )b(u(t))dt, (5.2.270) 
then for all x° < x < x*, 
u(x) < g(x)G (GQ) + [ k(t, t)dt), (5.2.271) 


where, for all z > 2° > 0, 


< ds 


G2 = | —. 
Oe 56) 


and G~' is the inverse of G and x* is chosen so that 
G(1) + k(t, t)dt € Dom (G"'). 
xo 


Proof Since g(x) is positive and non-decreasing, we can rewrite (5.2.270) as 


0) 1g Pant Oa < 7 
i+ [keen © dt 1+ [ix aes eae 


Setting ne] = v(x), then we have 


vey 1+ fae np(oO)at 
Let 
ra) = 1+ f “K(x Nb WO)At 
Then 
v(x) < r@) 


and v(x°) = 1 or x; = x9, i= 1,2,...,n and 


D1...Dar(x) = K(x, x) (7), 
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Le., 
“Feay <te 
Since 
D, (7 | os Dy +++ Dr-irx) — Da(r@))Di +++ Dn-1r@) 
p(v(a)) $°(r(x) p°(r() 
and 


Dn (r(x) = $'(r(@))Dnr(x) = 0, 
D,--- Dy-1r(®) > 0. 


The above inequality implies 


D,---D,_ 
v,( 1 n—11(x) 


der) ) skew 


provided that ¢’(r(x)) = 0 for all r(x) > 0. Integrating with respect to x, from x? to 
xX, and taking into account the fact that D, --- D,—\r(x) = 0 for x, = x, we have 


Di-++Dr-ir) — 
(0) =f 


k(x, X2, eeey Xn—19 En X15X25°* *y Xn—-15 tn) dtn. 
0 
n 


Repeating this, we find (after n — 1 steps) 


PU) 2 i ater; / ” kd t t)dt,) «++ dt 
eee XxX se . +, Xn— 5 nsX ae . +, Xn— stn n eee P 
G0@) Je yo ve : 


We note that for all s > s° > 0, 


s dz 
G(s) = —. 
Ole. e@) 
It thus follows that 
D 
DiG(r(a)) = 22) 


P (r(x) 
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so that 


x2 


DyGUrta)) =f Rates ty etays tidy 
0 


X5 


Integrating both sides of the above inequality with respect to the component xj 
from x? to x), we get 


G(rlarsea9)) = Got aa s)) = ff kt at 


Since r(f),x2,-++,Xn) = 1, we have 


r(x) < G'(G() + / . k(t, t)dt), 


x 


which implies 


v(x) < r(x) < G'(G() + i "Kt, Od0). 


x 
Using the fact that a = v(x), we have 


x 


u(x) < g()G-"(G(1) + / k(t, dt) 


x9 


which gives us the required result. Oo 
If we set k(x, t) = h(x)f(#), then we shall obtain the following result. 


Theorem 5.2.49 (The Oguntuase Inequality [427]) Let h(x), f(t), u(x) be real- 
valued non-negative continuous functions on S and g(x) be a positive, non- 
decreasing continuous function on S, and ¢ belong to class F,. If h'(x) = 0 and 
the following inequality holds for all x € S with x = x°, 


w(x) < g(x) + h(x) / Fp (u(t (5.2.272) 
then for all x° > x > x*, 


u(x) < g(x)G'(G(1) + h(x) i : f(t)dt), (5.2.273) 
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where 
* ds 
c= | =) 22" 20, 
2 $(s) 
and G~' is the inverse of G and x* is chosen so that 


G(1) + A(x) / ~f (dt € Dom (G7). 
0 
Proof The proof is similar to that of Theorem 5.2.48 and so the details are omitted. 
oO 


Remark 5.2.9 If we set k(x,t) = f(t) in Theorem 5.2.49, then Theorem 5.2.49 
reduces to 


ula) = @o"(Ga) + f F(oar). 


Next, we shall introduce the following n independent variable generalization of 
Bihari’s inequality (see, e.g., [82] and Dhongade and Deo [198]). 


Theorem 5.2.50 (The Yeh Inequality [702]) Suppose that 


(a) w(x), h(x) € CR", R+), 
(b) f(x) € C(R4., Ro) and non-decreasing in x, Ro = (0, +00), 
(c) g(x) € C(R1, J). 
Let Q,G € F1, Q be sub-multiplicative and Q'(u) € C(R+,R+). If for all 
xe Ri, 


w(x) < f(x) + eG ( [ h(s)O(w(s)) as) , (5.2.274) 


then for all x° € R"., O< x <x°, 


w(x) < f(x) ise ia ( [ “h(s)0(e(s)) as) |  (5.2.275) 


where H™ is the inverse of H which is defined by 


J dt 


HO= | Oa +60)" 


r> 1 > 0, (5.2.276) 
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and 
x 
J H,0(@6)) as € Dom 
0 
forall0<x< x9, 


Proof Since f(x) is non-decreasing, g(x) => 1 and Q, G € F, we have from (5.2.274) 
that for all x € R'., 


WO) oye oe we 
Fo s1+ae([ moo (FE) a ) 


<wo[!+0( [nv (22) 


c= [m0 


Let, for allx € R', 


Then 
r(x) =0 on x,=0 for i=1,2,...,n, (5.2.277) 
at < g(x)[1 + G(r(x))]. (5.2.278) 
Hence 


w(x) 
f(x) 


since Q is non-decreasing and sub-multiplicative. Thus 


mpage nyo (52 ) < h(x) Olea) O(L + G(r(x))) 


oot ee 
(1 + G(r(@))) 
ShOE@)e ee Oe Peis) 


O°(1 + G(r@x))) 


(>: ae -Dy—11(x) 


1 a < h(x)Q(g(x)). 
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Integrating both sides of the above inequality with respect to the component x, of x 
from 0 to x, and using (5.2.277), we get 


Sel) 2 / Peay esses OBE. nett) 
Q(1 + G(r@))) ~ Jo 


which implies 


(+ oF -Dy—2r(x) 


aot) S i N(x, +s Xn—-1s )O(S (1, ---  Xn—15 tn) Ut. 


Integrating both sides of the above inequality with respect to the component x,,_; of 
x from 0 to x,-1, we have 


D,---D aa Dy +++ Dn—2r (a) X= 
OU + Ge) = =|, , Ws Xs tr-ts tn) 


xQ(g(x1 pees Xn-1s fn-1, t)) dtydty-\ : 
Continuing in this way and using (5.2.276), we arrive at 


D,r(x) 
Q(1 + G(r(x))) 


x2 Xn 
< / of A(x, fo,.--,tr)O(g (1, f2,---5tn)) dty +++ dta 
0 0 


D,H(r(x)) = 


Integrating both sides of the above inequality with respect to the component x, of x 
from 0 to x;, we conclude 


H(r(x)) — H(r(,x2,..-.%»)) < i “h(Q(e(d) at 


which implies 


r(x) < HH / “n(DO(e() a| ; (5.2.279) 


Hence the result (5.2.275) follows readily from (5.2.278) and (5.2.279). Oo 


As an application of Theorem 5.4.22 in Qin [557] and Theorem 5.2.50, we have 
the following theorem. 


5.2 Nonlinear Multi-Dimensional Bellman-Gronwall Inequality and Their. .. 759 


Theorem 5.2.51 (The Yeh Inequality [702]) Assume 


(a) the functions w(x), f(x), g(x), and h,(x) (i = 1,2,...,m-+ 1) are defined as 
Theorem 5.2.50, and 
(b) the functions Q and G are defined as in Theorem 5.2.50. If for all x € R"., 


w(a) SFO) + Yai [ hlsdw(o)d 
i=1 
Jee dG ( / hin (8) Q(wv(s)) as) - (5.2.280) 
0 
then for allx® €R", O<x<x°, 


w(x) < E"f(x)E" gm41 (x) 1+G [a (f hint 1(S)Q(E" gm+1(S)) as) | 
(5.2.281) 


where E” is defined inductively as in Theorem 5.4.22 in Qin [557], H™ has the 
same means as in Theorem 5.2.50, and 


[hm s(s)OCE" ems (0)) ds € Dom (H™, 
Proof Let, for all x € R’., 
Ta) =f) + Doe) [cya 
i=1 
Then (5.2.280) can be rewritten as 
ues) < Ta) + gil) [masons 
i=] 
It follows from Theorem 5.4.22 in Qin [557] that 


w(x) < E"(T(x)) 


= E" [res £55406 ( i} “Aine.1(s)Q(W(5)) as) 
= B"f(x) +E” [em (®G ( | iw) as) 
= B"f(2) + &nti()G i “Prenton as 


x |e &m(x) exp | hm(s)E™| &m(s) as : 
0 
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whence 
w(x) < Ef (x) + EF gm41(xX)G (/ hn+1(s)Q(w(s)) as) : 


This inequality is of the form (5.4.125) of Theorem 5.4.22 in Qin [557], which by 
applying Theorem 5.2.50, gives us the desired result (5.2.281). Oo 


All the functions which appear in the inequalities in Theorem 5.2.52 are assumed 
to be real-valued of n variables which are non-negative and continuous. All integrals 
are assumed to exist on their domains of definitions. We assume that J = [a; b] in 
any bounded open set in the dimensional Euclidean space R” and that our integrals 
are on R" (n = 1), where a = (a1, 42,...,dn), b = (b1,b2,...,bn) € Ri. Let 
C(I, R+) denote the class of continuous functions from J to R+. 

The following theorem deals with n-independent variables versions of the 
inequalities established in Theorem 1.1.52. We need the inequalities in the following 
lemma (see, e.g., [305]). 


Lemma 5.2.4 (The Denche-Khellaf Inequality [193]) Let u(x) and b(x) be non- 
negative continuous functions, defined for all x € I, and let g € F,. Assume that 
a(x) is positive, continuous function, non-decreasing in each of the variable x € I. 
Suppose the inequality holds for allx € I with x = a, 


u(x) <c+ i: b(t)g(u(t))dt, (5.2.282) 


then 
u(x) < G! Jao + i : binat| : (5.2.283) 


for all x € I such that G(c) + f° b()dt € Dom (G"'), where Glu) = 
Sip Ddtdz/g(z), u > 0 > up > 0. 


Theorem 5.2.52 (The Denche-Khellaf Inequality [193]) Let u(x), f(x), a(x) be 
in CU, R+) and let k(x, t), Dik(x, t) be in CU x I, R+) for alli = 1,2,--- ,n. Let 
(u(x)) be real-valued, positive, continuous, strictly non-decreasing, sub-additive 
and sub-multiplicative function for all u(x) = 0 and let W(u(x)) be real-valued, 
positive, continuous and non-decreasing function defined for all x € I. Assume that 
a(x) is positive continuous function and non-decreasing for all x € I. If for all 
a<s<t<x<b, 


u(t) < a(t)+ [ soswoyar+ [row ([ k(s, Hb (u(s)sd) dt, (5.2.284) 
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then for alla < x < x*, 


w(t) < B(x)) a(x) + y | row] yen 
+ / “k(s, Dp BO) / ; reo] fa. (5.2.285) 
where 
P= G" (ow + i ; fleas) (5.2.286) 
b 
n= | k(b, s)b(B(s)a(s))ds, (5.2.287) 
G(u) = / ; = u>uo>0, (5.2.288) 
Vea) =". g2uc6 (5.2.289) 
0 P05)? = 


Here G™' is the inverse of G and w~' is the inverse of w, x* is chosen so that 


G(i) + [ foras € Dom (G"), 


von + J x.06[ 80) [ Acerdr | as € Dom oy. 
Proof Define the function 
2(x) = a(x) + / “f()W ( i kt syp(us))d5 dt. (5.2.290) 
Then (5.2.284) can be restated as 
ula) sata) + f Pogtucdn 


We know that z(x) is a positive, continuous, non-decreasing in x € J and g € Fj. 
Then the above inequality can be rewritten as 


_ < +f Feat. (5.2.291) 
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By Lemma 5.2.4, we get 
u(x) < z(x) B(x), (5.2.292) 


where B(x) is defined by (5.2.286). By (5.2.290), we obtain 
2(x) = a(x) + / “fOW(w()at, (5.2.293) 
where 
v(x) = / " Hos Db lula (5.2.294) 


By (5.2.294) and (5.2.292) , we observe that 
v(x) < / Kb. PLB O(a) + / F(s)W(v(s))ds)]t 
< / * k(b, 8) (B(A)(a(t)))ds + y k(b.s)¢ (60) / F(e)W(o(a)\ae) a 


=a +f k(b, s)p joc | fdr | o(W(v(s)))ds (5.2.295) 


where 7 is defined by (5.2.287). Since @ is sub-additive and sub-multiplicative 
function, W and v(x) are non-decreasing for all x € J. Define r(x) as the right- 
hand side of (5.2.295), then r(aj,X2,...,Xn) = n and v(x) < r(x) , r(x) is positive 
and non-decreasing in each of the variables x1, x2, x3, ...,Xn. Hence 


Dr(x) x 
Sa, <Hb.0 [B60 [ros]. 


Since 


(> +++ Dy—11(x) ) Dr(x) Did (W(r(x)))D1 +++ Dri rx) 


dW) J G(R) — PW) 
the above inequality implies 


D, (* + | 2 Dr(x) 


p(W(r(x))) o(Wir(x)))” 


and 


(7 ae -Dn—1r(X) 


k(b, O(x)], 
siaeey ) = MEA 
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where 6(x) = B(x) J” f(s)ds. Integrating with respect to x, from a, to x,, we have 


D, “ »Dn-11(x) 


—FWO@) < im k(b, X1, X25°** 5» Xn—15 Sn) PO (%1, X25 °°* 5 Xn—15 Sn) |dSp. 


Repeating the above argument, we find that 


D,r(x) 


*2 Xn—-1 Xn 
—_——_—— < ae k(b, X1,.52,°°* , Sn)P[O(X1, 82,°°° . Sp) |d8,d8)—1 +++ dso. 
$(W(r(Q))) <f i [ (B,x1,89 Sn) [A (x1, 82 Sn) |dspds,—1 ky) 


n—1 


Integrating both sides of the above inequality with respect to x; from a; to x, we 
can get 


vere) — won = [ K0.s)910(6)as. 
and 
ro) sw + [0.0109 | Foyaslas 
which yields 
v(x) < r(x) < w! (vn + i . k(b, s)[B(x) / / fls)asjs) ; (5.2.296) 


By (5.2.292), (5.2.293) and (5.2.296), we can obtain the desired inequality in 
(5.2.285). Oo 


In the following theorems, we shall introduce the inequalities similar to those 
given in Theorems 1.2.7 and 1.2.8 involving functions of several independent 
variables. 


Theorem 5.2.53 (The Pachpatte Inequality [496]) Let F(x) => 0, b(x) = 0, and 
bj(x) > 0 fori = 1,...,n—1 be real-valued continuous functions defined for all 
x € R', and let p > 1 be a constant. If for all t € R"_, 


F(x) <c+ Mbu,..., Xn, b1,..-,Dn—1, DF], (5.2.297) 


where c = 0 is a constant, then for all x € R’.. 


eo) p-l = 
F(x) <}co ?) +—M[y,...,%,b1,...,bn-1, 5] .  (5.2.298) 
Pp 
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Theorem 5.2.54 (The Pachpatte Inequality [496]) Let u(x) > 0, v(x) = 0, and 
bi(x) > 0 fori = 1,...,n—1 and h(x) = 0 for j = 1,2,3,4 be real-valued 
continuous functions defined for all x € R* and let p > 1 be a constant. If c1, cz 
and 4 are non-negative constants such that for all x € BR", 


u(x) < cy + Mx ee Xn, dy pews br—1, yu] + My penny Xn, D1 pee bn—1, h2V], (5.2.299) 
v?(x) <a +M[m,...,2 Mini Digiecins bn—1, 30] + M[x1,..., Xn» Di, .., by—1, hav],  (5.2.300) 
where U(x) = exp(—pp )-_, xj)u(x) and U(x) = exp(pp -_,)v(x) for all x € 
IR‘, then 
. w=) 
u(x) < exp( > )[{2?-"(c1 + €2)} 
i=1 
P=) a 
+2?~'(——)M[1,..- Xn bi, .- Da-1, Al], (5.2.301) 
P 
p—1 w=) 
u(x) = [{2?" (er + c2)} 
-1 
41 PT MeL... tm, Bise+2sDn—tsh]}, — (5.2.302) 
Dp 
for all x € R"_, where for allx € R’,, 
h(x) = max{[h1 (x) + 13(x)], [h2(x) + had}. (5.2.303) 
Proofs of Theorems 5.2.54 and 5.2.55 The proofs proceed much as the proofs of the 


theorems given above and follow by closely looking at the proofs of the main results 
Theorems 5.2.24—5.2.28 with suitable changes. We omit the details. Oo 


Chapter 6 
Nonlinear Multi-Dimensional Discrete 
(Difference) Inequalities 


In this chapter, we collect some nonlinear discrete integral and difference inequali- 
ties. 

The role played by nonlinear discrete inequalities in one and more than one 
variable in the theory of difference equation and numerical analysis is well-known. 
During the last few years, there have been a number of works written on the discrete 
inequalities of the Gronwall inequality and its nonlinear version to the Bhiari type, 
see [42, 579, 687, 692]. 


6.1 Nonlinear Multi-Dimensional Discrete Bellman-Gronwall 
Inequalities and Their Generalizations 


6.1.1 Nonlinear Two-Dimensional Discrete Bellman-Gronwall 
Inequalities and Bihari Inequalities 


Theorem 6.1.1 (The Pachpatte Inequality [516]) Let u(m,n), a(m,n), b(m, n) be 
non-negative continuous functions defined for allm,n € No and L : NG xRy > Re 
be a continuous function which satisfies the condition: for allu = v = 0, 


0 < L(m,n, u) — L(m,n, v) < M(m,n, v)(u— v), 


where M(m,n,v) is a non-negative continuous function defined for all m,n € 


No, VE Ry. 
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(i) Assume that a(m,n) is non-increasing inm € No. If for all m,n € No, 


m-1 m—1 +00 
u(m,n) < a(m,n) + Nie, b(s,n)u(s,n) + ip 3 L(s, t, u(s, t)), (6.1.1) 
s=0 s=0 t=n+1 


then for allm,n € No, 


m—1 +00 
u(m,n) < q(m,n) in + H(m,n) I] ( + > M(s, t, q(s, tha(s, t))q(s, t) , 


s=0 t=nt+1 
(6.1.2) 
where for allm,n € No, 
m—1 +00 
H(m,n) = x a L(s, t, g(s, Ha(s, t)), (6.1.3) 
s=0 t=n+1 
and q(m, n) is defined by 
m—1 
g(m,n) = |] + d(s,n)). 
s=0 
(ii) Assume that a(m, n) is non-increasing inm € No. If for all m,n € No, 
+00 +oo +00 
u(m,n) < a(m,n) + ye b(s,n)u(s,n) + is ys L(s, t, u(s, 0), 
s=m+1 s=m+1 t=n+1 
(6.1.4) 


then for all m,n € No, 


u(m,n) < q(m,n) aon 


+00 +00 
+ H(m.n) [] (14 x octal nat. ons) | (6.1.5) 


s=m+1 t=n+1 
where for all m,n € No, 


+oo +00 


H(mn)= D> > L(s,t,G(s, als. 1). (6.1.6) 


s=m+1 t=n+l 
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and q(m, n) is defined by 


+00 


qn.n) = |] (1+d6,n)). 


s=m+1 


Proof We only give the proof of (i); the proof of (ii) can be completed by following 
the proof of (i). 


(i) The proof follows by closely looking at the proofs of (p1), (gi) and (c;) given 
above. Here we leave the details to the reader. Oo 


6.1.2 Nonlinear Two-Dimensional Discrete Ou-Yang 
Inequalities and Their Generalizations 


The next result, due to Salem and Raslan [580], is devoted to nonlinear discrete 
inequalities in two independent variables. 


Theorem 6.1.2 (The Salem-Raslan Inequality [580]) Let u(m,n),a(m,n), 
b(m,n) be non-negative functions and a(m,n) non-decreasing for all m,n € N. 
If for allm,n €N, 


m—1 n—-1 
u™' (m,n) < a(m,n) + 3 b(s, t)u’”(s, t), (6.1.7) 
s=0 1=0 
then we have 
' n—-1 m—1 my 
u(m,n) < a™(m,n) [ + b(s, » , if m =m, (6.1.8) 
t=0 s=0 
mz (n—t—1) 
1 nel m=l my—my my 
u(m,n) < am (m,n) I] 1+ » b(s,fha ™ , iff m<m, (6.1.9) 
t=0 s=0 


1 
n-1 m—1 ar my 
u(m,n) < an (m,n) I] [ + > b(s, ta m7 | , if my >m. (6.1.10) 


t=0 s=0 
Proof Define a function z(m, n) by 


m—1n—-1 


2" (m,n) = a(m,n) +S) S° b(s, Nu? (s, 1). (6.1.11) 


s=0 t=0 
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From (6.1.7) and (6.1.11) it follows 
u(m,n) < z(m,n). (6.1.12) 


Since a(m,n) is non-negative and non-decreasing for all m,n ¢€ N, we infer 
from (6.1.12) 


m—1 n—-1 


ce ED 2h yt sap. (6.1.13) 


a(m, n) pari a(s, t) 


Define function v(m, n) by 


m—1 n—-1 


v(m,n) = 1+ 2 d(s,0) = —. (6.1.14) 


s=0 t=0 


so we obtain from (6.1.13)-(6.1.14) that 
2™\(m,n) < a(m,n)v(m, n). (6.1.15) 
From (6.1.14), we get 
[vim + 1,n+ 1) — v(m,n + 1)] 
— [v(m + 1,n) — v(m,n)] < b(m, na (m,n)v™ (m,n). (6.1.16) 


Now, we consider the following cases: 


Casel. If m, = mp), then from (6.1.16), we infer 
v(m+1,n+1)—v(m,n+1)—v(m4+1,n) < (-1+b(m,n))v(m,n). (6.1.17) 
Keeping n fixed in (6.1.17), setting m = 0,1,2,...,m—_ 1, then we get 


m—1 
v(m,n+1)< [ + IG » v(m, n). (6.1.18) 


s=0 
From (6.1.18), it follows 
n—1 m—1 
v(m,n) < |) +> Hs, 0] (6.1.19) 
t=0 s=0 


Thus the required result (6.1.8) follows from (6.1.12), (6.1.15) and (6.1.19). 
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Case 2. If mp. > mj, then as in Case 1 from (6.1.16), we derive 
v(m+ 1,n+1)—v(m,n+ 1) — v(m + 1,n) + v(m, n) 
< b(m, na 7 (m, n)u™ (m, n), (6.1.20) 
when nis fixed and m = 0,1,2,..., m — 1, we obtain from (6.1.151) that 


m—1 


my—my my 
vim,n+1)< : + IG nya ™ in| v™ (m,n). (6.1.21) 


s=0 


To complete the proof of Case 2, we need the following lemma which can be 
proved easily. 


Lemma 6.1.1 /f 
v(m,n+ 1) < (1+ d(m,n))v? (m,n), p> 1, (6.1.22) 


then we have 


n—-1 


v(mn) <][ (b+ dm.) ?). (6.1.23) 


1=0 
Then from (6.1.21)—(6.1.23) it follows 


m(n—t—1) 
my 


n—-1 m—1 os 
vin. =| 14 b(s,ta ™ (s, » . (6.1.24) 


t=0 s=0 
The required result (6.1.9) follows from (6.1.12), (6.1.15) and (6.1.24). 


Case 3. If m2 < my, then we have v™ (m,n) < v(m,n). As in the last two cases, 
we can derive 


m—1 = 
v(m,n+ 1) < [ + °d(s,n)a™ (5, ”) v(m,n). (6.1.25) 


s=0 


Then from (6.1.25), we deduce 


n-1 m—-1 = 
v(m.n) <T] : +2 v(s,)a ™ (s, » (6.1.26) 


t=0 s=0 
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From (6.1.12), (6.1.15) and (6.1.26), we have 


n 


—1 m—1 my 
a my—my 

u(m,n) < a™ (m,n) I] [ + ) b(s,ja ™ (s, » ; 
t=0 s=0 


which is the required result (6.1.10). Oo 


Remark 6.1.1 


(1). If my = mz = 1, then from (6.1.7) and (6.1.8), we can get the same result as 
that of Theorem 6.1.20. 
(2). If m, = 1,mz > 1, then from (6.1.7) and (6.1.8), we can derive that if 


m—1 n—-1 


u(m,n) < a(m,n) + » > b(s, thu"? (s, t), (6.1.27) 


s=0 1=0 
then 
n—-1 m1 m(n—t~1) 
u(m,n) < a(m,n) I] : + > b(s, tha | (s, » : (6.1.28) 
1=0 s=0 
(3). Let mz = 1,m, > 1, then from (6.1.7)—(6.1.10), we can conclude if 


m—1 n—-1 


u”' (m,n) < a(m,n) + > b(s, t)u(s, f), (6.1.29) 
s=0 t=0 
then 
‘ n—1 m—1 1 my 
u(m,n) <a™(m.n)[[} 1+ do d(s,0a™ (st) ] (6.1.30) 
t=0 s=0 


Theorem 6.1.3 (The Salem-Raslan Inequality [580]) Let u(m,n),a(m,n), 
b(m, n) and c(m, n) be non-negative and a(m, n) be non-decreasing for allm,n € N, 
ifm,,mz € R+, and 


m—1 n—1 m—1 n—1 


u™' (m,n) < a(m,n) + » ps b(s, thu(s, t) + 3 ~~ c(s, tu’ (s, t), (6.1.31) 


s=0 t=0 s=0 t=0 
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then we have 


m—1 
u(m,n) < a(m, TT if + Yo, t) + c(s, »| , if my =m, = 1, (6.1.32) 


t=0 s=0 


n—-1 m—1 
u(m,n) < am (m, n)| | : + SiG, t) 
1=0 s=0 


1 


‘—m my 
+e(s,t))a ™ (s, » ifm =m >1, (6.1.33) 


n—1 m—1 
u(m,n) < a*(m.n)[ | : + YS \(oG, t) 
1=0 s=0 


n=t—1 
a 


m 


1—m 1 
+e(s,1))a ™ (5, » if0<m=m>1, (6.1.34) 


n—1 m—1 
1—m 
u(m,n) < a™ (m,n) |] [ + Yo, a ™ (s, t) 
t=0 s=0 


m (n—t—1) 


mm =m, m 


+c(s, ta a (s, »| , if m > m, (6.1.35) 


n—-1 m—| — 
u(m,n) < a (m,n) [| : + Slo, fa (s, t) 
t=0 s=0 


ae 
m2 mam 


m4 
+c(s, ta om (s, »| , if l<m<m, (6.1.36) 
and 


—1 m—1 
u(m,n) < am (m, TT [ + SoG, aa m “(s, t) 


t=0 s=0 
m2—my, my 
+c(s,a ™ (s, »| if 0<m<m <1. (61.37) 


Proof The proof is similar to the proof of Theorem 6.1.2. Here we leave the detail 
to the reader. O 
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Remark 6.1.2 


(1). If cm, n) = 0,m, = m, then we get Theorem 6.1.1. in Qin[557] 
(2). If b(m, n) = 0, then we get Theorem 6.1.2. 

The following results, due to Cheung, Ma and Josip [146], is to establish some 
new and more general nonlinear discrete inequalities involving functions of two 
independent variables, which generalize some results in [141, 147, 363, 500] and 
can be readily used as handy and powerful tools in the analysis of certain classes of 
partial finite difference and sum-difference equations. 

For any ¢, w,h € C((0, +00), (0, +00)), and any constant 6B > 0, define 


" ds ‘ ds 
®;,(r) =| goh-(s)' W,(r) = | woh (s)’ r> 0, 


®;,(0) := lim ®,(r), W,,(0) = lim W,(r). 
r>ot r>ot 


Note that we allow ®,(0) and (0) to be —oo here. 
The following results follow the notation in Theorems 6.1.4—6.1.6. 


Theorem 6.1.4 (The Cheung-Ma-Josip Inequality [146]) Suppose u € Fo(). 
If c => 0 is a constant and b € Fo(2),¢,h € C(Ro, Ro), Ro = (0, +00), are 
junctions satisfying 


(i) his strictly increasing with h(O) = 0 and h(t) > +00 as t > +00; 
(ii) g is non-decreasing with p(r) > 0 for all r > 0; 
(iii) for any (m,n) € Q, 


m—1 n—-1 


h(u(m,n)) <e+ D> S > d(s, Ne(uls. 1), (6.1.38) 


s=mo t=no 
then for all (m,n) € Q mn); 
u(m,n) < ho! (®;,' [®,,(c) + B(m, n)}) (6.1.39) 


where 


m—1 n-1 


B(m,n) := >, S> b(s, t), 


s=mo t=no 


and 0; is the inverse of ®;, and (m,n) € Q is chosen such that ®,(c)+B(m, n) € 
Dom (®;') for all (m,n) € Q mm): 


Proof It suffices to consider the case c > 0, for then the case c = 0 can be arrived 
at by continuity argument. Denote by g(m, n) the right-hand side of (6.1.38). Then, 
g > 0,u < A-!(g) on Q, and g is non-decreasing in each variable. Hence, for any 
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(m,n) € Q, we have 


Aig(m,n) = g(m + 1,n) — g(m,n) 


n—1 


= bm, np(uim.9) 


t=no 


n—1 


< )7 dim, Neh" (e(m, 0) 


n—1 
< yh (g(m,n—1))) ¥> b(m, 1). (6.1.40) 


t=ng 


Therefore, by the Mean-Value Theorem for integrals, for each (m,n) € Q, there 
exists an € with g(m,n) < & < g(m+ 1,n) such that 


Ai(®;, 0° g)(m,n) = Op(g(m + 1,n)) — Pa(g(m,n)) 
a ds 
g(m,n) go ‘a (s) 


Aig(m,n). 


II 


I 
g(h-'(§)) 


Since g is non-decreasing, y(h~!(€)) = g(h-!(g(m, n))), and by (6.1.40), we derive 
for all (m,n) € Q, 


1 


Ai(®;, 0 g)(m,n) S$ —____ 
1(®;, 0 g)(m,n) < p(h-"(e(m, n))) 


Aig(m, n) 


h(g(m,n=1)) 
al eel a 
= Slam) 229 


n—1 


Y> b(n, p). 


t=no 


t=no 


A 


Therefore, 


m—1 m—1 n-1 


D2 Ane gh(s,n) < SY) D2 dG.1) = Blm,n). 


s=mo s=mo t=no 
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On the other hand, it is easy to verify that 
m-1 
D5 A1(G; 0 8)(s, 2) = On 0 g(m,n) — Bp © g(mo,n), 
s=mo 
whence 
®;, 0 g(m,n) < ®;, 0 g(mo,n) + B(m,n) = ®,(c) + Bm, n). 


Since ®;, ‘is increasing on Dom (®;"), this yields for all (m,n) € Qonm); 


g(m,n) < ©, '[®,(c) + B(m,n)]. 


Hence, the assertion follows. Oo 
Remark 6.1.3 


(i) When h = identity, Theorem 6.1.4 exhibits the discrete analogue of Theo- 
rem 2.1 in [143]. 

(ii) When h(s) = s*,a > 0, Theorem 6.1.4 exhibits the discrete analogue of 
Theorem 2.1 in [140]. 


(iii) In many cases, h and @ satisfy i as 


= +00. For example, g = 


goh—!(s) 
constant > 0,9 = hg = h?, etc., are such functions. In this case, 
®(+00) = +00 and so we may take my = M, n, = N. In particular, 


inequality (6.1.39) holds for all (m,n) € Q. 


Corollary 6.1.1 (The Cheung-Ma-Josip Inequality [146]) Suppose u € F+(Q). 
Ifc > 0 is aconstant and b € F4(Q), h € C(R+, R+) are functions satisfying 


(i) his strictly increasing with h(O) = 0 and h(t) > +00 as t > +o0; 
(ii) for any (m,n) € Q, 


m—-1 n-1 
h(u(m,n)) <c+ D> SY > d(s,Hh(u(s, 1). 
s=mo t=no 
then for all (m,n) € Q, 
u(m,n) < h~! (cexp B(m, n)) 


where B(m, n) is as defined in Theorem 6.1.4. 
Proof Suppose first that c > 0. Taking g = h, we have 


‘i d. "ad 
oy = [ =| ce tae r>0, 
1 poh (s) 1 8 
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and so ®,'! = exp, in particular, it is defined everywhere on R. Hence, by 
Theorem 6.1.4, for all (m,n) € Q, 


u(m,n) < h! (exp[inc + B(m, n)]) = h7!(cexp B(m, n)). 


Finally, as this is true for all c > 0, by continuity, this should also hold for the case 
c=0. 

In case when (2 degenerates to a 1-dimensional lattice, Theorem 6.1.4 and 
Corollary 6.1.1 take the following simpler forms, which are generalizations of some 
results of Pachpatte in [500]. 


Corollary 6.1.2 (The Cheung-Ma-Josip Inequality [146]) Suppose u € F+(). 
Ifc = Ois a constant and b € F,(1),g,h € C(R+, R+) are functions satisfying 


(i) his strictly increasing with h(O) = 0 and h(t) > +00 as t > +00; 
(ii) g is non-decreasing with y(r) > 0 for all r > 0; 
(iii) foranym eT, 
m—1 
h(u(m)) < c+ S> b(s)o(u(s)), 


s=mo 


then for all m € [mo,m,] NJ, 


u(m) < h7! 


m—-1 
®;, fox +> vo 


s=mo 


where m, € I is chosen such that ®;(c) + pb ate b(s) € Dom (%;,') for all m € 
[mo, mm] OL. 


Proof It follows immediately from Theorem 6.1.4 by setting Q = I x {no} for some 
no € Z and extending the functions b(s), u(s) to b(s, no), u(s, 19), respectively, in 
the obvious way. 


Corollary 6.1.3 (The Cheung-Ma-Josip Inequality [146]) Suppose u € F+(/). 
Ifc > 0 is aconstant and b € F(1), h € C(R+, R+) are functions satisfying 


(i) his strictly increasing with h(O) = 0 and h(t) > +00 as t > +00; 
(ii) foranym €T, 


m—1 


h(u(m)) <¢+ D2 b(syh(u(s)), 


s=mo 
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then for allm,n € I, 
m—1 
u(m) < ho"! (: I] exp v0) . 
s=mo 


Proof This follows from Corollary 6.1.1 by similar arguments as in the proof of 
Corollary 6.1.2. A 


Theorem 6.1.4 and Corollaries 6.1.1-6.1.3 can easily be applied to generate other 
useful discrete inequalities in many concrete situations. For example, we have the 
next result. 


Corollary 6.1.4 (The Cheung-Ma-Josip Inequality [146]) Suppose u € F+(Q). 
Ifc = 0, p > 1 are constants and b € F (1) is a function such that for any 
(m,n) € Q, 


m—1 n-1 
u?(m,n) <c+ oD a b(s)u?(s, t), 
s=mo t=no 


then for all (m,n) € Q, 


1 
u(m,n) < cP exp (<a0m, ») 
) 


where B(m, n) is as defined in Theorem 6.1.4. 


Proof This follows immediately from Corollary 6.1.3 by letting h(s) = s?. Oo 
Corollary 6.1.5 (The Cheung-Ma-Josip Inequality [146]) Suppose u € F4+(J). 
Ifc = 0, p > 1 are constants and b € F (1) is a function such that for any m € I, 


m—1 


uP(m) <c+ D7 d(s\u?(s), 


s=mo 


then for allm € I, 


m—-1 
u(m) < cP exp (; > Ho) : 


s=mo 


Proof This follows from Corollary 6.1.4 by arguments similar to that in the proof 
of Corollary 6.1.2. Oo 


Theorem 6.1.5 (The Cheung-Ma-Josip Inequality [146]) Suppose u € F+(Q). 
Ifk > Ois aconstant and a,b € F+(Q),g,h € C((0, +00), (0, +00)) are functions 


satisfying 


6.1 Nonlinear Multi-Dimensional Discrete Bellman-Gronwall Inequalities and. . . 7717 


(i) h(t) and H(t) := 0 t > 0, are strictly increasing with H(t) > +00 as 
t > +00; 
(ii) gy is non-decreasing; 
(iii) for any (m,n) € Q, 


m—1 n—-1 m—1 n—-1 


h(u(m, n)) < k+ > a(s, t)u(s, t)+ > b(s, thu(s, thp(u(s, t)), 


(6.1.41) 


then for all (m,n) € Q¢n,,n)); 


u(m,n) < Ho! or E (=a rap tA ») es Bn.) (6.1.42) 


where 


m—1 n-1 m—1 n-1 


A(m, n) := = > aG, t), B(m,n) := zm Y- b(s, t), 


s=mpo t=ng s=mo t=ng 
and (m,n) € & is chosen such that ®y (j= mi) +A(m,n))+B(m,n)) € Dom (®7') 
for all (m,n) € Qony,m): 
Proof Denote by f(m, n) the right-hand side of (6.1.41). Then, f > 0, u < h7!(f) 


on Q, and f is non-decreasing in each variable. Hence, for any (m,n) € Q, 


Ai f(m,n) = f(m + 1,n) —f(m,n) 


= -> a(m, t)u(m, t) + > bom t)u(m, t)p(u(m, t)) 


n—1 n—l 
< So alm, yh (fom, 1) + YO bm, NaF am, )) oe" (Fm, D)) 


n—1 n—1 
< h'(f(m.n— 1) bp a(m,t) + D> b(m, eth! (fm, »»| 


t=no t=no 
or 


Son: = 3 a(m, 1) + 3 b(m, t)p(h'(f(m, 1))). 


t=no t=no 
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Therefore, for any (m,n) € Q, 


y Ai f(s, n) 


Lo "(F6.n—D) 
2 f(m,n) ___ f(m=1,n) 
~ ht (f(m—1,n—)) We !(f(m—1,n—1) 
ie f(m— 1,n) —_ f(m—2,n) i 
h(f(m—2,n—-1)) h(f(m—2,n-1)) 
f(mo+iin) fm.) 
h"(f(mo,n—1))  ho7!(f(mo,n — 1)) 
7 f(m,n) — 1 
~ iG@—1,n—D) 2 fn. | ae 
_ 1 f(r.) 
A'(f(m—s,n—1))} A '(f(m0,n — 1) 
 _fim.n)___ fem n) 
~ A*(f(m,n)) — h7'(f(mo,n — 1)) 
f(m,n) k 


~ he "(f(m,n)) —h ae 


= HUC"(Fon, 2) — 


Hence, we have for all (m,n) € Q, 


m—1 n—-1 


+A(m,n) + > S° d(s, Ne" (F(s,9))- 


s=mo t=no 


HO (flen.n)) = 


In particular, since A is non-decreasing in each variable, for any fixed (m,n) € 
Qmn,), and for all (m,n) € Qgay, 


m—1 n—-1 


+A(m,7) + D> Yds, Nea" (F(s,9)).- 


s=mo t=no 


HS.) < aa 
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Now applying Theorem 6.1.4 to the strictly increasing function H, we get for all 
(m,n) € Quam; 


hl (f(m,n)) < Hy ‘aaa + A(m,7)) + Bim, n)]}. 


ss 7 


In particular, this yields 


(mH, FH) = h-M(h(u(rH,7))) < "fF H.7)) 


< H' (07) [On( 7 + Alm,7)) + BM, 7))). 


Since (7,7) € Qim,n,) 18 arbitrary, this completes the proof. Oo 
Remark 6.1.4 


(i) When h(s) = s?, p > 1, Theorem 6.1.5 is the discrete analogue of Theorem 2.2 
in [140]. 

(ii) Similar to the previous remark, in many cases (+00) = +00 and in these 
cases, inequality (6.1.42) holds for all (m,n) € Q. 


In case when Q2 degenerates to a 1-dimensional lattice, Theorem 6.1.5 takes the 
following simpler form which is a generalization of Corollary 6.1.3 in [140] and a 
result of Pachpatte in [500]. 


Corollary 6.1.6 (The Cheung-Ma-Josip Inequality [146]) Supposeu € F+(1). If 
k > Ois aconstant and a,b € F1(1),¢,h € C(R+, R+) are functions satisfying 


(i) y is non-decreasing; 
(ii) foranym €T, 


m—-1 m—-1 
h(u(m)) <k+ Y* a(s)u(s) + D> d(s)u(s)p(u(s)), 


then for all m € [mo,m,] NJ, 


m—1 m—1 
o;,| ou — Paes) + > «)) + > wo 


s=mo s=mo 


u(m) < H7! 


where my € I is chosen such that By (45 + Ly a(s)) + — b(s) € 
Dom (®;,;') for all m € [mo,m] OI. 


Proof It is analogous to that of Corollary 6.1.2 by applying Theorem 6.1.5. O 


Theorem 6.1.5 can easily be applied to generate other useful discrete inequalities 
in many concrete situations. For example, we have the next result. 
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Theorem 6.1.6 (The Cheung-Ma-Josip Inequality [146]) Suppose u € F+(Q). 
Let k > 0 be a constant, a,b; € F4(Q),i = 1,2,---,l where 1 = 1 is a positive 
integer, h € C(R+,R+) be defined as in Theorem 6.1.4, and 9;,Q € C(R+, R+) be 
junctions satisfying 


(i) @ is non- decreasing; 
(ii) h,Q and A:= nee are strictly increasing with both H(t) := ho Q7! and 


H(t) tend to +00 as t > +00; 
(iii) for any (m,n) € Q, 


m—1 n—-1 


h(u(m,n)) <k+ > Y° als, HO(u(s, 1)) 


s=mo t=no 


m—1 n—-1 


+> Vo Ou, D3, (s, )o;(u(s, 1). (6.1.43) 


s=mo t=no 


Let p* = max{g;: i = 1,2,--- ,}, then for all (m,n) € Qan, ny), 


u(m,n) < AU! (4;' E (a5 mb + A(m, ») + Bim, ») (6.1.44) 


where 


a d. 
6,0 = [ ee, oa, 
1 PoH\(s) 


@ = v* 0 Q™!, A(m,n) is defined as in Theorem 6.1.5, 


m—1| n-1 


B(m,n) := > are t), 


s=mo t=no i=1 
and (m,n) € is chosen such that bi (5 rare) + A(m, n)) + Bcm, n) € 
Dom (@-") for all (m,n) € Q m,n): 
Proof Let v(s, t) = Q(u(s, t)). Then (6.1.43) becomes 


m—1 n-1 
ho Q'(v(m,n)) <k+ > a(s, t)u(s, t) 


m—1 n—-1 
“ > > pais ») v(s, 1)y* o Q~'(v(s, t)) 


s=mg t=no 


i=1 
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or 
m—1 n-1 
H(v(m,n)) <k + YY als, )v(s,0) 
S=mMo t=no 
m—1 n—-1 
+> (ds (s, ») v(s, )O(v(s, 1). (6.1.45) 
s=mo t=no \i=1 
Thus (6.1.44) follows immediately by applying Theorem 6.1.5 to (6.1.45). Oo 


Corollary 6.1.7 (The Cheung-Ma-Josip Inequality [146]) Suppose u € F+(Q). 
Ifk > 0, p > q > Oare constants and a,b € F+(&), g € C(R+, R+) are functions 
satisfying 

(i) o is non-decreasing; 

(ii) for any (m,n) € Q, 


m—1 n—-1 


u?(m,n) <k+ > a a(s, t)u(s, f) 


s=mo t=no 
m—1 n—-1 
+ > So ds, NuN(s, No (u(s. 1), (6.1.46) 
s=mpo t=no0 
then for all (m,n) € Q n,n); 
al 
u(m,n) < {oon + A(m,n)) + Bin, n)\ a (6.1.47) 


where 


TG 
P(r) =F : , r>d, 
1 g(s?) 


and A(m,n), B(m, n) are defined as in Theorem 6.1.5, and (m,n) € Q is chosen 
such that B(k-? + A(m,n)) + B(m,n) € Dom (®7') for all (m,n) € Qmn1)- 


Proof This follows immediately from Theorem 6.1.6 by taking A(u) = wv’, Q(u) = 
ul,p>q>0,and/=1. 
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Remark 6.1.5 


(i) In case gq = 1, h(x) = », Corollary 6.1.7 reduces to Theorem 6.1.5. 
Furthermore, if p = 2, this further reduces to Theorem 2.2 in [141]. 
(ii) In case a(s, t) = 0, Corollary 6.1.7 reduces to Theorem 2.3 in [363]. 


The following corollary is an important special case of Corollary 6.1.7. 


Corollary 6.1.8 (The Cheung-Ma-Josip Inequality [146]) Suppose u € F+(Q). 
Ifk > 0, p > 1 are constants and a,b € F4(Q), g € C(R+,R+) are functions 


satisfying 
(i) g is non-decreasing; 


(ii) for any (m,n) € Q, 


m—1 n—-1 m—1 n—-1 


w(mn) <k+ SY - als, QuP'(s,t) + Y> Yo d(s, Nu? "(s, Ne(uls, 1), 


s=mo t=no s=mg t=no 


then for all (m,n) € Qn), 
u(m,n) < o7' [Dia (k? + A(m,n)) + B(m,n)] 


where A(m, n), B(m, n) are defined as in Theorem 6.1.5, and (m,,n,) € Q is chosen 
1 
such that ®iq(k? + A(m,n)) + B(m,n) € Dom (@7,') for all (m,n) € Qom.n,)- 


Proof The assertion follows immediately from Corollary 6.1.7 by taking q = 
p-1>0. Oo 


In particular, we also have the following useful consequence. 


Corollary 6.1.9 (The Cheung-Ma-Josip Inequality [146]) Suppose u € F+(Q). 
Ifk > 0, p > 1 are constants and a,b € F4(Q2) are functions such that for any 
(m,n) € Q, 


m—1 n-1 m—1 n-1 


u?(m,n) <k+ > > a(s, thu? '(s,t) + >» s b(s, t)u’(s, t), 


s=mpo t=no s=mo t=no 


then for all (m,n) € Qon,n)); 
1 
u(m,n) < («r + A(m, n)) exp (B(m, n)) 


where A(m, n), B(m, n) are defined as in Theorem 6.1.5. 


Proof Let @ be the identity mapping of R+ onto itself. Then all conditions of 
Corollary 6.1.8 are satisfied. Note that in this case ®jg = In and so ®;' = exp. 
In particular, ®;,' is defined everywhere on R. By Corollary 6.1.8, we have for all 
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(m, n) € Q, 
1 1 
u(m,n) < exp [incr + A(m,n)) + B(m, n)| = [x + A(m, n)| exp(B(m, n)). 


Oo 


In case when &2 degenerates into a 1-dimensional lattice, Corollary 6.1.9 takes 
the following simpler form which generalizes another result of Pachpatte in [500]. 


Corollary 6.1.10 (The Cheung-Ma-Josip Inequality [146]) Suppose u € F+(J). 
Ifk > 0, p > 1 are constants and a,b € Fo(1) are functions such that for any m € I, 


m—1 m—1 


uP(m) <k+ Y* alsyuP'(s) + Y~ b(s)u?(s), 


sS=mMo s=m09 


then for allm € I, 


m—1 m—1 
u(m) < (\ +> a) [] expo). 


s=mo s=mo 


Proof Analogous to that of Corollary 6.1.2, we may apply Corollary 6.1.9. Oo 


Theorem 6.1.7 (The Pachpatte Inequality [493]) Let u(m,n) and f(m,n) be 
functions defined on Z x Z@ into R+ and c = 0 be a constant. If 


+oo +00 


wWimn)<ct Yo SO f(s,duls., (6.1.48) 


s=m+1t=n+1 
then 


+oo +00 


u(m,n) < Jets > YS slo. (6.1.49) 


s=m+1 t=n+1 


Proof We first assume that c > 0 and define a function z(m, n) by the right member 
of (6.1.48), then 


[z(m,n) — z(m + 1,n)] — [z(m,n + 1) -—z(m+ 1,n+ 1] 
= f(m+ 1,n+ l)u(m+ 1,n+4+ 1) 


<f(m+1,n+1)/em+ Ln+ Dd). (6.1.50) 
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Here we have used the fact that u(m+1,n+1) < Jum + 1,n+ 1) to get (6.1.50). 
maa 2 0. oer S yew eee = 
Jzim +1,n+1) < Vz(m,n+ 1) for all m, ninZ, we observe that 


[z(m,n) — z(m + 1,n)] 
y¥ z(m,n) — ¥z(m + 1,2) | = ———_——"_.,, (6.1.51) 
[veto n) — vk ) [ Vz0n. ny + zm +. | 


[ Vann) — Jam Tm] — [Yelm — Var Tn +d] 


[2(n,n) = cm + 1,.0)] [2on,n+ 1) -con+ Ln +d] 
| | vetnsn) + zm + 1.7] | Veena 1) + am+ int 1)| 
lee) =etm + i] [xen Dein tt 


| Vz@nn + D+ J/em+in+ D] [ Vzen.n FT) + z(m + 1,n+ D] 
_ ken) cm + 1) - korn t+ Dc t Lant VI 
Rec 1)+ Jz2m+ 1,n+ D] 


Z [z(m, n) — z(m + 1,n)] — [z(m,n + 1) —z(m+ 1,n+4+ 1)] 


[ Veen + Int+1)+ J/em+1,n+ D] 


Using (6.1.50) in (6.1.52), we have 


[ Veen.) ~ Jdm+ rn] = | Vzon.n +1) Vam+ n+ D| 


(6.1.52) 


1 
< gi tat int 1). (6.1.53) 
Now keeping m fixed in (6.1.53), setting n = t and summing over t = n,n + 
[ Peer q — 1, we obtain 


[ Vetnn) — Vaen +12] - [Vln nD ~ Vent n+ 


1 q 
<5 i flm+19. (6.1.54) 


t=n+1 
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Noting that limy+o //z(m,q) = limg++o J/z(m+1,q) = Jc, and by letting 
q — +00 in (6.1.54), we get 


q 
V2(m,n)— /z(m+ 1,n <5 > f(m+ 1,0). (6.1.55) 


t=n+1 


Keeping n fixed in (6.1.55), setting m = s and summing over s = m,m+1,...,p—1, 
we obtain 


P q 
Ve(m,n) — /2(p.n <5 » fsa. (6.1.56) 


s=m+1 t=n+l 


Noting that lim,.+400 /z(p,) = 4/c, the required inequality in (6.1.49) follows 
by letting p — +00 in (6.1.56) and using the fact that u(m,n) < ./z(m,n) for 
m,n €. The proof of the case when c = 0 can be completed as in the proof of 
Theorem 2.3.1. O 


Theorem 6.1.8 (The Pachpatte Inequality [493]) Let u(m,n) be a function 
defined on Z x Z into Ry and f(m,n) be a function as defined in Theorem 6.1.7 
and c = 1 be a constant. If 


+00 +00 
umn)<c+ SY) >> f(s,t)u(s,t) log u(s, 1), (6.1.57) 
s=m+1 t=n+1 
then 
u(m, n) < cllemHl+ Deng f60), (6.1.58) 


Proof Define a function z(m, n) by the right-hand side of (6.1.57). Then 


[z(m,n) — z(m + 1,n)] — [z(m,n + 1) -—z(m4+1,n+ 1)] 
= f(m+1,n+ lu(m+t 1,n4+ 1) logu(m+ 1,n+4+ 1) 
<f(mt+1,n+ l)u(mt+ 1,n+ 1) logz(m+4+ 1,n + 1). (6.1.59) 
Here we have used the fact that u(m + 1,n + 1) < z(m+ 1,n + 1) to get the last 


inequality in (6.1.59). From the definition of z(m,n), we see that z(m + 1,n+ 1) < 
u(m + 1,n) for all m,n € Z. Using this fact, we observe from (6.1.59) that 


[k@m,n)— m+ 1,n)]  kmn+1)—cm+1,n4+ DI 
z(m + 1,n) zm+1,n+1) 
<f(m+ Int I logzm+ 1.nt+ 1. (6.1.60) 
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Now keeping m fixed in (6.1.60), setting n = tand summing t = n,n+1,...,q—1, 
we obtain 


[c(m,n)-—z(m+1,n)] _ [e(m,.q) —2(m + 1,9)] 
z(m + 1,n) z(m + 1,q) 


q 
< Yo fmt 1, A log cm + 1,0). (6.1.61) 
t=n+1 


Noting that lim,, 40 z(m, gq) = limg-++00 z(m + 1, ¢) = cand by letting g > +00 
in (6.1.61), we get 


+00 
z(m,n) < [1+ a f(m + 1,1) log z(m + 1, H]z(m + 1,n). (6.1.62) 
t=n+1 


By keeping n fixed in (6.1.62) and setting m = s and then substituting s = m,m + 
1,...,p— 1 successively, we obtain 


P +00 
z(m,n) < I] E pa Fls,1)1ogzt6,9)|e(p.0). (6.1.63) 
s=m+l1 t=n+1 


Noting that lim,++00 z(p,) = c and by letting p > +00 in (6.1.63), we get 


+00 


+00 
z(m,n) <c I] [1 + SS f(s, ft) log z(s, 1)] 


s=m-+ 1 t=n+1 


+00 +00 
. (6.1.64) 


< cexp | I] Y> f(s, 1) log (s, 1) 


s=m+1 t=n+1 
From (6.1.64) we derive 


+o0o +00 


logz(m,n) <loge+ D> YS f(s, t log c(s. 2) (6.1.65) 


s=m+1 t=n+1 


From (6.1.65) and by following exactly the same arguments as above with suitable 
changes up to the inequality (6.1.64), we obtain 


+00 +00 
log (m,n) < logef [] [1+ >> fG.9} 
s=m+1 t=n+1 


= log lr Do FOO) (6.1.66) 
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from (6.1.66) it follows 
+oo +co 
io (6.1.67) 


Using (6.1.67) in (6.1.57), we get the required inequality in (6.1.58) and the proof 
is thus complete. O 


Theorem 6.1.9 (The Pachpatte Inequality [493]) Let u(m,n), f(m,n) and 
g(m, n) be functions defined on Z x Z into R4, and c => 0 be a constant. If 


u-(m,n) <c+ > > f(s, t)u(s, t) 


s=m+1 t=n+1 
x [uss + SY SS gk nuk, | (6.1.68) 
k=s+1r=t+1 
then 
wan) = Vel + x 5 f(s.) I] [1+ > 5 fb nett] 
s=m+1 t=n+1 k=s+1 r=t+1 


(6.1.69) 


Proof The proof is similar to the proofs of Theorems 2.3.3 and 6.1.7—6.1.8 given 
above with suitable modifications and hence we omit the details. Oo 


We introduce in the following results some new finite difference inequalities in 
two independent variables, which are due to Pachpatte [514]. 


Theorem 6.1.10 (The Pachpatte Inequality [514]) Let u(m,n),f(m,n), g(m,n), 
h(m,n) be real-valued non-negative functions defined for all m,n € No and 
u(m,n) > ug > 0, uo is a real constant. Let W(r) be a real-valued continuous, 
positive, strictly non-decreasing, sub-additive, and sub-multiplicative function on 
I = [uo,+00) and let H(r) be a real-valued, continuous, positive, and non- 
decreasing function on I. 


(b,) Ifforallm,n € No, 


+oo +00 


u(m,n) < f(m,n) + cinsmn( » .2 h(s, )W(u(s, ») , (6.1.70) 


s=m+1 t=n+l 
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then for all0 <m<m,0<n<n,,m,mj,n,n, € No, 


+00 +00 
u(m,n) < f(m,n) + g(m, ou (o [( SS 2 h(s, )W(f(s, »| 


s=1 t=1 


+00 +00 
+y Dd Ho.o(t.)}) (6.1.71) 


s=m+1 t=n+1 


where 


a ds 
G(r) = ———_., r>1r> uo, (6.1.72) 
» W(H(S)) et 


G7! is the inverse function of G and for0O < m < m,0 < n < 


ny,m,m,n,ny € No, 
+00 +00 +00 +00 
G (x S> hls, DWC (s, ») + S> Yo Als, )W(g(s, 1) € Dom (G"). 
s=1 t=1 s=m+1t=nt+1 
(bx) Ifforallm,n € No, 


m—1 -+oo 


u(m,n) < f(m,n) + g(m,n)H (© > h(s, NW(u(s, ») ; (6.1.73) 


s=0 t=n+1 
then for all0 < m < m2,0 <n < nz,m, m,n, nN € No, 


+00 +00 
u(m,n) < f(m,n) + como ( c (es Yo n(s, Wf (s, »| 


s=0 t=1 


m—1 +00 
+> Yo Als, NW(e(s, »}). (6.1.74) 


s=0 t=n+1 


where G,G™! are defined in part (b,), and forall0 < m < m,0 <n< 
N2,M, m,n, Nz € No, 


+00 +00 m—-1 +00 
(Eda Wf (s, ») + 5° > Als, )W(g(s, 1) € Dom (G"). 


s=0 t=1 s=0 t=n+1 
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Proof We only give the details of the proofs of (b). The proof of (bz) can be 
completed similarly with suitable modifications. 
(b,) Define a function z(m, n) by 


+00 =-+F00 
emn)= SY) > h(s,)W(u(s,d), (6.1.75) 
s=m+1 t=n+1 
then from (6.1.70) it follows 
(6.1.76) 


u(m,n) < f(m,n) + g(m, nH (z(m, n)). 


From (6.1.75) and (6.1.76), we derive 
+oo +00 
am.n)< D> Y~ hs. NWF (s.1) + 8(s, DH (e(s.1))) 
s=m+1 t=n+l 
+0o =+00 


< YO YS Ws, NWF.) + Wels. )) WAC.) 
s=m+1 t=n+1 


+00 +00 


< OC AG. DWF, 9) 


s=1 t=1 


+oo +00 
Y> SS AG, DW(g(s, ))W(A (cs, 1). (6.1.77) 


s=m+1 t=n+1 


Define a function v(m, n) by the right-hand side of (6.1.77). Then, z(m,n) < v(m, n) 


and 
[v(m,n) — v(m + 1,n)] — [U(m,n + 1) -— v(m 4+ 1,n4+ 1)] 


=h(m+ 1,n+ 1)W(g(m+ 1,n+ 1))W(A(e(m + 1,n + 1))) 


<h(mt+ 1,n+ 1)W(g(m4+ 1,n+ 1)WAQ(m4+ 1,n4+1))). (6.1.78) 
From (6.1.78) and the fact that v(m + 1,n +1) < v(m + 1,n), we deduce 
[v(m, n) — v(m + 1,n)] = [v(m,n + 1)—v(m+ 1,n+4+ 1)] 
W(HA(v(m + 1,n))) W(A(v(m + 1,n+ 1))) 
(6.1.79) 


<h(mt+ 1,n+ 1I)W(g(m+ 1,n+4+ 1)). 
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Keeping m fixed in (6.1.79), substituting n = t, and taking the sum over t = n,n + 
1,...,¢g—1(q =n+ 1 is arbitrary in No), we can obtain 


[v(m,n) — v(m +1,n)] _ [vom.g) = vont Lgl 


W(A(v(m + I,n))) W(H(v(m + 1,q))) 
q 
< So A(m+ 1,)W(g(m + 1,0). (6.1.80) 
t=n+1 
Noting that limy+4oov(m,q) = limg++oo v(m + 1,g) = DEP VEY Als, 1) 


W({(s, t)) and by letting g — +00 in (6.1.80), we have 


[vim n) — v(m + 1,n)] _ XS 
~ W(H(u(m + I,n))) _ = 2 ee 1,1)W(g(m + 1,1). (6.1.81) 


From (6.1.72) and (6.1.80), it follows 


v(m,n) ds 


G(v(m, n)) — G(v(m + 1,n)) = [ sin W(A(s)) 


“ [v(m,n) — v(m + 1,n)] 
~  W(A(v(m + 1,n))) 
+00 


< So h(m+1,)W(g(m+ 1,9). (6.1.82) 
t=n+l1 


Now, keeping n fixed in (6.1.82), substituting m = s, and taking the sum over 


s=m,m-+1,...,p—1,(p = m+ 1 is arbitrary in No), we arrive at 
P +00 
G(v(m,n)) — Go(p,n)) < YS So hls, )W(e(s.0). (6.1.83) 
s=m+1 t=n+1 


Noting that limg-+ +00 v(p.n) = 7£°° DE? h(s, WCF (s, 1) and by taking p > 
+oo in (6.1.83), we get 


v(m.n) < G "GO? NEP As, DW(f(s.9)) 
+ rie Vt. | h(s, W(g(s, 1))]- (6.1.84) 


The required inequality in (6.1.71) follows from the fact that z(m,n) < 
v(m,n), (6.1.84) and (6.1.76). The sub-domain 0 < m < m,0 <n < n, is 
obvious. Oo 
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Theorem 6.1.11 (The Pachpatte Inequality [516]) Let u(m,n), a(m,n), b(m,n) 
be real-valued non-negative functions defined for all m,n € No and let L : No x 
R+ — R+ be a function which satisfies the condition: for allu > v = 0, 


0 < L(m,n, u) — L(m,n, v) < M(m,n, v)(u — v) 


where M(m,n,v) is a real-valued non-negative function defined for all m,n € 
No, VE R4. 


(c1) Ifforallm,n € No, 


+00 +00 
u(m,n) < a(m,n) + b(m,n) s ¥ L(s, t, u(s, t)), (6.1.85) 
s=m+1 t=n+1 


then for allm,n € No, 


+00 +00 
u(m,n) < a(m,n)+b(m, n)e(m, n) I] : + y M(s,t, a(s, t))b(s, 0 , 


s=m+1 t=n+l1 
(6.1.86) 
where for allm,n € No, 
+oo +00 
e(m,n) = >, > L(s, t, a(s, t)). (6.1.87) 
s=m+1 t=n+1 
(co) Ifforallm,n € No, 
m—1 +00 
u(m,n) < a(m,n) + b(m,n) > = L(s, t, u(s, f)), (6.1.88) 
s=0 t=n+1 


then for all m,n € No, 


m-1 +00 
u(m,n) < a(m,n)+b(m, n)e(m, n) I] : + > M(s, t, a(s, t))D(s, » ; 


s=0 t=n+1 
(6.1.89) 
where for all m,n € No, 
m—1 +00 
am.n) => SY” Ls, t,a(s,1)). (6.1.90) 


s=0 t=n+1 
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Proof (c;) Define a function z(m, n) by 


+00 =+00 
amn)= D> Y~ L(s,t,u(s,0). (6.1.91) 
s=m+1 t=n+1 
Then, from (6.1.85) we infer 
u(m,n) < a(m,n) + b(m, n)z(m, n). (6.1.92) 


From (6.1.91), (6.1.92) and the hypotheses on L, it follows 


+00 +00 
amny< > > [us natn 4 sn 
s=m+1 t=n+l1 


— L(s, t, a(s, t) + L(s, t, a(s, »| 


+00 +00 
<e(m.n)+ D> SY > M(s,t,a(s,1))B(s, Dz(s. 1), (6.1.93) 
s=m+1 t=n+1 


where e(m,n) is defined by (6.1.87). Clearly e(m,n) is real-valued non-negative 
and non-increasing in each variable m,n € No. Now, an application of part (a;) in 
Theorem 6.1.10 to (6.1.93) yields 


+00 +00 
2(m,n) < e(m.n) [] [1+ D> MGs, t,a(s,))b(s, 0). (6.1.94) 
s=m+1 t=n+l1 
The desired inequality in (6.1.86) follows from (6.1.92) and (6.1.94). Oo 


Theorem 6.1.12 (The Pachpatte Inequality [516]) Let u(m,n), a(m,n), b(m,n) 
be real-valued non-negative functions defined for all m,n € No and let L : No x 
Ry — R+ be a function which satisfies the condition: for allu => v = 0, 


0 < L(m,n, u) — L(m,n, v) < M(m,n, v)¢7|(u— v) 
where M(m, n, v) is defined as in Theorem 6.1.8, let ¢ : Ry — R+ be a continuous 


and strictly increasing function with ¢(0) = 0, @~! is the inverse function of ¢ and 
forallu,v € R4, 


g '(uv) < "(wg "(v). 
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(dq\) Ifforallm,n €No, 


+oo +00 
u(m,n) < a(m,n) + b(m,n)b ( > i L(s, t, u(s, »| ; (6.1.95) 
s=m+l1 t=n+1 


then for all m,n € No, 


u(m,n) <a(m,n) + b(m,n)¢ 


+00 +00 
x («im I] [14 > mectatsn4-"0600)]), 


s=m+l1 t=n+1 
(6.1.96) 
where e(m,n) is defined by (6.1.85). 
(dz) Ifforallm,n € No, 
m—1 +00 
u(m,n) < a(m,n) + b(m, n)¢ (© > L(s, t, u(s, »| , (6.1.97) 
s=0 t=n+1 


then for all m,n € No, 


u(m,n) <a(m,n) + b(m,n)d 


m—1 +00 
x (in n) I] [ + ~ M(s, t,a(s, td | (d(s, »|) 


s=0 t=n+1 


(6.1.98) 


where @(m, n) is defined by (6.1.90). 
Proof (d,) Define a function z(m, n) by (6.1.91), then from (6.1.95) we deduce 


u(m,n) < a(m,n) + b(m,n)¢(z(m, n)). (6.1.99) 


From (6.1.91), (6.1.99) and the hypotheses on L and ¢, it follows 


+oo +00 
amny< SY) > us. nat.9 + 36.99%.9) 
s=m+1 t=n+1 


— L(s, t, a(s, t) + L(s, t, a(s, »| 
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+00 +00 
<e(mn)+ D> SY) M(s,t,a(s,)) 67 (bs, DO (e(s,.9)) 
s=m+1 t=n+1 
+00 +00 
<e(mn)+ D> SY) M(s,t,a(s, 1) 67! (b(s, D) (5.0), (6.1.100) 
s=m+1 t=n+1 


where e(m,n) is defined by (6.1.87). Now following the last arguments as in the 
proof of (c1), we can derive the desired inequality in (6.1.96). Oo 


The next result, due to Ma [359], is to give some explicit bounds to some new 
nonlinear discrete inequalities involving two-variable functions, which, on the one 
hand, generalizes Ou-Yang’s inequality to Volterra-Fredholm, on the other hand, 
give a handy and effective tool for the study of quantitative properties of solutions 
of sum-difference equations. 

For w € C(R+, R+), the function G; is defined as 


” ds 
G,(v) = if a v>v9 > 0. 
vo 


Theorem 6.1.13 (The Ma Inequality [359]) Suppose that u anda € F4(Q), 
k > 0 constant and w € C(R+,.R+) is non-decreasing with w(r) > 0 forall r > 0; 


+00 ds 
Gi(+00) = / = +00 
vy W(s) 
and 
Ay (t) = Gi (2t—k) — Gi (4) (6.1.101) 
is strictly increasing for all t = k. 
If u(m, n) satisfies for all (m,n) € Q, 
m—-1 n-1 M-1 N-1 
u(m,n) <k+ Y° Y-als.tw(uls.)) + Y> Yo als, w(u(s,t)), — (6.1.102) 
s=mo t=ng s=mpo t=no 


then for all (m,n) € Q, 


M-1 N-1 m—1 n—-1 
u(m,n) < Gy! (6 a (> Y- als, »)] +> Yas, ») (6.1.103) 


s=mo t=no s=mo t=no 


where Gy! and H “ae are inverse functions of G; and H,, respectively. 
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Proof Let k > 0 and define 


m—1 n—-1 M-1 N-1 
z(m,n) =k+ ye > a(s, t)w(u(s, t)) + Ss a(s, t)w(u(s, t)). 


Then we have 


| u(m,n) <z(m,n), (m,n) € Q, (6.1.104) 


z(mo,n) =k + pa a(s, t)w(u(s, t)) 


=mo 
and 


n—1 n—1 


y. a(m, t)w(u(m, f)) < ye a(m, t)w(z(m, t)) 


t=no tno 


Aiz(m,n) 


II 


n—1 


w(z(m, t)) > a(m, t). 


t=no 


IA 


Therefore, by the Mean-Value Theorem for integrals, for each (m,n) € Q, there 
exists € : z(m,n) < € < z(m+ 1,n) such that 


AiGi(2(m, n)) = Gi(z(m + 1,n)) — Gi(z(m, n)) 
z(m-+ 1,n) ds 
7 im w(s) 


1 
= We ee: 


Since w is non-decreasing, w(¢) > w(z(m, n)), we get for all (m,n) € Q, 


AG, (z(m,n)) < Aiz(m,n) (6.1.105) 


1 
w(z(m, n)) 
n—1 
< Se a(m, t). 
t=no 
Therefore, 


m—1 n—-1 


m—1 
Do AiGilels,n)) < DY DV als, 0). 


s=m0 s=mg t=no 


796 6 Nonlinear Multi-Dimensional Discrete (Difference) Inequalities 


On the other hand, it is easy to check that 


m—1 


Do A1Gi(e(s,n)) = Gi (em, n)) — Gi@(mo,n)), 


s=mo 
which yields 


m—1 n—-1 


Gi(z(m,n)) < Gi(zmo.n)) + S> Vals, 0). 
s=mpo t=no 
Since Gj 'is increasing, the above inequality yields for all (m,n) € Q, 
m—-1 n-1 
z(m,n) < G,} icin. +> Via, » . (6.1.106) 
s=mo t=no 


Form the last inequality, we observe that 


M-1 N-1 
2z(mp,n) —k=k+2 > > a(s, t)w(u(s, f)) 
M-1 N-1 
= <(M,N) < Gy! ccm.) +>) Via, » 


M-1 N-1 
= Gy! exci. + » > a(s, » , 


s=mo t=no 
or 


M-1 N-1 


G (2z(mo, n) — k) — Gi(z(mo.n)) < Y> Y als, t). (6.1.107) 


s=mo t=no 


Since H,(t) = G,(2t — k) — G,(t) is increasing for all t > k, H(t) has the inverse 
function H7'(t) and then from the last inequality, we derive 


M-1 N-1 
z(mo,n) < Hy! (> Y > als, ) (6.1.108) 


s=mo t=no 


Substituting (6.1.108) into (6.1.106) and combining with (6.1.105), we can obtain 
the desired inequality (6.1.103). If k = 0, we carry out the above procedure with 
€ > O instead of k and subsequently let e > 0. O 
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Theorem 6.1.14 (The Ma Inequality [359]) Let u(m,n), a(m,n), w(u), Gi(u) 
and k be as in Theorem 6.1.13. If u(m,n) satisfies (6.1.102) for all (m,n) € Q, 
and 


M-1 N-1 


A) = Gi2t-kh-Gil)— DY Yi als.) 


s=mp t=no 


is increasing and A(t) = 0 has a solution c for all t = k, then for all (m,n) € Q, 


m—1 n—-1 
u(m,n) < Gy! Go +) Vials, » (6.1.109) 


s=mo t=no 


where G, and Gy! are defined as in Theorem 6.1.13. 


Proof By the same steps from (6.1.104) to (6.1.108) in the proofs of Theo- 
rem 6.1.13, we have 


u(m,n) < 2(m,n), (6.1.110) 


m—-1 n—-1 
z(m,n) < Gy! cin. +> Yas, » ; (6.1.111) 


s=mo t=no 
and for all (m,n) € Q, 
M-1 N-1 
G,(2z(mo,n) — k) — Gi(e(mo.n)) < D> Y als.) (6.1.112) 
s=mo t=no 
From the assumption of Theorem 6.1.14 and (6.1.112), we have 


A (z(mo, n)) < 0 = Ay(c1). 


Since Hj is increasing, H, has an inverse function iy, from the last inequality we 
derive 


z(mo,n) < c1. 


Substituting the last inequality into (6.1.111) and combining with (6.1.110), we can 
get the desired inequality (6.1.109). O 
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Corollary 6.1.11 (The Ma Inequality [359]) Let u(m,n), a(m,n) and k be as in 
Theorem 6.1.13. If u(m, n) satisfies for all (m,n) € Q, 


m—1 n-1 M-1 N-1 
u(m,n) <k+ > PS a(s, t)u(s, t) + y » a(s,t)u(s,t)  (6.1.113) 
s=mo t=no s=mo t=no 


and 


M-1 N-1 
X=(M,N) = exp (x Y> als, 0) eo (6.1.114) 


sS=mo t=no 


then for all (m,n) € Q, 


k m—1 n-1 
u(m,n) < ew (E > als, 0). (6.1.115) 


s=mo t=no 


Proof In Theorem 6.1.13, by letting w(u) = u, we obtain 


» ds ” ds v 
G\(v) = = —=In—, v>v>O0, 
v0 w(s) vo 5 vo 
2t—k 


A(t) = G,(2t—k) — G,(t) = In = t>k, 
which give us 


G! = : H7'() = ———. 
; (v) = vo expv 1 © 2— expt 


From inequality (6.1.103), we can derive inequality (6.1.115). O 


Corollary 6.1.12 (The Ma Inequality [359]) Let u(m,n),a(m,n) and k be as in 
Theorem 6.1.13, 0 < p < 1 be a constant. If u(m, n) satisfies for all (m,n) € Q, 


m—1 n—-1 M-1 N-1 


u(m,n) <k+ > a a(s, t)u?(s,t) + > > a(s,t)u?(s,t) (6.1.116) 


s=mo t=no s=mo t=no 


then for all (m,n) € Q, 


m—-1 n-1 1/(—p) 
u(m,n) < fiw +(1-p) >> > abs, 0 (6.1.117) 


s=mo t=no 
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where cy, is the solution of equation, for all t = k, 


M-1 N-1 


A(t) = le-p = ?)— 3° So als.) =0. (6.1118) 


s=mo t=no 


Proof By Theorem 6.1.14, we only need to prove that (6.1.118) has a solution cy, 
for all t > k. In fact, for all t > k, 


(2!/P ry? — (2t—k)? 


H(t) = >0 
1@) [1(2r — k)P 
M-1 N-1 
Ay(k) =- > Yast) <0 
s=mo t=no 
and 
: jp R\P-! —1 N-1 
lim A,(t) = li -- —1]- i= 
so H 1(t) = 0 has a unique solution cj, > k. O 


Remark 6.1.6 Though (6.1.117) does not give an exact estimation to the solution 
of (6.1.116), it is enough to get the upper bound to the solution of (6.1.116) in many 
cases. 


Theorem 6.1.15 (The Ma Inequality [359]) Suppose that u(m,n), a(m,n), w(u) 
and k are as in Theorem 6.1.13. Let p(u) € C!(R4,R4+) with o'(u) > 0 and g'(u) 
is increasing for all u > 0, here y’(u) denotes the derivative of gy. If u(m, n) satisfies 
for all (m,n) € Q, 


m—1 n-1 


g(u(m,n)) <k+ Y) Pals, Ng's, )) wuts, 1) 


M-1 N-1 
+2 Vals, Ng! (uls,))w(uls, 9), (6.1.119) 


and 


H2(t) = Grog !Qr—-kh)-Giog 
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is increasing for all t > k, then for all (m,n) € Q, 


M-1 N-1 m—1 n—-1 
u(m,n) < Gy! (« as (x Y> als, 0) a > > als, 0) (6.1.120) 


s=mo t=no s=mo t=no 


where H;' is the inverse of Hr, G, and G;! are defined as in Theorem 6.1.13. 


Proof Similar to the proof of Theorem 6.1.13, it suffices to consider the case k > 0. 
Denote by z2(m, n) the right-hand side of (6.1.119). Then z. > 0, u < gy !(z2), and 
Z2 is non-decreasing in each variable. Hence, for any (m,n) € Q, we have 


n—1 


Ajzo(m,n) = > a(m, t)g'(u(m, t))w(u(m, t)) 


t=no 


n—1 


< So alm, De! alm, 1) WG (m, 1))) 


n—1 
< ¢'(y'(e2(m,n))) ¥ alm, )w(g™ | (Zo(m,1)) 
or 
Aim (m, n) n-1 


-1 
'(g-"(za(m,n))) < yy a(m, t)w(p” (z2(m, t))). 


t=no 


On the other hand, using the differential Mean-Value Theorem and the last 
inequality, we infer 


g '(a(m+ 1,n)) — 9" (@2(m,n)) 
Aj1Z2(m, n) 


Ailg | (z2(m,n))] 


1 
= —____A ee 
TOO) re = Fe ealm.m) 
n—-1 
< Yo alm, )w(e7!(2(m, 9)). (6.1.121) 


Keeping n fixed in (6.1.121) and setting m = s and then summing over s = mo, mo + 
1,--- ,m—1, we get for all (m,n) € Q, 


m—1 n—-1 


g'(zo(m,n)) < g"(Za(mo.n)) + Y> Y > als, w(Y™| (om, 1). (6.1.12) 


s=mo t=no 
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Now by applying Theorem 6.1.13 to the function y~!(z.(m, n)), we obtain 


m—1 n-1 
go '(z2(m,n)) < Gy" (cite Meatm.n +>) Via, ») . (61.123) 
Observing that 
M-1 N-1 
2z(mo,n) —k=k+2)° D> als, Ng's, ))w(u(s,) = z2(M.N), 


we infer from (6.1.123) 


G,0 g'(2z2(mo, n) —k)=G,0 vg '(z2(M,N)) 


M-1 N-1 


< Gog '(z(m.N)) + ¥> D> als.) 
s=mg t=no 
M-1 N-1 
= Gog '(e(m,n)) + D> do als,t) 
s=mo t=no 
or 
M-1 N-1 
Gi 0g! (2z0(mo,n) — k) — Gi 0 p~'(2(M,N)) < D2 Dl als). (61.124) 
s=mo t=no 


Since H3(t) = G, og !(2t—k) — G, og |(f) is increasing for all t > k, H2(t) has 
an inverse function Hy ' and from (6.1.124), we derive 


M-1 N-1 
zo(mo,n) < Hy! (x a(s, ») . 
s=mo t=no 


Substituting the above inequality into (6.1.123) and by the definition of z2(m, n), we 
can obtain the desired inequality (6.1.120). Oo 


By similar argument as in the proofs of Theorem 6.1.14, we can prove the 
following result immediately. 


Theorem 6.1.16 (The Ma Inequality [359]) Let u(m,n),a(m,n) and k be as in 
Theorem 6.1.15. If u(m, n) satisfies (6.1.119) for all (m,n) € Q, and 


M-1 N-1 


Fy(t) = Gog 'Qt-kh) -Giog'()- D> Yi als.t) 


s=mog t=no 
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is increasing and Ay (t) = 0has a solution cy = k, then for all (m,n) € Q, 


m—1 n-1 
u(m,n) < G7! [Gites +>" doa, 0 (6.1.125) 


s=mo t=no 


When g¢ = uw? (p => | is aconstant) in Theorem 6.1.15, we have the following 
corollary. 


Corollary 6.1.13 (The Ma Inequality [359]) Let u(m,n), a(m,n) and k be as in 
Theorem 6.1.15, p = 1 is a constant. If u(m, n) satisfies for all (m,n) € Q, 


m—1 n-1 


u? (m,n) <k+ oy pS a(s, thu’ (s, t)w(u(s, f)) 


s=mo t=no 
M-1 N-1 


+ > Vials, Que'(s, )w(u(s,), (6.1.126) 


s=mo t=no 


and 
Ho, (t) = Gy ((2t— ky”) — G,(t'/”) 


is increasing for all (m,n) € , then for all (m,n) € Q, 


M-1 N-1 m—1 n—-1 
u(m,n) < Gy! (« [i (= Y- als, 0) +> dias, 0). (6.1.127) 


s=mo t=no s=mo t=no 


Corollary 6.1.14 (The Ma Inequality [359]) Let u(m,n) € F\(U), a(m,n) and k 
be as in Theorem 6.1.15. If u(m, n) satisfies for all (m,n) € Q, 


m—1 n—-1 


u’(m,n) <k+ = 2 a(s, t)u?(s, t)wn u(s, t)) 


s=mo t=no 
M-1 N-1 


+ > Ye als, u's, )wln u(s, 1), (6.1.128) 


s=mo t=no 


and 


Ao (t) = G, (- In(2t — 0) —G, (- In ) 
P P 
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is increasing for all (m,n) € Q, then for all (m,n) € Q, 


M-1 N-1 m—1 n—-1 
Gi (> Y- als, »)] s 2 Y> als, 7 . (6.1.129) 


s=mo t=no s=mo t=no 


u(m,n) < G|' 


Proof Taking v(m, n) = Inu(m,n), then (6.1.128) reduces to 


m—1 n-1 


exp(pu(m,n)) <k+ D> > als, 1) exp(pu(s,))w(v(s, 0) 


s=mo t=no 
M-1 N-1 


+ 2 Y- als, t)exp(pv(s, t))w(v(s,t)),  (6.1.130) 


s=mo t=no 


for all (m,n) € Q, which is a special case of inequality (6.1.119) when g(v) = 
exp( pv). In this special case, 


H(t) = Any (t) = G, (- In(2t — 0) —G, (- int) ‘ 
P p 


By Theorem 6.1.15, we get the desired inequality (6.1.129) directly. O 


Remark 6.1.7 Equations (6.1.126) and (6.1.128) are new discrete Volterra- 
Fredholm-Ou-Yang-type and Volterra-Fredholm-Engler [219]-Haraux [271] type 
inequality of two-variable, respectively. 


Using Theorems 6.1.13 and 6.1.16, we can get more generalized results as 
follows. 


Theorem 6.1.17 (The Ma Inequality [359]) Suppose that u(m,n), a(m,n), w(u), 


G,,G;',M,H,! and k are as in Theorem 6.1.13, b(m,n) € F+(Q). If u(m,n) 
satisfies for all (m,n) € Q, 


m—1 n-1 M-1 N-1 
u(m,n) <k+ > a a(s, t)w(u(s, t)) + » > a(s,t)w(u(s,t)), (6.1.131) 
s=mo t=no s=mo t=no 


then for all (m,n) € Q, 


. Ge Ss : )| m—1 n—-1 : | 
1| Aj a*(s,t)||+ >> do a%(s,0¢ (6.1132) 


s=mo t=no s=mo t=no 


u(m,n) < G|' 


where a* (m,n) € F4(Q) such that both a(m,n) and b(m,n) are less than or equal 
to a*(m,n). 
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Proof From (6.1.131) and assumptions, we infer for all (m,n) € Q, 


m—1 n—-1 M-1 N-1 
u(m,n) <k+ Sy Yo aX(s, t)w(u(s, t)) + y eG t)w(u(s, t)). 


An application of Theorem 6.1.13 to the above inequality yields (6.1.132) immedi- 
ately. Oo 


Theorem 6.1.18 (The Ma Inequality [359]) Let u(m,n),a(m,n),b(m,n), 
a*(m,n) and k be as in Theorem 6.1.17; g(u) be as in Theorem 6.1.15. 
w; € C(Ry, R+) be non-decreasing functions with w; > 0 for allu > 0, i = 1,2. 
If (m,n) satisfies for all (m,n) € Q, 


m—1 n—-1 


g(um,n)) <k+ D> SY) als, Dg! (uls,))wiuls, 0) 


s=mg t=no 
M-1 N-1 


+2 Vals, Ng! (uls,))wo(u(s,9), (6.1.133) 


s=mo t=no 


and there is a function W(u) € C(R+,R+) that is non-decreasing such that both 
Ww, and wy are less than or equal to W, 


+00 ds 


~~ 


> ds 
Go(v) = : —, v>v9>0, Go(+oo) = / 
vy W(s) ’ 


0 


and 
H3(t) =Giog '(2t-h-Giog'@ 


is increasing for all t => k, then for all (m,n) € Q, 


M-1 N-1 m—1 n—-1 
G, (x So av (s, »)] +> Soars, 7 (6.1.134) 


u(m,n) < Gy! 


s=mo t=no s=mo t=no 


where Gy' and Hy ' are inverse functions of Gy and H3, respectively. 


Proof From (6.1.133) and the assumptions, we can deduce 


m—1 n-1 
g(um,n)) <k + Y> So aX (s,Ne'(u(s, ))W(uls, 1) 


M-1 N-1 


+2 Yo at (s, Ng's, ))W(u(s, 1). 


s=mo t=no 
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Now applying Theorem 6.1.15 to the above inequality yields the desired 
inequality (6.1.134). O 


By the same argument as in the proof of Theorem 6.1.14, we can show the 
following result immediately. 


Theorem 6.1.19 (The Ma Inequality [359]) Let u(m,n),a(m,n),b(m,n), 
a*(m,n),w; (i = 1,2),W and k be as in Theorem 6.1.18. If u(m,n) 
satisfies (6.1.133), and 


. M-1 N-1 
a(t) = G,og'(2t-kh) -— Gog ()- Y> di ar(s,t) 


s=mo t=no 


is increasing and A; (t) = 0 has a solution c3 = k, then for all (m,n) € Q, 


m—1 n-1 
u(m,n) < Gy! (cx +0 oars, 0) (6.1.135) 
s=mo t=no 


Remark 6.1.8 In Theorems 6.1.17—6.1.19, we can choose function a*(m,n) = 
a(m,n) + b(m, n) or max{a(m, n), b(m, n)} as well as in function W. 


By Theorem 6.1.19, we can get the following interesting result. 


Corollary 6.1.15 (The Ma Inequality [359]) Let u(m,n),a(m,n),b(m,n), 
a*(m,n) and k be as in Theorem 6.1.18, p => 1 and0 < q < 1 be constants. 
If u(m, n) satisfies for all (m,n) € Q, 


m—1 n—-1 M-1 N-1 
u?(m,n) <k+ » x a(s, t)u?(s, t) + > > b(s, thu?t*!(s,t)  (6.1.136) 
s=mo t=no s=mo t=no 


and 
M-1 N-1 
= (x rae 0) <2, 
s=mo t=no 


then for all (m,n) € Q, 


u(m,n) < 


m—-1 n-1 1/4) 
(1+ 2) “exp juno yee » = : (6.1.137) 


s=mo t=no 
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where C3 is the solution of 


: i. 1+0r-pta? SOS 


s=mo t=no 


forallt =k. 


Proof In Theorem 6.1.19, by letting w)(u) = u, w2(u) = u? and W = w; + w2, we 
obtain 


: d. ea 1 1+v!-4 
Gv) = |) —S = f = nL, vo 
vo Wi(S) + W2(s) Jog SH SF 1 -—G 1+ 4 


(6.1.139) 
Hence, 
i - 1/4) 
Gy\(v) = [a + ut) exp((1 — q)v) — 1] (6.1.140) 
By computation, we have for all t > k, 
. i , eG gee AS 
a) = ~— =" jae Y> So at(s,0, 
s=mo t=no 
3 k + 2f!-C-a/p — (2¢ — k)!-G-a/p 
U — 
H(t) = Hk C= p= GEE) >0. (6.1.141) 
M-1 N-1 
Ax) =— D> Yo a®(s,t) <0 (6.1.142) 
s=mg t=no 
and 
M-1 N-1 
. wi 1 1+ Qt—khC-9P . 
Ra aare nee 4 Bae 2 2 
s=mo t=no 
M-1 N-1 
=In2"?— S° } at (s,1) > 0. (6.1.143) 
s=mo t=no 


By (6.1.141)-(6.1.143), we know that (6.1.138) has a solution ¢; > k. Now 
by (6.1.135), (6.1.139) and (6.1.140), we can get the desired (6.1.137). Oo 


In the sequel, we shall introduce some new discrete Gronwall-Bellman-Ou- Yang- 
type inequalities with explicit bounds on unknown functions. 
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Let J := [mo,M)M Z and J := [no, N) 2M Z are two fixed lattices of integral 
points in R, where mo,no € Z,M,N € ZU {+00}. Let Q:=1xJ C Z?,Ry = 
[0, +00), Ro := (0,+00),R; := [1, +00), and for any (s,t) € Q, the sub-lattice 
[mo, 5] x [no, t] N Q of Q will be denoted as Q(s,1). 

If U is a lattice in Z (respectively Z7), the collection of all R-valued functions 
on U is denoted by F(U). For the sake of convenience, we extend the domain of 
definition of each function in F(U) and F+(U) trivially to the ambient space Z 
(respectively Z?). So for example, a function in F(U) is regarded as a function 
defined on Z (respectively Z*) with support in U . As usual, the collection of all 
continuous functions of a topological space X into a topological space Y will be 
denoted by C(X, Y). 

If U is a lattice in Z, the difference operator A on f € F(Z) or F(Z) is defined 
as 


Af(n) :=f(a+1)—-f(),  foralln € U, 


and if V is a lattice in Z”, the partial difference operators A, and A on u € F(Z’) 
or F(Z?) are defined as 


A\u(m,n) := u(m+ 1,n)—u(m,n), for all (m,n) € V, 
Aou(m,n) := u(m,n+1)—u(m,n), for all (m,n) € V. 


Theorem 6.1.20 (The Cheung-Ren Inequality [147]) Suppose u € F4(&). If 
c > 0 is aconstant and b € F+(Q), w € C(R+, R+) are functions satisfying 


(i) w is non-decreasing with w(r) > 0 for all r > 0; 
(ii) for any (m,n) € Q, 


m—1| n—-1 
u(m,n) <c+ > So d(s, t)w(u(s, t)), (6.1.144) 
s=mot=ng 
then for all (m,n) € Qon,n)); 
u(m,n) < ®7'[®(c) + B(m, n)| (6.1.145) 


where 


m—1 n-1 


Bim, n) := » wG t), 


s=mot=no 


[= 0, 
1 w(s) 


@(0) := lim,_,9+ P(r), 


II 


Dr): 
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®~! is the inverse of ®, and (m,,n,) € Q is chosen such that ®(c) + B(m,n) € 
Dom(®7!) for all (m,n) € Q¢mn): 

Proof It suffices to consider the case c > 0, for then the case c = 0 can be arrived 
at by continuity argument. Denote by p(m, n) the right hand side of (6.1.144). Then 


p > 0,u < pon Q, and p is non-decreasing in each variable. Hence for any (m,n) € 
Q, 


Aip(m,n) = p(m + 1,n) — p(m,n) 
n—1 


= YS bin, t)w(u(m, t)) 


t=no 


n—1 


ee) 


t=no 


lA 


n—-1 


w(p(m,n—1)) ~ b(m, 1). 


t=no 


lA 


Therefore, by the Mean-Value Theorem for integrals, for each (m,n) € Q, there 
exists p(m,n) < & < p(m-+ 1,n) such that 


Ai(® 0 p)(m,n) = P(p(m + I, n)) — B(p(m, n)) 
p(m-+ 1,n) ds 
In n) w(s) 


=a A\p(m,n). 


Since w is non-decreasing, w(€) > w(p(m, n)) and so for all (m,n) € Q, 


Ai(®op)(m,n) < ®A i p(m, n) 


i 
w(p(m, n)) 


wpm, n= 1) 
< wet 2 hd 


n—1 
py b(m, t). 


t=no 


t=no 


IA 


Therefore, 


m—1 m—1 n-1 


dE Ar op)(s.n) < YF D7) Hs.) = Blm.n). 


s=mo s=mo t=no 
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On the other hand, it is elementary to check that 


m—1 


D> Ai(® 0 p)(s,n) = © o p(m,n) — © 0 plo, n), 


s=mo 


thus 


® o p(m,n) < Po p(mo,n) + Po p(m, n) 
@(c) + B(m,n). 


Since ®7! is increasing on Dom ©!) this yields for all (m,n) € Qom.n1) 


p(m,n) < ®'[®(c) + Bim, n)]. 


Oo 
Remark 6.1.9 In many cases the non-decreasing function w satisfies _/, = & =o. 
For example, w = C > 0, w(s) = s, w(s) = /s, etc., are such functions. In 
such cases ®(oo) = oo and so we may take my = M, n, = N. In particular, 


inequality (6.1.145) holds for all (m,n) € Q. 
For any g, Ww € C((0, +00), (0, +00)) and any constant 6 > 0, define 


"ds " ds 
on(r) = | ay vain i= | re ad 


®p(0) = lim, &p(r), Vp (0) = lim, Wa (0). 


Note that we allow ®g(0) and (0) to be —oo here. 

Among various generalizations of Ou-Yang’s inequality, discretization is also 
an interesting direction. The point is, similar to the noteworthy contributions of 
the continuous versions of the inequality to the study of differential equations, 
one naturally expects that discrete versions of the inequality should also play an 
important role in the study of difference equations. In this respect, fewer results 
have been established. Recent results in this direction include the works of Pachpatte 
[500], Pang and Agarwal [528], and the following recent result of Cheung [141]. 


Theorem 6.1.21 (The Cheung Inequality [141]) Suppose u : Q > R4 isa 
function on a 2-dimensional lattice Q, k = 0 is a constant, a,b : Q — R4+, and 
w € C(R_, R+) are functions satisfying 


(i) w is non-decreasing with w(r) > 0 for all r > 0; 
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(ii) for any (m,n) € Q, 


m—1 n—1 


u(m,n) <k? + Y Yo als, t)u(s, t) 


s=mot=no 
m—1 n-—1 
+ S\ SY ld(s, Du(s, Nw(us, 1), (6.1.146) 
s=mot=no 
then for all (m,n) € Q¢n,,n)); 
u(m,n) < ®'[®(k + A(m, n)) + B(m, n)| (6.1.147) 


where 


m—1 n—-1 m—1 n-1 


A(m, n) := = AG t), B(m,n) =: = YS d(s, t), 


s=mot=no s=mot=no 


and ® = i ae r > 0, and (m,n) € Q is chosen such that ®(k + A(m,n)) + 
B(m,n) € Dom (®~!) for all (m,n) € Qon,n)- 
Proof It suffices to consider the case k > 0. Denote by q(s, t) the right-hand side 


of (6.1.146). Then g > 0, u < ./u on Q, and q is non-decreasing in each variable. 
Hence for any (m,n) € Q, 


Aig(m,n) = q(m + 1,n) — q(m,n) 


n—-1 


n—-1 
= =. a(m, t)u(m, t) + oo b(m, t)u(m, t)w(u(m, t)) 


t=no t=no 


n—-1 


n—1 
< SY) atm, 1) Vqim, 1) + YO dim, 1) aim, Nw aim, 1) 


t=no t=no 


n—1 n—1 
< Vq(m.n—1) bp a(m,t) + )~ b(m, 1) Jqim, Nw qm, | 


or 


Aiq(m, n) nal n-1 
Jalon ray = e+ Ye Hem Nealon. 
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Therefore, for any (m,n) € Q, 


m—1 n—-1 m—1 n—-1 


Aiq(s,n) 
PD necenie Deane DF ee t)w(/q(s, 1) 


m—1 n—-1 
= A(mn) + Y* Y¢ dls, Dw(/a(s, 0). 


On the other hand, by the non-decreasing property of qg in each variable, it is easy to 
check that for all (m,n) € Q, 


m—1 


Aiq(s,n) 
s=mo VaU(s,n— 1) 

_ aim) gm 1.0) gm — I,n) 
Jam—1n-1) JVq(m-1,n-1)) Jqim—2,n-1) 
- q(m — 2,n) 4: q(mp + 1,7) _ q(mo, n) 

Vq(m—2,n—1) 7 Vq(m,n—-1)  Vq(mo,n—1) 

_ ___aim.n) —s 

> ase Be cerry 
ee ee Co) 

q(m—s,n—1) V q(mo,n — 1) 

ann) glimosn) 

~ vaimn) — Vq(mo,n—1) 

= Vq(m,n)—k. 


Hence we have for all (m,n) € Q, 


m—-1 n-1 
JVq(m,n) < k + A(m,n) + x 22% thw(/q(s, 0). 


In particular, since A is non-decreasing in each variable, for any fixed (m,n) € 
Quinny ; for all (m, n) E Q aan): 


m—1 n-1 


Vann) < (k+ AGT) + D7 YD) Ws. Dw(/a.9). 


sS=Mp S=Ng 


812 6 Nonlinear Multi-Dimensional Discrete (Difference) Inequalities 


Now applying Theorem 6.1.20 to the function ./g(m,n), we have for all (m,n) € 
Q aan): 


u(m,n) < Vq(m,n) < ®'[@(k + A(m,7)) + B(m,n)]. 
In particular, this gives 


u(m,7) < ®'[O(k + A(m,7n)) + B(m,7)]. 


Since (m,7) € Qiz) is arbitrary, this concludes the proof of the theorem. Oo 


Theorem 6.1.22 (The Cheung-Ren Inequality [147]) Suppose u € F4(&). If 
c => 0,a > 0 are constants and b € Fi(Q),g € C(R+,R+) are functions 
satisfying 

(i) g is non-decreasing with g(r) > 0 for all r > 0; 

(ii) for any (m,n) € Q, 


m—1 n-1 


uwX(m,n)<c+ D> Yd b(s, Ne(uls,), (6.1.148) 


s=mot=no 


then for all (m,n) € Q n,n); 


u(m,n) < {®![®,(c) + Bim, n)]}1/" (6.1.149) 
where 
m—1 n—1 
B(m,n):= D>) b(s,1), 


o,! is the inverse of By, and m,n, € Q is chosen such that ®y(c) + B(m,n) € 
Dom (®7') for all (m,n) € Qon,n): 


Proof It suffices to consider the case c > 0, while the case c = 0 can be arrived 
at by continuity argument. Denote by g(m, n) the right-hand side of (6.1.148). Then 
g > 0,u < g!/* on Q, and g is non-decreasing in each variable. Hence for any 
(m,n) € Q, we derive 


n—1 


Aig(m,n) = g(m+ 1,n) — g(m,n) = b(n, te(u(m, 1) 


t=no 


n—1 n—1 


< odim, te(g'/“(m, 1) < o(g'/“ (m,n = 1) > b(n, 1). (6.1.150) 


t=no t=no 
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Therefore, by the Mean-Value Theorem for integrals, for each (m,n) € Q, there 
exists g(m,n) < & < g(m-+ 1,n) such that 


Ai (By 0 g)(m,n) = Pa(g(m + 1,n)) — Ba(g(m, n)) 


g(m+1,n) ds 1 
= omy Hi = gay tele 


(m,n) 


Since ¢ is non-decreasing, y(E!/") > v(g!/“(m, n)) and so by (6.1.150), we get for 
all (m,n) € Q, 


Ai(®g 0 g)(m,n) < Aig(m, n) 


1 
g(g'/“(m,n)) 
n—1 


1/a n—1 n—1 
7 ea btn) < b(n.) 


t=no t=no 
Therefore, 
n—1 m—1 n—-1 
> Ai(®e 0 g)(s.n) < D> Yd d(s, 1) = Bln). 
s=mo s=mot=no 
On the other hand, it is easy to check that 
n—-1 
> Ai (®q 0 g)(s,n) = By o g(m,n) — By o g(m,n), 
s=mo 
which gives us 
Py o g(m,n) < Py o g(mo,n) + B(m,n) = Pg(c) + Bim, n). 


Since ®7! is increasing on Dom (®7'), this yields, for all (m, 2) € Qon,.ny)s 


g(m,n) < &;'[®y(c) + Bim, n)]. 


Hence the assertion is proved. Oo 


Remark 6.1.10 (i) Whena = 1, Theorem 6.1.22 reduces to Theorem 6.1.20. 
(ii) In many cases, the non-decreasing function ¢ satisfies 


[~ ds n 
———~ = +00. 
1 p(s/*) 
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For example, y=constant > 0, g(s) = s%, (s) = s®/?, ete., are such functions. In 
such cases, ®y(++co) = +00 and so we may take m, = M,n, = N. In particular, 
inequality (6.1.149) holds for all (m,n) € Q. 


Theorem 6.1.23 (The Cheung-Ren Inequality [147]) Suppose u € F4(&). If 
k > 0,p > 1 are constants and a,b € F4(Q),g € C(R+,R+) are functions 
satisfying 

(i) @ is non-decreasing with g(r) > 0 for all r > 0; 

(ii) for any (m,n) € Q, 


m—1 n—-1 m—1 n—1 
wi mn) <k+ Y~ Seals, dus.) + Y> Yo d(s, Nu(s, Ne (u(s, d). 
s=mot=no s=mot=no 


(6.1.151) 


then for all (m,n) € Q ann); 


=] 1—1/p ti{e=1) 
u(m,n) < {® [1k + A(m,n)) + B(m,n)}! (6.1.152) 


pe 
where 


m—1 n-1 m—1 n—-1 


A(m, n) := > Yo als, t), B(m,n) =: > UG t), 


s=mot=no s=mot=no 


and (m,n) € & is chosen such that ,_1(kI-1/P + A(m,n)) + B(m,n) € 
Dom (7) for all (m,n) € Qon,)- 


Proof Similar to the proof of Theorem 6.1.22, it suffices to consider the case k > 0. 
Denote by f(s, t) the right-hand side of (6.1.151). Then f > 0,u < f'/? on Q, and f 
is non-decreasing in each variable. Hence for any (m,n) € Q, we can obtain 


Ai f(m,n) = f(m + 1,n) —f(m,n) 


n—1 n—1 
= Seat, thu(m, t) + So bim, thu(m, thp(u(m, t)) 


n—-1 n—1 
< Yoa(m, nf"? (m,t) + Dlb(m, nf'/?(m, No F'/? (m, 0) 


n—1 n—1 


< f?(m,n— Dl} atm, 1) + Y0b(m, No f!?(m, I), 


t=no t=no 
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or 


n—1 n—1 


Ai f(m, 
me < Dlatm.1) + Doom. do (f'/?(m, 0). 


t=no t=n0 
Therefore, for any (m,n) € Q, 


m—1 m—1\ n-1 m—1 n—-1 


ean < Do doa.) + D2 0G. De F'6,9) 


s=mg s=mot=no s=mot=no 


m—1 n—-1 


=A(m.n) + DTD To(s. Ng (f'/?(s.0): 


s=mot=no 


On the other hand, by the non-decreasing property of f in each variable, it is easy to 
check that for all (m,n) € Q, 


3 Ai f(s,n) 


er een 1) 
_ fan) fm=1.n) f(m—1,n) 
~ fllP(m—A,n—1) fl/P(m—1,n—-1) © f'/P(m—2,n—-1) 
_ f(m—2,n) Samer f(mo + 1,7) _ f(mo,n) 
f'/?(m—2,n—1) f'/P(mo,n—1) — f!/P(mo,n— 1) 
f(m,n) 


~ fllP(m—1,n—1) 


m—mo—1 1 1 
+L fe-s9| aaa ea 


s=1 


flo, n) - f(mn) — _f(mo,n) 


f'/P(mo,n—1) ~ f'/P(mn) — f'/? (m,n — 1) 
= fll? (m, n) _ il, 
Hence we conclude for all (m,n) € Q, 
m—1 n—-1 


f' VP nn) < + Ann) + YS Sd, Nef? (s,.0). 


s=mot=no 
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In particular, since A is non-decreasing in each variable, for any fixed (m,n) € 
Qmjn;) and for all (m,n) € Qazm, 


m—1n—1 

f' VP n) = [f'n nl" < IV? + AGH) + YO SO (s. De(F/(s, 0). 
s=mot=no 

Now applying Theorem 6.1.22 to the function f'/?(m,n), we can derive for all 


m, n) € Qamam)> 


1/(p-\) 
u(m,n) <f'/?(m.n) < | Beil pa(AI"” + AGHA) + Bn yh i 


In particular, this gives 


1/(p-1) 
u(7i, 7) < OF! [b,-1(k'? + AGHA) + BM, mit : 


Since (m,7) € Qin, is arbitrary, this completes the proof of the theorem. Oo 


In case when &2 degenerates into a 1-dimensional lattice, Theorem 6.1.23 takes 
the following simpler form which is a generalization of a result of Pachpatte in 
[500]. 


Corollary 6.1.16 (The Cheung-Ren Inequality [147]) Supposeu € F+(J). Ifk = 
0,p > 1 are constants anda,b € Fi(1),g € C(R+, R+) are functions satisfying 
(i) ~ is non-decreasing with g(r) > 0 for all r > 0; 

(ii) foranym eT, 


m—1 m—1 


wm) <k + SY a(s)u(s) + Y~ b(s)u(s)p(u(s)). 


s=mo s=mo 
then for all m € [mo,m,] NI, 
m—1 m—1 1/(p-1) 
um) < Jee lp—vialM + Yra(s)) + >» 
s=mo s=mo 


where m, € I is chosen such that ®y—\(k!~!/? + TO) + ng (5) € 
Dom (®,",) for all m € [mo, mI OL. 
Proof \t follows immediately from Theorem 6.1.13 by setting Q = J x {no} for 


some no € Z, and extending the functions a(s), b(s), u(s) to a(s, no), b(s, 9) and 
u(s, 9) respectively in the obvious way. 
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Theorem 6.1.13 can easily be applied to generate other useful discrete inequali- 
ties in more general situations. For example, we have the following result. 


Theorem 6.1.24 (The Cheung-Ren Inequality [147]) Suppose u € F4+(&). If 
k > 0,p > q > Oare constants and a,b € F+(Q),@ € C(R+,R+) are functions 
satisfying 


(i) y is non-decreasing with g(r) > 0 for all r > 0; and 
(ii) for any (m,n) € Q, 


m—1 n—-1 m—1 n—-1 


w(m,n) <k+ Y* YS la(s,)ut(s,t) + YY d(s, )ut(s, Ne (u(s, 1), 


s=mot=no s=mot=no 
(6.1.153) 
then for all (m,n) € Q n,n); 
1/(p—q) 
u(m,n) < Do! [Og (ki? + A(m,n)) + Bim, mh (6.1.154) 
where 
m—1 n—-1 m—1 n—-1 
A(m, n) := s: eG t), B(m,n) =: Ss GC t), 
s=mot=no s=mot=no 


and (m,n) € Q is chosen such that ,_(ki-4/? + A(m,n)) + B(m,n) € 
Dom (®,~ : p for all (m,n) € Q m,n): 


Proof For any r > 0, define 
Wr) = g(r"). (6.1.155) 


Then clearly wy satisfies condition (i) of Theorem 6.1.23. By (6.1.153), we have for 
all (m,n) € Q, 


m—1 n—-1 m—1 n—-1 
u?(m,n) <k+ x dats, t)u4(s,t) + 2 226s t)u4(s, t)w(ul(s, t)). 


Writing v = u’, this becomes 


m—1 n—-1 m—1 n—-1 


v’/4(m,n) <k + > eG t)u(s,t) + > So d(s, t)u(s, tw (v(s, 2)). 


s=mot=ng s=mot=no 
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Since p/q > 1, it follows from Theorem 6.1.23 that for all (m,1) € Q m,n); 


1/(p/q-1) 
v(m.n) < WE [Bog i(k”) + Am, n)) + Bm, nh 


= — q/(p-@) 
= {UG ayral Boar? D/P + A(m,n)) + B(m, n)\ ‘ 


Now it is elementary to check by the definition of w in (6.1.155) that 
Yp-g/q(1) = Bp-q(r), 
thus we have for all (m,n) € Qn); 
v(m, n) < {O71 [@,g(kKP-9”? + A(m, n)) + Bim, Oeil 
or for all (m,n) € Qon,m); 


u(m,n) = v!/4(m,n) 


ere 


A 


[Op 2 [Pp—glKP— 9!” + An, n)) + Bm, n)] 


where (m,,n,) € Q is chosen such that Dy g (ki? -O/P + A(m,n)) + B(m,n) € 
Dom or, for all (m,n) € Qom,.ny)- oO 


The following result is an important special case of Theorem 6.1.24. 


Corollary 6.1.17 (The Cheung-Ren Inequality [147]) Suppose u € F4(Q). If 
k > 0,p > 1 are constants and a,b € F4(Q),g € C(R+,R+) are functions 


satisfying 
(i) g is non-decreasing with p(r) > 0 for all r > 0; (ii) for any (m,n) € Q, 


m—1 n—-1 m—1 n—-1 


u’(m,n) <k+ > Yo als, tu?! (s,t) + = YS Hs, tu?! (s, thp(u(s, t)), 


s=mot=no s=mot=no 


then for all (m,n) € Qonm)s 
u(m,n) < ®;![®,(k!/? + A(m,n)) + B(m, n)| 


where 


m—1 n—-1 m—1 n—-1 


A(m, n) := ST ya t), B(m,n) =: » Yo H(s, t), 


s=mot=no s=mot=no 
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and (m,,n) € Q is chosen such that ®,(k!/? + A(m,n)) + B(m,n) € Dom (®7') 
for all (m,n) € Q(m,n))- 


Proof The assertion follows immediately from Theorem 6.1.24 by taking g = p — 
1>0. 


In particular, we have the following useful consequence. 


Corollary 6.1.18 (The Cheung-Ren Inequality [147]) Suppose u € F+(Q). If 
k > 0,p > 1 are constants and a,b € F(Q) are functions such that for any 
(m,n) € Q, 


m—1 n—1 m—1 n—1 


u’(m,n)<k+ ee eG tu?! (s,t) + » eG t)u’(s, t), 


sS=mot=no S=mot=no 
then we have for all (m,n) € Q, 
u(m,n) < (k'P + A(m, n)) exp B(m, n) 


where A(m,n), B(m, n) are defined as in Theorem 6.1.19. 


Proof Assume first that k > 0. Let gy be the identity mapping of R+ onto itself. Then 
all conditions of Corollary 6.1.17 are satisfied. Note that in this cases ®; = /n and 
so 7! = exp. In particular, ®;! is defined everywhere on R. By Corollary 6.1.17, 
we have for all (m,n) € Q, 


u(m,n) < exp [ncanrr + A(m,n) + B(m, ))] = [k!/? + A(m,n)] exp(B(m, n)). 


Finally, as this is true for all k > 0, by continuity, this should also hold for the case 
k=0. Oo 


In case when &2 degenerates into a one-dimensional lattice, Corollary 6.1.18 takes 
the following simpler form which generalizes another result of Pachpatte in [520]. 


Corollary 6.1.19 (The Cheung-Ren Inequality [147]) Suppose u € Fi(J). If 
k > 0,p > 1 are constants and a,b € F4(J), are functions such that for any m € I, 


m—1 m—1 
u?(m) <k+ yy a(s)u?—"(s) + >» b(s)u?(s), 


then we have for allm € I, 


m—1 m—-1 
u(m) < pe + > «| [ | exp a0). 


s=mo s=mo 
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Proof Analogous to that of Corollary 6.1.16, we apply Corollary 6.1.18. O 


Another special case of Corollary 6.1.18 is the following two-dimensional 
discrete version of Ou-Yang’s inequality. 


Corollary 6.1.20 (The Cheung-Ren Inequality [147]) Suppose u € F+(Q). If 
k > 0,p > 1 are constants and b € F4(Q2) is a function such that for any 
(m,n) € Q, 


m—1 n—1 
u’(m,n) <k+ > wz t)u”(s, t), 
s=mot=no 
then we have for all (m,n) € Q, 


u(m,n) < ki/P exp B(m, n) 


where A(m,n), B(m, n) are defined as in Theorem 6.1.23. 


Proof This follows immediately from Corollary 6.1.18 by setting a = 0. Oo 


In case Q when degenerates into a one-dimensional lattice, Corollary 6.1.20 
takes the following simpler form which is a generalized one-dimensional discrete 
analogue of Ou- Yang’s inequality. 


Corollary 6.1.21 (The Cheung-Ren Inequality [147]) Suppose u € F+(J/). If 
k > 0,p > 1 are constants and b € F +(J) is a function such that for any m € I, 


m—1 


w(m) <k+ Y° b(s)u?(s), 


s=mo 
then for allm € I, 


m—1 


u(m) < k'/? TT exp d(s). 


s=mo 


Proof It follows from Corollary 6.1.16 by setting a = 0, or by imitating the proof 
of Corollary 6.1.17 and applying Corollary 6.1.20. O 


Remark 6.1.11 It is obvious that the results above can be generalized to obtain 
explicit bounds for functions satisfying certain discrete sum inequalities involving 
more retarded arguments. It is also clear that these results can be extended to 
functions on higher dimensional lattices in the obvious way. As details of these 
are rather algorithmic, they will not be carried out here. 


For any real-valued function u(x,y),x,y € No, we define the operators 
Aiu(x,y) = u(x + l,y) — u(x, y), Agu, y) = u(x + l,y) — u(y). We 
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write Af = A, x---x A, (n times), AS’ = Ad x--- x Az (m times) and 
Ay Atu(x, y) = As(Aju(a, y)). For all x, y € No and some function g(x, y) defined 
for all x, y € No, we set 


x—-1 S,—-1—1 sj—-1 yl t,—-1-1 t)--1 


Bix,y,q(s0,t))= Yo dodo DD DE ++ dS as, 00), 


Sn—1=05,—2=0 $0 =0h»—1 =0tn-2=0 =0 


where sj = x and ft; = y and also, we set 


Sn—1—15,—2—-1 si-l yrl tm-1-1 —-l 


B(sn-1,y, G(50,t0)) = DY) DD DO DE DS ++ Ya ls0, 10). 


Sn—2=05n—3=0 $0 =0tm—1 =0tm—2=0 to=0 


Let the product No x -- - x No (n times) be denoted by Nj. A point (x),...,%n) in 
Nj is denoted by x. 


Theorem 6.1.25 (The Pachpatte Inequality [495]) Letf(x, y) = 0, g(x, y) => 0 be 
real-valued functions defined for all x,y € No and c be a non-negative real constant. 


(Bi) Let u(x, y) = 0 be a real-valued function defined for all x,y € No. If for all 
x,y ENo, 


w(x, y) < c? + 2B(x, y.f (So, to)U- (So, to) + 8(Sn)u(so,to)), — (6.1.156) 


then for all x,y € No, 


x-1 
u(x.y) < p(x.y) [] (+ B6n-1.y.f(60. t0))). (6.1.157) 
Sn—1=0 
where for all x, y € No, 
p(x, y) =c+ Bx, y, g(50, to)). (6.1.158) 


(B.) Let u(x,y) => uo = O be a real-valued function defined for all x,y € 
No; uo is a real constant. Let W(u) be a continuous non-decreasing real- 
valued function defined on an interval I = [uo, +00) and W(u) > 0 on 
(uo, too), W(uo) = 0. If for all x,y € No, 


iC y)< C+ 2B(x, y,f (So, to) u(So, to.) W(u(so, to)) + g(5o, to) u(so, to)), 
(6.1.159) 


then forall0 <x <x,,0<y<y1,x,x1,.y,y1 € No, 


u(x, y) < Q7'(Q( p(x, y)) + Bx, yf (50, f0))), (6.1.160) 
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where p(x,y) is as defined in (6.1.158), and Q,27' are as defined in (Az) in 
Theorem 2.3.12 and x,,y, € No be chosen so that for all x,y € No such that for all 
O<x<um,0<y<yi, 


Q( p(x, y)) + B(x, y, f (so, to)) € Dom (Q7'). 


(B3) Let u(x,y) > 0 be a real-valued function defined for all x,y € No and the 
function L : Nj x Ry — Rx satisfies the condition: for all x,y € No and 
v>w>0, 


0 < L(x, y,v) —L@, y,w) < k(x, y, w)(v — w), (6.1.161) 


where k is a real-valued non-negative function defined for all x,y € No,w = 0. If 
for all x,y € No, 


u(x, y)< c+ 2B(x, y, f (So, to)u(So, to) L(so, to, u(So,0 t)) + g(so, to)Uu(so, to)), 
(6.1.162) 


then for all x,y € No, 


x-1 


u(x,y) < plxy) + ay) [C+ BGn-1,y.f(60, t0)k(s0. to, P(S0; to)))), 


Sn—1=0 
(6.1.163) 
where p(x, y) is as defined in (6.1.158) and for all x,y € No, 
q(x, y) = B(x, y, f(S0, to) L(S0, top (So, t0)))- (6.1.164) 
Proof (B,) Assume that c > 0, and define a function z(x, y) by 
z(t) = c? + 2B(x, y, f(s, tu(s, 1) + g(sn)u(s, 0). (6.1.165) 


From (6.1.165), and using the fact that u(x, y) < /z(x, y), we derive 
As (Aiz(x.y)) $2V2y)(FO.y) Vze.y) + 89). (6.1.16) 


Using the facts that /z(Qx,y) < VJz(x,y+1) and AR(Aiz(x,y)) = 0, 
from (6.1.166) we derive 


AF *Aieay + D) _ AF*ARGM) _, y 
Vaxy +1 Vay a a ‘6p 
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Now, ee x fixed in (6.1.167), setting y = ft ) and summing over f7 = 
0,1,.. — | and using the fact that A4”~ TAG z(x, 0)) = 0, we obtain 


m—1 n = 
oa 250 (fen VIRAY + ot) (6.1168) 


From (6.1.168), and using the facts that /z(x,y) < VJz@,y+1) and 
Af? (Atz(x,y)) = 0, we observe 


AsAtaytD)  ATPARGY) — Je 
 VaaytD) ~~ Venn = Le) 2(&, 10) + (%10)). 


(6.1.169) 


Now, keeping x fixed in (6.1.169), setting y = t, and summing over fp = 
0,1,...,y— 1 and using the fact that A3’-*(A%z(x, 0)) = 0, we obtain 


y-lty-1 


Am2 Artz 
ae < opal SO, to) /z(x, to) + g(x, t0)). 


Continuing in this way, we obtain 


yr ty-1-1 ul 


AiZz(x, y) 
res * oo xe F(x, to) /Z(a, to) + a(x, to)). (6.1.170) 


From (6.1.170), and using the facts that ./z(x, y) < z(x + 1, y) and AP ae y)= 


0, we observe 


yl ty—-1—1 t—-1 


AT lax+1 AT za+1,y) _ Atlz(x, y) 
Peak farce is tte gc ih 2 
2x + 1, y) /zx, y) = pays Le. to) V z(x, to) + g(x, t0)). 


(6.1.171) 


Now, keeping y fixed in (6.1.171), setting x = sg and summing over so = 
0,1,...,x— 1 and using the fact that A" !2(0, y) = 0, we obtain 


x-l yrl ty—1-1 tj-1 


a pipe ie Li (Pov eb0.09 + g(s0,t0)). 
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Continuing in this way, we obtain 


x-1 sp—2-1 sj-l- y- ls ty-1-1)—s y-1 


Ae 22 FSS TS Leo mv aoa + ebo.n)). 


Sn—2=05n—3=0 — 50=0fn—1=0m—2=0 — to=0 
(6.1.172) 


Using the facts that ,/z(x,y) > 0, Aiz(@, y) = 0, /z(x,y) < Vz(x+ 1, y) for all 
x,y € No and using (6.1.172), we observe 


Arey) Zeus y) 
Ai( V 2(%, ») = ext ly) + ¥za,y) 272, y) 


x-1 Syj—2 sy—-l y-l ty—-1-1 t-1 


1 


Sn—2=05n—3=0 $0=0tn—1 =0tm—2=0 to=0 
x (F60 10) V z(S0, to) + g(So, t0)). (6.1.173) 


Now, keeping y fixed in (6.1.173), setting x = s,—-; and summing over s,-) = 
0,1,...,x — 1, we obtain 


Vix, y) < p(x, y) + B(x, y, f (50, to) V z(S0, to))- (6.1.174) 


Since p(x, y) is positive and monotone non-decreasing in x and y, from (6.1.174), 
we conclude 


Vv z(x,y) 


P(x, y) 


Vv 2(So, oy 


£1 B(x,y. flo, to) 
P(So0, to) 


(6.1.175) 


Define a function v(x, y) by 


v(x,9) = 1+ B(x. yf (6050) 


Vv 2(S0, to) 
Tae, (6.1.176) 


From (6.1.176), we infer 


v2, ¥) (6.1.177) 


AN Ajve.y) =f 


Using ~& < v(x, y) in (6.1.177), and then the facts that v(x, y) < v(x, y+ 1) and 


p(x,y) 


A’! (Atv(x, y)) = 0, we observe that 


Vu(y t+ 1) Vv v(x, y) 


<f(@y). (6.1.178) 
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Now following the same steps, below (6.1.167) up to (6.1.172), we obtain 


x-1  Sp—2-1 sy—-l yl t—-1-1 ty=l 


Aiv@.y) — 
AG ee a 


Sn—2=05,—3 =0 S0=0tn—1 =0tn-2=0 to=0 


1.e., 


x—-1 sy—2—-1 sj—-1 yl t—-1-1 t;—-1 


vet Ly) < v@y)(1+ y > > > PS + YF (60, 0)). 


Sn—2=05,—3=0 $0 =0tn—1 =0tn—2=0 to=0 
(6.1.179) 


Now, keeping y fixed in (6.1.179), setting x = s,—; and summing over s,-; = 
0,1,...,x — 1 and using the fact that v(O, y) = 1, we obtain 


x—l 


v(xy) < [] + B6s-1.y.f 60. t0))). (6.1.180) 


Sn—1=0 


Using (6.1.180) in (6.1.175), and the fact that u(x, y) < ./z(x, y), we get the required 
inequality in (6.1.157). 

The proof of the case when c is non-negative can be completed as mentioned in 
the proof of Part (A;) of Theorem 2.3.12. This completes the proof of Part (B)). The 
proof of the inequalities in (B2) and (B3) are respectively similar to the proof of Part 
(Az) and Part (A3) of Theorem 2.3.12 and closely resemble the proof of Part (B,) 
given above (see also [488]). Here, we omit the details. Oo 


The following result is the discrete analogue of the inequality given in Theo- 
rem 5.1.27. 


Theorem 6.1.26 (The Pachpatte Inequality [519]) Let u(m,n),f(m,n), 
h(m,n,s,t), O< s<m< +o, 0<t<n < +o, m,n,5s,t € No be real- 
valued non-negative functions. Let p,c, g,G,G~! be as in Theorem 1.1.25 If for all 
m,n € No, 


m—1 n—-1 s-1 t-l 


wm.n) Set YI Y 7 | fls.)g(uls.)) + 7d As. 4.0, ng(u(o,n)) | . 
s=0 1=0 o=0 n=0 
‘ (6.1.181) 


then forall0 <m<m,, 0O<n <n, m,m,n,ny € No, 


u(m.n) < (GG) + BOm,n))) (6.1.182) 
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where 
m—1n—-1 s—1 t-l 
B(m.n) = °° | f(s, + 2 YO hG.t.0.0) |. (6.1.183) 
s=0 1=0 o=0 n=0 


and m,,n, € No are chosen so that 
G(c) + B(m,n) € Dom (G"'), 


for all m,n lying in0<m<m, 0<n<n,. 


Proof First we assume that c > 0 and define a function z(m, n) by the right-hand 
side of (6.1.181). Then z(0,n) = z(m,0) = c, u(m,n) < (z(m,n))!/” and 


n—-1 m—1 t-1 


2(m + 1,n)— (m,n) = )°| fom, Ng(uin, 1) + 5 Yo Atm, t,0, n)g(u(o. n)) 


t=0 o=0 n=0 


n—1 


<>o [Fm dg((m, ))”) 


t=0 


m—1 t—1 


+52 SC atm, t,0,n)g((u(o.n))'/”) 


o=0 n=0 
m—1 t—1 
<g((z(m, 1))'/”) = |r +S) > AW, 1,0, »}. 
a=0 n=0 
(6.1.184) 
From 1.1.145 and (6.1.184), we derive 
7 a(m+1.n) ds 2(m + 1,n) — z(m,n) 
G(z(m + 1,n)) — G(z(m,n)) = [.., gs”) ~ _a((an,n))/?) 
m—1 t—1 
< 3 ‘|r )+ >>> him,to, o}. (6.1.185) 
o=0 n=0 


Keeping n fixed in (6.1.185), setting m = s and summing up over s from 0 to m— 1, 
we obtain 


G(z(m,n)) < G(c) + B(m, n). (6.1.186) 


Now substituting the bound on z(m, n) from (6.1.186) in u(m,n) < (z(m,n))!/?, we 
obtain the required inequality in (6.1.182). The proof of the case when c > 0 can 
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be completed as mentioned in the proof of Theorem 1.1.25. The domain 0 < m < 
m,, O <n <n, is obvious. 


q 


The following corollary is an immediate consequence of Theorem 6.1.26. 


Corollary 6.1.22 (The Pachpatte Inequality [519]) Let u,f,h,c,p be as in 
Theorem 6.1.26. If for allm,n € No, 


m—1 n—-1 s-l t-l 


u?(m,n) <c+ > = F(s, Hu(s, t) + > UG t,a)u(o,n) |, (6.1.187) 


s=0 t=0 o=0 n=0 


then for allm,n € No, 
pai Ip) 
u(m,n) < ae + P= om.) : (6.1.188) 
P 


where B(m, n) is defined by (6.1.183). 


Remark 6.1.12 We note that the inequalities established in Theorems 5.1.27 
and 6.1.7 can be extended very easily to functions of several independent variables. 
The precise formulations of these results are very close to that of given above and 
closely looking at the results given in [507] and [513]. 


6.1.3 Three-Dimensional Discrete Bihari Inequalities, 
Wendroff Inequalities and Pachpatte Inequalities 


In the following theorems, we introduce some nonlinear discrete inequalities in three 
independent variables of the Bihari [54] and Pachpatte [442, 444, 460, 461, 465] 
type which can be used in the theory of finite difference equations involving three 
independent variables. 

To this end, we use the following notation. For all x,y,z € No, and functions 
a, b,c with domain No, and p with domain NB and Q, V with domain (0, +00), set 


W(x, y, z,4, b,c; Q, Vu), p) = Q[a(0) + by) + c(2)] 
~ \ Vla(s) + (0) + @) ee | 


s=0 t=0 r=0 


Theorem 6.1.27 (The Pachpatte-Singare Inequality [526]) Let u(x, y,z) > uo > 
0 and p(x, y,z) = 0 be real-valued functions defined for all (x,y,z) € N@ and let 
W be continuous, positive, strictly increasing function on I = [uj, +00), Uo > 0. 
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Suppose further that the following inequality holds for all (x,y,z) € N?, 
x-1l y-l z-l 
u(x, y,2) < a(x) + bY) +e) + YI OY ps. t.Wuls,t.7)), (6.1189) 


s=0 t=0 r=0 


where a(x), b(y),c(z) > 0, Aa(x), Ab(y), Ac(z) = 0, are real-valued functions 
defined on No. Then forallO <x<x,0<y<y,0<z<z, 


u(x, y,z) < Q1(W(x, y, a,b,c; Q, Wu), p)), (6.1.190) 


where 
I oar ah ‘To WI To uo Ds 9 
ro W (s) 


and Q7' is the inverse of &, and x,y, 2 are chosen so that 
W(x, y, a,b,c; Q, W(u), p) € Dom (Q7"), 


for all x, y, z lying in the sub-intervals0 <x <x,0<y<y,0<z<z of No. 


Proof Define a function m(x,y,z) by the right-hand side of (6.1.186) so that 
m(0,y,2) = a(0) + b(y) + cz), m@&,0,z) = a(x) + bO) + c(z), m@,y,0) = 
a(x) +b(y) + c(0). Then following the same argument as the proof of Theorem 6.2.1 
in Qin [557], we obtain 


A? myy(x,y.z + 1) — A?my (x,y, 2) = py. )W(u(x, y, 2), 


which, in view of the definition of m(x, y, z) and the fact that m(x, y, z) < m(x,y,z+ 
1), implies 


A? myy(x, y,Z + 1) — A?my(x, y, 2) < p(y. 2W(m(x, y,z + 1), 


A? xy ho D9 1 rN xV\A>s Vs 
eT = ee ere, 169.199) 
Wim(x,y,z+1))  Wm(x,y,z + 1) 


From (6.1.192), we infer that 


A2my Amy 
MED) EE) 2G, d), (6.1.193) 
W(m(x,y.z+1))  W(m(x, y,z)) 
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Now keeping x,y fixed in (6.1.193), setting z = r and summing over r = 
0,1,...,z—1, we obtain 
A? A’ myy(x, y, 2) y, 2) 
< )_p@y.r). (6.1.194) 
W(m(x,y,2) = 


From (6.1.194) and in view of the fact that m(x, y, z) < m(x, y + 1,z), we see that 


Am(xy,.z+ 1) Am, y,z) 2 a, 


we NA 6.1.195 
Wn(zy,z+D)  WonG,y,2) — pire 


r=0 


Keeping x, z fixed in (6.1.195), setting y = ¢t and summing overt = 0,1,...,y—1, 
we obtain 


y=1 z=1 


A*my(x, y.2) Aa(x) 
Winyid) ~ WaG@)+ 60) Pel) 2, DP tr). (61.196) 


From (6.1.191) and (6.1.196), we derive 


m(x+1,y,z) ds 


Q(x + 1, y,z)) — A(m(x, y, 2) =| » Wo) 
m(x,y,Z, 


2 Am,(x, y, 2) 
~ W(m(x, y, Z)) 


yl 2-1 


Aa(x) 
<TD LHD ray te LP). 


t=0 r=0 
(6.1.197) 
Now keeping y,z fixed in (6.1.197), setting x = s and summing over 5 = 
0,1,...,x —1, we obtain 
Q2(m(x, y,z)) — 2(a(0) + by) + eZ) 
1 
Aa(x) i 

SS + X,t,1r). 6.1.198 
Wats +O) Few) ty LPO” nee 


t=0 r=0 


The desire bound in (6.1.190) now follows by substituting the bound for m(x, y, z) 
from (6.1.198). The sub-intervals of No for x, y and z are obvious. Oo 


Remark 6.1.13 The estimate in (6.1.190) is independent of the choice of up € I 
used in defining Q. One can use this fact to show that the case uw) < 0,W(u) > 
0 on (up, too), and W(u9) = 0 can be obtained as a limiting case from Theo- 
rem 6.1.27. This will allow W(u) = u on (0, +00). For details, see Beesack [54]. 
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Remark 6.1.14 If we compare Theorem 6.1.27 with W(u) = u for u > 1, with 
Theorem 6.2.1 in Qin [557], we see that the hypotheses (1) in Theorem 6.2.1 in Qin 
{557] and (6.1.189) are then the same, but the bounds are now (2) in Theorem 6.2.1 
in Qin [557] and 


= Aa(s) 
u(x, y,z) < [a(0) + bG) + c(z)] ee a 


y-l z-1 
+> > p(s,t, o} (6.1.199) 


t=0 r=0 


Using the fact that Expu > 1+ u for all u € R, it follows that (2) in Theorem 6.2.1 
in Qin [557] gives us the better bound than (6.1.199). 


The next result is a three independent variable discrete generalization of the integral 
inequality recently established by Pachpatte [445]. 


Theorem 6.1.28 (The Pachpatte-Singare Inequality [526]) Let u(x, y,2z), 
p(x, y,z) and W satisfy the hypotheses of Theorem 6.1.27, and suppose further 
that the following inequality holds for all (x,y,z) € Nj, 


x—1 y-1 z-1 
u(x,y,2) S az) +b) +e) +>) > pst. c ie) 


s=0 t=0 r=0 


s-l t-1 r-l 


+2 OY vk hn) W(wlkL, ») (6.1.200) 


k=0 1=0 n=0 


where a(x), b(y),c(z) > 0, Aa(x), Ab(y), Ac(z) = 0, are real-valued functions 
defined on No. Then for allO < x <%2,0<y<yw,0<z< 2%, 


yol zl 


x1 
u(x,y,2) $ [a0) + bO) +e@] + DO ts +2 Yi v6.1, NOG, 1, a 
s=0 t=0 r=0 


(6.1.201) 


where 
O(x,y,z) = G! (W(x, y, ga, b,c; Gu + W(u),p)), (6.1.202) 


in which 


G(r) : —— >> (6.1.203) 
n= —, r>rn2u ll, 
im 3+ Ws) — 
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and G~' is the inverse of G and x2, Y2, 22 are chosen so that 
W(x, y, za, b,c; G,u+ W(u),p) € Dom (G"'), 


for all x, y, z lying in the sub-intervals 0 < x < x.,0<y<y2,0<z< 2m 0fNo. 


Proof Define a function m(x,y,z) by the right-hand side of (6.1.200), so that 
m(0,y,z) = a(0) + b(y) + e(z), m@&,0,z) = a(x) + bO) + c(z), m@x,y,0) = 
a(x) + b(y) + c(0). Then by the same argument as in the proof of Theorem 6.2.2 in 
Qin [557], we obtain 


A?my(x, yZ+ 1) — A? myy(x, y, z) 


x—1 y—1 z-1 


= p(x, y,2) ms VD+D YY vk Lnywonlk 1, ») (6.1.204) 


k=0 [=0 n=0 
If we put 
x-1 y-l z-1 
v(x.y.z) = my. + 2 Spl Ln)Wimlk, 1.0), 61.205) 
k=0 [=0 n=0 
so that 


v(0, y,z) = a(0) + bY) + c(z), 
v(x, 0, z) = a(x) + b(O) + c(z), 
u(x, y,0) = a(x) + b(y) + c(0). 


Then following the same argument as in the proof of Theorem 6.2.2 in Qin [557], 
we obtain 


Moy (x,y,z+ 1) — Mouy(x,y,2) < pay, 2[v@y,2) + Wry, 2). 


Now following the same steps as in the proof of Theorem 6.1.27, we obtain 


v~yy,2<G! [aw + b(y) + c(z)) 


= Aa(s) 


y-l z-1 
+> > 5 pGs,t, o)) = Ox. y,2). 


t=0 r=0 
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Substituting this bound for u(x, y, z) in (6.1.204), we have 


A’ my(x,¥,Z + 1) — A’my(x, 9,2) < Py, DOWRY, 2), 
which implies 


Zz 


x-1 y-l 1 
m(x, y,2) < [(a(0) + dG) + e)) + > Eo + Ido ws. NO. t, | 
s=0 


t=0 r=0 


Substituting this bound for m(x, y, z) in (6.1.200), we can obtain the desired bound 
in (6.1.201). The sub-intervals of No for x, y and z are obvious. Oo 


Remark 6.1.15 As pointed in Remark 6.2.3 in Qin [557], there are five other alter- 
native conclusions corresponding to permutations of (x, y,z), (a,b,c), in addition 
to the conclusion (6.1.190) of Theorem 6.1.27. The same is true in case of the 
conclusion (6.1.201) of Theorem 6.1.28. Further we note that, if (6.1.200) holds, 
then from the definition of m(x, y, z) and u(x, y, z), we have 


u(x, y, 2) < Ox, y, 2), (6.1.206) 


on Nj, where Q(x, y, z) is defined by (6.1.202). In this case, (6.1.206) gives us the 
simpler, but not necessarily smaller than (6.1.202). If we compare Theorem 6.1.28 
with W(u) = u for all u > 1 with Theorem 6.2.2 in Qin [557] with p = q, we 
see that (6.2.14) of Theorem 6.2.2 in Qin [557] and (6.1.200) coincide. In this 
case, a simple analysis shows that R(x, y, z) < Q(x, y, z) so that the bound obtained 
in (6.2.15) of Theorem 6.2.2 in Qin [557] is better than (6.1.201). 


The following results establish some discrete inequalities involving three inde- 
pendent variables which can be used in the study of discrete versions of partial 
differential and integral equations involving three independent variables. 

Let N,, be the set of points no + k (k € No), where no > 0 is a given integer. The 
expression u(no) + Baan 6) represents a solution of the linear difference equation 
Au(n) = b(n) for alln € N,,,, where A is the operator by Au(n) = u(n+ 1)—u(n). 

It is supposed that 26) = 0. The expression u(no) T12=},,¢(s) represents a 
solution of the linear difference equation u(n + 1) = c(n)u(n) for alln € N,,. It is 
supposed that Ti 6) =1. 

In Theorem 6.1.29, we also use the following notions of the operators: 


A,[u(x, y,2)] = Aux, y, z) = u@& + 1, y, z) — uy, 2), 
Ay[u, y, z)] = Auy(x, y, z) = u(x, y + 1,2) — ule, y, 2), 
A_[u(x, y,2)] = Au,(x, y,z) = ue y,z+ 1) — ux, y, 2), 
Ay[Auy(x, y, z)] = A*uxy(x, y,z) = Au,(x, y + 1,z) — Au,(x, y, z), 


and so on. 
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We often use the letters x, y and z to denote the three independent variables which 
are the members of N,,,. 

We now apply Theorem 6.2.5 in Qin [557] to establish the following more 
general inequality which can be used in some applications. 


Theorem 6.1.29 (The Singare-Pachpatte Inequality [612]) Let u(x,y,z), 
b(x, y,z),c(x, y,z) and p(x,y,z) be real-valued non-negative functions defined 
for allx => 0,y = 0,z = 0, and let W(u) be continuous, positive strictly increasing 
function onI = [uo, +00), uo > 0, and suppose further that the following inequality 
holds for all x = 0, y = 0,z = 0, 


x-ly-lz-1 s-lt-lr-l 
u(x, y,z)<M+ YY os, t,r) c tr) + SYS elk, L,n)u(k, L, » 


s=0 1=0 r=0 k=0 1=0 n=0 


x-ly—-lz-1 


+2 SS p(s, 4,7) W(u(s, 4.7) (6.1.207) 


s=0 t=0r=0 
where M > 0 is a constant. Then for all0 < x < x2.,0<y<w,0<z<n, 
x—ly-lz1 
u(x,y,z) $ Q7 [aun + OSVCY pls, 1. )W(R(s, t, Ds z) (6.1.208) 


s=0 1=0 r=0 


where 


" ds 
a(n) = | a eo 
TO W(s) 


and Q7 is the inverse function of Q, and 
RQ. y.2) = 1+ Veco L coda 0b(s, tT 
1+ yo, rab. In) + c(k,1,n)] |, (6.1.209) 
Q(M) + elie PCs, t,r)W(R(s, t,r)) € Dom (Q7") 


for all x, y, z lying in the sub-intervals 0 < x <.11,0<y<y2,0<z<aOfN. 


Proof The proof follows by the similar argument as in the proof of Theorem 6.2.4 
in Qin [557], by making use of Theorem 6.2.5 in Qin [557]. We omit the details. O 


Next we use the following basic notations and definitions. 
Neqi = {1,2,--: 4k +1}, KEN, 


Not = {1,2,-::,m,m+ 1}, meN 
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and 


Q=Ne+1*Nmti1, Qi =[l,a] x [1,8], Qo = [1,a] x [Bm + I], 


Q3 = [a,k+1]x[1, 8], Q4 = [a,k+1]x[6,m+1] forall <a <k+1,1<B< 
m+ 1andm,k € N. Forc : Q — R, we define the forward difference operators 


Acy(y, 2) = ely + 1,2) — c(y,z), Aez(y,2) = c(y,z + 1) — e(y, 2), A7ey2(y,2) = 
Acy(y,z+1)—Ac,(y, z) for all (y, z) € Q. We denote by F(Q) the class of functions 
c: Q — Rwhich Ac,(y, z), A cyc(y, z) exist and such that c(1,z) = c(k+1,z) =0 
forall <z<m+1,meN, Acy(y,1) = 0, AcyQy,m+ 1) = 0 forall l < y < 
kk EN. 


Theorem 6.1.30 (The Pachpatte Inequality [482]) Let p,q,r => 1 be constants 
and suppose that f, g,h € F(Q). Then 


kom 


YoY MFO. DP 180. DIAG. + AO. DFO. D7] 


y=1 z=1 


2p m 2 k m 
<(F a LV .0.aF + +(4) 9 DIA? acl. 91" 


y=1 2=1 y=1 z=1 


or k m 
+(7 =) A707, (6.1.210) 


y=1 z=1 
kom 


YD MG, DP leo, DIO, DI (FO, 9? + le. DI + 1kO, 2’) 


y=1 z=1 


m m 


m 4p k 4q_k 
<(4) 2X, Li lA ‘fe I? + +(¥) Aa. 0 


y=1 z=1 y=1 z=1 


4r_k k 
+(F *) > A)”. (6.1.211) 


y=1 z=1 
Proof From the hypotheses, it is easy to observe that the following identities hold 


yrl 2-1 


f0.2) = D2 YE A’fals,t), for all (y,z) € Qi, (6.1.212) 


s=1 t=1 


y-l m 


£0.90 =- Yo A°fals,), for all (V2) €Q2, — (6.1.213) 


s=l (=z 
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zl 


fO.D= Sa ft), for all (y,z) € Qs, 


s=y t=1 
ko om 


f0.2) = 22 A*fuls, 0), for all (y,2) € Os. 


s=y (=z 


Thus from (6.1.212)—(6.1.215), we obtain for all (y, z) € Q, 


Alf. 2) < >> |A7faf(s. 0). 


s=1 t=1 
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(6.1.214) 


(6.1.215) 


(6.1.216) 


Raising both sides of (6.1.216) to the pth power and using Hélder’s inequality twice 


with indices p, p/(p — 1) (see, [228]) to the right-hand side, we have 


m 


IfO.2 < (=) (km)! S [A2fu(s. dP. 


s=1 t=1 
Similarly, we obtain 


m 


Ieo.I" (=) (km) > [A* earls. 01%, 


s=1 t=1 


and 


Inna = (3 ) Gin 2 |A7hels 


s=1 t=1 


(6.1.217) 


(6.1.218) 


(6.1.219) 


From (6.1.217)—(6.1.219) and using the elementary inequality bbz + bob3 +b3b, < 
bj +b5 +3, for all b), bz, b3 reals and repeated application of Schwartz’s inequality, 


we obtain 


If, 2PlgO, DI? + leO, DIAG, DI" + AO, DINTFO, DP 


<{f0.9P} + {90 DI? + (ho, DIP 


=\(7 x) Gamy S257 2h, vel 


s=1 t=1 


1 q kom 2 
@) (km) YTD A? aul, on 


s=1 t=1 
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m 


+}(3) Gm S21 A%has me 


s=1 t=1 


1 2p k m 
< (3) (kmy?Ykm Y > > [Arias ni? 


s=1 t=1 
1 k m 
+{ =) (km)?-Vkm A? g(s, t)|-4 
ay (km) 3p) Bails. | 
1 m 
+(4) (km) Dem >So 0" hess, t)/"". (6.1.220) 


Thus from (6.1.220) it follows that 


k m 
SSS UFO. DP IgG. DI? + le. DAO. DI" + kG. DLO. DI 
y=1 z=1 
m i 2q k m 
<(F) LL. 04 +(F) Dd 1%s.0.0" 


y=1 z=1 y=1 z=1 


+(7) STADE 


y=1 z=1 


which gives us the desired inequality in (6.1.210). 
From (6.1.217)—(6.1.219) and using the elementary inequalities b}b2b3(b; + by+ 
b3) < $(d1 by + bob3 + b3b1)?, biby + bobs + b3by < bi + b5 +b}, (b1 + bo + 


b3)? < 30 + b; + b3), for b,, b2, b3 reals (see, [395]) sad repeated application of 
Schwartz’s inequality. we obtain 


IFO. DP 180, DIAG, DI! UIFO.DP + ls. DIT + AY, DI) 
[iro.arr] + [tleo.arr] +[ano.are] 


(3 (km) Ihe ort 


s=1 t=1 


IA 


2 


s=1 t=1 


m 2 
lj y (km)7" ys |A7gar(s, 1%} ‘ 
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{t(j ) my S27 Aol. | 


(3) 


k m 
+ (5 ). (km)*2—) (km)?km )~ oe |A7gu(s, t)|7 


s=1 t=1 


(km)4?— Dany? |A*fer(s, |? 


s=1 t=1 


s=1 t=1 


m 


+ ‘)" Gny*°Y am)2kon 2 |A7As:(s, 1)|*". (6.1.221) 


From (6.1.221) 


kom 


s=1 t=1 


it follows that 


YOY 1fO.DPIgO. DAO. DI" (FO.D? + leQ.al? + lk. DI’) 


y=1 z=1 


1 4p 
<< a 
(3) 


kom m 


YL. 0.21" + (F 2. TY [Ae 6.01 


y=1 z=1 y=1 z=1 


1 4r k m 
+(3) > Fao, 


y=1 z=1 


which implies the required inequality in (6.1.211) and hence the proof is complete. 


Oo 


Remark 6.1.16 


If we take p = g = r = 2andf(y,z) = g0,2) = hO,2z) = cy, 2) 


in (6.1.210) and (6.1.211), then we get respectively the following Wirtinger type 
discrete inequalities 


and 


k m 2 =k 


Sy bs ley, 2)? < (=) x [A7cy2(y, O17, (6.1.222) 


y=1 z=1 y=1 z=1 


m m 


k 
YY YVleo.al* < (= mn) are Cyely, ZI". (6.1.223) 


y=1 z=1 y=1 z=1 


For discrete inequalities of the type (6.1.222) and (6.1.223) in one independent 
variables, see [86, 226, 228, 233, 395, 479, 533]. 
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The next result, due to Yeh [705], is to study a discrete inequality of the 
Gronwall-Bellman type in n independent variables. As far as we know, before Yeh 
[705] the existing results for n > 1 ({611, 612]) related to the following results are 
only limited to n = 3. In the next theorem, we weaken the conditions of the known 
results for n = 3 as far as possible and generalize them to n independent variables 
in order to get a more compact and elegant form. 

For x = (x1,°+ Xn), y = Oe ++ Xy), 1 = (1,-++, 1), 0 = (0,--+,0) € N", we 
define 


x1}-1 Xn—1 


= Df Due) 


y1=0 Yn=0 


< 
I = i 
Sb ns 


and x := (x,,x), where x := (x2,--+-+,x,). The natural partial ordering on Nj is 
defined by 


x < yif and only if x; < y; fori = 1,2,---,n 


The difference operators on Nj are defined as follows: 


Aug, (41, X25° °°, Xn) = Uy + 1, X0,° ++, Xn) — U1, X55 ++ Xn), 
Alyy (X1,.X25° °°) Xn) 2= U(X, XQ + 1,3, +++, Xn) — UT, X2,%3,°° +, Xn), 
Aux, (1, X25 ++, Xn) = U1, + Xn—1,%n + DY) — U1, + ++, Xn-1,%n), 
and 
Mix (X15 42 56 Xy) = Ady, (1, X2 + 1,43,° ++, Xn) — Aly, 11, X2,°° + Xn), 
and so on. 


We begin with the following theorem. 


Theorem 6.1.31 (The Yeh Inequality [704]) Let u(x), f(x) and h(x) be real- 
valued non-negative functions defined on Nj and let h(r) € C(R+,R+) be a 
non-decreasing function such that 


" ds 


Q(r) = He 


exists for allr > ro > O with ro > 0 fixed, but arbitrary. If the following inequality 
holds for all x € No, 


u(x) < f(x) + Ss A(iyH(u(t)), (6.1.224) 


=0 
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then we have for all 0 <x<b, 


ei 
u(x) < O'[OF™)) + D> AO), (6.1.225) 


t=0 
where 


(i) Q~' is the inverse function of Q; 
(ii) F(x) = max{f(y):0 <y <x}, 


(iii) b € No is chosen so that, for all0 < x < b, 


x1 
O(F(x)) + }~ h(t) € Range (Q) = Dom (Q'). 
'=0 
Proof Let 
xi 
v(x) = Do AH (u(D), 
'=0 
then 
u(x) < f(x) + v(x), (6.1.226) 
A"v,(x) = A(x)H(u(a)). (6.1.227) 


Since H is non-decreasing, it follows from (ii) and (6.1.224)—(6.1.227) that 
A" vy (x) < hQ@)A(f(a)) + v@) < A@ACF()) + vO) 


for arbitrary X > 0 an X. Set V(x) := f(x) + v(x) + € (€ = 0). So 


0 
u(x) < V(x) and for all 0 < 


d x< 
O27 =X, 
A"V,(x) = Av, (x) < h@®)A(V(x)) < A@)A(V (x1, X—-1, Xn t1)), — (6.1.228) 


which implies 


OV es (x1, sty Xn—1,Xn a 1) _ DON visi (x) 


< h(x). 
A(V(x, 2X1, Xn + 1)) 


Since AF V,,..,(x) = A* vy, (x) = 0 always, and = 0 if x; = 0 fori = k+1,-++,n, 
and since V(x) is non-decreasing in each component, it follows from the above 
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inequality that 


Ar! Vi, Xn (x1 atts Xn—1, Xn + 1) at Vee etn (x) 


ae ee Coe < h(x). 
A(V(x1, ++ *, Xn—15 Xn + 1)) A(V(x)) 
Keeping x,, +++, X,—1 fixed in the above inequality, setting x, = ¢, and summing over 
t, = 0,1,--+,x, — 1, we have 


A a (x) 7 aes ae ety 9 (X15) Xn—25Xn—-1 + 1, Xn) — AOSV e ei (x)) 


H(V(x)) H(V(x)) 
Xy—1 
= > A(x, sty Xn-1, tn). 
tn=0 
Since V(x) < V(x1, +++, Xn—2;X%n—1 + 1,Xn), we have 


res ee (x1 o0 tty Xn—2,Xn-1 ae 1, Xn) =e BOE V ie (x) 


A(V (x1, +, Xn—2,Xn—-1 + 1,Xn)) A(V(x)) 
Xn—1 
< SS h(x1, +++, Xn—-1, tn). 
tp=0 
Keeping X1,+ ++, Xn—2,Xn fixed in the above inequality, setting x,-1 = t,-1 and 
summing over t,-; = 0, 1,---,x,-1 — 1, we infer 
ee as ‘ Xn—1-1Xp—-1 
eee a h(X1, ++ +s Xp—2s tn—15 tn). 
H(V(x)) = sD ( 1 n—25 'n—-1 n) 
n—1 =U n= 


Continuing in this way, we have 


AV: . 
ie So ata, i) (6.1.229) 
7=5 


> 


which implies, for all 0 < x < X, 


x-1 


O(V(x)) < O(F(X) +2) + DOA. 


=0 
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Thus for all 0 <x<X, 


x-l 


u(x) < V(x) < O'[OF(X) +2) + DAC). 


1=0 
Letting € | 0, we have for all 0 <x<X, 
= xi 
u(x) < O'[O(F(X)) + Yoh). 
=0 
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(6.1.230) 


In particular, (6.1.230) holds for x = X < b provided that b is chosen as defined in 


(iii). Replacing X by x in (6.1.230) finally gives us for all 0<x<b, 


x-i 
u(x) < O'[OF(x) + )> HO). 


=0 


This thus completes the proof. 


oO 


Corollary 6.1.23 (The Yeh Inequality [704]) Under the hypotheses of Theo- 


rem 6.1.31, if H = identity mapping, then for any x € No, 


xj—1 t-1 


u(x) < F(x) [| E * YH} (6.1.231) 
t}—-=0 
Proof It follows from (6.1.229) that 
- X-1 
Vo + 1, x) as 
———. <l A(x, ¢). 
V@ <1i+ a (x1, 2) 
t=0 
Keeping ¥ = (%,---,X,) fixed in this inequality, setting x, = f, and taking the 
product over t; = 0,1,---,x; — 1, we get 
xj 1 
Vix) < (F(X) + ¢) [] : +f Ehn.9] 
t;=0 


Letting e« | 0 and replacing X by x as in the proof of Theorem 6.1.31, we can obtain 


the required bound in (6.1.231). 


El 
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Remark 6.1.17 In case that f is non-decreasing in each x;, we have f = f. 


Remark 6.1.18 For n = 1 and f(x) = constant, Theorem 6.1.31 reduces to the 
result of Hull and Luxemburg [290] (see also Beesack’s lecture notes [54]). The 
continuous analogue of Theorem 6.1.31 is due to LaSalle [330]. 


Remark 6.1.19 For n = 3, Theorem 6.1.24 improves Theorem 3 of [611] and 
Corollary 6.1.23 is an improvement of Theorem | in [611] and Theorem | in [612]. 
For n = 1, Corollary 6.1.23 improves the results of Lemma 3.2 in Miller [393] and 
Corollary in Sugiyama [628]. 


The following theorem is an improvement of Theorem 2 of Pachpatte and Singare 
[611]. 


Theorem 6.1.32 (The Yeh Inequality [704]) Let u(x), f(x), A(x), A(r), Q(7) 
and Q™'(r) be defined as in Theorem 6.1.31 with H(r) sub-additive and sub- 
multiplicative and let g(x), k(x) be real-valued non-negative functions defined on 
Nj. Jf the following inequality holds for all x € N", 


x-1 y-i 
u(x) < f(x) + g@) >> won| +80) >> Kone) } (6.1.232) 


y=0 z=0 


then for all 0 <x<b, 


x1 x—-i 
u(x) <f@+g@o" of Y\(a0) + Kontso| + 7h) + Koymteont 


y=0 =, 


(6.1.233) 


where (i) b € N” is chosen so that for all 0 <x<hb, 


x-i 
of Yi) + Koso 


y=0 


x-i 


7 (io + yo) € Range (Q) = Dom(Q"'). 


y=0 
Proof Set 


x-1 
w(x) = u(x) + g() > KO)AWUO)), 


y=0 
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so u(x) < w(x) and H(u(x)) < H(w(a)). It follows from (6.1.232) that 


xi x-i 
w(x) — g(x) ¥> ky) (u(y)) = ue) < f®) + g(x) 9) Hw), 


y=0 y=0 
or 
xi 


w(x) < f@) + (%) DVO) + KO) HOG). 


y=0 
For brevity, set b := h + kand v(x) := YT} bO)H(w()). Then 
w(x) < f(x) + g@)u(x) 
A" vx(x) = b(x)H (w(x) < DO)A(F() + g(a) v(@)). 
Since H is also sub-additive and sub-multiplicative, we have 


A" ux (x) < b@)H(F(®)) + b@) (g(x) Av) 
= B(x) + C(x)A(v()). 


$584: 


k+1,+++,n, we get for all 0 <x < X, 


x-1 x-1 x-1 
v(x) <)> BG) + 95 CO)A(()) = Bi) + ¥5 CO)HOO)) 
y=0 y=6 y=0 
x-1 
< Bi(X) + > CO)H(0)). 
y=0 
Set 
et 
V(x) := Bi(X) + }) CO)HOG)), 
y=6 


so V(x) = B,(X) if any x; = 0. Then for all 0 <x<X, 


A"V,(x) = C(x)H(v(x)) < C(x)H(V (x). (6.1.234) 
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If we now proceed as in Theorem 6.1.31, we get for all 0 <x<X, 


x1 
Vx) <Q" [owe +>) coo} 


y=0 


Setting x = X and then replacing X by x in the above inequality, we have, for all 
O0<x<hb, 


u(x) <w(x) < f(x) + g(x)v@) < fd) + g@)V@) 
pal 
< f(x) + g@O" 40} Y\(hO) + kO))A(FO)) 
y=0 


x-1 


+ (AY) + K(y))A(g(y)) 


y=0 


where b is chosen as defined in (i). This completes the proof. 4 


Corollary 6.1.24 Under the hypotheses of Theorem 6.1.32, if H(s) = s, then for 


allx € No, 
x-1 xj-1 z-1 
u(x) <0) + 8) Yo(hO) + KONO) [] | 1+ DOG@+ Head 
y=0 1 =0 i=0 


(6.1.235) 
Proof It follows from (6.1.234) that for all 0 <x<X, 
A"V,(x) < C(x) V(x). 


Hence if we proceed as in the proof of Corollary 6.1.23, then we can obtain the 
desired bound in (6.1.235). Oo 


Remark 6.1.20 Corollary 6.1.24 is an improvement of Theorem 1 in [610] for 
n=1. 


Remark 6.1.21 For k = 0, the inequalities (6.1.233) and (6.1.234) reduce to the 
inequalities 


x-1 x-l 
u(x) < f(x) + gO" 1 O (hy) H(FO)) | + SS AO)H(g0)) ¢ 
a = (6.1.236) 
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and 


x 


1 xj-1 x—-1 
u(x) < f(x) + g(a) ( Ds a) ( I] : + A(n, Deu, |). (6.1.237) 


y=0 1=0 i=0 


respectively. Inequality (6.1.236) extends a part of Theorem | of Pachpatte [465], 
which says mainly that if for all n € No, 


n—1 
u(n) < f(n) + con( x noymtas))} 


y=0 


then for all n € No, 


n—1 n—1 
u(n) <f(n) + con) Qu of a novo) +> | ; 


y=0 y=0 


In fact, Theorem 1 of [465] can also be extended to n independent variables. 
Inequality (6.1.237) extends the results of Jones [297] and Sugiyama [628]. 


Corollary 6.1.25 (The Yeh Inequality [704]) Under the hypotheses of Theo- 
rem 6.1.32, if g(x) = 1,k(x) = 0 and is not required to be sub-multiplicative, 
then forall0 <x <b, 


u(x) <f(x) + Q7! 


x-1 x-i 
of a) + Y100} 


y=0 


y=0 


where b € Ng is chosen so that for all 0 <x<b, 


x-i x-i 
of ye noir + }“h(y) € Range(Q) = Dom (Q"'). 


y=0 y=0 


Theorem 6.1.33 (The Yeh Inequality [704]) Let u(x), f(x) and h(x) be defined as 
in Theorem 6.1.31 with f (x) non-decreasing in each x; and let Q(s) € C(R+,R+) 
be non-decreasing with for allr = 1 and s = 0, 


~0(s) < o(*). 
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Let H(s) € C(R+,[1,+00)) be a strictly increasing, sub-additive and super- 
multiplicative function. If the inequality holds for all x € No, 


xi 
u(x) <f@) +H fof Snore ro») (6.1.238) 


y=0 


where H~' is the inverse function of H, then, for all 0 <x<b, 


fe (Se) 


r ds 
G(r) =| Saat 


G™' is the inverse function of G and b € Nj is chosen so that 


u(x) <f(x)H™ 


where for all r = 0, 


x-i 
>. h(y) € Range (G) = Dom (G"!) 


y=0 


and for all 0 <x<b, 


xi 
1+ of (Sr) | € Range (H) = Dom(H™'). 
y=6 
Proof Since H is sub-additive, it follows from (6.1.238) that 


x-i 
H(u(x)) < H(f(@)) + of 1s Homa | 


y=6 


Since H(f(x)) = 1 is non-decreasing, we have 


H(u(x)) xT H(uiy)) 
<1 ‘ lly 
AG@) ~ +o| Shomey ee 
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Define 
x-1 
A(u(y)) 
w(x) = » gy 
A(f(Q)) 
Thus 
w(x) =0 on x,=0 for i=1,2,---+,n, 
and 
H(u(x)) 
A"w,(x) = h(x) ——— (6.1.240) 
A(f(x)) 
It follows from (6.1.239)—(6.1.240) that 
A’ wy(x) < h(x)[1 + Ow). 
Thus 
A"w,(x) 
oA 
1+ Ow y= 
As in the proof of Theorem 6.1.31, we get 
w+ 12) ds AWy (x) ai 7 
G(w(x, + 1,%)) — G(w()) =} —__ < —__""_< h(x, f). 
wey EF OG) T+ Ow) ~ 
Keeping x = (%2,---,X,) fixed in this inequality , setting x; = f, and summing over 


t; = 0,1,---x; — 1, we obtain 
x1 
G(w(x)) — G00.) < JAM. 


This and G(0) = 0 imply 


x-i 
w(x) <G! (x 7) ; 
=9 
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This and (6.1.239) imply 


x-1 
A(u(x)) < H(f(x))d + Qw@))) < acroy(1 + of ( a wo) |), 
1=0 


Since H is also super-multiplicative and increasing, H~'is sub-multiplicative, we 


get 
et 
u(x) <f(H! (: + oo (x wo) 
1=0 


which completes the proof. O 


Remark 6.1.22 Forn = 2, Theorem 6.1.33 is very close to Theorem 5 of Singare 
and Pachpatte [612]. 


Remark 6.1.23 For n = 1, the continuous analogues of Theorems 6.1.32 and 6.1.33 
are given in Theorem | of [451] and Theorem 5 of [455], respectively. 


For u : No > Rx, we define 


x-1 xj-1 Xn—1 x-1 


Yu) — iY Oeste) YO) :=0 for some x; = 0, 


y=0 yi =0 yn=0 y=0 


x-1 xj-1 Xy»—1 x-1 


[[“o) — I] ci I] u(vis.--sIn) | [uO) :=0 for some x; = 0. 


y=6 Ja Yn=0 y=0 


The next theorem is due to Yeh [705]. 


Theorem 6.1.34 (The Yeh Inequality [705]) Let u(x), k(x) : NO — Ry and 
f(s) >No" > Ry with s < x. Iffor all x € Ni, 


x-i 


u(x) < k(x) + DO FCs s)u(s), (6.1.241) 
s=6 
then for all x € N6, 
x;-1 x-1 
u(x) < K(x) [| [ + )_ FG: | (6.1.242) 
s;=0 3=0 
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where 
K(x) := sup {k(s) :0<s <x}, Fass) := sup {F(t:5) :0<t <x. 
(6.1.243) 


Proof For any fixed point Y on Nj, it follows from (6.1.241) and (6.1.243) that for 
all0<x</Y, 


x-1 
u(x) < K(Y) + )> F(Y: s)u(s). 


s=0 
Setting 
=| 
V(¥;x) = K(Y) + ) > F(¥;s)u(s) +2, @ > 0, (6.1.244) 
s=0 


we infer from (6.1.244), 
u(x) < V(Y; x) 
and 
A"V.(Y; x) = F(Y; x)u(x) < F(Y;x)V(¥; x). (6.1.245) 
It follows from (6.1.245) that 


Ae Voip (Y; Xp eee Xp—1y,Xn + 1) _ BO ee (Y; x) 


< F(Y;x). 
V(V3%1,.--5Xn—-1,Xn + 1) V(Y; x) = FW) 


Keeping x;, ..,X,—1 fixed in the above inequality, setting x,, = s,, and summing over 
S, = 0,1,..,Y, —1, we have 


—1 . 
A Vee ety V3 x1, vee »Xn-1; Yn) 


Yn 1 
= F(Y;X1,...,Xp—155pn)+ 
V(V3x1,---,Xn—1> Yn) az ys (Ym m1 5n) 


Sp=0 


Continuing in this way and using the method described in [705], we have 


Vx, (Ys x1, ¥) MOGs + 1,Y) 
V(¥; x1, Y) V(¥;%1, ¥) 
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Keeping Y fixed in the above inequality, setting x; = s,, and taking the product over 
5s; = 0,1,..., Y; — 1, we conclude 


Yy\-1 Y-1 
u(Y) < V(Y:Y) < [K(Y) + ¢] I] : + YFen.a} 


5, =0 3=0 


Letting e« | 0 and replacing Y by x, we obtain the desired result (6.1.242). O 


A simpler proof of Theorem 6.1.34 is as follows. For any fixed point Y of Ng, it 
follows from (6.1.241) and (6.1.243) that, for all 0 <x</Y, 


x-l 


u(x) < K(Y) + > F(Y: s)u(s). 


s=0 


By Corollary 6.1.24, we have for all 0 <x</Y, 


xj-1 5-1 
u(x) < K(Y) | [ : +e: v9 (6.1.246) 
51=0 s=() 


In particular, (6.1.246) holds for x = Y. Replacing Y by x in (6.1.246) gives us the 
desired result (6.1.242). Oo 


Remark 6.1.24 For n = 1, the continuous analogue of Theorem 6.1.34 is due to 
Butler and Rogers [126]. 


As an application of Theorem 6.1.34, we have the following theorem. 


Theorem 6.1.35 (The Yeh Inequality [705]) Let u,k,f,K,F be defined as in 
Theorem 6.1.34. Let g(x; s) : Na" — R4 with s < x. If forall x € Ng, 


x1 s—l 
u(x) < k(x) + Uf Oss) [us + Y° als; ou} (6.1.247) 
s=0 1=0 
then 
xj-1 <-1 
u(x) < K(x) I] 1+ > re 51,5) + G(x; wah (6.1.248) 
s1=0 5=0 
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or 


sj-l 3-1 


851 


wa) sk) + Sesyko PP 4 re ni) + Gh, | 


s=0 4=0 1=0 


where G(x; s) := sup 2G S): 0<t< x} F 


Proof Let 
x-t 
w(x) := u(x) + Sgt; t)u(t). 
=0 
Then 
u(x) < w(x) 


which, along with (6.1.247), implies 


w(x) = wx) — Yo gar s)uls) < k(x) + Sf Ce s)w(s), 


s=0 s=0 


Thus 


x-1 


w(x) < ke) + Do 8) + 8 o feos 


s=0 
Applying Theorem 6.1.34, we have 


—j 


rs [re 5,5) + G35, a. 


3=0 


xj—-1 


w(x) < K(x) I] 


5, =0 


(6.1.249) 


(6.1.250) 


(6.1.251) 


(6.1.252) 


From (6.1.250) and (6.1.252), we have the desired result (6.1.248). From (6.1.251) 


and (6.1.252), the desired result (6.1.249) follows. 


Oo 


Remark 6.1.25 The discrete inequalities established Theorems 6.1.34—6.1.35 can 
also be extended either to nonlinear cases as shown in [705], or continuous 


analogues, or both; we omit the details. 


Theorem 6.1.36 (The Pachpatte Inequality [495]) Let u(x) => 0 be a real-valued 


function defined for all x € N65. If 


852 


(ci) 


(c2) 


(c3) 
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Let u(x) => 0 be a non-negative real-valued function defined for all x € No. 
Tf for allx € NG, 


u?(x) < c + 2M(x,f(s)u?(s) + g(s)u(s)), (6.1.253) 
then for all x € Nj, 
xj-1 
u(x) < p(x) | [+ M(s,.22,... anf (9), (6.1.254) 
5, =0 
where for all x € Ni, 
P(x) =c4+ M(x, g(s)). (6.1.255) 
Let u(x) > uo = 0 be a real-valued function defined for all x € No; uo is a 
real constant. Let W(u) be a continuous non-decreasing real-valued function 


defined on an interval I = [uo, +00) and W(u) > 0 0n (uo, +00), W(uo) = 
0. If for all x € NG, 


u?(x) < c? + 2M(x, f(s)u(s)W(u(s)) + g(s)u(s)), (6.1.256) 
then for x;,x; € No and0 < x; < x7,i=1,...,n, 


u(x) < Q7'(Q(p(x)) + M(x, f(s))), (6.1.257) 


where p(x) is as defined in (6.1.255), Q, Q7' are as defined in Theo- 
rem 2.3.12 (A) and x; ENo,i = 1,...,n be chosen so that 


Q(p(x)) + M(x, f(s) € Dom (Q™"), 
for all x; © No,i=1,...,n, such that 0 < x; < x}. 
Let u(x) = 0 be a real-valued function defined for all x € Nj and the function 
L: No X R+ > Ry satisfies the condition: for all x € Nj and v = w = 0, 


0 < L(x, v) — L(x, w) < k(x, w)(v — w), (6.1.258) 


where k is a real-valued non-negative function defined for all x € Nj, w = 0, 
If for allx € NG, 


u(x) < c? + 2M(x,f(s)u(s)L(s, u(s)) + g(s)u(s)), — (6.1.259) 
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then for all x € No, 


x,-1 


u(x) < p(x) + q(x) | [+ M(s1,x2,.-. xn f(K(s, (5), (6.1.260) 


5, =0 


where p(x) is as defined in (6.1.255) and for all x € NG, 
q(x) = M(x, f(s)L(s, p(s))). (6.1.261) 
Proof (c,) Assume that c is positive and define a function z(x) by 

z(x) < c? + 2M(x, f(s)u*(s) + g(s)u(s)). (6.1.262) 

From (6.1.262), and using the fact that u(x) < V zx), it is easy to observe that 
An «++ Aiz(x) < 2V/20)(f) V2) 4 g(a)), (6.1.263) 
Using the fact that Vzx) < V2(X1,---5Xn-1,Xn + 1) in (6.1.263), we observe that 
Anis Aiz(a) $2201 aeian + D(FO) V2) +8). 6.1.264) 


From (6.1.264), it follows that 


An-1+ ++ ArZQ@1, +++ Xn An $1) Anes A1Z(1, «+ Xn—1, Xn) 


Z(X1,---,Xn—1,%n + 1) CX so sy Mao Xn) 
< 2(fe) Vz) + ga), (6.1.265) 
Keeping x1,...,X,—1 fixed in (6.1.265), setting x, = s, and summing over s, = 
0,1,...,xX, — 1, we obtain 


Xn—-1 
Ke qian 
SE 29) (Cian 2X15 ++ Xn—1 Sn) 
J 2(x) Sn=0 


+ gti, ..-5%n-1,4n)): (6.1.266) 
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Here we have used the fact that A, - -- 


V 2(X1,---,Xn-1 + 1,x%,), we have 


and using the fact that ./z(x) < 
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A12(X1,.--,Xn-1,0) = 0. From (6.1.266), 


An-2 wa Aiz(, see Xn] + 1, xn) _ An-2 ae? Ai2(x1, tee ,Xn—2,Xn—1;Xn) 
2X1, - 6. 5 Xn—2,Xn—-1 + 1, Xn) 2X1, -- +s Xn—1, Xn) 
Xn—1 
SOY Gian eel y coeeeite) HEC atte | 
5n=0 
(6.1.267) 
Keeping x1,...,%,—2,Xn fixed in (6.1.267), setting x,-; = s,—; and summing over 
Sn-1 = 0,1,...,X,-1 — 1, we obtain 
1x,-1 
An Ai 2(x) Xn—1—1Xn 
Sa? s yx (F Cinna ty) ices) 
z(x) Sn—1=05,=0 
+ g(x,... aaa) 
Here we have used the fact that A,» --- Aiz(x,...,X%n—-2,0,x%,) = 0. Proceeding 


in this way, we obtain 


Using the facts that /z(x) > 0, Aiz(x) = 0, Vz(x) < 


observe that 


2(x) = 


Using (6.1.268) in (6.1.269), we get 


x2—-1 Xn—1 


Ai vV2(x) < 25 oo SS Gieies: 


52=0 5,=0 


Now, keeping xj,... 


0,1,...,x; — 1, we obtain 


V20x) < p(x) + M(x, f(s) Va). 


x (fC. 92 gaits 


201 + 1,2, - ++ Xn) — ZO) + 1, XQ. 
2x1 + 1,%2,. 


Sn) V 2(X], 825 -++58n) + V(X], 52,---, 


Sn). 


(6.1.268) 


V 2(x1 + 1,x%2,....,X%), We 


Xn) = z(x) Ay 2(x) 
F 6.1.269 
Xn) + zx) 2/z(x) ¢ 


i 


(6.1.270) 


Sn) 2(x1, $2, see Sn) +9 (X1, 52, tee 


,X, fixed in (6.1.270), setting x; = s; and summing over sj = 


(6.1.271) 
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Since p(x) is positive and monotone non-decreasing in x, from (6.1.271) it follows 
that 


OD) 24% M(x, 72). (6.1.272) 
p(x) P(s) 


Define a function v(x) by 


v =) (6.1.273) 


v(x) = 1+ M(x, 19 


From (6.1.273), and using the fact that oe < v(x), it is easy to observe that 
An ++ Ayu(x) < f(x)v(a). (6.1.274) 
Using the fact that v(x) < v(x,....,Xn—1,%n + 1) in (6.1.274), we have 


An-1 Pies A 1v(X1,- +. Xn—15 Xn + 1) _ An-1 gazes A v(x... ,Xn—-1,Xn) 


V(X1,---.Xn-1,4n + 1) V(X1,---sXn—-1, Xn) 


<f(). 
(6.1.275) 


Now, following the same step, below (6.1.265) up to (6.1.268), we obtain 


Xp—l 


x2—-1 
ae vee YPC 25-25 950), 


s2=0 5,=0 


x2—1 Xn—1 


v(x; + 1,%2,..-5%n) < ve9(I +e YFG, 82, +450): (6.1.276) 


s2=0 5n=0 


Now keeping x2,...,x, of x fixed in (6.1.276), setting x; = s, and substituting 


s, = 0,1,...,x,; — 1 successively and using the fact that v(0, x2,...,%n) = 1, we 
obtain 
xi-1 
v(x) < [ [+ M(s1,x2,....%nf(s))). (6.1.277) 
5, =0 


Using (6.1.277) in (6.1.272), and observing the fact that u(x) < ./z(x), we get the 
desired inequality in (6.1.254). 
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The proof of the case when c is non-negative can be completed as mentioned in 
the proof of Part (a,) of Theorem 1.2.11. This completes the proof of Part (c,). The 
proof of the inequalities in (cz) and (c3) are respectively similar to the proof of Part 
(az) and Part (a3) of Theorem 2.3.12 and closely resemble the proof of Part (c;) 
given above (see also [489]). Here, we omit the details. Oo 


The following results concern some discrete inequalities of the Wendroff type in 
several variable which include and generalize some known results of Singare and 
Pachpatte [611, 612] and Yeh [704, 705]. These results are due to Mao [371]. 

Fori = (i,i2,---.h), J = Gide), 1 = G1--,), 0 = 
(0,0,--- ,0) € No, we define 


i-1 ij-l in-1 


Deu = DoD winds sin) 


j=0 Ai=0 — jn=0 


We let aa b(i) = 0. Let J = (1, /2,--- , tn) € Ng be fixed with 0 < J. We shall 
use notations [0,/J] := {ie NO: 0<i< , [ij7+Ds= fre Rij<x< 
J+ 1 Gt Us= tx e R's yj <x <j+ 1} and so on. 

The next theorem gives us a generalization of Yeh [704], who used many 
techniques to get this result. However, the present proof is very simple. 


Theorem 6.1.37 (The Mao Inequality [371]) Let &(i), n(i) : {0,1} ~ R+ with 
n(i) positive and non-decreasing. Let (i,) : {0,1} > R4 be non-decreasing. Let 
o(i,j) be a non-negative function defined for alli,j € Nj withO <j <i< TL. 
Let H be a continuous function defined on R4 such that H(v) is positive and non- 
decreasing for all v > 0. Then if the inequality holds for alli € {0, I}, 


i-l 


Ei) < wi) + 0@ + D0 o- 1, DHEA), (6.1.278) 


j=0 
then for alli € {0, i*}, 


ijl 


fAh=au 
26" cage) 
1=0 


i-1 
= 
Mu tay * 294-1 
(6.1.279) 


where G and G~! are as defined in Theorem 7.2.12 below and i* € {0,It is such 
that for alli € {0, i*}, 


tS pl D =n 
Gu) +n + EE HO 


mi 
BET A) RY aoe eit 
I=0 A(u()) + ni) x doi j)) € Dom (G") 


j=0 
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Proof Define A(x), u(x), a(x1), n(x) and f(x, s) for all 0 < s < x < Jas follows: 


q 
A(x): = (Ai(x1),+++ An (%n)), Arts) = D2 Ae400) 1), 
k=1 


I qi 
u(x): = DOE ADO), abn) = Yo wOXWaey Od. 


j=0 /=0 
T T I 
n(x): = Do nDaui+ey, £O9) = DOYS OGD AG UKGI4@ 9) 
j=0 i=j j=0 


where 7p denotes the indicator function of D. Thus it follows from (6.1.278) that 
foralO <x </J, 


u(x) < a(x) + n(x) + / "$a 9H Culs_-)aAcs), (6.1.280) 
0 


which, by Theorem 7.2.13 below, yields desired result (6.1.279) immediately. This 
completes the proof. O 


Remark 6.1.26 If w(i;) = 0, and g(i,j) = g(J), then Theorem 6.1.37 reduces to 
Theorem 1 of Yeh [703]. 


Similarly, we can use Theorem 7.2.14 below to prove the following discrete 
inequality. 


Theorem 6.1.38 (The Mao Inequality [371]) Let €(i),n(@),: {0,7} > R+ with 
n(i) positive and non-decreasing. Let (i,j) (kK = 1,2,--- ,m) be a non-negative 
function defined for alli,j € Nj withO <j <i<T. Letr, € (0, 1], k= 1,2,-++ .m. 
If for alli € {0, I}, 


m_ i-l| 


ED <nO+ >>>) eG- LIED)" (6.1.281) 


k=1 j=l 


then for alli € {0,T}, 


Ei) < n | [ Ge. (6.1.282) 
k=1 
where 
; /(—re 
Guy = J [Et C-MITS! GOOH The La] if O< ne <1, 


exp({T]i=1 Gil} Din ei — LD). if re = 1, 
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here we use notation 


0 
[[@@ =1. 
i=1 


In order to get some new discrete inequalities with retardation, we denote by F2 
the family of all function a : {0,7} — {0,7} such that w(i) < i for alli € {0, /}. 

We now use Theorem 7.2.15 below to prove the following theorem which gen- 
eralizes Theorem | of Yeh [703], hence, Singare and Pachpatte [611] (Theorem 3) 
and [613] (Theorem 1). 


Theorem 6.1.39 (The Mao Inequality [371]) Let &(i), u(i:),n(@), (i,j) be 
defined as in Theorem 6.1.37. Let y(i),C(i) : {0,1} — [1,+00) and a(i) € 


F,,H € H with corresponding multiplier function ®. If the inequality holds for all 
ie {0,/}, 


i-l 
El) < YUM + NW) + 6 D> PE - 1, NH(E@())), (6.1.283) 
j=0 


then for alli € {0,T}, 


ij—1 
ees 
£0 < OLOE "CHO +10) + Fw FAO 
i-l 


+S leG= Ld/rDIPrv eM E@()}). (6.1.284) 


j=0 


where G and G"! are as defined in Theorem 7.2.12 below, and i* € {0,I} is such 
that, for alli € {0, i*}, 


ij—l 


w+ 1)— wD) 
G(u(0 ea SEE ch 
((0) + n(i)) + X AG Laos 


i-l 


+S [ei -1.)/v DO (@A))E(w(J))) € Dom (G™). 


j=0 
Proof Define B(i) € F2 as follows: 


0; £240; 1}, 


BO = a(i-1) +1, ie {1,N. 
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Thus inequality (6.1.284) is equivalent to for all i € {0, /}, 


i-l 


EW) < yM(MG) + nO) + FO D) pE- LNHEBU+ I) -1). (61.285) 


j=0 


Let A(x), u(x), a(x), n(x) and f(x, s) be as defined in the proof of Theorem 6.1.37. 
Furthermore, we define, for all0 < x < J, 


I I 
qx) = Soo (Dehipay@®, o0):= Yo BAD xiey@)- 


j=0 j=0 


Hence it follows from (7.2.76) below that for all 0 < x < X, 
u(x) = haylaca) +n) +414) f fox.s)H(Wlo(s)-))aA), (61.286) 
0 


which, by Theorem 7.2.15 below, implies for all i € {0, i*}, 


ijl 


gO rE (GUO) Eee 
1=0 


A(u() + n@) 
i-1 


+S [oG = L.d/yMI@Q(BU + 1) — NEU +) - »)). 


j=0 


This is desired result (6.1.285) which completes the proof. O 
6.2 Nonlinear Multi-Dimensional Nonlinear Discrete 
Inequalities 


For all x = (x1,--- ,x%,) € N” andc : N” — R, we define the forward difference 
operators as follows 


Aic(a1,++* . Xn) = C0 + 1, x2, +++ Xn) — C1, X2,°°+ Xn), 
Anc(X1,°°* Xn) = C1, * X12, Xt) — CM1.6°* .Xn-1, Xn) 
and the operator D by 


De(x) = (Aic(a),-++ , Anc(x)), 


860 6 Nonlinear Multi-Dimensional Discrete (Difference) Inequalities 


and 
|[De(x)| = [|Aie@? +--+ + [Anc(x) [7]. (6.2.1) 


Let B be a bounded domain in N" with n > 2 defined by B = {x: 1 < x < a+ 1}, 
where {| = (1,---,1) € N*,x = (x,-++ a) € Na = (ayy-++ an) € N” 
We denote by G(B) the class of functions c : B — R which satisfy the following 
conditions 


CCL, x2,°+* Xn) = €(1, 13,08" Xn) Se = C1, M-1, LD) = 0, 
C(ay + 1, X2,+0 ++ Xn) = C1, dz + 1,%3,+++ Xn) 
= ss =c,-°: »Xn-1+4n + 1) = 0. 


For c: B > R, we use the following notation 


a an 
) c(x) = ) fayistis, ) c(x1, °° »Xn); 
B xy=1 Xn=1 
: a\—1 _ an—1 
and use the usual convention es c(y1, X2,°+* 5 Xn) = 0, De Ss C(X1,°** 5 Xp-1, 


Yn) = 0. 


Theorem 6.2.1 (The Pachpatte Inequality [482]) Let p,q,r = 1 be constants 
and suppose that u,v, w € G(B). Then 


YillHO) PO)! + [LO)IT OI” + be)!" HO) 7] 


B 


< : (e)" pe |Du(y)|?? + : (e)" pe |Du() 74 + : en > |Dw(y) 7", 
(6.2.2) 


20)? LOM WOI UO)? + LODE + LwO)I) 


B 


<7 (5) Diu +5 (5) Divo + 5 ic) = Iwo)", 


B B 
(6.2.3) 


where fs = max{d,--- ,d,} and |Dc(y)| is as defined in (6.2.1). 
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Proof From the hypotheses, it is easy to observe that the following identities hold 


nu(x) = DT) Apu(yi x20 an) Bee FOI Anus tn. Yn)s 
nu(x) = — a Ayu, X2a,0++ .Xn) mt SS. Anu(X1,*** sXn-1, Yn): 

(6.2.4) 
From (6.2.4) it follows that 


an 


nla] < So [Arisa aad tet So [aware tet h 625) 
y= Yn=l 
From (6.2.5) and using the elementary inequality (see, [191, 395]) 
(by +++ + dn)* < Len(bi + +++ + BY, (6.2.6) 
for all bj,---,b, > 0, where L;, = n'! (k > l) andi, = 1(0 < k < 


1), Hélder’s inequality with indices p, p/(p — 1) (see, e.g., [179]) and using the 
definition of 4, we obtain 


1 1 Pp _ a 
|u(x)|? = n (5) pe | > |AyuQ1,X2,°°° Xn)|? 


yi=l 
free > |A,u(x1, °° inci o0P (6.2.7) 
Yn=1 


Similarly, we obtain 


1/1\! = 
jets = (5) wh! Y wora al 


ym=l1 


an 


Fes » |AnuQxi,+*- ini} (6.2.8) 


Yn=1 


and 


LAT al . 
|w(x)|" < + (5) we ibe |Ayw(1, X2,°°° Xn)| 


y= 
an 


ea * Au re,2** Jini} (6.2.9) 


yn=1 
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From (6.2.7)—(6.2.9) and using the elementary inequality b} bz +b2b3+b3b, < bi + 
b; + b3 for b,, bz, b3 reals, repeated application of (6.2.6) when k = 2, Schwartz’s 
inequality and the definition of jz, we obtain 


u(x)|?|v(x)|4 + [v@)twd|" + wOd|"luQ)|? 
< {lua}? + {lvOolt? + {hw@yl"}? 


an 


1/1) ou ° 
= fo (5) we aoran sal + YO bai tera 


y=l yn=1 


1\¢ _ a an 2 
(5) oP wor raess cat kD flan anal 
n= 1 


y=l 


| 
T 

pane eee 

slR 


ieee na. 


y= 


an 


2. 
a » |nw(X1, °° sional 
Yn=1 


ay 


1 @ 1 ae 2(p—1) 2, 
p= = Pa... 
< (<) (5) m nl ) |Ayu(yi,%2,++* 5 Xn)|P + 


yal 


an 


2, 
Tr >a |Anu(x,-+> »Xn—15 Yn) | 
n=l 


1 


2 2 a 
1\" , 
Tay os es, eee 
(;) (5) a mel |Au(y1, x2.°5+ Xn) + 


y=l 


an 


+ » |Anv(.++° vain) 


yn=1 
1 2 1 2r ay 
og (=) (5) una] Yo LwOrero~ eA id 
u>= 
2 tt > [Anw(1, 7 ects" (6.2.10) 
yn=1 


Setting x; = y; (i = 1,---,n) in (6.2.10) and taking the sum over both sides 
of (6.2.10) with respect to y,--- , y, on B, using the definition of jz and the repeated 
application of (6.2.6) when 0 < k < 1, we get 


DleO? HOM! + LOO)|4HO)!” + LWO)I" HO)? 
B 
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= ; (5)" » {[Aiu(y) |” feeet [A nue(y)|?P]/? 9? 


B 
+ (E)"D (awoyPt +--+ voy" 
B 
$= (AY Law +--+ Ame PT 
B 
<= (2)? pw? + = (2) poor + = (4) own 
B B B 


This completes the proof of inequality (6.2.2). The details of the proof of inequal- 
ity (6.2.3) follows by the similar arguments as in the proof inequality (6.2.2) in view 
of the proof of inequality (6.1.233) given above with suitable modifications. We 
omit the details. Oo 


Remark 6.2.1 We note that in the special case when p = q = r = | andu(y)v(y) = 
w(y) = c(y), the inequalities established in (6.2.2) and (6.2.3) reduces respectively 
to the following inequalities 


Yd leo? < . (4) y_ |De(y)?, (6.2.11) 
B B 


A 


and 


A 


Yeon <= (£) Yeo’ (6.2.12) 
B B 


It is easy to observe that the two independent variables versions of (6.2.11) 
and (6.2.12) are different from the inequalities obtained in (6.1.244) and (6.1.245) 
respectively. For multidimensional discrete inequalities of the type (6.2.11)— 
(6.2.12), we refer the reader to [484]. 


Remark 6.2.2 The discrete inequalities of the type (6.1.244)-(6.1.245) and 
(6.2.11)-(6.2.12) in one independent variable have been established by various 
authors by using different techniques, see [86, 226, 228, 233, 395, 479, 533]. 
Here, we note that the inequalities established in (6.1.232)-(6.1.233), (6.1.244)— 
(6.1.245), (6.2.11)-(6.2.12) are different from those given in [86, 226, 228, 233, 395, 
479, 533] and we believe that the inequalities established here are of independent 
interest. 


We shall next introduce the results from Popenda and Agarwal [551] which 
is an essentially generalization of linear Gronwall discrete inequalities in several 
independent variables. 
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We shall use the following notations: Ns = {&, + 1,---} where & is a non- 
negative integer. Let v = (1,---, Vy) then N, = N,, x--- x N,,, (the Cartesian 
product). Let a = (a ,--+,@m) where a; € No, then |a| = }7"_., a; we shall call a 
a multi-index or m-index. 

We shall need the following operators which can be defined both for sequences 
of integers m as well as multi-indices. For n = (n),---,1m) € N,, we define E),, = 


fi 
(ny yee, Mi-1, MEAG Mp1. Mm)P( Ny = V) = (Mis Vays My tis tt) Ves ts Mm) 
shift operators (acting here on arguments). In particular, Zj; = (m1,°++,mj-1,mj + 
Lnitiss + sm) P ny = V) = (M2 Vays Mey tie’ + Vk. + Mm), projection 
operators, in short P,,/»n, where 2 = [41,- ++, 4x iS any subsequence of the sequence 


1,...,m. For example, ifn = (m,72,73,n4),u = (2,4),v = (1,7,5,3), then 
P(n;nga) = v) = (m,7,n3, 3). In particular, P(n;nj = a) = Pian = (m,-- 


+nj—1,4,nit1,--+,Mm). R(a,k) = (a1,...,Qm—x) for all O < k < m reduction 
operator. It is clear that P,,/,n can be presented as the compositions. 
P(ning = V) = Puy, +++ Puy/y tt. The difference operators on any function 


w:N, — R are defined as follows, 


AMo(n) = AT (ABC -(Afro(n))) 


where for all k > 1, 
k 


A‘ .o(n) = Y* C(-1)o(m, «+n ti nitis sm); 
j=0 


and on using shift operators 


k 
Ak.o(n) = > C(-1)To(E},n). 
j=0 
It is supposed that Avo(n) = w(n) so that if in the multi-index a some of a; = 0, 


then in the definition of Al | «(n) suitable partial differences A: should be omitted. 
For a sequence o = (01, ---, oj), not necessarily of different elements 0; € {1,-+-, m}, 
we shall use 


j = 
Kg Q(2) = A/oy(Ajoy (A /oj0(0))))+ 


Let us note the difference between AR and Aig. For this, let 6 = (1,2, 1), then 
according to the definitions, Ne lo(n) = A}, (A7,(Aj,0(n))) (here B denotes 
the order of the difference with respect to the i” variable), whileA7,(n) = 


Ah, (A7,(Aj,0(n))) (here all the differences are of the first order, and 6; denotes to 
which variable the difference has to be applied). The multiple summation operators 


6.2 Nonlinear Multi-Dimensional Nonlinear Discrete Inequalities 865 


we denote 
ni—l Joy —1— Nm—1 JMAn—1—1 
Sa(n,v;@) = a oe => ae OC/ta1+** imam): 
A= Jl,oy Jim =—Vn Jinan =Vm 
It is clear that suitable summations have to be omitted if some of a; = O. In 
particular, if a = (0,---,0,a@;,0,---, 0), then, 
nji—1 Jiaj—1—-1 
Sa(n,v;@) = Sa(n,vi0) = Yo se YO wi. mint jai Mit 1+ +. Mm) 
Jil Imam =Yn 
while 


nj—-1 Jiaj-1-1 


Saln, v; o(Pijy.n)) = Yor YS olay minr. vis Mir. + sm) 


Jil =Vi Figo =Vi 
nj-1 Jiaj—1— 
= W(N1,+ ++, Ni-1, Vis Mi-1,° ++, Mm) oe ne 1 
Jil =Vi Jia =Vi 
ON +5 N13 Vie Nts ST) CEE, 


We shall follow the standard convention that the empty sums are zero. Therefore, if 
for some i we have n; < v; + a;, then Sy(n, v;@) = 0. 
Ifa = (@1,---,Q@m) and B = (f,,---, Bm) are two multi-indices, then a — 6B = 


(a) _ Bi, 200, Am — Bm); and 
Aff Sa(n, vi @) = Su—p(n. v: 0), if or = Bi, for all i € {1,+++m}, 
moreover, 


AY So,(n, v; 0) = o(n), AL'Sa(n, v; 0) = o(n). 


If w :—> N, t R4, then from the above AMS a(n, v;@) > 0 and Al Sa(n, VvV;@) > 
0 for all j < a;. On the other hand, 


k 
A} Sa(n, vio) = }\ C(-1)' Sy (Ej, v3) = 0 if nj +k < vi + gy. 
J=0 
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If 8; > a;, then 
AP Salas vi@) = Ai o(n). 


It is clear that for some values of n, we have S,(n, v; w) = 0, while BENS, (n,v;w) # 
0. For example, let w : N@,..) > R and a = (3, 2), then 


m—-l fac) fia-l m1 pant 


Sa(nvi0) = DY DY DD YY DYE o(is.22), 


AAEM A2=V1 AL 3=M1 2,1 = V2 J2.2= v2 


m—-l ft2—-) ml javl 


ApSa(n,(vi.¥2)302) = Yo YS SOY oli3.22). 


AQ" /AZ=V1 f21= V2 (2.2=2 


Mia aySa(n, (1, V2);@) = At Sa(n, (11,12); @) = Ab oySa(n, (11, v — 2); @) 


nj—l no—1 j2171 


YS DY DY ei3.2), 


AZ=V1 f21= 2 j2,2=2 


II 


and Sy((v1 +2, v2 +2), (V1, v2); @) = 0, in fact, Sy((v1 +1, v2 +), (V1, V2); @) = 0, 
ifi < 3 orj < 2, while AyjSy((v1 + 2,¥2 + 2), (V1, ¥2);@) = (v1, v2). 


For a given multi-index @ = (a@1,---,Q@m,) , we can construct the set Ey of 
lal! T], 1/(@!) sequences Ey = 0 : (01,+++, Ofg|) 1,+-+, |@| such that oj = i for 
some i € {1,---,m} and all j € {1,---,|a|} and card oj: 0; =a = aj. Here by 


card A, we shall denote the cardinal of the set A. For example, let a = (3, 2), then 

Ba = (1,1,1,2,2), (1,2, 1, 1,2), (2,1,1,2,1),---, and card Ey = 5!/(2!3!). 

We shall say the function f belongs to the class M(B) if f : N, > R+ and 

(i) Ai By -,pF > 0 fors =1, ---,r—1 and alln € N,, and, (ii) A jg. f@) > 
Oforj = 1,---,r and alln € Ny, where B = ($1,---, B,) and 6; € 1,---,m for 
alli € 1,---,r. It is clear that if fi,f2 € M(B) anda > 0, then f, + f2 € M(B) 
and af; € M(B). Moreover, if f € M(B) is such that NY By Boyt) = 0 for all 
neéN,, thenf € M(y) for any y = (1,-- +, ¥.° ++, Ye) Such that y; = 6; for all 
i € {1,---,r}. For example, let 6B = (3, 1,2, 1), then f € M(8) if from condition 
(i), 


Merafa) = 83(An(Apf(n))) = 0, 
Mayfa) = Ap(Anf(n)) = 0, 
5),f(n) = 0 


and by condition (ii), 


An f(n) = bn f(n) = Ajay f(n) 2 0, 872f(n) = 0, Aj f() = 0. 
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Theorem 6.2.2 (The Popenda-Agarwal Inequality [551]) Letu,b,c:N, > Ry 
and there exists a sequence 0 € Bq such that c € M(o). If there holds for all 
neN,, 


u(n) < c(n) + Sy(n, v; bu), (6.2.13) 


then for alln € Ny, 


No, —1 


u(n) < MiNgeS,:ceM(o)C(P(N; Ng, = Vo,)) I] 1+ Digi (P(n; No, = jla\))s 


J\a|=Voy 
(6.2.14) 
where 
max{0, Alle n 
ity EE es 
c(n) 
and 
Dy41(n) = Arey PQs Moja be = Vojqi—k+1)) 
+1 SOO 
C(P(N; Noy) —k+1 = Voi —k+1)) 
Noyq|—k+1 
+ D5 OPC; Noyy-e+1 = je), 
Jk=Vo}q|—k+1 
k=1,---,|a|—1. 
Proof Leto € Hy be such that c € M(o) and let for all n € Ny, 
z(n) = c(n) + Sa(n, v; bu). (6.2.15) 
Then inequality (6.2.13) yields 
u(n) < z(n). (6.2.16) 


Therefore, for all n € N, from (6.2.15), we derive 


II 


AM z(n) 


oO 


AM le(n) + dD(n)u(n) < A c(n) + b(n)z(n) 


oO 


IA 


max(0, AMle(n)) + b(n)z(n). 
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Since c € M(o) and z(n) > c(n) > 0, then 


Aloo) _ Alele(n) — max(0, Allen) 
=a. ey ey 


Hence, 


la| 
Ain /R(o, 6.1)&(E/ojai”) — Nae (o.12() 


® < @(n). (6.2.17) 


Notice that 
A /oj2() = Ajo:c(n) + AjoSa(n, v; bu),j = +++ |e 
and by condition (ii) of the definition M(c), 
A /oSa(n, v; bu) = 0, Ajoc(n) > 0. 
Thus it follows that for all j = 1,---, ||, and for alln € N,, 
2(E/o,n) = z(n). 
Moreover, by condition (i), 
AM sla) = ANIC! c(n) + ANIC! San, v; bu) > 0. 


Hence, from (6.2.17) it follows 


le| le| 
Afro.) E/ayg)) Aree) 


< O(n). 6.2.18 
aE jo, ) zn) 1(n) ( ) 


Now substituting in (6.2.18), = P(n;19,, = ji) and summing with respect to j; 
from Vojq) > tO Naja) — 1, we get 


Alel- 1 |a| Nolq\—! 
ye) Ai 33 ye P(1} Nya) = Voja)) 

AiR.) — Aire (PC Naja) = Yorai)) < » D (P(n; no), = ji)). 
z(n) 2(P(n; No\y| = Vora )) N=Vorq) 


(6.2.19) 


Let ojo) = € € {1,---+,m}, then card oj : oj = § and o; € R(o,1) = ag — 1; 
furthermore, let t = (t1,- ++, Tq|) where 7} = 0; ifo; A &,t, = Oifo; = &, 
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then for alln € N,, x-+- x Ny-1 x ve X Nuegi X +++ x Ni, 


a|— al—ayi7 , %—1 
Ae ySa(P(n: ng = ve), v; bu) = AMA (AC'S, (Plan; ng = ve), v; bu) = 0. 


Therefore, 


Apes Ng = Vory)))5 =A ee nz = ve)) 


+ AG Sa (P(n; ng = ve), v; bu) 


SVAN Ca (cr Noa) = Vojai)) 


and because 
2(P(1; No}, = ee) = C(P(1; No}, = Vora) + So(P(n; Noyq) = Vota)» v; bu) 
= C(P(N; No); = Voja))> 
from (6.2.19), we derive 


Noe} —l 


+ > D (P(n; Ng),, = ji)) = Pa(n). 


A=Voiq| 


le|—-1 la|-1 : = 
A iro.) 2 A iro. ye(P@: Nog = Vaja\)) 


zn) (PM; Nag, = Vojq)) 
The above inequality yields 


a|—2 a|—2 
Ae Efe =i®) = A 
2(n) 


ie., an inequality similar to that of (6.2.17). Now following the same reasoning and 
inductive hypotheses , we get 


< ®p(n), 


A}o,2(0) 


aa < Piq\(7) 


which yields 


2(E/o,1) = 1+ Diy (1)z(n), 
Ng, —1 


en) < 2(P(n; No), = Voia)) I] kp Dia (P(n; Ng, = jila\)) 


Jla|= Yo 


(6.2.20) 
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and because 
Z(P(N; Noy) = Vojq))) = CCP(1; Nojy, = Vor) 


in view of (6.2.16), we have 


No, —1 


n(n) < z(n) < C(P(1; Noy, = Vora )) I] 1+ Diy (P(N; No, = jla|))- 


Jja|=Yo 


Similar estimate can be obtained for each o € Hy, such that c € M(o). From this 
observation, the required inequality (6.2.14) follows. 
Remark 6.2.3 The estimate (6.2.14) can be rearranged as follows: for alln € N,, 


Ng, —1 


u(n) Ss Ming ez y:ceM(o)C(P(n; Novy, = Vajai)) I] 1+ Di (P(n; No, = jla|)) 


Jla|= Voy 
+Se71 g((P(n No, = Joa)» Vv; b), 
where 


max(0, All e(n)) 


a = ae 


and 


—1 
AinenetP (15 Nojq\—k+1 = Vojgi—k+1)) 


Wisi (n) = 
C(P(M Nojq\—k+1 = Voja\-K-+1)) 


,k=1,-+5|a]—1. 


Remark 6.2.4 The method we have used in Theorem 6.1.32 can be applied (with 
slight modifications) to general type of inequalities such as, for all n € N,, 


k 
u(n) < c(n) + > Syi(n, v3 bj), 
i=1 


where a! = (a, tes, a), i= 1,---,k andc belongs to a suitable class M. In fact, to 
obtain a bound it suffices to obtain first some linear inequality of the type 


bh.2(n) < A(n)z(n) + Y(n) (6.2.21) 


and then follow the method of Theorem 6.1.32. To illustrate this, we present the 
following examples. 


6.2 Nonlinear Multi-Dimensional Nonlinear Discrete Inequalities 871 


Example 6.2.1 Consider the inequality 


nil 


u(mi, m2) <e(m, m2) + D> bia.) [wir m) 


Ag=1 


AiaTl jia-l ng-1 


+ YO DY hUis.rvuis.r.0)- (6.2.22) 


AL2=1f13=1j21=4 
Denoting the right-hand side of (6.2.22) by z(m1,n2), we get 


Jal jiz-l ng-1 


Anza) = Anctn) + bi@futn) + YO SO SO bois. onuis.Jo)] 


A2=1 fi 3=1 p1=4 


Jaw] fiz-1 ng-1 


Anc) +hMk)+ Y) Yo YO his bvulis.o0) 


fL2=1 fi 3=1jo1=4 


lA 


(6.2.23) 


Let bi = 0,b2 = 0,u => 0, if Ajjc = O, then Ajjz => 0, if moreover Aj;c = 0, 
A;:b, = 0, and we want to estimate u such that A/,u > 0, then by the definition of 


z(1, 2), we have 


ni—1 


Anz =Ane(n) + = bi(jia.n2 + 1I)[Ajomi (fia. 12) 


jia=l1 


JijHl fig=l 


+ 0 DS holis.io.ui20)] 


JlL2=1)j13=1 


n—l Ala] fi2—-1 ny-1 


+ Di Wisma) + D7 Dd De 


As=l Jl2=1 1 3=1 jo1=4 
bo(j13.J21)UCG13. 32, DJA 261 (j11.12) = 0. (6.2.24) 
Now let 


m—1 fi2—-1 n2-1 


on) =2n) + Yo SD YO bois. ineia-J2)- 


A2=1 fi3=1 j21=4 
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from which it follows 


Aawt jiz—1 


Ano(n) = Ancn)+ D> So bois. ion)eCii3.io1) 


fl=1j13=1 


Aart i271 
< Apc(n)+bi(njo(n)+<(m—1,m2-1) YO 1,2 =1 SY) bois.) 
j 


ji3=1 


Aart fiz-1 


< Anci)+[bi+ D> Yo Polis.) Joo, 


Jj12=1j13=1 


which is of the form (6.2.20). Now we can apply the method of Theorem 6.1.32. 
The obtained bound for w(n) is then used in the inequality Aj,z(n) < Ayjc(n) + 
b,(n)w(n), which in turn after suitable summations, leads to the bound for z(”), and 
consequently, the bound for u(n). It is interesting to note that we can get another 
inequality for A;,z(n) A /,z, which follows directly from (6.2.22), namely, 


AT! fz7l a1 
Bnz(n) < dpctn)+ hi + SY) Yo SD bois.ionuCia ven) 
A2=1fi3=1 joi=4 
which is also of the form (6.2.20), consequently, the method of Theorem 6.1.32 is 
applicable. In the above example, we have three summations with respect to the first 


variable, and one with respect to the second. In fact, we do not suppose that all a; in 
a are the same. 


Example 6.2.2 Consider the inequality 
u(n) < c(n) + Sa(n, v; bi(j)(UG) + Sa, vi bau). 


where 8 < a, that is By < a, for all k = 1,---,m. Letc € M(o) ando é€ 
5B — B, Alle <0. Let 


a(n) = c(n) + So(n, v; bu + Sp, v; bou))), 
then 
AM le(n) = AlPle(n)+Sa—p(n, v: bi(u+Sp(j, v: b2u))) < AlPle(n)+Sy—p(n, v; bia), 
where 


(n) = z(n) + Sg(n, v; bz). 
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Hence, 
Alp o(n) = Af" e(n) + bo(n)z(n) 
< AP lc(n)Sa—p(n, v; bi) + b2(n)z(n) 
< AM le(n) + [Sa—p(n, v: bi) + ba(n)lo(n). 


Thus, the resulting inequality is of the form (6.2.20), and so the method presented in 
Theorem 6.1.32 allows us to get an estimate on w and consequently, (after suitable 


summations) on z and then on u. If 6 = @ as in [487] and Ah |e(n) = 0, then 
APlo(n) < [bi(no + bo(n)Jo(n). 
Lemma 6.2.1 ((341]) Let u;, v; be two real sequences. The following identity holds: 


n—-1 n—-1 


> vj Au; = UnVyn — UQVO — > Uj+1 Avj. (6.2.25) 


i=0 i=0 


Proof For every natural number i, 


A(ujvj) = upp Vit1 — iV; 
= ujr Av; + v;Au;, (6.2.26) 
1.€.,, 
vjAu; = A(ujv;) = uit 1 AVj. 
Substituting i = 0,1,2,--- ,m— 1 and adding in the last equality, we have 
n—l n—1 n—1 
> vj; Au; => = A(uivi) = > ui41 Ad; 
i=0 i=0 i=0 
n—1 
= UpUn — UV) — > Ui4 1 Adj. (6.2.27) 
i=0 
The proof is thus complete. Oo 
Lemma 6.2.2 ([341]) Let u;, Au;,--- , Aku; be non-negative sequences and satisfy 
ug = Aug =--- = A*'u; = 0, then 


n—1 
1 
Yi(n-j- "1 A"y, m<k (6.2.28) 
j=0 


<= 
a= (m— 1)! 
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n—-1 


Msg gaily AG. O<ISR= 1, (6299) 


Proof When m = 1, (6.2.28) holds obviously. We now suppose that (6.2.28) holds 
when m = ft, where | < ¢ < k — 1. From inductive assumption, Lemma 6.2.1, and 
A‘ug = 0, we have 


u, < — = Ti Grae Au; 


| 


jp! Ti Gee Aly; 
: Hy" + (nV) + + IDOI) + OI) 
t 


n—-1 


1 
= 5D Atu[@ DT + Pf + - 


* j=0 


+(n—j-1)(n—j)"? + (n-j)"][@-J-1)-(n-f) 
n—-1 


1 
= -5 > du [j-V'-0-V] 
* j=0 


n—-1 


=-— id A'wiA[(n-j)'] 


n—-1 
i ; 
7 ) (n—j-1)' Aly. 
rer 


This completes the proof of (6.2.28). Substituting A‘u, for u, and setting m = k—i, 


we can get (6.2.29) The proof is thus complete. Oo 

Theorem 6.2.3 (The Li Inequality [341]) Letp; > 0, i=0,1,2,...,k-—l,p> 

Pe > 9, p > 1, {ux}, {Aux}, ..., {Aku,} be non-negative sequences and satisfy 
= Auy =--- = Ak! ug, hy > 0, ry > 0, then 


atts k-L PE PKIP yy (h, 1) n=l 

S he(Akuy)* T [(A‘u)” < (2) ee r(Aku,)? (6.2.30) 
Pp 

x=0 i=0 x=0 
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where 


k k-1 
p=) op, Q=[[I&-i-DY, 
i=0 


x-1 


; -i- 1) -1/(p-1 
Rix = Yi(e-j- 1" i-1)p/(p Dy el) 
j=0 
n-1 k-1 (p—px)/P 
wr(h,r) = b pp! (Pr) y—Pe/ (P—Px) Oh ea 
x=0 i=0 


Proof For every natural number j, define 


j-l 
y= ae ay, 
x=0 
then we have 
yo = 0, Ay; = 5 (Ay'ujy?, Ayhu = 77"? (Ay). (6.2.31) 


From Lemma 6.2.2, (6.2.31), and the Hélder inequality, we can obtain 


n—-1 
1 2 de ak 
Aun < a aes Aku; 
0 
1 n—-1 
ean ye 
0 


I n—l lei (p-1)/p n—l 1/p 
———— —j— 1) D/P) p/P) 
<emlyer el ae) 
j=0 j=0 


1 —1)/ 
= —— Pyle, 6.2.32 
kip ea 


Using (6.2.31), (6.2.32), and the Hélder inequality, we have 


n—1 k-1 
YS ay(A‘u,)”* | [uo 
x=0 i=0 


n-1 k-1 : 
1 : Pi 
< SY harz?!/?(Ay.y PT] sa Re et 
i=0 : 


x=0 
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n—-1 


k-1 
1 = Tp: i 
So > hyr_Pe/P I] RY? Ipi/p , y(PPO/P (Ay, )Pk/P 
x=0 i=0 
pre k=l (p—px)/P 
<— Ly pp! (P—Pw) -—Pk/ (PPA) I] ROP pile 
_ Q = x x a ix 
n—1 PK /p 
x oP ylP-Pr)/Pk ays) 
x=0 
wr(h, r) Ml py tl p/p 
geet ( > / {r-noinar) 
Q x=0 0 Yx 
vn Pk/P 
_ Walk, 1) [ p(P—PK)/Pk : 
Q 0 
wrlh,r) (Dk Pk/P 
Px/P n—l 
w,(h, r 
-(#) lait So (Aha)? (6.2.33) 
P oO 
The proof is hence complete. Oo 


This result of Li [341] grew out of an investigation of his similar result in the 

continuous case, see Theorem 1 in [341]. In the following, we point out that the 

direct adaptation of the results from the continuous case to the discrete case is not 

always true and the inequality given in the above theorem reduces to the trivial one. 
Consider the following assumption in the above theorem 


up = Auy =-+- = Akug = 0, (6.2.34) 


adapted from continuous case (see, e.g., [341], Theorem 1) to the discrete case. 
From (6.2.34) we observe that 


uo = 0, Aup = uy —Uun = 0 (6.2.35) 
follows by using (6.2.35), while 
uy =0, A?up = uz, —2u; + uo = 0 (6.2.36) 
follows by using (6.2.35) and (6.2.36), 


un = 0, (6.2.37) 
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and continuing in this way 
u—) =0, kK=1,2,...,n. (6.2.38) 


This observation shows that the sequences {u,},{Au,},...,{A*‘u,} for x = 
0,1,2,...,2 — 1 reduce respectively to {0}, {0},..., {0} and consequently the 
equality (6.2.30) in the above theorem reduces to the trivial one. 

This clearly shows that the condition (6.2.34) which is adapted from the condition 
used in the continuous case is not suitable for establishing the inequality in the 
above theorem. In view of the above remarks, the question of the existence of 
inequality (6.2.30) for non-trivial sequences {u,}, {Au,},...,{A*u,} is open. 

Now we are concerned with comparing the solutions u(x) of the nonlinear 
difference equation 


Atu(x) = f(x, u(x)) (6.2.39) 
with solutions #(x) and g(x) of the corresponding nonlinear difference inequalities 


Alo (x) < f(x, 6) (6.2.40) 


and 


Ate(x) = f(x, g(x). (6.2.41) 


respectively. 

Here x = (%1,...,%) € NO, N = {0,1,...}, u@ = (mQ),..-.um()), 
f(x,u) = (fix, 4), ...,fn(x,u))", and A" is the n-fold forward difference operator 
Ay, ++: Ax, (Aa(t) = a(t+1)—a(t), t € No). Thus, we are dealing with systems of m 
equations or inequalities (component-wise) in n independent variables. Throughout, 
we shall assume that the function f(x, u) defined on the set A = {(x,u):0<x< 
X,X €Nj,u€ R”}. 

In what follows, (i)x denotes a point (x1,...,%,) in which 7 variables at zero. 
There are (?) total such possibilities. Thus, if at the n hyperplane x = (1)x, 
the function u(x) is known, then a recursive argument can be used to ensure the 
existence and uniqueness of the solutions of (6.2.39). This is obvious from the 
summation representation 


u(x) = S>(-1)*! Sux) + SI F(s, u(s)), (6.2.42) 
i=1 i 


where )°; represents the summation over the possibilities (i)x, and a stands for 


the n-fold summation se ae ae a(t) = 0 forall t) > tot), € No. 


From these notations, it is also clear that the solutions #(x) and g(x) of the 
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inequalities (6.2.40)—(6.2.41) have the summation representation 


$x) < DED" Sox) + SFC, 6()) (6.2.43) 


i=1 i=1 


and 
gx) = YO(-D*" SY) px + SFG, (9). (6.2.44) 
i=1 i=1 


Motivated by Riemann’s function approach for the linear continuous Gronwall 
type of inequalities [6, 135, 629] and references therein, we have obtained a discrete 
analogue of Riemann’s function and employed it to study the discrete Gronwall type 
of inequalities for the case m = 1 in [7], whereas for the general m,n in [9]. This 
approach accommodates (6.2.39}-(6.2.41), or equivalently, (6.2.42)-(6.2.44) only 
when f is linear of the form f(x, uv) = A(x)u + h(x), where A(x) is an m x m matrix 
and h(x) an m x | vector. This technique easily provides explicit upper estimates 
[7, 9] and has the advantage that it requires fewer restrictions on the functions 
which appear in the inequalities than those needed in direct methods, see, e.g., 
[547, 704, 705]. To obtain upper estimates on Gronwall type of inequalities several 
other methods for the continuous general m,n, namely the method of splitting, the 
method of maxima, the iterative methods, etc., have also been proposed and applied 
in [60, 160, 161, 714]. Some of these methods will be extended for the discrete 
case in [9]. We shall also introduce several general comparison results. Obviously, 
the Gronwall type of inequalities are particular cases of these general theorems in 
which f has a special form so that for the corresponding inequalities, the unknown 
functions are readily available or can be estimated. These comparison results are 
natural generalizations of several principles established for the case n = | in 
[4, 571, 629, 630]. However, in this multi-dimensional case m,n, the summation 
representation plays the key role, whereas results for nm = 1 are proved following 
the methods similar to the continuous case [325]. We shall employ these comparison 
results to study the problems of dependence on initial values and parameters of the 
solutions u(x) of (6.2.39). 


Theorem 6.2.4 (The Agarwal Inequality [8]) Assume that the following hold: 


(i) the functions u(x),@(x), and g(x) are solutions of (6.2.39), (6.2.40) 
and (6.2.41), respectively, which satisfy 


n n 


VED 6a <= VOCED DY u@x) 


i=1 i=1 


= VICDT DY e@: 2.45) 
i=1 i 
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(ii) for all fixed x, 0 < x < X,and1 <i <M, the function f;(x, uy, ..., Um) is 
non-decreasing with respect to all u,,..., Um. 


Then for allx,0 <x < X, 
h(x) < u(x) < p>). (6.2.46) 


Proof As we have noted u(x), (x), and g(x) have the representation (6.2.42), 
(6.2.43), and (6.2.44), respectively. Thus, for allO < x = (j)x < X, 1<j< 
n, (6.2.46) follows from (6.2.45) and the fact that SY" f(s, u(s)) = 0. 

If u(x) < g(x) is not true for all 0 < x < X, then there is some 1 < k < mand 
an x*,0 < x* < X, such that uz (x*) > @(x*) and u(x) < g(x) for all 0 < x < x*. 
However, since f; is non-decreasing in u1,..., Um from (6.2.44) it follows that 


gu") = Y(t! YO g(x") + SE! fils. GS) 


i=1 


IV 


SOE SS ue(@x*) + Sh As, u(s)) 
i=1 i 


II 


ux(x"). 


This contradiction competes the proof of u(x) < g(x) for allO < x < X. The 
inequality @(x) < u(x) can be proved in the same manner. Oo 


Remark 6.2.5 If strict inequality holds in (6.2.45), then strict inequality holds 
in (6.2.46). 


Remark 6.2.6 Itis easy to verify that 


n n—1 x,;—-1 X-1 


Se wn =O he Ae cg ine Oy) 


i=1 k=0 s;=0 sp=0 


and hence inequality (6.2.45) certainly holds if for allO <k<n-—1, 


AS eed é PL, + Xk, O,Xke+2, +++ 5 Xn) 
=A ie lO, «++ Xk, O, e425 +--+ Xn) 


k 
< rae PO, woe Xk O, X42, +++ 5Xn)- 
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Theorem 6.2.5 ([8]) Assume that the following conditions hold: 


(i) u(x, 2) is the solution of the problem 


Atu(x) = f(x, u(x), ) (6.2.47) 
u((i)x) = a([xi], 14), (6.2.48) 


where jt is an r-dimensional vector, and [x;] represents the points in ne of 
non-zero variables in (i)x; 

(ii) for all fixed x, 0 < x < X and 1 < j < Mm, the function 
f(%, W1,...,Um, [L1,..., ltr) is non-decreasing with respect to U1,...,Um and 


Mi,..-,Pr = 
(iii) for all fixed [x],0 < [xi] < [Xi], and 1 < j < Mm, the function 


ey (-1)*!a/([xi], [1,..-, fy) is strictly increasing in [L1,..., [Lr- 


Then for all x,0 < x < X, the solution u(x, [L) of (6.2.47)-(6.2.48) is a strictly 
increasing function of |A, i.e., if u! < ju, then u(x, p!) < u(x, p). 

Furthermore, if (a) for all fixed x,0 <x < X, the function f (x, u, [L) is continuous 
with respect to u and 1, and (b) for all fixed |x;],0 < [xi] < [Xj], the function 
a([X;], 4) is continuous with respect to 4, then for all0 <x < X, 


lim u(x, 4) = u(x), (6.2.49) 
pu>0 


where u(x) is the solution of (6.2.39) satisfying 
u((i)x) = a([Xi)). (6.2.50) 


Moreover, if0 < x < X < +00, then (6.2.49) is uniform in [L. 


Proof Let ' < ju”, then since 
u(x, w!) = yep > Gil, w!) + SF, us, ww); E= 1,2, 
i=l i 
conditions (ii) and (iii) imply that 
u(x, 7) > yen > a( [Xi], u') + SI f(s, u(s, 17), 1") 
i=1 i 


and now for all x,0 < x < X, the inequality u(x, 4!) < u(x, 7) follows as in the 
proof of Theorem 6.1.34. 
The rest of the proof is a consequence of the continuity assumptions. Oo 
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Theorem 6.2.6 (The Agarwal Inequality [8]) Assume that the following condi- 
tions hold: 


(i) condition (ii) of Theorem 6.1.34; 
(ii) there exists a function v(x, u) defined on A which is such that for any function 
p(x) defined for allx,0 <x < X, 


Atv(x, p(x)) < f(x, v0, pQ)): (6.2.51) 


(iii) the function u(x) is a solution of (6.2.39) which satisfies 


DCD YT o@x. pW) s VICD "YT ux). 6.2.52) 
i=1 i i=1 i 


Then for all x,0 <x < X, 
u(x, p(x)) < u(x). (6.2.53) 
Proof Let q(x) = v(x, p(x), then from (6.2.51) it follows that 
Arq x) = Aru(x, p@)) < fv, p@)) 
= f(x, q@)). 


Also, (6.2.52) is the same as 


n 


SED Sax) < OED SO u(@x). 


i=1 i=1 i 


Thus, for all x,0 < x < X, Theorem 6.1.34 gives us that 
q(x) = v(x, p) < uQ). 


oO 


Theorem 6.2.7 (The Agarwal Inequality [8]) Assume that the following condi- 
tions hold: 


(i) for all (x, u) and (x, v) inA, 


[f(x u) —f(@, v)| < g@, |u—v)), (6.2.54) 


where the function g(x, u) is defined on At= {a u):0<x<X, XEN ue 
Rt}, and for all fixed x and 1 < i < m,gi(x,u1,...,Um) is non-decreasing 
with respect to all u,,...,Um; 
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(ii) there exist functions u\(x),u?(x),¢!(x), and ¢7(x) which are defined for all 
x,0 <x < X, and satisfy the inequalities 


| Aru! (x) — f(x, u'(x))| < e! (x) (6.2.55) 
and 
|Atu? (x) — f(x, w(x) < 27); (6.2.56) 
(iii) u(x) is a solution of the difference equation 
A"u(x) = g(x, u(x)) + el (x) + €?(x) (6.2.57) 


which satisfies the inequality 


ISoent Cal (x) — 7 @x»)| < SOE DTS u(@x). 6.2.58) 
i=1 i 


i=1 i 
Then, for allx,O<x<X, 


|u! (x) — w°(x)| <u). (6.2.59) 
Proof Ynequalities (6.2.55) and (6.2.56) imply that 


Au! (x) — wa) — (Fu!) — fe. 20) < eh) + (0) 
and hence we have 
SEPA" (ul (5) — w(s)) — STACF(s, wl()) — Fs, w(8)))| 
< SIN(el(s) + £(5)), 
which implies that 


n 


lu! (x) — 7 @)| < |v DOD Sa (x) — P(x) 


i=1 
+55 f(s, ul(s)) — f(s, u°(s))| + SZO(el(s) + €7(s)). 


Using (6.2.54) and (6.2.58 in the above inequality, we obtain 
yx) S DEGD* DF u(x) + So(gs. (s)) + €'(8) + £73), (6.2.60) 
i=l i 


where y(x) = |u! (x) — u?(x)|. 
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Since u(x), the solution of (6.2.57), has the summation representation 
u(x) = DO-D SS ux) + SHZH(e(s, u(s)) + €1(s) + £7(8)), (6.2.61) 
i=] i 


the inequality y(x) < u(x) follows on comparing (6.2.60) and (6.2.61) as in 
Theorem 6.1.34. Oo 


Chapter 7 
Nonlinear Multi-Dimensional Discontinuous 
Inequalities 


In this chapter, we introduce some nonlinear discontinuous inequalities for multiple 
variables. 


7.1 Nonlinear Multi-Dimensional Discontinuous Integral 
Bellman-Gronwall Inequalities in Partially Ordered 
Banach Spaces 


7.1.1 Nonlinear Multi-Dimensional Integral Inequalities 
for Functions Defined in Partially Ordered Topological 
Spaces 


The following results consider integral inequalities for real functions defined in 
partially ordered topological spaces with a measure, and the integral operators are 
nonlinear and are essentially of Volterra type. 

Among the contributions devoted to linear integral inequalities of Gronwall- 
Bellman type, we shall mention the paper [43] where integral inequalities for 
functions defined in metric spaces are considered. 

We shall consider real functions defined in the partially ordered topological space 
T. The following denotations will be used 


T, = {y: y € T and y < x}; 


the closure of T, if T, 4 @, 
[T;] = 
Gt if T,=@. 
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Concerning the set T, the following conditions (C;) — (Cs) will be assumed to be 
satisfied: 


(Ci) T isa partially ordered connected topological space with positive measure 
LL. 

(C,) Forevery x from T, the segment T, is a subset of T which is measurable with 
respect to the measure ju. 

(C3) If {xq} is a generalized sequence of elements of T convergent to x, then 
H(Ty, AT) = H((Tx, ‘ Tx) U (Ty , Tx) tends to 0. 

(C4) For every element x of T and for any open set U containing [T,], there exists 
an open neighborhood W of x, such that if y € W, then T, C U. 

(Cs) There exists an element xo of T, for which p(T,,) = 0. 


We shall consider integral operators of the type 


wa) = | Keyfoyxeenduo) = f Key.fOYduo) 7.1.1 
T Tr 
where (x, y) is the characteristic function of the segment T,,, i.e., 


1 ify<x, 
XQ y) = 
0 otherwise, 


while the kernel K(x, y, z) is defined in T x T x R and assumes values in R. 
D(V) will denote the class of all real functions f defined in the space T such that, 
for every fixed x from 7, the function 


FY) = K(x y. FOXY) 
is integrable with respect to the measure ju,i.e., D(V) is the set of functions f for 
which Vf(x) holds for every x from T. 


Theorem 7.1.1 (The Ronkov-Bainov Inequality [577]) Let the conditions (Cs) 
be fulfilled for the set T and let the kernel K(x, y, z) of the integral operator V every 
two fixed elements x and y from T be a monotonely increasing function of z. Then, if 
for two continuous functions f and h from the class D(V), the following inequality 
holds for every x € T, 


F(x) — VF (x) < A(x) — Va), (7.1.2) 


then we have for every x € T, f(x) < h(x). 
Proof Let 


To := {x: x € T and f(y) < h(y) for every y < x}. 
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We shall show that 7) = T whence it follows the statement of the theorem. Indeed, 
if x € To, then K(x, y,f(y)) < K(x, y, h(y)) for every y < x, whence Vf(x) < Vh(x). 
On the other hand, inequality (7.1.11) implies that 


F(x) = (F@) — VEC) + VEC) < h(x) — Va(a) + VFO) 


whence f(x) < h(x). 

Since T is a connected topological space, then in order to show that Ty) = T, it 
is sufficient to verify that J) is not empty and that it is open and closed at the same 
time. 

By condition (C5), there exists an element xo of T such that j2(7;,) = 0 whence 
it follows that x9 € 7. Indeed, if y < xo, then 7, C Ty, and hence w(7,) = 0, 
which implies Vf(y) = Vh(y) = 0. However, in view of (7.1.2), it is obtained that 
f() < AG) and therefore xo € To, i.e., To is not empty. 

We shall show that Tp is a closed subset of T. Indeed, let {x,} be a generalized 
sequence of elements of Ty convergent to x. If we assume that x does not belong to 
To, then an element y € 7), will exist, such that f(y) > h(y), whence and by virtue 
of inequality (7.1.2), it follows that Vf(y) > Vh(y). The last inequality, however, is 
possible only if there exists a set D C T, C T, for every z, on which the inequality 
(2) > A(z) holds and j4(D) > 0. Then 


M(D) < WT, \ Try) < WT AT xy). 


On the other hand, by condition (C3), w(7;AT,,) converges to 0 and hence 
L(D) = 0. 

Thus, the assumption that x does not belong to Ty ends up with a contradiction. 
Therefore, x € Ty, whence it follows that the set Tp is closed. 

Now we shall show that 7 is also an open subset of 7. First, we shall show that 
if x € To, then [T,] C Tp. Indeed, the fact that x € Tp implies that 7, C Tp. If 
T, € @, then T, = {x} C 7p. If T, 4 @, then [7,] is the closure of 7, and since To, 
as we have already demonstrated, is closed, then [T,] C Tp. We saw that if y € To, 
then f(y) < h(y). Then, since the functions f and h are continuous, for any y € [Ty], 
there exists an open neighborhood U, of y, such that if z € U,, then the inequality 
F(2) < h(z) holds. By U denote the union of all such neighborhoods of the elements 
of [To], i.e., 


w= | os 


ye[T;] 


Then U is an open set containing [7,], on which f < h. In view of condition (C4), 
there exists an open neighborhood W of x, such that if z € W, then T, C U. It is 
not difficult to verify that the neighborhood W of x is contained in To, whence it 
follows that To is open. Indeed, if z €¢ W and y < z, then y € T, C U and therefore 
f0) < AO), Le., z € To. This completes the proof. Oo 
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Remark 7.1.1 It is easy to verify that the assertion of the theorem still holds if, 
in (7.1.2), we replace the strict inequality by a non-strict one, provided for any 
element y of the space 7, for which j1(7,) = 0, the strict inequality 


f(y) < AQ) 


holds. 


Remark 7.1.2. The condition (C;) may be omitted if there exists an element x, of T, 
such that for every y < x,, the following inequality, f(y) < h(y), holds. 


Corollary 7.1.1 ((577]) Let the real functions f, g,h and w be defined in T, and f 


and h are continuous. Assume that the integral equation 


w=gtvy (7.1.3) 


possesses a continuous solution oy. Then, if the following inequality holds for every 
xeT, 


f(x) < g(x) + VE(x) (respectively, h(x) > g(x) + Vh(x)) 


then for every x € T, 


F(x) — VE(a) < 9) — Vela) (respectively, h(x) — VA(x) > g(x) — Vex) 


and hence f(x) < 9(x) (respectively, h(x) > v(x)) for every x € T. 


The integral inequality from Theorem 7.1.1 will be used in the proof of a 
sufficient condition for the existence of solution of the integral equation (7.1.3) 
given by the following theorem. 


Theorem 7.1.2 ((577]) Let T be a compact uniform topological space with finite 
Borelean measure |, the condition (C,)—(Cs) hold. We shall assume that the kernel 
K(x, y, z) of the integral operator V is continuous and for every two fixed elements x 
and y from T, it is a monotonely increasing function of z. Then, if g is a continuous 
function defined in T, for which two continuous functions f and h from D(V) exist, 
such that for every x € T, 


f(x) — VE(x) < g(x) < h(x) — VAX) (7.1.4) 


then the integral equation (7.1.3) possesses a continuous solution @ satisfying the 
inequality 


f(x) < (@) < h(x) (7.1.5) 


for any x € T. 
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Proof The method of consecutive approximations will be used to find a solution of 
the integral equation (7.1.3), and the function f will be taken as initial approxima- 
tion. More precisely, we will show that if 


fi=f 
Sn+1 =etVfn 


(7.1.6) 


then y := lim{f,,} is a solution of equation (7.1.3). First, we shall show that f,+1 is 
correctly defined, i.e. that the symbol Vf, holds. For this purpose, we shall need the 
following lemma. 


Lemma 7.1.1 ((577]) Under the assumptions of Theorem 7.1.2, if w is a bounded 
function from the class D(V), then Vy is a continuous function. 


Proof Let x; € T and e be an arbitrary positive number. By J denote a compact 
T x T x I. Therefore, a neighborhood U, of x; exists, such that if x € U;, then 


KG. WO) Key. VON < x 


for every y € T and a constant B also exists, such that |K(x, y, W(y))| < B for every 
two elements x and y of T. In view of condition (C3), a neighborhood U2 of x; exists, 
such that if x € U2, then w(T,, AT,) < (¢/3B). Then, if x € U := U; N U2, then 


[Vw (1) — Vw @)| = if K(x1,y. WO))du) =f K(x. y, W(y))du0)| 


A 


/ K(x. ¥O)) — Key. VO) dn) 
Tate 


i / IK (1.9.1) dey) + / Koy. 0) 1d) 
Tr \Tx 


x\fxy 


E€ 
S HT, Tx) + BCT, \ Tx) + BuU(Ty \ Tr) X &- 
3u(T) 


Since f; is continuous on the compact T and hence it is bounded, then according 
to Lemma 7.1.1, Vf; and f/ = g + Vf; also are continuous. By induction, it is 
analogously proved that for any natural number n, the function f, is continuous and 
therefore Vf, holds. 

Now we shall show that for every x € T, the sequence {f,(x)} is monotonely 
increasing. Indeed, (7.1.4) implies that 


Sil) — Vf) = FO) — VF) < 8). 
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If we assume that f,(x) — Vfx(x) < g(x) for some natural number k, then f,4.1(x) — 
Fix) = g(x) + Vfelx) —fe(x) > 0. Hence fis (x) > felx) whence Vfir1(x) > Vfelx)- 
Then, fi-+1(%) — Vfc+i(x) = g(x) + Vfe(x) — Vfr+i1@) < g(a). 

Thus, it has been proved that for every natural number n, the inequality f,(x) — 
Vf,(x) < g(x) holds, or, which is the same, f,(x) < g(x) + Vf,(x) = fnti(X). 

By Theorem 7.1.1, the inequality 


n(x) — Vin) < g(x) < h(x) — Vh(a) 


implies f,(x) < h(x). Hence, for any x € T, {f,(x)} is convergent sequence of 
real numbers. Denote its limit by g(x). The continuity of the kernel K(x, y, z) 
implies that K(x, y,¢(y)) = lim,++00 K(x, y.fn(y)). Since for every two fixed 
elements x and y of T, K(x,y,z) is a monotonely increasing function of z, 
then 


K(x, y.fnly)) < K@y,h)), 


whence, in view of the Levi Theorem, it follows that 


lim : K(x. y.fa(y))du(y) = / K(x, y, g(y) )duiy) 


n—>+0o0 Ty 


and therefore we can pass to a limit in (7.1.6) for n — +00. Having accomplished 
the passage to a limit which shows that g(x) = g(x) + V@(x), which establishes 
that ¢ is a solution of the integral equation (7.1.3). 

Since for every n and any x ¢€ T, the inequality f(x) < f(x) < A(x) 
holds, then f(x) < g(x) < A(x), whence it follows that the function @ is 
bounded since the functions f and hf are continuous on the compact 7. Then, 
by Lemma 7.1.1, Vg, and therefore g = g + V@ as well, are continuous 
functions. 

By virtue of Corollary 7.1.1, the function @ satisfies inequality (7.1.5) since 
it is a continuous solution of the integral equation (7.1.3). This completes the 
proof. O 


Remark 7.1.3 If, in (7.1.4), one of the strict inequalities is replaced by a non-strict 
one, for example, if f(x) — Vf(x) < g(x) < A(x) — Vh(x), then the assertion of 
Theorem 7.1.2 still holds, and in this case, it can be assumed that the continuous 
solution g of equation (7.1.9) satisfies the inequality f(x) < g(x) < h(x). 


Note also that in view of Remark 7.1.2, both inequalities in (7.1.4) can be 
replaced by non-strict ones, provided that for every y € T, with 4(7,) = 0, the 
inequality f(y) < g(y) < h(y) holds. 

So, if the conditions of Theorem 7.1.2 are fulfilled, then the integral equa- 
tion (7.1.3) has at least one continuous solution. A sufficient condition for unique- 
ness of this solution is supplied by the following theorem. 
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Theorem 7.1.3 ((577]) Let the condition of Theorem 7.1.2 be satisfied. Then, if the 
kernel K(x, y, z) of the integral operator V satisfies the inequality 


x@, YIK(@, y, Z1) — Ky, 22)| S$ BKiGQ)|z1 — zal (7.1.7) 


for every two elements x and y of T and every two real numbers z,, Z2 where B is a 
constant, while K\(y) is a function, integrable with respect to the measure 1, then 
the integral equation (7.1.3) has a unique bounded solution. 


Proof Let @ be a bounded function which is a solution of equation (7.1.3). Then, 
since g is bounded, Lemma 7.1.1 implies that Vg, and hence g = g + V¢@, are 
continuous functions. 

Let g and y be two bounded solutions of the integral equation (7.1.3). By To 
denote the following subset of the space T, 


To := {x € T: o(y) = WO) for every y < x}. 


We shall show that 7 is non-empty and that it is closed and open, whence it follows 
that Ty coincides with T, and this will complete the proof of Theorem 7.1.3. In fact, 
according to condition (C5), an element xo of T exists, for which j4(T,)) = 0 and 
hence ju(7,) = 0 for every y < xo. But then Ve(y) = Vy(y) = 0, and hence, since 
y, W are solutions of equation (7.1.3), then g(y) = W(y) = g(y) whence it follows 
that xo € To. 

Now we shall show that Tp is closed. Indeed, let {xy} be a generalized sequence 
of elements of Ty) convergent to x. If we assume that x does not belong to 7p, 
then z < x will exist, such that g(z) # w(z) and hence Voy(z) 4 Vw(z). Then 
a set D C T, will exist, such that if y € D, then g(z) 4 wW(z) and w(D) > 0, 
therefore, D C T, \ T,,, whence D < w(D) < p(T,AT,,), which contradicts 
the fact that 4(7, AT;,,,) tends to 0. Hence x € To, which proves that the set 7p is 
closed. 

Next we shall also show that the set Ty is open as well. Indeed, let x; € To. 
Then, 7,, C To and since 7p is closed, then [T,,] C To, the fact that y, y is also 
continuous. But |g — w| = 0 on Tp, and hence for any y € [T7;,], there exists an 
open neighborhood U, of y such that |g — y| < 1 onto U,. By U denote the union 
of all such neighborhoods of the elements of [T,.,], i-e., 


vs |) G, 


ye[Tx,] 


Then, U is an open set containing [T,,] and in view of the condition (C4), there 
exists an open neighborhood W, of x, such that if x € W), then 7, C U. 
On the other hand, since Ki(y) is an integrable function with respect to the 
measure /1, then ¢ > 0 exists, such that if 4(D) < e, then f, Ki(y)du(y) < 1/2B. 
In view of condition (C3), an open neighborhood W) of x; exists, such that if 
x € Wo, then w(T,, AT.) < ¢. Then, if W:= W; M Wo, then W C 7p. Indeed, let us 
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associate the number, for every x € W, 


sup|g(z)-wW@|, ifT%, AS, 


0, if7, =. 


Obviously, 0 < S(x) < 1. If we assume that S(x) > 0 for some x € W, then an 


3 
element z € T,, exists, such that ri (x) < |g(z) — ¥(z)|. But since g, y are solutions 
of equation (7.1.3), then 


le@) — ¥@| = |Ve@—-V¥@|s [ IK(z,.y,. 90) — Ky, WO)) du). 


Try 


Inequality (7.1.7) and the fact that T, C 7), imply that 


= 


x1 


IK(z.y. 90) — Kay. ¥O))|dpe(y) < BSC) [ _,, Kiovaneo, 
Since x € W C Wy, then w(T,, AT) < € and hence 

1 
BS(x) [ ay, RIOD) < 5810 


We finally obtain that KY (x) < 55 (x) which contradicts the assumption that 
S(x) > 0. Therefore, S(x) = 0, whence it follows that g = w on 7, for any x € W, 
ie., W C To. Thus, it is shown that 7p is an open set. Thus the proof is complete. 0 


Note that Theorem 7.1.1 generalizes some well-known theorems for integral 
inequalities for functions defined in R or R” where, in most general terms, it is 
stated that if f < g + Vf, where V is a Volterra integral operator, then f < g, where 
gy is a solution of the integral equation g = g + V¢@. 

Thus, if by T we denote the interval of real numbers [a, b] with the usual ordering 
and topology , while jz is the Lebesgue measure, then obviously the conditions 
(C,) — (Cs) are fulfilled. The consideration of kernels of the type K(x, y,z) = 
K\(y)z, which define linear integral operators, leads to the well-known and most 
used integral inequalities of Gronwall-Bellman type. One of the most widely used 
nonlinear integral inequalities, the Bihari inequality (Theorem 1.1.1) is for integral 
operators with kernels of the form: K(x, y, z) = K,(y)@(z), where ¢ is a monotonely 
increasing function. Both linear and nonlinear integral inequalities are generalized 
for functions defined in sub-domains of R”, and most often the partial ordering 
considered there is the following: If x = (x1,--+ ,x,) and y = (yj,°-:,y,), then 
x < yif x; < y; for every i = 1,2,--- ,n. The considered sub-domains of R” 
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with the standard topology and Lebesgue measure, with this or some other partial 
ordering, also satisfy the conditions (C;) — (Cs). 


7.1.2 Matrix Inequalities 


We now begin to discuss the matrix inequalities. 

Let A denote the linear space of real nm x n symmetric matrices. In A, we can 
introduce a partial ordering in more than one way. For instance, using, respectively, 
cones of non-negative matrices and non-negative definite matrices, two different 
types of orderings can be introduced in A. Since a non-negative definite matrix 
is a natural generalization of non-negative number, we adopt the second kind of 
ordering. Then with this ordering in A, we have 


X,YEA, X<Y ifandonlyif (X-Y) ed. (7.1.8) 
A function P : A — A is called monotonic [47] if X,Y ¢€ A and X < Y imply 
P(X) < P(Y) (that is, P(Y) — P(X) is a non-negative definite matrix). 


Theorem 7.1.4 (The Chandra-Fleishman Inequality [136]) Let H be a real 
symmetric matrix, Let G be a monotone and Lipschitz continuous function from 


A into A: 


G(X) — GY) || < ellX — YI. (7.1.9) 
If there holds 
X(t) < H(t) +f G(X(s))ds, (7.1.10) 
0 
then 
X(t) < Y(t) (7.1.11) 


on their common interval of existence, where Y(t) is the unique solution of the 
corresponding equality. 


Proof Forn = 1,2,..., set 


Y,(t) = H(t) + / G(Yn-1(s))ds 
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where Yo(t) = X(t) € A. Then {Y,,},n = 1,2,..., are all in A. Next, using the 
monotonicity of G, it is easily verified that 


X(t) < Yi() < +--+ < Y(t). 


Since G is Lipschitz continuous, {Y,,(¢)} converges to the unique solution Y(t) of the 
corresponding equality. This completes the proof. Oo 


The following results used by Bellman [77] may be regarded as corollaries of the 
above theorem. 


Corollary 7.1.2 (The Chandra-Fleishman Inequality [136]) The following 
inequality holds 


<< FO+GW), XM=C. (7.1.12) 
then 
X(t) < Y(t) (7.1.13) 


where F and C are real and symmetric, G has the properties above, and Y(t) is the 
unique solution of the initial value problem 


dY 
aE <F®+G(Y), YO)=C. 
Proof {n fact, integrating the inequality (7.1.12) yields 
t t 
xo sc+ [ Feyas+ [ GoxG)as 
0 0 
If we set 


n= C+ f Fiydse A, 
0 


then the result (7.1.13) follows immediately from Theorem 7.1.4. Oo 


Corollary 7.1.3 (The Chandra-Fleishman Inequality [136]) Jf the following 
inequality holds 


d Xx m 
GS PIO + RX + XR" + D1O,X07, X(0) =C, (7.1.14) 


L 
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then 
X(t) < Y(d), Galts) 


where F and C are real and symmetric, R and Q; are real constant n X n matrices, 
and Y(t) is the unique solution of the corresponding initial value problem. 


Proof Following a familiar procedure (multiplying from the left and right by e* 
and eft respectively, etc.), we get 


m 


t 
X(t) < aces [ FF) + Yaxo! |e as 


0 
t 
= H(t) +f G(t, s, X(s))ds 
0 
where we have set 


is 
H(t) — okt CR" +f eR) F(s) eR (9) ds 
0 


and 
m 
T 
G(t, 5,X) = &9S “o.xore® (ts) | 
i 


Clearly, H(t) € A. Also G is Lipschitz continuous in its last argument and 
monotonic, because if X < Y, foreachi, i= 1,...,m, for any Q;, 


Q:YO! — O:XO! = OY —X)Q/ € H. 
Again, 


eS OY XO EH. 
i 


Having established the desired properties for H and G, we may now apply 
Theorem 7.3.10 to obtain the desired conclusion. Oo 
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7.2 Nonlinear Multi-Dimensional Discontinuous Integral 
Inequalities of Wendroff Type 


7.2.1 Nonlinear Two-Dimensional Discontinuous Integral 
Inequalities of Wendroff Type 


In the following results, we introduce some new integral inequalities for discon- 
tinuous functions of Wendroff type, due to Borysenko and Iovane [112]. From 
these results, we also deduce new generalizations of results given by Borysenko 
[102, 104, 107, 109], by Samoilenko and Borysenko [582, 583] for integro-sum 
inequalities. 

We note that in the earlier articles [102, 103, 582], integro-sum inequalities for 
the piecewise-continuous functions of a certain type 


o) <¥0+ | KGs.9))ds+ Yo we.doxle—9)), 7.2.1) 


were investigated, here p(t), (ft, t;), w(t), o;(u) are continuous non-negative func- 
tions (i = 1,2,...) forall t > t% > 0, except for g(t), which has the first kind of 


I| 1V 


discontinuities at the points {7;},i = 1,2,...,:0<t% <t <...,limjps+ot; = 
+00. 

The kernel K(t,s,u), which is non-negative at t > s > f, is determined in 
domain t > s > to,|u| < k = const > O, and at fixed ¢ and s, it is non- 


decreasing with respect to u; the functions o;,(u) are continuous, non-negative and 
non-decreasing with respect to u. 
In [104], the first author Borysenko obtained an estimate: for all t € [0, +00], 


g(t) < &y(, 


where y(t) is a solution of the integro-sum equation 


e) = vO + / K(t.s,&(s))ds + > ple. ion(E (ti - 0) 


to<ti<t 


which is continuous in each of the intervals [#;, t;41],i = 0,1..., and has some first 
kind of discontinuities at the points {t;}. 

From the result [104], the results in [102, 585] follow for integro-sum inequal- 
ities. In all the previously described results for integro-sum inequalities before the 
results in [109] (see [102, 103, 106, 113, 116, 117, 292, 582, 585, 587, 589]), there 
were considered Lipschitz type nonlinearities for o;,(u). In the works [104, 107, 
589], there were obtained generalization integral inequalities of Bellman-Bihari type 
for functions of two independent variables with jumps (finite) at some fixed points 
from an open domain Q C R?,. 


7.2 Nonlinear Multi-Dimensional Discontinuous Integral Inequalities of. . . 897 


In a similar way to that in [109] for the one-dimensional case, we investigate the 
integral inequalities for the functions of two independent variables (Wendroff type) 
with non-Lipschitz type functions, which characterize the values of discontinuity 
(the results [104, 107, 589] follow automatically as particular cases of the results of 
this section). 

In the next theorem, we discuss the inequalities of functions with Lipschtiz type 
discontinuity. 

We consider some set D* C R*, where D* = D\ T,D = U; Dj.J =1,2,-::; 


P=| JD ={@y)2¢@y) =07 =1,2,-) Tole Ho. k= 1,2, -%, 
j 


here y;(x,y) are real-valued continuously differentiable functions such that grad 
g(x,y) > 0, for all j = 1,2,+++; 


D, = {(x,y):x = 0,y = 0, @1(x%, y) < 0}; 
Dy = {(x,y) 1x = 0,y = 0, Ge-1(4,y) > 0, ge(,y) <0, forall k > 2,k € N}: 
G, = {(u,v): (xy) € Dy,0<u<x,0<v<y,peEN}:; 


/4y, is the Lebesgue Stiltjes measure concentrated on the curves {I}. 

Let us consider a real-valued non-negative, discontinuous, non-decreasing func- 
tion u(x, y) in D*, which has finite jumps on the curves {Tj}. 

Let g(x, y) be a positive non-decreasing continuous function in R?_, and let us 
assume that u(x, y) satisfies the following integro-sum inequality in D*: 


u(x, y) < g(x,y) +f f @(t, s, u(t, s))dtds 


n—1| 


+0 / W(x, y, u(x, yd pty, G25) 
fay I DING, 


where ® and W defined in D*, are non-negative, non-decreasing functions for a 3D 
argument, with fixed first and second arguments. 


Theorem 7.2.1 ({399]) Let the integro-sum equation of the following form hold 


a(x, y) = g(x,y) +f f P(t, s,0(t, s))dtds 


n—-1 


+r f W(x.y,0@y))dHy) (7.2.3) 
“ay STING, 
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where o(x, y) is a non-negative discontinuous function, which has finite jumps on 
the curves {Tj}. The functions g, ®, W are identities as in (7.2.2). 

If u(x, y) satisfies inequality (7.2.2), for all x > 0,y => 0, then we have, for all 
x>0,y>0, 


u(x,y) < O(x,y), (7.2.4) 


where 0,(x,y) is some solution of integro-sum equation (7.2.3), continuous in 
domain D*. 


The next results follow from Theorem 7.2.1. 


Theorem 7.2.2 (The Samoilenko-Borysenko-Laserra-Matarazzo Inequality 
[587]) Under assumptions of Theorem 7.2.1, (A) The following estimate holds for 
all (x, y) € D*, 


u(x, y) < g(x,y) exp (Fi(x.y)) | [6j@.)), (7.2.5) 


if ® = fi(x, yu(x, y),. fi = 0: fi € C(R1), W = Bi, yu, y), Bj € C(R4), 7 = 
[Dose 


(B) The following estimate holds, 
u(x, y) < g(x,y) exp (Fa(x,y)) | [6j@.»)) 
x (1 +4 / . i ea eee »)\deds) (7.2.6) 
0) 0 


if ® = fh(x, y)u(x, y) + a(x, y), with W as in (A). 
(C) The following assertions hold: 


(i) The following estimate is true, 


x. y 1/(1—a@) 
u(x) < 2669 T]Bicy[1 + 0a) ‘4 [ fale. s)e*(, sided 
(7.2.7) 


fO<a <1, 0 = fax, y)u*(,y), a = const. > 0,a 4 1,W = 


B(x, y)u(a, y). 
(ii) The following estimate holds 


a—1 
u(x,y) < g(x,y) | [(Bit. yf} +(1—a) | [(Bi(x.y)) 


x py —1/(1—a) 
x / i falt, s)g* | (x, sideds| (7.2.8) 
0 0 
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‘or a > 1 and for an arbitrary (x, y) € D* such that 
fe ry @&y 


x py a-l <4 
1h ftooe Wosdras<| 0 TT 6¢6.9] 


(D) The following assertions hold: 
(i) The following estimate holds for all0 < a < 1, 


u(x,y) S gy) | [(Bi(~, y)) exp(Fs(x, y)) - ! + (1 — a) 
x py 1/(1—a) 
se" l(c, — 1)F5(t, s))d as : 
x [ i fat, s)g°~1(x, ) exp((a — 1) F(x, s))deds 
(7.2.9) 


with ® = fs(x, y)u(x, y) + fo(x, yu" (x, y). 
(ii) The following estimate is true for all a > 1 and for an arbitrary (x,y) € 


D*, 
u(x, y) < g(x,y) | [(Bi(x. »)) exp(Fs(x,»)) 
a-l x y 
“(I + (1a) [](BiG.»)) i i folt,s)g°'(c, 5) 
1/(1—-a) 
exp((a@ — 1)F5(t, seas (7.2.10) 
such that 


=] 


x py a-—l 
Li fle oe een (a— DF) dede< | 1 no) 


Here 
Fi(x,y) = [ f se oaras, i= 1,3,5, (7.2.11) 
0 0 
n—1 
[[Gie@y) = I] (: + / - By (x, Pb) (7.2.12) 
j=l 7NGn 


In the sequel, we begin to discuss integral inequalities for discontinuous functions 
with discontinuities of non-Lipschitz type 
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Theorem 7.2.3 (The Mitropolskiy-Iovane-Borysenko Inequality [399]) Let a 
non-negative function p(t, x), determined in the domain 


Q=| L) 24 = (69 st nthe € Bed}. KH 12 REL |, 
kj>l 


be continuous in Q, with the exception of the points {t;, x;} where there is a finite 
jump: 


g(t; — 0,x; — 0) x y(t; + 0, x; + 0), i= 1,2,--- 


which satisfies in Q a certain integro-sum inequality 


#42) < ae.2) + i / b(E. nolE. ndédn 


+ So y(t —0,x:- 0), (7.2.13) 


(10 x0) <(ti xi) <(t,x) 


with m > 0, to = 0,x9 = 0, where a(t, x) > 0, for all (t,x) € Q and non-decreasing 
with respect to (t,x): 


forallp <P, q<Q=> a(p,q < a(P, Q), 
for all (p,q) € Q, (P,Q) € Q; y; = const. => 0, for allie N,b > 0 
and also satisfies a certain condition: 


b(,n) =0, if (§,n) € Qy, i Fj 


for arbitrary i,j = 1,2,---. Here (tp, xp) < (teti,teti), if te < teti, Mm < 
Xk+1; k= 0, 1,2,--- and 


lim t; = +00, lim x; = +o. 
i>+00 i>+00 


Then the function g(t, x) satisfies the following estimates: 


0@,x) = at,x) Ta etixy<eal! + ya" (t;, xi] 
xexpLfy, i, 0(E. ndédn], if 0<m<1; 

G(x) S a(t,x) Tey xny<tin<call + via” |G, x] 
xexplm fi, [\, bE. md&dn], if m= 1. 


(7.2.14) 
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Proof Define W(t,x) = ot W(to,xo0) = 1. From inequality (7.2.13), it follows 
that 


W(t.x) <1 4 / / “ b(E n)W(E. nydédn 


+ So ya" (4.x) [Wj — 0.x; -0)]”. (7.2.15) 


(t0 x0) <(ti.Xi) <(t.x) 


Consider the domain Q, = {(t, x) : t € [to, ti], x € [x0, x1]}. The inequality (7.2.15) 
reduces to 


wea) sit ff &.mwee.matan, 
which gives us, for all (t,x) € Quy, 
t x 
W(t,x) < exp ( / / b(é, nd&dn). (7.2.16) 
Now assume that (t,x) € Qa = {(t,x) : t € [h, bo], x © [x1, x2]}, then 
th Pal 
W : < m—1 : b : d. d 
(2x) < nan snexpin [ (é. mda] 
t x1 ty X1 t px 
b(E, n)dEd b(s, t)dsd b(é, ,n)déd 
an i (Ende n+exol | i. (5, ids a+ ff [ (E.nyw(E, nydédn 
ty x1 ty XxX] 
= m—1 ; b(é, n)déd D(s, thdsd 
ya" (ty syespin [ (§, n)d§ nl +exo( [ [ (s, tds t) 
+ / /  b(E. nw(E, n)dédn. (7.2.17) 
Hence, we get 
W(t,x)<U+ yia™ | (t,x1)) expt f | / b(t, s)dtds| 


+ [ [ v6 nw(E, ndédn, if0<m<1, 
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ty Pal 
Wt,x) < + yia™ | (t;, x;)) exp[m i i b(t, s)dtds] 
i) x0 
t x 
+ ff o6.nwG.mdédn, itm > 1, 
ty dx 
which imply for any (t,x) € Qa, 
t x 
W(t,x)<U+ yia™ | (ty, x1)) exp( | / b(t, s)dcds), if0<m<1; 
to x0 
t x 
Wt,x) < (1+ ya" "(t1,.x1)) exp (m [ / b(t, s)drds), ifm> 1. 
to xO 


Suppose that (7.2.14) is justified in the domain Qj). Then for all (f,x) € 
Qr+144+1, the following inequality holds 


k i-1 
Wit.x) < Yovia™"(t.x)] [GC + ya" (G.x)) 


i=1 j=l 


i Xi k i Xi irl 
xexp( fof o6.mdgdn) +> ff Tat nena 
1) x0 i= V4i-1 %i-1 j=1 


x exp ([ iz b(o, v)dodv) dédn + [ [ b(E, n)d&dn 
< Tc ena avero( [> [oe matan) + f° J o6.magan 


if0<m<1; 
k tk Xk t px 
wer) < [A+ ya" "enandexp(m f° [ oe.masan) + ff org masan, 
j=l to x0 th JXk 
ifm > 1. Then for any (t,x) € Qpyi x4, 


k th pXk 
wer) sT]d+ ya enxnern( fo fb nagdn). if0<ms: 


j=l 


k th pXk 
wet.x) <P] + ya.) exp (m / i bE, n)dédn), if m> 1. 


j=l 
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From the last inequalities by taking into account that W = £ the esti- 


mate (7.2.14) follows for the whole domain 2. Oo 


Remark 7.2.1 If y; = 0, a(t,x) = c = const. > 0, from the result of Theorem 7.2.3, 
the classical result of Wendroff follows (see [325]). If m = 1, in a particular case 
we have the result [104]. For the one-dimensional case (g(t,x) = g(f)), the result 
of Theorem 7.2.3 coincides with the result which was presented in [109]; if also 
a(t,x) = a(t), b(u,v) = 0, the result of Theorem 7.2.3 coincides with the discrete 
analogous case (for m = 1, Corollary 4.12, [10], similar Theorem 4.21, if m 4 1). 


Theorem 7.2.4 (The Mitropolskiy-Iovane-Borysenko Inequality [399]) Let a 
non-negative function Q(t, z), determined in domain 2, be continuous in Q except 
at the points (t;,x;)-points of finite jumps and satisfy the following integro-sum 
inequality 


t x 
v(t) satt.a) {fb me"(.natan 
to xO 
+ So y(t, -0,x;-0), (7.2.18) 
(to.X0) <(ti.Xj) <(t.x) 


m > 0,m # 1, where a,b, y; satisfy the conditions of Theorem 7.2.3. Then for any 
(t,x) € Q, the function g(t, x) satisfies the inequalities: 


(1) if0<m<1, 


v.x)<at.x) TT at yoens))|1 + (1=m) 


(to.X0)<(tj.xj)< (t,x) 
t x 1/(1—m) 
«[ [a emee matan] (7.2.19) 
to YXxo 
(2) ifm>1, 


g(t, x) < a(t,x) + I] (1 + myig" (ti, xi)) 


(t0.X0)<(tiX1) < (4.x) 
m—1 
| 1—(m- »| I] (i+ mpgs) 
(t0 x0) <(ti.xi) <(4,x) 


als 
n— 1 


x [ : / : a" "(E, nb, nagar} : (7.2.20) 
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and for an arbitrary (t,x) € Q: 


t fx m-1 1 
»n)b(é, n)dédn < -, 
| Sin Lin ©” (E. MOE, ndEdn < = yiem (7.2.21) 


VTvaces) Stent ctexs (1. + myip”™ (ti, xi) < (1 a —) 
Proof As in Theorem 7.2.3, the following inequality can be rewritten as 
t x 
war st+ ff oe nae.nwne maédn 
to xO 


+ SO ya" (t,x) [WG — 0.x; — 0D)”. (7.2.22) 


(to x0) <(Gi.Xi) <(t,x) 


By using the generalization of the result given by Bihari for a continuous function 
of two independent variables, in domain 21), an inequality for the function W(t, x) 
holds 


t px 1/(1—m) 
wos) < [140 =m / / a" (G.pbtE, mga 


only if 0 < m < 1, forall (t,x) € Qu; 


t x —1/(m—1) 
wos) <[1= (m1) / 7 a?" (GbE. nde) . 


only if m > 1, for all (t,x) € Q, satisfying the condition: 


1 


m—1 


/ / a”—'(&, n)b(&, n)d&dn < (7.2.23) 


By using (7.2.21), the inequality (7.2.23) holds for all (t,x) € Qu. 
Considering (t,x) € QQ» and using the relation (7.2.18), (7.2.21) and (7.2.22), 
we have 


th XxX] m/(m—1) 
Wes) <na""(n v0) | +m) / i; a?-"(G. bE. nie 
t x] 1/(1—m) 
+ 1 Sti) / / a""(E, mb(E. mata | 


+ [ i a” '(&, n)b(E, n)W" (E, n)d&dy (7.2.24) 
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It is clear (taking into account (7.2.21) and (7.2.24)) that if 0 < m < 1; for all 
(t,x) € Qa; 


v(t,x) < a(t,x)\(1 + ria” "(t1, x1) 
t px 1/(1—m) 
x[tea—m / / a"(E, Mb(E, mdEd] > (7.2.25) 


orifm> 1, 


v(t,x) < a(t,x)( + na”"(n.m)1 + (m—1)(1+ mya" (4, x1))"! 


t px —1/(m—1) 
‘ [ i “aE. 06 mata | | 


From (7.2.25), it follows that (7.2.19) and (7.2.20) hold for all (t,x) € Q2, only 
if (7.2.21) is fulfilled. The proof is completed by using the procedure of proving 
Theorem 7.2.3. O 


Remark 7.2.2 Theorem 7.2.4 gives us a new analogy of the generalization of 
Wendroff’s results for discontinuous functions which is independent of the result 
in [104] (see, also Theorem 3.4.1, [585]). 


Remark 7.2.3 If y; = 0, the result of the above theorem coincides with the classical 
result given by Bihari for the functions of two independent variables (see [42, 325]), 
for continuous functions. In the one-dimensional case (y(t,x) = ¢(t),a(t,x) = 
a(t), b(—, n) = b(&)), the result of Theorem 7.2.3 coincides with the result in [109]. 


Theorem 7.2.5 (The Mitropolskiy-Iovane-Borysenko Inequality [399]) Let a 
non-negative function g(t,x) satisfy the conditions of Theorem 7.2.4 and the 
following inequality hold 


glt.x) <alt,x) + e(t.x) 7 i b(E. no"(E. ndédn 


+ So yg"; -0,x:-0), (7.2.26) 


(to,.X0) < (tix) <(t.x) 


where m > 0, g(t, x) = 1, a(t,x), b(t, x), y; satisfy the conditions of Theorem 7.2.3. 
Then the following estimates hold for any (t,x) € Q, 


gtx) <atxngt.x) [] 9 d+ ria" G.xi)g"(t.x)) 
(10,0) <(G.Xi) <(t,x) 


at 
m—1| 


«ft a=m 7 / big, ma" ma"(&, mdf] (7.2.27) 
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if0O<m< 1; 


g(t.x)<atxeex) YT]  U+vie"t.x)) 


(to,.X0)<(tixi)<(t,x) 
t px 
<exp| [ [ renee. nagar], (7.2.28) 
to Jx0 
ifm = 1; 


(t,x) < a(t, x)g(t.x) I] (1 + myia™" (t,, xi) 8" (tr, xi) 


(to x0) <(ti.xi)<(t,x) 


m—1 
“(I + (m—1) I] (1 + mya"! (t;, xi) 8" (ti. x;)) 
(to.X0) <(ti.xj) <(t.x) 
t px a 
x / . bE, nyg(é. na” (, mata | : (7.2.29) 
to ¥X0 


ifm > 1 with 


| Ji, Jag BCE. MBE. Ma", MEd < 1/m, pe T2230) 
% i 1/m—-1 aa 
[leone ees (1 + mya"! (t;, xi) g (t;, xi)) < (1 oa =) : 


Proof Itis obvious that 
t x 
w(t») < alt it + ff ae moe. nw nagar 
to Y x0 


+ ran x)wns— 0.x ~0) (7.2.31) 


(to.x0)<(ti.xi) <(t.x) 


Here w(t, x) = g(t, x)/a(t, x). Define 


re ee i : aE, n)b(E. nw"(E. ndédn 


+ 2 (ya. x)" (te — 0.x; 0). (7.2.32) 


(to,X0)<(ti xi) <(t,x) 


Then 


w(t, x) < g(t,x)w* (t,x). 
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Thus 


w"(t,x) 1+ i; / al” "(E, n)b(E, nw" (E. ng" (E. ndédn 


rs >. via” (t,.x)w*” (i — 0,93 — Oe" (ti, x). (7.2.33) 


(t0,X0) <(ti.xi) <(t.x) 


Using the procedure for w* (t, x), as for w(t, x) in Theorem 7.2.3 (using inequali- 
ties (7.2.19)-(7.2.21)), it follows that for all (t,x) € Q, 


w* (t,x) < I] (1+ yia”| (tj, xi) 9" (ti, Xi)) 


(to x0) <(ti,X1)<(t,x) 
t px 1/(1—m) 
x[ira-m ff a” "(E, nb, na", mata | 
to xO 
(7.2.34) 


if0<m<1; 


w* (t,x) < I] (1 + vig(ti. xi) exp / / bE. n)g§, mata | ; 


(to.X0) <(ti.%i) < (tx) 


(7.2.35) 
ifm=1; 


w" (t,x) = I] (1 + myia"™' (tj, xi) 3"(ti. xi) 


(t0,X0)<(tiXi) <(t.x) 


{1 on DI [] 9 G+ mya"a.x)e" (i) 


(t0,X0) <(Gi.Xi) <(t,x) 
t px —1/(m-1) 
% i ‘| b(E,ng"(E, ma" "(, mata | (7.2.36) 
to J xo 


if m > 1, which satisfies conditions (7.2.30). From (7.2.22)-(7.2.24), esti- 
mates (7.2.14)-(7.2.16) follow immediately. Oo 


Remark 7.2.4 All the remarks for Theorem 7.2.3 coincide with the remarks for 
Theorem 7.2.4, if g(t,x) = 1. 


In the next two theorems, we shall consider the class of functions in the E-class 
of continuous functions t(s) : R — R, such that t(s) < s, lim t(s) < +00. 
|s|>+00 
These inequalities are of retardation. The following results hold. 
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Theorem 7.2.6 (The Mitropolskiy-Iovane-Borysenko Inequality [399]) Let 
o € H and suppose that the functions ~,a,q,b satisfy the conditions of 
Theorem 7.2.5, y; = const. => 0 and also p(t, x) satisfies the inequality 


plt,x) <alt,x) +.q(t.x) ( b(E, no(o(), o(n))dédn 


+ So yg"; - 0.x -0), (7.2.37) 


(t0.X0)<(ti.xi) <(t.x) 


with m > 0. 
Then the following estimates hold for p(t, x): 


p(t,x) < alt,x)q(t,x) I] (1+ via" i, xq" (ti, xi) 


(to,.x0)<(ti.xi)< (tx) 


b(, na(o(E), o(n)) 
x exp ([ i a(é.n) EO aa) : (7.2.38) 


ifm € [0, 1); 


g(t.x)<at.xainx) [J 9 (+ ya" 'G.x)q"(.xi)) 


(to.X0)<(tixi)<(tx) 


; [f bE, na(o(&), o(n) go (E), oN) 
exp |m ED) 


d&édn|, (7.2.39 
até.) 5 | ees 
ifm> 1. 


Proof In fact, it follows 


w(t,x) <atea[1+ f [ b(é, 1D aga 


+ Me ya (tj, x;) W(t —0,x - 0). (7.2.40) 
(t0,X0)<(G.Xi) < (t,x) 
Here W = ®. Define 
won=i+f f wie, 222) ae 
a(&,n) 
+ ma x;)W"" (t; — 0, x; — 0). (7.2.41) 


(to. oe Xi) <(t, Ps 
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It is obvious that 


Mea 4 + ff PO OOD rig n)dédn 
pa 


~ via" (t,x) q(t, xi)W*" (t; — 0,x; — 0). (7.2.42) 


(to ,X0)<(G.Xi) < (t,x) 


Using Theorem 7.2.2 for inequality (7.2.42), we obtain 


wnxys [J d+ ya". xq"(G.x)) 


(t0,x0) <(ti.xi)< (t,x) 


xexp (ff Fo().o(mdédn), 


if0<m<1; 


w* (t,x) < I] (1+ ya" (t;, xq" (ti, xi) 


(to x0) <(tj,xi)< (t,x) 
t x 

x exp (m / / F(o(§),0(n))dédn), (7.2.43) 
to J Xo 


ifm > 1. 
Here 


bE. nao). oqo E),.o()_ 


F(o(é),o(n)) = a(é, 1) 


Thus from (7.2.43) and the inequality 


y(t, x) < a(t, x)q(t, x) W* (t,x), 


the conclusion of Theorem 7.2.6 follows readily. O 


Remark 7.2.5 From the result of Theorem 7.2.6, the results of the investigations in 
[589] follow as a particular case. If m = 1, the result of Theorem 7.2.6 coincides 
with Theorem 3.4.3 in [589]. 


Theorem 7.2.7 (The Mitropolskiy-lovane-Borysenko Inequality [399]) Let ail 
the conditions of Theorem 7.2.6 hold and the function y(t, x) satisfy the inequality 


(t,x) < a(t,x) + g(t, »f b(E, ne" (o (E), o(n) )dEdn 


+ So yg"; - 0.x - 0), (7.2.44) 


(t0 x0) <(ti.xi) <(t,x) 
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with m > 0. 
Then for any p(t, x) € &, the following estimates hold 


p(t, x) < a(t,x)q(t,x) I] (1+ via" (ti, xi)q" (ti. xi) 


(to .X0)<(ti.Xi) <(t.x) 


<}l dam i i bE. na"! (€.mq"(o(&).0(n)) 


a(o(&),0(n)) 


1/(1—m) 
a(é.n) 


x| |"dédn (7.2.45) 


if0O<m< 1; 


gtx) <atxnaix [T] U+rati.x)) 


(t0,X0)<(Gi Xi) <(t,x) 


oa if i bE, na(o(£),0(n)) oOo) 


dédn| (7.2.46 
a(&,n) ean| : 


ifm = 1; 


(t,x) < a(t,x)q(t, x) I] (1+ ya"! (t,, x)g"(ti.x)) 


(t0,.x0)<(ti.xi)< (tx) 


<}1= (n= DI Il (1+ mya” '(t..xi)q"(t. xi)" | 


(to,.x0) <(tixi)<(t,x) 


: - m—1 m 
‘ [ [ b(é. na"“"(E, nyq"(a().o(n)) 


a(o(§),o(n)) 


x[ 
a(&,1) 


|"d&dn 


=1/(m-1) 
: (7.2.47) 


ifm > 1, with 


| Si So, OE Ma" "(E, ng"(o &), 0m) [FM dédn < £, exas 
QQ" ue) me 
Thessiceeatsen (1 + mya '(tj,x;)q” (ti,x;)) < (1 e fs : 


Proof Define 


a(a(&),o(n)) i. 
a(&,1) ou 


ie y(t; — 0, x; — 0) ” 
ne a) Gar 


(t0 x0) <(ti.xi)<(t,x) 


WesyHis i / ag. moten) x ( 
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Then 
p(t, x) < a(t, x)q(t,x) Wt, x). (7.2.49) 
Noting that 


Q(t _ 0, xi 0) < a(t, xi)q(ti, xi) W(t; Xi), 
y(o(E),o(n)) < ao(&), o(n))q(a(€), o(M)) WE), o(M)), 


_—— a(t) pa(x) 
Wo(é),o()) =1 + / / aE, m)b(é. [rata 
i —0,x; —0 
+ = yaa, 
(t9.X0)<(tj.xi)<(t.x) Bat 
< Wit, x), 
we obtain 
W(o(é),o(n) = 14 / / a”"(E, n)b(E.n) 
{Ho @rolMM(().O0)) maT pra 


a(&,n) 
+ SO ya (tj. gr. x,)W" (tex). (7.2.50) 


(to,.X0) <(t.X1) <(t.x) 


Applying Theorem 7.2.4 to (7.2.50) and using (7.2.49), we obtain the desired 
estimates (7.2.45)—(7.2.47). Oo 


Remark 7.2.6 For g(t, x) = o(t), g(t, x) = 1,0(&) = &, the result of Theorem 7.2.6 
coincides with the result in [109]; if yj, = O,a(t,x) = const., g(t,x) = 1, 
estimates (7.2.45)—(7.2.47) are the classical results given by Bellman and Bihari for 
functions of two independent variables; if m = 1, from the result of Theorem 7.2.6, 
the result in Theorem 3.42 in [589] follows. 


Theorem 7.2.8 (The Borysenko Inequality [104]) Let u(t, x) be a non-negative 
function which is determined in the domain 


D = {Ug js1Dyj, Dg=((t, x) 2 t © [te-1, te], xe Py-1, xj], & = 1,2,--- 7 = 1,2,---)}. 
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Moreover let it be continuous in D, with the exception of the points {t;, xi} of finite 
jumps: u(t; — 0,x; — 0) 4 u(t; + 0,x; + 0) and satisfy the integro-sum inequality 


u(t,x) < W(t,x) + qt.» fi (FE, nun(&, nd&dn 
(7.2.51) 
+ Qe o.x0) <(tixi<(e.) Biu(ti — 0, x1 — 0), 
q(to, Xo) = 1, where U(t,x) > 0, for all (t,x) € D it is non-decreasing with respect 
to (t,x): 
forall p < P,q <Q, W(p,q) < ®(P,Q) at (p,q) € D, (P,Q) € D; q(t,x) <1, for 
all (t,x) € D, the values B; => 0 for alli € N, the function f is non-negative, where 
f(E.n) = 9, (&.n) € Dy, for 1 F p, for arbitrary 1 = 1,2,+++,p = 1,2,-+++. Here 
(t;, Xi) < (ti41,Xi-41)) if tj < fj41,X3 < Xi+1, foralli = 1,2,---, where limj-++00 t= 
+00, limj++4o0 x} = +00. 
Then the following estimates hold: 


(1) if0 <m <1, then for all (t,x) € D, 


u(x,t) < w(t,xq(x, 1) | [ (o,f +  —m) 
x [ : i, ; v"“(E Ma". mf, Md]; 
(2) ifm = 1, then for all (t,x) € D, 
u(x,t) < w(t, g0x,) [] to,» exp i. : i ic nate. mata | 
(7.2.52) 


(3) ifm > 1, then for all (t,x) € D, 


m—1 


u(x,t) < w(t, x)q(x, O[1 — (m— 1) [](.9 
xt / we ma. mF(E, nd&dn]'/O™, 


with 
x m—1 I 
/ / vena near < [om TT 


Here |] (t,x) = Ttp.xy<cixy<(eayl + Big(t, xi). 


Proof Similarly to Theorem 3.2.15, this theorem can be proved, using the inductive 
method and the methodology of the integral inequalities theory. O 
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Let us consider the Euclidean space R” with points x = (x!,x?,--- ,x”),x° = 
(x!0,.-. |x"); with the order x° < x (x <x), i= 1,-++ ,n. 
We define 
x xl 
/ au = | «++ duy--+duy, 2 a, = 2 Op. 
. ae XO <x <x x9 <I <A! eee XO <A <A" 


Let us introduce a space of ¥3-continuous functions F : R” — R", such that: 


(A) F(x) = (Fi (x), Fa(x),--- FP, (x)), where F; z, R" -Rj= 1,2,-:: in; 
(B) FQ) <x; 
(C) limj++00 Fi(x) = +00, jf = 1,2,---,n. 


We consider the domain D C R”: 
D = Dy ky = {x ela ake lee S [Xin—1> Xk] Kj = 1,2,-°° wn}. 


We denote by {xx} = {%x1,--+ , Xin} the points of finite jumps of the function u(x) : 
u(x; — 0) 4 u(x; + 0), for all i € N. Let us define as F* the space of functions 
SQ) :f = 0;f = 0, only ifx € Dg... ,, atki A kj, i,j = 1,2,+++ 0. 


Theorem 7.2.9 (The Borysenko Inequality [106]) Let a non-negative function 
u(x) be determined in the domain D and satisfy the inequality 


u(x) < (x) + g(x) ¢ “f(t)u"(p(a))de + i “F()( g("(o()\de)as 
+ )> Biula;—0), 


x9 <x <x 


with m > 0, and where p(t),o(t) € F3, {xx} are the points of finite jumps of 


u(x), W(x) is a non-decreasing function, w(x) > 0,f € F*,q(x) = 1, g(x) = 9, 
B; = 0. Then the following estimates hold 


(A) forallx € D, 


u(x) < vedas) []o".} 1+a=m [Fo 


; m 1/(1=m) 
| wrod" oo) +f cow" arate (ME) aca} ‘ 


Wr) 


if0O<m<1; 
(B) ifm = 1, forallx € D, 


w(x) < Wo)g@) []@°.2 exp ( / o(dr) 
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(C) ifm > 1, forall (t,x) € D, 


m—1 x 
u(x) < vena T]o°.9} 1+(1—m) [[@°.x / fO 


W(o(t)) aa 1/(1—m) 


[vena pd) + [sov™'@rroen/ a 


/ “10 Lv" tone (ota) + / eo” Vng"a(e) | MOO) ar] dt 


v(t) 
m—-1 =H 1—m.0 
< (\m- 1) He.) Nil cat 2 


m—1 
Here 


[[@°.9:= [] (+ Biae). 
(x9 <x; <x) 


_ FOG POW (PO) + SOG OWED) 


20) vp) 


7.2.2 Nonlinear Two-Dimensional Discontinuous Integral 
Inequalities of Bihari Type 


We first introduce a definition as follow 
Definition 7.2.1 W(o) € F4 if and only if 


(1) W(x) is non-negative, continuous, non-decreasing for all x > 0, 
(2) for allt > 0,u>0,0'(W(u)) < W(t"'u), 
(3) W(O) = 0. 


Theorem 7.2.10 (The Mitropolskiy-Iovane-Borysenko Inequality [399]) 
Assume the function u(x1,Xx2) satisfies the following integro-sum inequality in 
D*: 


Gi) ae) / / V(x. s)Wlu(c, s)|deds 
Gn 


TjNGn 


n-1 
+)° i Bj (x, y)u(x1, x2)dg;, (7.2.53) 
j=l 
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where q(x1,X2) is positive and non-decreasing, g(x1,%2) > 1, Bj(%1,x2) = 9, 
w(t, s) = 0; function W belongs to the class of functions F. The function u(x, xz) 
is a non-negative discontinuous function, which has finite jumps on the curves 
i fa, 2.8 

Then for arbitrary (x,,x2) € Ro x Ro = (0,+00) x (0, +00), the following 
estimate holds 


W(t, 5) 
D; q(t, s) 


u(x1,X2) < ater. andeton aa) ¥ / Wla(z, s)g(t, s)|dtds¢ , 
(7.2.54) 


where for all x € Dj: 


i V9 wig, s)e(e.s)ldrds € Dom (95), 
pD; q(T, 5) 


Vv Vv 

d 
4 wy) aah 7 i= 1,2, 
W(o) c, Wo) 


with V = (V1, V2),0 = (01, 02) and 


Wo(V) = 


C; = (1 aus Srine, Bil x2)u(a1.x2)dpt,) 
xe! (/ Senne; oe wiace, s)g(t,s)|drds) . 


Theorem 7.2.11 (The Mitropolskiy-Iovane-Borysenko Inequality [399]) Sup- 
pose that a non-negative discontinuous function u(x,, X2), which has finite jumps on 
the curves {1} satisfies the inequality (7.2.53), where the function W belongs to the 
class of functions F4 

All functions q,g,W, B; satisfy the conditions of Theorem 7.2.10 and 
q(x1,x2) = 1. Then for arbitrary 0 < x, < x7,0 < x2 < x3, the following 
estimate holds 


u(x1,X2) < q(x1.%2)g(%1,x2) VY! (/ | W(t, s)g(t, s)drds) ,i1=0,1,-:: 
Dj 


where 


Vv do 
Ci W(o)’ 


= Vv do = _ 


C; = ( + ee Bc Vv," ee W(t, s)g(t, s)dtds} , 
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(xf.x5) = x" 


= sup, i : Seve; W(t, s)g(t, s)dtds € Dom (W,'(V)), i= 1,2,- | . 


Proof The proof is similar to that of the above theorem. Oo 


However, a common feature of these integral inequalities is that they are 
based on Lebesgue integrals. The next result, due to Mao [371], is to extend 
Wendroff’s inequality in several variables to the case of Lebesgue-Stieltjes integrals. 
These results generalize and unify some recent results established by Bondge and 
Pachpatte [94, 96], Corduneanu [174], Pachpatte [471], Yang [688] and Yeh [701]. 

Let X = (X,---,X,) € R" be a fixed point with X > 0. Let [0,X] = 
[0, Xi] Kee X [0, X;,]. Let A;,(t) = (Ait (1), tee Ain (t)), i=1,2,---,m, where Aj(t) § 
[0, Xi] — Ry is right continuous non-decreasing function with Aj(0) = 0 for all 
i=1,---,nandj = 1,2,--- ,n. Letx = (x1,--+ , xX), denote x’ = (x2,-+++ , Xn). We 
also denote 


x1 Xn x2 Xn 
; f edAntsn)-s-dAa@) or f f »++dAin(Sn) +++ dAja(s2) 
0 0 0 0 


by 


/ 


[ -+«dA,(s) or is - dAN(s') 
0 0’ 
respectively. 


A function f : [0, X] — R is said to be left limit if there exists lim,}, f(s) for all 
0 < x < X. In this case, we shall denote lim,, f(s) by f(x_), here we let f(0_) = 
Ff (0). Particularly, we shall use the notation 


/ alt= limf(s) / "sa, 


Denote by M((0, X], R+) the family of all Borel measurable, bounded, left limit 
and non-negative functions defined on [0, X]. Denote by B((0, X],R+) the family 
of all bounded, Borel measurable and non-negative functions defined on [0, X]. We 
also denote by F the class of all Borel measurable functions o : [0, X] — [0, X] such 
that o(x) < xforallO<x< xX. 

We begin with the following fundamental theorem which claims its origin to 
Wendroff’s inequality [79]. 


Theorem 7.2.12 (The Mao Inequality [371]) Let u(x), n(x) € M((0, X], R+) with 
a positive and non-decreasing n(x). Let f(x) (i = 1,2,---,m) € B([0,X], R+) 
and a(x) : [0,X1] — R+ be right continuous and non-decreasing. Let H be 
a continuous function defined on R4 into Ry such that H(v) is positive and 
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non-decreasing for all v > 0. Ifforall0 <x < X, 
u(x) < a(x) + n(x) + By) Fils)H (u(s_))dAj(s), (7.2.55) 
i=1 °° 


then for all0 < x < x, 


m 


—1 ss da(t1) : . ; 
He) SENG) +O) + | ay tL [ soa 


(7.2.56) 


where 
G(r) = [asteae. r>e>0 (7.2.57) 


and G~' is the inverse function of G, and x is chosen so that for all 0 < x < %, 


x] da(t1) id x . 4 
Gla) +n) + f Hala.) + ney * 2 i! Fils)dAj(s) € Dom (G""). 


Proof It follows from (7.2.55) that for al0 <1 <x< xX, 


u(t) < a(x) + n(x) + 2 [ (/; fils)H (u(s—))dAy ) dAj, (81). (7.2.58) 
=] WO 0’ 


Since H(-) is non-decreasing, from (7.2.58) it follows for allO < 1 <x < X, 


m 


A(u(t_))<H (a0 + n(x) + x [~ ({; fyi) dAj, «) : 
=1 79 


Consequently, we get 


I f Soy fi )H W(t) )dAy(t') dA;, (11) 
0 


Hat) +n) +, fo fe fis) (u(s_)) dA (s)}dAj, (91)) 
< i) : fi(t)dAj(t). (7.2.59) 
0 


However, setting 


m 


= - _))dAy(s') dAi 
YE) = aCe) + m0) + / | [) foovtt aarp aainisr 
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and using Ité’s formula (see [683]), we deduce 


G(Y(x1)) — G(a() + n@)) = / “(1/H(W(1-)))d¥(n1) 


+ >> [G(%(m)) - GG) — AY(@)/H((a-))]_—(7.2.60) 


OS Sx) 
where AY(t,) := Y(t) — Y(t1_). Since 


Y(t) 


¥(z) 
G(Y(t1)) — GY(a1-)) = I eee = / (1/H(Y(t1_)))dv 


= AY(t1)/H(Y(t1-)), 


T] 


it follows from (7.2.60) that 


G(Y(x1)) < G(a(0) + n@)) +f “(1/H(Y(t1-)))d¥ (1) 


“ da(t1) 


S Ga) +20) + | aa aa 


3 i Je fil)H(u(_-))dAy 0’) 
0 Hat) + 0) + fe fi H (uls—))dA (8) }cAis, (51)) 
xdAi, (T)). 


This, together with (7.2.55) and (7.2.59), yields for all 0 < x < X, 


" da(ti) mp 
Guo) = 6a) +m0)+ [AEE ea tL [ Fils) A,(s) 


(7.2.61) 


which implies the desired result (7.2.56). The proof is thus complete. O 


Applying Theorem 7.2.2, we now prove the following theorem which generalizes 
Theorem 7.2.2. 


Theorem 7.2.13 (The Mao Inequality [371]) Let u(x), n(x), a(x) and H(v) 
be defined as in Theorem 7.2.10. Let fi(x,s) (i = 1,2,--- ,m) be bounded Borel 
measurable non-negative functions defined for allO0 < s < x < X with non- 
decreasing in x. If forall0 <x < X, 


m 


u(x) < a(x) + n(x) + / : fi(x, s)H(u(s_))dA,(s), (7.2.62) 
i=1 79 
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then for all0 < x < X, 


{4 7 da(t1) ae ie . 
u(x) < G (G(a(O) + n(x)) + |. Maaco) + pay | fila, s)dAj(s)) 


(7.2.63) 


where G and G~! are defined as in Theorem 7.2.12, and X is chosen so that for all 
O0<x<x, 


e “ da(zy) ae ers 
Mls) <E"(Gla(0) + n(x)) + f caea or = / file. s)dA,(s)). 


Proof Fixed x € [0, x] arbitrarily. For any 0 < X < x, it follows from (7.2.62) that 


m 


UG) <a) +m) +> [fle s)H(u(s-))dAV6). 
i=1 79 
By Theorem 7.2.12, we get 


eee 7 w dati) I< . 
u(x) <G (G(a(0) + n(x)) + : Ha) +2G@)) + ~/ fix, s)dA;(s)). 


Setting x = x, we get the desired result (7.2.63) which completes the proof. O 
The following corollary follows from Theorem 7.2.13 immediately. 


Corollary 7.2.1 (The Mao Inequality [371]) Let u(x), n(x), a(x), fia.s) G = 
1,2,--- ,m) be defined as in Theorem 7.2.13 If for all0 <x < X, 


u(x) < a(x1) + n(x) + > [ F(x, s)u(s_)dA;(s), (7.2.64) 
i= 09 
then for all0 < x < X, 


Xx] d m x 
u(x) < ca) + neve / a - i File, vaio} 
i=1 


(7.2.65) 
Remark 7.2.7 Letn = 2, Aj(x) = x, n(x) = bQ), fits) = f(s), fi, 5s) = 0 
for alli = 2,3,--- ,m. Suppose u(x), a(x1), b(x2) and f(s) are all continuous. Then 


inequality (7.2.64) reduces to 


u(x1, X2) < a(x) + D(x) + a / ion $2) U(X1, X2)dszds,. (7.2.66) 
0 Jo 
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Noticing 


is da(t) - [ da(u™) Soe ( + ) 
0 amy +n@ Jy amy +b0 Vad) +b )’ 
we deduce from (7.2.65) that 


u(x1,X2) < eee exp ([ [ f1.s2)4s0d) 
(7.2.67) 


which is exactly (see Corollary 5.1.1, [557]) Wendroff’s inequality [47]. 


If u(x) and fi (x, s) = f(s) are continuous, fi(x, 5) = 0 (2 <i < m), Ai(@) = 
x, a(x;) = 0, Corollary 7.2.1 reduces to Theorem | of Zahariev and Bainov [714]. 


Theorem 7.2.14 (The Mao Inequality [371]) Let u(x), n(x) and fi(x,s) Gi = 
1,2,--- ,m) be defined as in Theorem 7.2.10 with n(x) => 1. Letr; € (0,1), i = 
1,2,---,m. Ifforall0 <x <X, 


m 


u(x) < nx) + >> i : filx, s)(u(s_))"dA((s), (7.2.68) 
i=1 
then forall0 <x < X, 


u(x) < n(x) ] [ Gio), (7.2.69) 
i=1 


where 


Gi = {UtG- rT Tea GeO} fo fi, s)dAi(s)]'/0-, fF 0 <4 <1, 
exp({T]in1 Ge(x) Jo fila, 8)dAi(s)), if ri = 1 


here we use notation 


0 
[[G@@ = |, 
k=1 


Proof We shall prove the theorem by induction. We first prove the theorem holds 
for m = 1. In fact, in this case, we get from (7.2.68) that for all 0 < x < X, 


uedpn@y 214 [ Clooney eno} (7.2.70) 
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An application of Theorem 7.2.13 to (7.2.70) implies u(x) < n(x)G,(x) for all 0 < 
x < X, i.e., the theorem holds for m = 1. We now suppose it holds for m = 
k. We want to prove it also holds for m = k + 1. In this case, we can rewrite 
inequality (7.2.68) as, for allO < x < X, 


k x 
ula) SNC) +> ff s\luls)aAl), (7.2.11) 
i=1 
where 
NO) = nla) + [frre s)(uls)"'44,6). (7.2.72) 
0 


Hence, by the inductive assumption, we deduce from (7.2.72) that 


k 
u(x) < N(x) | [ Gia) 


i=1 


k x fk 
= na) []Gi@e) + i (1 Gi ficn 1% | (u(s_))"*'dAi(s). (7.2.73) 


i=1 i=1 


Thus, by the first step of our proof, we derive from (7.2.73) that 


k 
u(x) < (ns I] ci) Giti), 


i=1 


which means the theorem holds for m = k + 1. The proof is thus complete. O 


Remark 7.2.8 If all of the functions are continuous and A;(x) = x (i = 1,2,--- ,m), 
Theorem 7.2.14 reduces to the result of Corduneanu [174]. For one-dimensional 
case, Theorem 7.2.14 gives us a generalization of lemma of Yang in [688]. 


Next, we shall use the results to establish some new Lebesque-Stieltjes integral 
inequalities with retardation. We begin with the following theorem which general- 
izes Theorem 4 of Akinyele [28] and Theorem 1 of Dannan [181]. 


Theorem 7.2.15 (The Mao Inequality [371]) Let u(x), n(x), a(x) and 
fia.s) G@ = 1,2,---,m) be defined as in Theorem 7.2.13. Let o(x) € 
F, q(x), h(x) € M((0, X], R+) with q = 1 and h(x) positive and non-decreasing. 
Let H € H with corresponding multiplier function ®. 

Assume the inequality holds for all0 < x < X, 


m 


u(x) < h(x\(a(xr) + n(x))q@) > [ filx,s)H(u(o(s)-))dAs). (7.2.74) 
i=1 
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Then we have for all0 < x < x, 


ml da(t1) 


if _ 
Ma) Sha )G (OMOY EN | aia. an 


+>) i [fix 8)/h(s)] ©(h(0(s)—)q(o(s)-))dAi(s)) (7.2.75) 
i=1 


where G and G™! are as defined in Theorem 7.2.12 and X is chosen so that for all 
0<x<x 


da(t1) 


i a al eR OTE 


m 


+ = is [filx. )/h(s)]®(h(o(s)—)q(o(s)-))dAi(s) € Dom (G™'). 
Proof It follows from (7.2.74) that 

u(x) < W(xq) (0 +n) + a [tie sy/moetor-)aat) | 
Defining 

w(x) = a(x) + n(x) + 2 [ “ThGe, 8) /h(s) HE (u(o(s)_))dAi(s), (7.2.76) 


we have 
u(x) < h(x)q(@x)wQa). (7.2.77) 
Consequently, 


u(o(s)-) < h(a(s)_)q(o(s)-)w(o(s)-) < h(a(s)—)g(o(s)_)w(s_). 


Therefore, 


(a) SaCn) +n) +) [YEG 99/)]O(H(0()-)4(0(s)-)HOH(H ALC). 
i (7.2.78) 


In view of Corollary 7.2.1 and (7.2.77), (7.2.78) yields desired result (7.2. aa 
immediately and the proof is complete. 
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Remark 7.2.9 If Ay(x) = x, a(x) = 0, n(x) = 1, fi@z.s) = f(s) 2 <i < 
m) and all functions in Theorem 7.2.15 are continuous, then Theorem 7.2.15 is an 
improvement of Theorem 4 of Akinyele [27]. For one-dimensional case, if we still 
have o(x) = x, q(x) = 1, then Theorem 7.2.15 reduces to Theorem 1 of Dannan 
[181]. 


We can similarly prove the following theorem which generalizes Theorem 5 in 
Akinyele [27], Yeh and Shih Theorem 3 in [706]. 


Theorem 7.2.16 (The Mao Inequality [371]) Let u(x), n(x), g(x), w(x), a(x) 
and f;(x,s) (1 < i < m) be defined as in Theorem 7.2.15. Let P € p, h(x) € 
M((0, X], R+) with h(x) = 1 and non-decreasing. 

If there holds for all0 < x < X, 


u(x) < h(x)(abnr) + n@)) + a(x) 7 “file, 8)P(u(o(s)—))dAi(s) 
i=1 
then for all0 < x < X, 


da(u) 


u(x) <h(x)q(x)Q"| (210 eA er | | P(a(ti-) + n(@)) 


+> f Ae datos -)aut) 
i=1 79 
where 
Q(r) = ao r>e>0, 


and Q~ is the inverse function of Q, & is chosen so that for all 0 < x < %, 


da(t) 


Q(a(0)+n(x))+ [ P(a(t;_) + n@) 


+f Silx, s)q(a(s)—)dAi(s) € Dom (Q"!). 
i=1 


Theorem 7.2.17 (The Mao Inequality [371]) Let u(x), n(x), a(x) and 
fi(x,s) (A < i < m) be defined as in Theorem 7.2.13. Let H : Ry — R+ bea 
continuous non-negative non-decreasing function. Suppose the following inequality 
holds for all0 < x < X, 


u(x) < a(x1) + n@) 


+ ay filx, 8) co + sy, Fils, site pant) dAj(s). 


(7.2.79) 
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Then for all0 <x <x, 


da(t) 


—] P 
u(x) < F (Fao) + nc) + i a(t) + n(x) + H(a(t_-) + n(x) 


+> / fila, dail), (7.2.80) 
i=1 70 
and for all0 <x <x, 


ula) < ater) +n) + > [fle sy MFla(O) + m66-)) 
i=1°9 


a da(t) oe ae 
|. eo Bs a. 
(7.2.81) 
where 
. dv 
rin= | +H)’ r>e>0, (7.2.82) 


and F~ is the inverse function of F, and x is chosen so that for all 0 < x < &, 


da(t) 


F(a(0) + n(x)) + i; a(t_) + n(x) + H(a(t_) + n)) 


+) [ to: s)dA;(s) € Dom (F~'). 
i=1 79 
Proof For all0 < x < X, set 
w(x) = u(x) + > i: : fi(x, s)H(u(s_))dAi(s). (7.2.83) 
i=1 79 


Thus 
u(x) < w(x) (7.2.84) 


and 


u(x) < a(x) + n(x) + > i} : fix, s)w(s_)dAj(s). (7.2.85) 
i=1 79 
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Inserting (7.2.84) and (7.2.85) into (7.2.83), we have 
w(x) < a(x) +n) + > / : filx, s)(w(s_) + H(w(s_)))dAi(s). (7.2.86) 
i=1 70 


Applying Theorem 7.2.13 to (7.2.86), we get, for all 0 <x < x, 


1 a da(t) 
w(x) <F (Fea) + n(x)) + / WG) aa + HG nD) 
+ > ; re dail), (7.2.87) 
i=1 °° 


which is the desired result (7.2.80) if we notice (7.2.84). Finally, substituting this 
bound on w(x) in (7.2.85), we can deduce the required result (7.2.81) and hence 
complete the proof. Oo 


Remark 7.2.10 If Ay(x) = x, nx) = Yo-;-, ai(xi), fis) = f(s), fix. s) = 0 
(2 < i < m) and all functions are continuous, then Theorem 7.2.17 with esti- 
mate (7.2.81) reduces to Theorem | of Yeh [701], which in turn, is a generalization 
Theorem 2 of Yeh and Shih [706]. 


Theorem 7.2.18 (The Mao Inequality [371]) Let u(x), n(x), a(x) and 
fi(x,s) (A < i < m) be defined as in Theorem 7.2.13. Let a(x) € M([0,X], R+) 
with q(x) = 1, and o(x), p(x) € F. Let g;(x,s) (i = 1,2,--- ,m) be bounded Borel 
measurable non-negative functions defined for 0 < s < x < X with non-decreasing 
in x. Suppose the following inequality holds for all0 < x < X, 


nls) < alos) +s) + 409} > ffs suo) AAs 
i=0 


+2 | File, pe 7 ails, e)u(ets)-) dase}. (7.2.88) 


Then for all 0 < x < X, we have 


da(t) 


u(x) < q(x)(aO) + n(x) exp 7 | a(t) + n(x) 


+) [ ile, r)q(o(e-)) + gilx. Halols))Ac(9) | (7.2.89) 
i=1 
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and 


m 


u(x) < q(x) (eo tnt) / “fil, s)q(o(s)-)(a(0) + n(s-)) 
i=1 


nS da(t) 
xexo| a(t) + ns) 


m 


2, ih Lil, t)q(o(2)-) + ails, alote)-)dace) )). 
i=1 dA 
(7.2.90) 


Proof It follows from (7.2.88) that 
ula) < glay(ater) +0) + D> fies. syu(o(s)-YdAis) 
i=1 


+> / file - / ~ gi(s, t)u(p(t))dAi(t)}dA,(s)). (7.2.91) 
i=1 °° i=1 °° 
Define 


wx) = a(t) +n0) +O [ OTC Ome 
i=1 


= = i “file, of > i . gil, e)ulple)-)dAi(e) dA). 
(7.2.92) 
Then for all 0 < x < X, 
u(x) < g(x)wQ). (7.2.93) 
Therefore 


u(o(s)—) < g(a(s)—)w(o(s)-) < q(o(s)—)w(s_), 
u(p(t)-) S q(p(t)—)w(o(t)—) S q(p(t)—)w(s_). 
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Hence, we get 


m 


m(a) Sal) +n) +> [flrsda(o)-) 
i=1 


x (ws +> / = ails. sots)-pts- ts] dA\(s). 
i=1 


(7.2.94) 
Setting 
2(x) = w(x) + >| gi(x, T)q(p(t)_)dA((t), (7.2.95) 
i=1 
we have 
w(x) < z(x) (7.2.96) 
and 
w(x) < a(x) + n(x) + > i filx. s)q(a(s)_)z(s_)dAj(s). (7.2.97) 
i=1 


Inserting (7.2.96) and (7.2.97) into (7.2.95), we get 


m 


a(x) S a(xi) + n(x) + >| [fi(x, s)q(o(t)_-) + gilx, s)q(o(t)—)]z(t_)dAi(s). 
i=l 


(7.2.98) 
Applying Corollary 7.2.1 to (7.2.98) yields 


Pal d 
ce) < 00) +t xe00| Oy 
+) / Vile, s)q(o(e)_) + ile, salo(e)-)14aes) |. (7.2.99) 
i=1 


In view of (7.2.93) and (7.2.96), (7.2.99) implies desired result (7.2.88). Finally, 
putting (7.2.99) into (7.2.97) and using (7.2.93), we can obtain the required 
inequality (7.2.90) and hence complete the proof. Oo 


Remark 7.2.11 If Ay(x) = x, o(x) = p(x) = x, g(x) = 1, a(x) = 0, fix, s) = 


gi(x, 5) = 0 (2 <i < m), and u(a), n(x), fi(x,s) = f(x), gi(x,s) = g(x) are all 
continuous, then Theorem 7.2.18 with estimate (7.2.92) is a little improvement of a 
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result, Theorem | of Yeh and Shih [706]. Furthermore, if g(x) = 0, Theorem 7.2.18 
with estimate (7.2.88) reduces to a result due to Yeh [701], Theorem 1. For n = 1, 
Theorem 7.2.18 is another generalization of the inequality due to Pachpatte [456], 
and if, in addition, n(x) is a constant, we obtain a generalization of Theorem | of 
Pachpatte [441]. 


Let J = [xo,.x],J = [yo.yi), and A := Ix J C R?. Consider inequality 
w(u(x,y)) < a(x,y) + ie Ei dea 5, t)[g(s, t, 0, T)@2(u(o, T))], where we 
suppose that @ € C(R+,R+) is strictly increasing such that (+00) = +00, b € 
cC'(,1), and c € C'(J,J) are non-decreasing, such that b(x) < x and c(y) < 
y, a € C'(A,Ri), f € C°(A?, Ry), and g(x,y, 5,1) € C(A?, R+) are given, and 
¢; € C(R+,R+) (i = 1,2) are functions satisfying 6;(0) = 0 and ¢;(u) > 0 for all 
u> 0. 

Define functions 


wi(s) = anes tPie i W2(s) := anes tPale)/ Wi (t)}wi(s), P(s) = w(s)/wi(s). 
(7.2.100) 


Obviously, w1, w2 and ¢ are all non-decreasing and non-negative functions and 
satisfy w;(s) > @i(s), i= 1,2. Let 


u ds 
u ds 
u ds 
D(s) = ———_—__—__———.. 7.2.103 
= | aT a 


Obviously W;, W2, and © are strictly increasing in all u > 0, and therefore the 
inverses W, i Wr ! and ©! are well defined, continuous, and increasing. We note 
that 


. dx “wil! (Wr! (a)))dx 
® = —————S—— | ee a ee ee 
) i (Wo) Ls wav (W,(5)))) 
wy lw) dx si 
Furthermore, let Pry, St) t= mMaxrefy.y f(t, y. 8,1), which is also non- 


decreasing in x for each fixed y, s and ¢ and satisfies f(x, y,8,t) > f(x,y, 5,t) = 0. 
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Theorem 7.2.19 (The Wang-Shen Inequality [665]) Jf the following inequality 
holds 


D(x) pel) 
W(u(x, y)) S a(x, y) + Says, [pi (Us, 0 


(xo) ¥e(yo) 


Ss t 
+ / g(s,t, 0, T)$2(u(o, t))dtdo|dtds, (7.2.105) 
b(x0) Y c(yo) 


where @ € C(R+,R+), and u(x, y) is a non-negative function, then for all (x,y) € 
[xo, X1) x [yo, Yi), 


u(x,y) < Ww {W5 [EQ y)]} (7.2.106) 


where 


= _ b(x c(y) 4 
E(x, y) = WalWe rae t+ fro, SOF en ys.) 
Ss t 
Loco) Seon) ae ‘~ ee 
ro(x,y) = Wi(ri(, y)) + Soc) SeooyF G9» S, t)dtds, 


ri(x.y) = avo.y) + ff lasts. y)Ids, 


(7.2.107) 


and (X, Y;) € A is arbitrary given on the boundary of the planar region 
R= {(x, y) € A: E(x, y) € Dom (W;'), r(x, y) € Dom (Ww, ')} . (7.2.108) 


Here Dom denotes the domain of a function. 


Proof By the definition of functions w; and i from (7.2.105) we derive for all 
(x,y) EA, 


b(x) c 


(y) 
(ulx,y)) <a(x,y) + i Feaye dbus) 


b(xo) ¥ c(yo) 


S t 
+f / g(s,t, T,0)w2(u(o, t))dtdo|dtds. (7.2.109) 
b(x0) Yel) 


First, we discuss the case that a(x, y) > 0 for all (x, y) € A. It means that r(x, y) > 0 
for all (x, y) € A. In such a case, r(x, y) is positive and non-decreasing on A and 


x 


r(x, y) = a(xo, y) + / ae y)dt. (7.2.110) 


xo 
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Regarding (7.2.105), we consider the auxiliary inequality 


b(x) c(y) 


CUED) <r) 4 / Fae DOG 


b(xo) ¥ c(yo) 


S t 
+ / / g(s,t, T,0)w2(u(o, t))dtdoldtds. (7.2.111) 
b(x0) ¥c(yo) 


For all (x,y) € [xo,X) x J, where x) < X < X, is chosen arbitrary. We claim that 
for all (x, y) € [xo, X) x Lyo, Y1), 


b(x 


) ba) pel), 
u(x.y) << fw we![WOCWTLOW ey) + / Fy, 5, #)dtds)) 
b(x0) b(xo) J c(yo) 


ba) peo), soft 
+ i fi@y,s,o[ 1 g(s,t, T, 0) W2(u(o, t))dtdo|dtds]} 
b(xo) ¥ e(yo) b(x0) ¥ e(yo) 


(7.2.112) 


where Y, is defined by (7.2.108). 

Let (x, y) denote the right-hand side of (7.2.111), which is a non-negative and 
non-decreasing function on [xo, X)xJ. Then (7.2.11 1) is equivalent to, for all (x, y) € 
[xo, Y) x J, 


u(x,y) < W(x, y)). (7.2.113) 


By the fact that b(x) < x for all x € [x9, X) and the monotonicity of w;, y, 7, and 
b(x), we have for all (x, y) € [x9, X) x J, 


(0/dx)n(@y)  _ _(0/dx)ri(, y) i b'(x) 
wi(W(n@y))) ~ mi "i@y)) wiv ny) 


ely), 
x / AiX.y. be). Dpor(u(bO).y)) 
c(yo) 


b(t) pt 
+ / / g(b(x), t, T, 0) w2(u(o, t))dtdo|dt 
b c(yo) 


(xo) 


(0/dx)r1 (x, y) , cM). 
* WE GD) doggy BOP 


cy), 
+000 EPO) 
c(yo 


Ss b(x) 
x if / g(b(x), t, T, 0) w2(u(o, t))dtdo|dt. 
b(xo) ¥e(yo) 


(7.2.114) 
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Integrating the above from xo to x, we get for all (x, y) € [xo, X) x J, 
D(x) pew) 


Wilntey)) < Milriox.») + f A(X.y,s,tdtds 
b(xo) 4 c(yo) 


d(x) pely) , Ss t 
+f A, y,s, tI / g(s,t,t,0)(u(t, o))dtoldtds. 
b c(yo) 


(x0) ¥ c(yo) D(x0) 
(7.2.115) 
Let 
WE, y) = Wi(n@ y)), 
‘a _ b(x) pc) (7.2.116) 
Po(x,y) = Wilri (x, y)) + Sova) cy) F1(X5 ys 8, tds. 
From (7.2.115), (7.2.116), we derive for any x) <x < X, yw <y<VN, 
. bx) pew) , 
veEemshot ff Acarsn 
b(xo) 4 c(yo) 
s t 
x | : g(s, t,t, 0)b(u(t, a) dea dtds. 
b(xo) ¥ c(vo) 
(7.2.117) 


Let B(x, y) denote the right-hand side of (7.2.117), which is a non-negative and non- 
decreasing function on [xo, Y) x J. Then (7.2.117) is equivalent to, for all (x,y) € 
[xo, Y) x J, 


WE, y)) < By). (7.2.118) 
From (7.2.113), (7.2.116) and (7.2.118), it follows for all xo <x < X, yo <y< VN, 


u(x,y) < W (ny) = WW Ey) < WW, (BG. y))) 
(7.2.119) 


where Y, is defined by (7.2.108). By the definitions of ¢, y and Wi, (Ww! 
(W,|(s))) is continuous and non-decreasing on [0,-+00) and satisfies p(w! 
(W,|(s))) > 0 for s > 0. 
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Let h(s) = w7!(W,'(s)). Since b'(x) > 0 and b(x) < x for all x € [x0,X), 
from (7.2.119) we derive for all (x, y) € [x0, X) x [yo, Y1), 


(0/ dx) B(x, y) (8/dx)F2(x, y) b'(x) cl) 
ROUCE I)  VEOuey moe lag 


b(t) t 
ce | i g(b(x), t,t, 0) P(u(o, odo dt 
b(x0) ¥-c(yo) 


. cy) , 
2 (0/dx)ro(x, y) + b(t) fi(X, y, B(x), 2) 


~ $(h(F2(x, y))) c(yo) 
Ss b(x) 
x | / g(b(x), t, sanded dt. (7.2.120) 
b(xo) Yc(yo) 


Integrating the above inequality from x9 to x, by (7.2.103), we get for all (x,y) € 
[xo, X) x [yo, y1), 


b(x) pc(y) 5 


t 
P(B(x, y)) < P(F2(x,y)) + Ai(X.y, 8,0 i: g(s,t, t,0)dtdo|dtds. 
b(xo) Feo) b(xo) 4 c(yo) 


(7.2.121) 


By (7.2.118) and the above inequality, we obtain for all (x, y) € [xo, X) x [vo, Y1), 


bo) pet). 
u(t) < v1 WOE, y+ f AC y.s.1) 
b(xo0) 4 c(yo) 
fy t 
x[ i; / e(6.1,t,0)dedo}ard)]) (7.2.122) 
b(xo) 4 e(yo) 


where Y; is defined by (7.2.108). It follows from (7.2.104) that 


ba) pew) , 
Si(X, y, s, t)dtds)) 


(xo) ¥ c(yo) 


u(x,y) < yo! (we'oreantom (rie) + / 
b 


b(x) c(y) 5 t 
+ if A, y, s, 0 i g(s, t, T, a)drda\dtds)]) 
b c(yo) 


(xo) J c(yo) b(xo) 
(7.2.123) 


which proves the claim (7.2.112). 
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We start from the original inequality (7.2.105) and see that for all y € [yo, Y1), 


D(X) ely) 


(EN enens / AK.y.s.)[vilus,1) 


b(xo) ¥c(yo) 


Ss t 
+f } g(s,t,T,0)2(u(o, t)dtda]|dtds (7.2.124) 
b(xo) Fc(yo) 


that is, the auxiliary inequality (7.2.111) holds for x = X, y € [yo, Y1). By (7.2.112), 
we can derive 


bX) pelo), 
Fe aye (ws Wo(We! (Wi (riety) + / A.y,s, )dtds)) 


b(xo)_ ¥ c(yo) 


b(X) c(y) t 
+f AC y, 8, 0[ | g(s, t, r.o)dedodds)]). 
b (yo) 


(xo) 4 c(yo) b(xo) 
(7.2.125) 
The remainder case is that a(x, y) = 0 for some (x, y) € A. Let 
Ne, Y) = 1%y) + € (7.2.126) 


where ¢ > 0 is an arbitrary small number. Obviously, r),- > 0 for all (x,y) € A. 
Using the same arguments as above, where r(x, y) is replaced with r),., we get for 
allxo =< X<X,y<yen, 


b(x) c(y) z 
uxy sv '(ws" [Wo(Wy (Wi (rie(x,y)) +f fi(X, y, 5, t)dtds)) 
b(xo) 4 c(yo) 
d(x) pcly) t 
+f Fane y, 5, t)[ oh g(s,t, T, a)dro|dtds)). 
b(xo) 4 e(yo) b(xo) ¥ c(yo) 


(7.2.127) 


Letting ¢ > 0*, we obtain (7.2.106) because of continuity of r),, in ¢ and continuity 
of y~', W,', W, W;'. This completes the proof. oO 
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7.3 Nonlinear Multi-Dimensional Discontinuous Integral 
Inequalities Involving Kernels 


7.3.1 Nonlinear Two-Dimensional Discontinuous Integral 
Inequalities Involving Kernels 


In the next theorem, we shall discuss nonlinear integral operators whose kernels are 
“majorized” by a kernel generating a linear integral operator. 

We shall consider complex functions defined in the partially ordered set 
T, (T,<_ ), employing the following notations: 

T, := {y: y € T and y < x} for the segment of the element x and 


1, if y<x 
X,Y) = : 
x,y) 0, otherwise 
for its characteristic function. 
Concerning the set T, we shall assume that the following conditions hold: 


(Ci). T isa partially ordered connected topological space with positive measure 
LL. 

(C2). For every x € T, the function y(x, -) is 4-measurable. 

(C3). If xy is a generalized sequence of elements of 7, convergent to x, then 
lly (X%w.°) — x(%,-)||2 tends to 0. 

(C4). There exists an element x9 € T such that || 7(x0,-)||2 = 0, where 


Hellz = i 9) Pa). 


Theorem 7.3.1 (The Ronkov-Bainov Inequality [576]) Let 


(1) Conditions (C,) — (C4) hold for the space T. 
(2) Let the kernel K,(x, y, z) of the integral operator V,, 


Vih(a) := [ Ki (x,y, bh) du), 


be a real function defined in T x T x R satisfying the following conditions: 


(2.1) For every two fixed elements x and y from T, K(x, y,z) is a monotone 
increasing and continuous function of z. 

(2.2) |K,(x, y,z)| < K(x, y)|z| for every two elements x and y from T and for 
any real z, K(x, y) being a real function from L?(T x T). 

(2.3) For every function h € L?(T) and for any x € T, the function T(y) := 
K, (x, y, h(y)) is u-measurable. 
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(3) Two real functions f, g exist from L?(T), such that the inequality 
f<gtVif (respectively, f >g+Vif) (7.3.1) 


holds. 
Then the integral equation 


yw=er+Vip (7.3.2) 


possesses a solution y € L?(T) satisfying the inequality 


f<9@ (respectively, f = @). 


Proof Assume that the inequality f < g + Vif holds. Conditions (2.2) and (2.3) 
imply that 


Vicv) =O) 


which allows us to consider the sequence { f,,} of real functions from L?(T) defined 
in the following way: 


fo:=f. fai i=e@tVits- 


We shall show that for every x € T, the sequence of real numbers {f,(x)} is 
convergent and if g(x) := lim {f,(x)}, then g(x) € L?(T) satisfies (7.3.2) 
n->+Oo 


and inequality g(x) < g(x) - exp( Ge K(x, y)du(y)). First we shall show that 
the sequence {f,(x)} is monotonely increasing. Indeed, for n = 0, inequality 


x, -)U(FC) — 8¢)) — VFO) < 9 yields that fo < fi. 
If we assume that for some natural number k, the inequality f, < f,+1 holds, then 
condition (2.1) implies that V; f, < Vifx+i. But then 


feti =etVifie< e+ Vides = fear. 


Now we shall show that the sequence { f;,(x)} is bounded. To this end, consider the 
sequence {h,,(x)} defined in the following way: 


ho = If, fn = |g] + Vin, 


where Vh(x) := te K(x, y)hQy)du(y) (e., V is obtained by substituting ¢ by 


E, the identical operator in L?(T) in Vf(x) := i Xx, WK, VOfO)duvY) = 
Sr, KF dey). 
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We shall show that |f,,| < 4. Indeed, |fo| = [f| = No. If we assume that |f;| < hg, 
then 


fe+1)| = |g@) + Vif] S |8@)| + Vif)! 


= lel +1 f Kiyo) 
< le] + f Ki y.hO)ldH0) 


< lel + ff Kis nlkOddwo) 


< |e] + [ Koyhordwo) 


= |e] + Vig(x) = Agar (x). 


Thus we have proved that [f,| < 4,. On the other hand, the proof of Theorem 3.3.6 
in Qin [557] yields that lim,—++0 My, exists (limp++00 Mn = pHa V"|g|). But then 
{hy(x)}, and hence {f,(x)} is also a bounded sequence and since we have already 
proved that { f,(x)} is monotonely increasing, then it is convergent. By v(x) denote 
the limit of { f,,(x)}, ie., 


g(x) = lim Jnl) 


Obviously, fn < 9 < limp++00 ln = UESCV"|gI. 

However, Theorem 3.3.6 in Qin [557] implies that D*°°V"|g| € L7(T) and in 
view of Levi Theorem, y € L?(T). 

Analogously, since for a fixed x from 7, the sequence of functions W,(y) := 
Ki (x, y, f<(y)) is monotonically increasing (in view of (2.1)) and limy++00 Waly) = 


Ky (x, y, W(y)) Gin view of (2.1) and since W,(y) < Ki (x, y, W()) (in view of (2.1)), 
and besides, K(x, y, W(y)) € L?(T) (in view of (2.3)), then again in view of Levi 
Theorem, it follows that 


lim Vi Sh (x) => Vi g(x) 
n—>+o0o0 
and therefore, the equality 


tnt =2r Vin 


yields that 


g=st+Vig 


7.3 Nonlinear Multi-Dimensional Discontinuous Integral Inequalities. . . 937 


i.e., g is a solution of the integral equation (7.3.2). It remains to prove that ¢ satisfies 
the inequality f < g. But this follows from the fact that f, < o for every n, and from 
the fact that f = fo. 

Now consider the case when Kj (x, y, z) for fixed x and y from T is monotonically 
increasing function of z, and the inequality f > g + Vif holds. 

In this case, 


$i) <9: i -Ki(x,y.f))du0). 


s 


If Ko(x, y,z) = —Ki (x, y, —z), then obviously K(x, y, z) for fixed x and y from T is 
monotonically increasing and continuous function of z and |K2(x, y, z)| < K(x, y)|z|- 
Then, as was already proved, there exists a solution g € L?(T) of the equation 


oO) =—20) + [ Kony, ¥O)) du), 


such that —f < g. Therefore, 
F(x) > —@) = g(x) + id -Ko(x,y, 909) duly) 
= 90) + i Ki(x,y, 9) du), 


ie., @1 = g is asolution of (7.3.2), such that f > g,. Thus, Theorem 7.3.1 is proved. 
oO 


Remark 7.3.1 While proving Theorem 7.3.1, it was actually proved that if for two 
real functions f and g from L(T), the inequality (7.3.1) holds, then 


lfl<h (7.3.3) 


where /1 is the unique (Theorem 3.3.6 in Qin [557]) solution of the equation 


¥@) = [e914 7 Kole. ¥0))du(y) 


= |g()|+ Vw), (h = DESV"|g1). 


Definition 7.3.1 The solution g € L?(T) of the integral (7.3.2) is called maximal, 
if for every real solution w € L?(T) of equation (7.3.2), the inequality y < 9 is 
fulfilled. Analogously, g € L?(T) is a minimal solution provided that y > @ for 
any solution y € L?(T) of the integral equation (7.3.2). 


Theorem 7.3.2 ((576]) If the conditions of Theorem 7.3.1 are fulfilled, then the 
integral equation (7.3.2) possesses a maximal solution. 
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Proof By € denote the class of all real solutions of equation (7.3.2) from L?(T). 
(Note that Theorem 7.3.1 implies that € # @). According to Remark 7.3.1, the 
inequality |y| < |A| holds for every element of ¢. But then the function s(x) := 
supyec{W(x)} is from L’(T) (see, e.g., [212], IV 8.22). We shall show that the 
function s(-) satisfies the inequality (7.3.1). Indeed, let x € T and ¢ be an arbitrary 
positive number. Then there exists an element w € ¢, such that s(x) < w(x) +. 
Since w(x) = g@~) + Viv) < g(a) + Vis(x), then s(x) < g(x) + Vis) +. 
Hence the inequality s(x) < g(x) + Vis(x) holds and by Theorem 7.3.1, the integral 
equation (7.3.2) possesses a solution g € L?(T) satisfying the inequality s < @. 
Thus Theorem 7.3.2 is proved. O 


Corollary 7.3.1 ((576]) If the conditions of Theorem 7.3.1 are fulfilled, then the 
integral equation (7.3.2) possesses a minimal solution. 


Indeed, then the kernel K2(x,y,z) = —Ki(x,y,—z) is a monotonely increasing 
function of z, and hence the integral equation 


¥Q) = g(a) + i Kolx.y. ¥)) dy) 


possesses a maximal solution g. However, then 
9) = 960) +f Ke.» vod) 
Ts 


is a minimal solution of equation (7.3.2). 
A sufficient condition for uniqueness of the solution of the integral equa- 
tion (7.3.2) is supplied by the following theorem. 


Theorem 7.3.3 ((576]) Let the conditions of Theorem 7.3.1 be fulfilled. Then, if for 
the kernel K,(x, y, z) for allx, y € T and 1,22 € R, the following inequality holds, 


IKi(x,y.21) — Ki@y,22)| < K@y)\zi-2l, = - Ky) € (TXT) 


then the integral equation (7.3.2) possesses a unique real solution g € L(T). 


Proof By Theorem 7.3.1, we know that (7.3.2) possesses a real solution from L?(7). 
Let the functions g and yw € L7(T) be two solutions of the integral equa- 
tion (7.3.2). Then 


v1 | [ 6ive.7.00)) — Kier. vondEO) 
2 [ IK, (x,y, 96) — Ki Gey, ¥O)) dy) 


< [ K(x.y) 190) — VO)|du). 
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Then, if f := |g — W|, and Vh(x) := tee K(x, y)h(y)du(y), then f < Vf, and in view 
of Corollary 3.3.7 in Qin [557], f < 0, and hence g = y. Oo 


Corollary 7.3.2 ([576]) If under the conditions of Theorem 7.3.3, for two real 
functions f;,f, € L’(T), the inequality f; — Vf; < fs — Vif; holds, then f; < fy. 


Indeed, if g := f; — Vi f;, then, in view of Theorem 7.3.3 and Theorem 7.3.1, for 
the unique solution @ of the integral equation (7.3.2), the inequalities f; < @ and 
fs = @, are fulfilled. 

To close this subsection, we shall consider Volterra type nonlinear integral 
operators defined in the space L?(T), where T = [fo, t)) (t) may be +00 as well). 
The space T is considered with respect to the usual topology, and jz denotes the 
Lebesgue measure. Let, as before, 7, = [fo, t(x)), where ¢(-) is a continuous real 
function defined in T, such that for every x € T, the inequalities tg < t(x) < x hold. 
It will be assumed that K(-,-) is a non-negative function from L7(T x T) and that 
h(-) is a continuous real function defined in R. By V; denote the integral operator 
defined in L7(T) in the following way 


t(x) 
Vif) = ; K(x. )h(FO)) du). 


Lemma 7.3.1 Let h be a Lipschitzian, monotone increasing real function defined 
in R. Then, if for two real functions f,g € L?(T), the inequality 


f<etVif (respectively, f>g+Vif) (7.3.4) 
holds, then the integral equation 
voestvy (7.35) 
possesses a unique solution y € L?(T), which satisfies the inequality 
f<@ (respectively, f > @) (7.3.6) 


for the function f. 


Proof Obviously, for the space 7, conditions (C1)-(C4) in as before hold. Let 
ho(x) := h(x) — h(0), 


t(x) 
ae=eOs / K(x,y)d(y) and K,(x,y,2) = K(x, yho(2). 
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It is not difficult to verify that for kernel K,(x, y,z), the conditions (2) of Theo- 
rem 7.3.1 are fulfilled. Inequality (7.3.4) implies that 


t(x) 
FQ) < 91) + / Ki(xy.f)) duc) 


(i.e., condition (3) of Theorem 7.3.1 for the functions f and g;) holds, and hence the 
equation 


t(x) 
VO=ew + / Kil,y, WO) du) 


t(x) 
=a) 2 / K(x. )h(WO) du) 


possesses a solution g € L?(T) which satisfies inequality (7.3.6). 
On the other hand, since for the kernel Kj (x, y, z) the inequality 


|Ki (x, y, 21) — K(x, y, 22)| < K(x, y)|Ao(z1) — Ao(z2)| < K(x, y)|z1 — Z2| 
holds. (Here / denotes a constant such that for every two reals z,;, and z2, the 


inequality |A(z1) — h(z2)| < Jz: — z2| holds). But then, in view of Theorem 7.3.3, 
the integral equation (7.3.5) possesses a unique solution. O 


By 7" denote the finite sub-interval [f9, I) of T = [tp, +00). If f is a function 
defined in T, then by fy denote the restriction of f on the interval 7’ . 


Theorem 7.3.4 ((576]) Let the following conditions be fulfilled: 


(1) his a monotone increasing real function defined in R which is Lipschitzian in 
every finite interval. 

(2) g is real function defined in T = [to, +00), for which two real functions f; and f, 
exist, defined in T, whose restrictions gr, fir and fsp on every finite sub-interval 
T’ = [t,T) of T belong to L?(T"), and 


fir —Vifir < gr <fsr — Vir 


Then 


(1) A unique real function @ exists defined in T whose restriction py on every finite 
interval T' is bounded, it belongs to L?(T") and is a solution of the integral 
equation YW = gr + Viw. 

(2) The inequalities f; < p < f; hold. 
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Proof Let us associate the function 


h(—n), if x<-—n 
h(x) = 4 h(x), if -—n<x<n 
h(n), if x>n 


to every natural number n. 

Then, if TT = [to, I’) is an arbitrary finite sub-interval of T, then since fjr and for 
are bounded, for all sufficiently s large n, hy»(fir) = h(fir) and h,(for) = h(fer). 
Hence it follows that for such n, the inequalities 


a(x) 


t(x) 
fir -| K(x, yin (fir)duQ) < ar) < fer -[ K(x, yn (for du) 


ii) 19 


hold, and hence, in view of Lemma 7.3.1, the integral equation 


t(x) 
rs) =e) + i K(x yin) dp) 


10 


possesses a unique solution yr € L?(T") which satisfies the inequalities fr < 

Yar < for. This and the fact that h is monotone function imply that h,(@rr) 

A(@pr) for all sufficiently large n. However, in this case, in view of Lemma 7.3.1, 

for all sufficiently large n and m, @;r = @mr and hence = Qnr exists. Then if 
| os oh 8) 


gr i= Tim ear then gr = gr + Vig andfir < gr < for. 


On the other hand, if 7’ C 7", then the corresponding solution g, € L?(T°) of 
the equation @, = gs + Vig@s, will coincide, as is implied by Lemma 7.3.1, with the 
restriction of gr on the interval 7°. 

Now let y be another real function defined in T whose restriction wr, on every 
finite interval T" , is bounded and belongs to VT), and Wr = gr + Viv. Since 
Wr is bounded, then h, (Wr) = h(wr) for all sufficiently large n and hence wr = 
gr + fn? K& yin(r)dw()). 

For all sufficiently large n, gr also satisfies the same equation and since hy, is a 
Lipschitzian function, then in view of Lemma 7.3.1, gp = Wr, whence it follows 
thatg = w. Oo 


II 


Remark 7.3.2 While proving Theorem 7.3.4, we actually establish that if h is a 
monotonely real function defined in R, which is Lipschitzian in every finite interval 
and f;, f; are two real functions defined in [fo, +00) whose restrictions fir, fsr on 
every finite interval [f,I°) are bounded, they belong to L”[fo, I) and satisfy the 
inequality fir — Vi fir < fsr — Vifsr, then fj < fs. 


Theorem 7.3.5 ((576]) Let h be a monotone increasing, continuous real function 
defined in R and let g, f;, f; be such real functions defined in T = [to, +00) that 
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for their restrictions gr, fir, fyr on every finite interval T" = [to, T°), the following 
conditions hold: 


(1) gr. fir, fr € Lo(T"), 
(2) fir and f;r are bounded, 
(3) there exists an € > 0 such that 


t(x) 
(Vii Se See ee ¥ K(x.y)du() 


i) 


<fr -Vifsr- 


Then a real function @ defined in T exists, such that 


t(x) 
(2405 / K(x. yh) u(y) 
and 


fi<e sh. 


Proof First note that a sequence of monotone functions exists, such that it tends to h 
on every finite interval, the functions from this sequence being Lipschitzian in every 
similar interval. Indeed, the sequence 


x+1/n 
ios / h(y)dpy) 


consists of monotone functions that are continuously differentiable (since h is 
monotone and continuous) and hence everyone of them is Lipschitzian in every 
finite interval. The fact that the sequence {/,,} tends uniformly to h on every finite 
interval is implied by the uniform continuity of h in such intervals. It is clear that 
if h is monotonically increasing, then all the functions /,, are also increasing. It is 
not difficult to deduce that we can find a monotonically decreasing sequence {h,,} of 
functions, possessing the listed properties, convergent to the function h. 

Now let TT = [f, I’) be an arbitrary finite sub-interval of T. Then, conditions 
(2) and (3) imply that for all sufficiently large n, the inequality 


t(x) 
er(x) <fs(s) + K(x, hil fr O))duo) 


to 
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holds for almost any x € T'. On the other hand, since h, > h and K (x, y) > 0, then 
t(x) 
fie(s) =f Ko »)hn(FirodH0) 
1 


t(x) 
< firs) — f K(x. air) du) < er) 


for almost every x € 7". But then, in view of Lemma 7.3.1, a unique solution 
Par € Ly(T') of the equation 


t(x) 
oars) = ar + f K(x, y)Min Gar) (9) (73.7) 


exists. 
Moreover, the inequalities 


fir < Gar <fsr 


hold, whence, since I is arbitrary, the inequality f; < f; is obtained. 
Since the sequence {h,} is monotonically decreasing, then the sequence {Q,r} is 
also monotonically decreasing. Indeed, 


t(x) 
Ontir = gr(x) + i K(x, y)hn41(GntiQ))dL) 


10 


t(x) 
< ers) + [ K(x, y)hin(Gn4 Cy) )d u(y) 


10 


whence, in view of Lemma 7.3.1, @,4ir < Par. 

Then, since {@,r} is bounded and {h,} tends uniformly to A on 7’, then in (7.3.7) 
a boundary transition by v can be carried out. Hence, if gr := limy++o0 Grr, then 
gr = gr +Vigr and fir < gr < fir. 

Now, let T" C T? = [to, p), and, besides, 


t(x) 
Pnp(X) = &p(X) - / K(x, y)hin(Gnp dL). 


In view of Lemma 7.3.1, the restriction of @, on T' will coincide with Grr, and 
therefore the restriction of g, on T’ will coincide with gr. Hence g = limp++o0 p 
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exists and 


t(x) 
e@ = 20) + / K(x y)h(9)) dn). 


The proof is complete. Oo 


7.3.2 Nonlinear Multi-Dimensional Discontinuous Integral 
Systems of Inequalities 


In the sequel, we shall concern the problem of obtaining explicit upper bounds for 
solutions u(x), of linear or nonlinear Volterra integral equations 


u(x) = f(x) + i "K(x, Du(Oat + / " g6n t.ud)dt, (7.3.8) 


a a 


or the corresponding inequalities 


u(x) <f(x) + / " K(r, Du(d)dt + / "BOR Ru ab (7.3.9) 


We also prove some global existence theorems for (7.3.8) in both the bounded, 
measurable case and the L?-case of Ff, K,g. Most of these results, deal with the 
unperturbed cases where either g = 0 or K = 0. 

Here, u(x) = (u(x),-:: ,un(x))? and x = (X1,--: , Xn), So we are dealing with 
systems of N equations or inequalities in m independent variables. If either nm = 1 or 
N = 1, (7.3.8) and (7.3.9) have been dealt with by many authors. For example, if 
n= 1,N > 1, abasic reference is Miller [393]; see also Tricomi [649] and Mikhlin 
[391]. The case N = 1,n > 1 of (7.3.9) has been considered as so-called Gronwall- 
type inequalities or so by Pachpatte and his coworkers [96, 97, 476, 613], by Yeh 
(701, 703], Young [709-711], and others [57, 59, 286, 643]. Some special cases with 
N > 1 andn = 1 have been handled by Greene [253], Das [183], and Shinde and 
Pachpatte [602], and by Chandra and Davis [135], Beesack [60], and Conlan and 
Wang [161] who considered general N, n. 

We consider linear equations, that is, (7.3.8) with g = 0. We shall use a lemma 
proved in [59] to give easy proofs of existence theorems and related matters both 
for the bounded, measurable case and the Lebesgue square integrable case. These 
theorems seem to be part of the folklore for linear Volterra equations but, for general 
n > | at least, complete proofs seem to be hard to come by. The special case 
having K(x, t) = G(x)H(t) was, however, dealt with by Chandra and Davis [135]. 
We obtain the Neumann series solution for the solution vector u(x), as well as for 
the general matrix resolvent kernel I(x, t). A number of explicit bounds are given 
for |I\(x, f)| and |u(x)|. One of the most interesting of these involves a generalized 
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exponential function, 


+00 
exp, (2) = )2"/(r!)", 
r=0 


where n is the dimension of the space of x = (%1,...,%,). Some estimates of 
this function which is actually a generalized hypergeometric function-are given in 
Remark 7.1.3 in Qin [557]. 

In the sequel, we shall consider general systems of N nonlinear Volterra integral 
equations in the independent variable x = (x,,...,x,) € R”, namely, 


x 


uj(x) = fi(x) + / nite t,uy(t),...,uy(t))dt, 1<i<QN, (7.3.10) 


a 


or in vector form, 
u(x) = f(a) + qe (x, t, u(t))dt. (7.3.11) 


We let J = [a,b] and T = {(x,t) : a < t < x < b}, and suppose that f is either 
bounded and measurable on J is bounded, or in L? (J) where J need not be bounded. 
As for g, we shall always assume that g satisfies the basic hypotheses: 


(H) gis measurable on D = T x RN, and g(x, t, uv) is a continuous function of u 
on R" for each (x, f) € T. 


This will, for example, assume that g(x, t, u(t)) is measurable on T for each 
measurable function u on J. In next two existence theorems for (7.3.10), we shall 
add additional hypotheses for g. In cases where u is non-negative on J, (H) can be 
modified to (H*) by replacing R by RY. 

The first theorem is, essentially, the n-dimensional version of Theorem 7.1.2 in 
Qin [557] of the basic monograph [393] by Miller, but obtains a global solution on 
J rather than just a local solution. 


Theorem 7.3.6 ({62]) Let J = [a,b] be bounded, and f be bounded and measur- 
able on J. Suppose that g satisfies (Ho), that g(x, t,f(t)) is bounded on T and that, 
relative to a vector norm |-| on RN, 


x, t,u) — g(x, t,u)| < k(x, f)|u— ul, for all (x,t) € T,u,u € RY, (7.3.12) 
g & 


where k is bounded and measurable on GT. Then equation (7.3.11) has a unique 
bounded, measurable solution, u on J. 
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Proof We shall use the Banach fixed-point theorem of the Banach space (X, || - ||) 
consisting of all bounded, measurable functions v = (v),..., vy) on J, with norm 
|| - || defined by 


I|v|| = sutra) ula) vex, (7.3.13) 
x€ 


for an appropriate bounded measurable function F(x) which is bounded away from 
zero on J. In (7.3.13), the vector norm is that in (7.3.12). To construct F,, we proceed 
as follows: Let ¢ : X — X be the mapping defined by 


ous) =f@) + [ tv(t))dt, xeJ, veEX. (7.3.14) 


By setting u = v(t), u = f(t) in (7.3.12), we see that f(x, t, v(t)) is bounded (as well 
as measurable) on T, so that dv € X when v € X. If u,v € X, then by (7.3.12) 


Ipu(x) — 6v| < / k(x, f)|u(t) — v()|dt, 


a 


so for any F > Oa.e. onJ, 


F(x)|\u(x) — $v(X)| < FO) [* D CF (|u(t) — v(a))at 


FO 
k(x, t 
< | — v|jsup( (re dt) xeJ. 
Thus we have for any p € (0, 1), for all u,v, € X, 
pu — Pv] < pllu— vl, (7.3.15) 


provided that we can choose F so that, for all x € J, 


F(x) / “(kx 1)/F(d))dt < p. 


Set F(x) = 1/G(x), and choose G to be a solution of the linear Volterra equation 


/ "ka, NGOdt = p(GG)—D), xed, 


a 


or 


G(x) =1+ )"! i: / k(x, 1)G()dt, xe J. 


a 
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By Theorem 7.1.2 in Qin [557], this equation has a unique, bounded measurable 
solution G = G,(x) given by 


G@) =1+ is v(x, t)dt(>1), xeJ, 


where y (> 0) is the resolvent kernel of p~'k(x,t). Thus F = 1/G is bounded 
and measurable on J, and also bounded away from zero. With this choice of F 
in (7.3.13), (7.3.15) holds. Thus ¢ is a contraction mapping on X, and the desired 
result follows. Oo 


Remark 7.3.3 Tf 0 x k(x,t) < M on T, so p 'k(x, th < Mp," it follows from 
lu(x)| < fO)| + fF [F(O1B:@) exp B:(x)du)dr that 


1<G(@) <1 + Mp™'| exp (MoT Jc —ai)) - i} 


i=1 


from which explicit bounds can be obtained for F(x) in (7.3.13). To see that, the 
space X with norm defined by (7.3.13) is complete, let {u,,} be a Cauchy sequence 
in (X, || - ||). Since F is bounded away from zero, 


sup| Up (xX) — Un(x)| > 0 as n,m — +00, 
xe 


and so u(x) = limm—>+00 Un(x) exists on J. Thus u is measurable and bounded on J, 
sou € X. Also, 


sup|u,(x) — u(x)| > 0 as n— +00, 
xed 


and so, by the boundedness of F, ||u, — u|| — 0, proving completeness. 


Remark 7.3.4 The technique used in (7.3.13) of modifying the usual metric in order 
that @ becomes a contraction mapping on all of J, appears to have been introduced 
first by Bielecki [80] in 1956 for differential equations. It has been used sporadically 
since then for differential equations although as noted by Bielecki in [80] without 
giving any details, 


Remark 7.3.5 The usual modification of Theorem 7.1.4 in Qin [557] when g(x, tf, u) 
is defined only for a bounded set, say (x, t, uw) € T x D, where 


D={u= (u,...,Un): |u—f(x)| < M,x € Jt, 


also applies here. We now only obtain a local theorem. Specifically, we obtain a 
unique bounded measurable solution of (7.3.11) on a sub-interval J = [a, b] of J, 
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where b is chosen so that 


b i 
/ lg(x, rfoarsm f k(x, dt < M. 


a 


Now we need to replace X by the metric space of all bounded, measurable functions 
v on J having |v(x) —f(x)| < M for all x € J, with metric d defined by 


au, v) = suptF()|u(s) ~ v6) 
We still have 6(X) C X since for all v € X, 
Jove) F001 = J lett yl 
= [ leerronlar+ [xee.nlo flats M 


holds for all x € J. The rest of the proof proceeds as before. 
We now obtain bounds for the unique solution u of equation (7.3.10). 


Theorem 7.3.7 ((62]) Let |-| be any vector norm such that |v;| < |v| forl| <i<N. 
Under the hypotheses of Theorem 7.3.6, the unique solution u of equation (7.3.10) 
satisfies 


u(x) < fi) + Gi) + i v(x, s)|G(s)|lds, 1<i<N, xEJ, (7.3.16) 
where y is the resolvent kernel of the kernel of k of (7.3.12), and 
(GiG®),...;Gw@) = GW = ; ” ales tf @)at. (7.3.17) 
Proof From (7.3.10), for 1 <i<Nandx € J, we get 
ula) S Ala) + Gia) +f (wlast.ulD) — glass f(O))dt 
<i) + Gila) + | “(gGx,t,u(d)) — 6x, ,f))at 


< fix) + Gx) + / k(x, )|ult) — fdr. 
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Also, by (7.3.11), 


lu(x) —f()| < GO) + / “ko Dlu() —fOldt, xe. 


Hence by the case N = | of Theorem 7.1.3 in Qin [557], for all x € J, 


lu(x) —f@)| < G@) + ip “yx, |G@lat. 


The preceding inequality therefore yields 
x t 
ue) = fie) + Gila) + fk. (\G01+ | |G0las)ar 


= fi(x) + Gi(x) + [ k(x, t)|G(t)|dt + a fe k(x, ty (t, s)dt) |G(s)Ids. 


This reduces to (7.3.16) on using the resolvent equation [(x,t) = K(x,t) + 
i K(x, s)U(s, )ds = K(x, t) + te T'(s, t)K(x, s)ds, (x,t) € T for y (N = 1). Oo 


Remark 7.3.6 Any of the explicit bounds |['(x, 1)| < B(t) exp, [BQO []} Qi — 4]. 
IP (x1) < BO exp" Bwdu), [PQ1)| < [K(x + D@)E( exp(f* Dwdu), 
IT, )| < |K(x,d| + DiQ)Ei(0 exp(/* E\(u)du), (x,t) € T given for |T'(x, 1)| 
apply equally to the scalar case y(x, ft), provided that |K(x, f)| in these bounds is 
replaced here by k(x, t). These bounds may be used with (7.3.16) to give explicit 
upper bounds for the u;, but we omit these. Similarly, but now by taking N = 1 and 
K(x, t) = k(x, f), the bounds Corollary 7.1.2 in Qin [557] may also be used, as well 
as the bound 


yox.t) = gtayexp( | nye(s)ds)i(o 


explicit in Theorem 7.1.4 in Qin [557] when k(x, t) = g(x, t) = g(x)h(t). Since N = 1 
here, the inequality hypotheses associated with these inequalities are automatically 
satisfied. 


We now turn to the L?-case of equation (7.3.10). Unfortunately, and perhaps 
surprisingly, the method of proof used in Theorem 7.3.6 breaks down here, and 
it may be worthwhile to show why. The present basic assumptions in this case are 
that f € L?(J) and that (7.3.12) holds for some kernel k € L?(T). We then have for 
all u, v in L?(J), 


Joucx) — doe s (J koxp |uto — v(pidt) , 


a 


F()|pu(x) — $v)? < FO) _ ar: F(d|u(t) — v(a) Pat, 


F . 
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provided that F is positive, measurable and bounded. Hence if we use a modified 
L?-norm with 


b 
uv]? = / F(d|u(t) — v(a) Pat, 
then 


Iu — pull? < plu vl]? 


will hold provided that G = 1/F can be chosen so that, for all x € J, 


/ : k? (x, t)G(t)dt < p*G(x). 


a 


Here, G must be positive and bounded away form zero. In general, no such G exists. 
For example, take n = 1 and k*(x, t) = x-3/41-3/4,0 <t <x < 1. Thenk? € L'(7), 
but for any measurable G satisfying G(x) => a for some a > 0, we have 


p°G(x) >a [ x4 3/4 = hax -/?, or G(x) > 4ap 2x, 
0 


but then ih k?(x, t)G(t)dt clearly does not exist. It is now clear a fortiori, that the 
integral equation 


G@) =1+ )p” i : k(x, t)G(t)dt 
0 


so has no positive solution G for general k € L?(T). 

In order to obtain global existence theorem for the L?-case, we shall use the 1? 
norm || - ||, and show that for some integer r > 1, the mapping ¢’ : X > X isa 
contraction mapping, where X = L?(J). This is a common procedure and is used, 
for example, by Hochstadt [283] for the case of linear equations with N = n = 1. It 
is also essentially the method used here. 


Theorem 7.3.8 ([62]) Let J = [a, b] be bounded or unbounded, let f € L?(J) and 
suppose that g(x, t, u) satisfies the basic assumptions (H), that i Ig(x,t,f()|dt € 
L?(J), and that for all (x,t) € T, u,u € RY, 

Ig, t, u) — gx, t,i)| < k(x, )|u — a), (7.3.18) 


where k € L?(T). The equation (7.3.11) has a unique solution u € L?(J). 
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Proof As in the proof of Theorem 7.3.6, we define the mapping @ : X — X (with 
X = L?(J)) by (7.3.14). From (7.3.12), if v € L?(J), then for all (x, 4) € T, 


Ig t, 0) S lg@.t.fO)| + Ka, Du —fO!- 


It follows that be |e(x, t, v(t))|dt € L?(J) and hence #v(x) is in X for each v € X. 
Since k € L?(T), we have 


ae) = | k(x, t)dt<+oo a.e.on J, 


with ||k||? = {,A’dx < +00. Now if u, v € X, then 
Joucx) — poe? <A [Iu — ve Pat 
By using the following equality, 


F(0) + [ror (1) dt <F (x) 


we easily prove by induction that holds for all x € J,r = 1, 


outs) — soe? <A) [( f Aadu)”“\u)— vOlat/r— 1) 


Integrating over J, we obtain 
Is'u— oop < f [ 09( [a tndu) to) = velaras/er— 1) 
= [ ([ #00( [ Bead) “as)iac — v(f)|\dt/(r— 1)! 
< / ( r "A2(u)du)’ lu) — v(t)|dt/(r)! 
Using the following equality, we have 


F(0) + [ror ([ «) dt<F (x) 


Thus 


ba r r I 
llp"u — pull? < IAI" = lu — v7 /rt < gle- vl? 
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holds for large enough r. For such r, ¢’ is a contraction mapping on X so ¢” has a 
unique fixed point in X, which thus proves the theorem. Oo 


Before considering nonlinear Volterra inequalities, we look briefly at the per- 
turbed equation u(x) = f(x) + . K(x, thu(t)dt + iL g(x, t, u(t))dt which contains 
linear and nonlinear terms. In order not to obscure the discussion, we do not state 
any formal theorems. We are now dealing with the N-vector system 


x 


u(x) =f) + [ K(x, thu(t)dt + / ote t,u(t))dt, xéEJ, (7.3.19) 


where f,K = (kj), and g satisfy either the bounded, measurable hypotheses of 
Theorems 7.3.2 in Qin [557] and 7.3.6 or the L? hypotheses of Theorem 7.3.1 in 
Qin [557] and Theorem 7.3.8. 

Set 


FQ) =fG) + / o(x.t,u(d))dt, 
SO 
u(x) = F(x) + [ K(x, Hu(t)dt. 


By u(x) = f(x) + iM T(x, s)f(s)ds, x € J, if T denotes the resolvent kernel of K, 
then 


u(x) = F(x) + a T(x, )F (dt, 


a 


which can be rewritten in the form 
u(x) = F(x) + / “G(x,t.u())dt, xe J, (7.3.20) 
where 


f(x) =f(x) + / eyes t)F(t)dt, (7.3.21) 


x 


G(x, t,u) = g(x,t,u) + / | TQ, s)g(s, t, u)ds. (7.3.22) 
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Equation (7.3.20) is of the same type as (7.3.11). Moreover, if g satisfies (7.3.12), 
then G satisfies a condition of the same kind since 


|G(x, t, u) — G(x, t,w)| < |g, t,u) — g(x, t,a)| + [ TQ, s)|g(s, t, u) — g(s, t, u)|ds 
< (K(x, + i IT (x, s)|k(s, tds) lu — a) = k(x, )|u — a, 


has precisely the same character as k and |I"|. Thus any equation of type (7.3.11) 
perturbed by the addition of a linear term is actually equivalent to another equation 
of the same kind. 

Suppose now that uw“) and uv are the unique solutions of two equations of the 
form (7.3.19) in which only the free terms, say f!) and f® are different. If f,,f; are 
the corresponding terms defined by (7.3.21), and if y denotes the resolvent kernel 
of k, then from 


\u) (x) _ u (x)| < lf (x) — fx(x)| + i. R(x, t)\u? (2) _ u(t) |dt, 


a 


we readily obtain by Theorem 7.1.3 in Qin [557], 


Ju (x) — WP) < A) — A] + / Pa dA —A(Mldt. 


If we set Af(x) = ff — fP, Au) = u(x) — u(x), we obtain a 
perturbation estimate 


x 


Juicy] sari + [ (peo + iran + f PsIPo.olas)iafolde 
(7.3.23) 


Upper bounds can be given for the resolvent kernels 7, |I"| by using estimates of in 
Theorem 7.1.2 in Qin [557]. 

The technique used in (7.3.19)-(7.3.23) has been applied by Corduneanu [171] 
in the case N = 1,n = 2 to obtain a stability theorem. 

Now we consider the system of inequalities 


x 


u(x) < fi) + / gi(x,t,u(0),...,uv(@)dt, 1<i<N, (7.3.24) 


or 


u(x) < f(x) + [ g(x,t,u(t))dt, x EJ = [a,b]. (7.3.25) 
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We now always assume that J is bounded, and that f, g satisfy the bounded 
measurable assumptions of Theorem 7.3.6. 


Theorem 7.3.9 (The Beesack Inequality [62]) Under the hypotheses of Theo- 
rem 7.3.6, suppose that u is bounded and measurable on J and satisfies (7.3.25). Let 
| - | be any vector norm on RN such that |v;| < |v| for all 1 < i < N and |u| < |v| 
holds provided that |u;| < |v;| for all 1 <i < N. If each component, g;(x,t,u), is 
non-negative and non-decreasing in u, then 


uj(x) < fi(x) + Gi(x) + / y(x,s)|G(s)|\ds, 1<i<N, xeJ, (7.3.26) 
where y, G are as in Theorem 7.3.7. 


Proof As in the proof of Theorem 7.1.3 in Qin [557], u satisfies an integral equation 


u(x) = f(x) + [ #. t,u(t))dt, xeJ, 


where f(x) < f(x) on J, and f is also bounded and measurable. By Theorem 7.3.7, 
we get 


uj(x) < f(x) + G,(x) +f v(x, s)|G(s)|ds, 1<i<N, xeJ, 
where 


0<6@)= / gi(x,t,f(t))dt < / - ei(x,t,f())dt = Gi(x). 


a a 


Hence (7.3.22) follows. Oo 


Remark 7.3.7 The comments of Remark 7.3.6 also apply here to give simpler 
explicit upper bounds for the u;(x). Observe that there are no results here as precise 
as Theorem 7.1.3in Qin [557]. In particular, we do not know whether it is true that 
if v(x) is a solution of (7.3.25) with equality, then u(x) < v(x) holds, even under the 
assumptions on g of Theorem 7.3.9. In the case n = 1, a comparison theorem of the 
form |u(x)| < V(x) is given in Miller [393], but here V is the solution of a related 
dominating scalar equation. 


We also observe that if f and u are non-negative on J, then g(x, t, uv) need only 
be defined for all uw > 0, and the hypotheses (H) can be replaced by (HT), as noted 
after (7.3.11). 

Next we consider a more strictly component style version of (7.3.24). Suppose 
that, as in Theorem 7.3.9, each component g;(x, t, uw) is non-decreasing in u, and that 
forl<i<N, 


N 
|gi(x, t, u) — g(x, t,v)| < YEG t)|uj— vl, (1) €T, (7.3.27) 
j=l 
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where each kj is non-negative, bounded, and measurable on T. Set K = (kj), and 
suppose |K]|, |v|, are compatible norms for which |u;| < |v;| for 1 < i < N implies 
|u| < lvl. 

Then by (7.3.27), we have 


[g(x tu) — g(x, t,v)| < |K@, OD (lu — v1|,-+* [uw — vl)'] S [KG D||u— v| 


for all (x,t) € T andu,v € R®. 
That is, (7.3.12) holds with k = |K| bounded and measurable on T. In addition, 
by (7.3.27) and the non-decreasing character of the g;, we have for 1 <i < N, 


N 


0 < gi(x.t,u) — gi(x.t.v) < Dokj@uj—v), if v<u, 
j=l 


or 
0<g@,tu)—gat.vu)<K@)u-—v), @OET, if usu. (7.3.28) 


In particular, if f(t) < u(t) for all t € J, then 


gx, t,u()) < g@tfO)+K@&0UO-fO), G@OET. (7.3.29) 


We now assume that u(x) satisfies (7.3.25), that is, for all x € J, 


x 


u(x) <f(x) + i “g(x, t,u(t))dt. (7.3.30) 


If we set U(x) = max(u(x),f(x)), then f(x) < U(x) and so by (7.3.25) and the 
non-decreasing character of g, for all x € J, 


x 


Ula) < f(x) + / " g(x, t,u())dt < f(x) + / * glxst, U()dt. 


a 


Hence, by (7.3.29) with u replaced by U, we obtain 


U(x) <f@) + / (g,tf() —K@, of@)dt + / K(x, t)U(t)dt, 
or for all x € J, 


U(x) < F(x) + / : K(x, )U (dt, (7.3.31) 
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where, for all x € J, 
F() = / (g(x, t,f()) — K(x, Of () dt. (7.3.32) 


Observe that if f(t) => 0 on J, then it follows from (7.3.28) with v = 0 that, for all 
xeJ, 


F(x) < i gee Ode (7.3.33) 


We summarize some of these results in the following theorem. 


Theorem 7.3.10 (The Beesack Inequality [62]) Let J = [a,b] be bounded, and 
let f be bounded and measurable on J, while g(x, t, u) satisfies (H), with g(x, t,f(0) 
bounded on T. Suppose also that K = (kj) is non-negative, measurable and 
bounded on T and that (7.3.28) holds. If u is any bounded measurable function 
on J satisfying the inequality (7.3.25), then for allx € J, 


u(x) < F(x) + : “D(x, \Fat, (7.3.34) 


a 


where T is the resolvent kernel of K and F is given by (7.3.32). 


Proof 1n fact, the inequality (7.3.28) implies that g is non-decreasing in u. With 
U(x) = max (u(x), f(x)) as above, U is a bounded, measurable solution of (7.3.31). 
It follows from Theorem 7.1.3 in Qin [557] that for all x € J, 


U(x) < F(x) + a T(x, t)U(t)dt 
and since u(x) < U(x), (7.3.34) follows. Oo 


Corollary 7.3.3 (The Beesack Inequality [62]) Jf g satisfies the inequali- 
ties (7.3.27) and is non-decreasing in u, then (7.3.34) holds if u satisfies (7.3.25). 


For, as noted above, when g is non-decreasing in wu and satisfies (7.3.27), 
then (7.3.28) holds. 


Remark 7.3.8 To obtain specific, simpler bounds for u(x) from (7.3.34), we 
may use the bounds (x,t) < B(t)exp,[[]j@i — HBO], Ta.) < K(x.t) + 
D(x) exp(/* D(u)du)E(t), V(x, 1) < K(x, t) + Di(x) exp(/* Di (u)du)E\ (1), (xf) € 
T, for (x,t). In case f(t) => 0, we may also use (7.3.33). If | - | is a vector norm 
on R% such that |v;| < |v| for 1 < i < N, and |u| < |v| whenever |u;| < |v;| for 
1 <i</N, then if g(x, tf, u) is non-negative and non-decreasing in u, we may also 
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obtain the bounds 


uj(x) < fi(x) + Gi(x) + [ yo(x, 5)|G(s)|ds, 1<i<N, xeJ, 


a 


with G as in Theorems 7.3.7, 7.3.9 and yo the resolvent kernel of |K|. This follows 
from Theorem 7.3.9, since, as noted above, (7.3.12) holds with k = |K| under the 
stated conditions. 


We conclude introducing with a Bihari-Gronwall type of integral inequality, 
where we do not assume any condition on g such as (7.3.12) or (7.3.26). In such 
cases, we have no a priori assurance of the existence of a solution of either the 
Volterra equation (7.3.10) or of any related dominating linear equation such as 


U(x) = F(x) + / “Ka. /U(t)dt. 


We assume that u,f are bounded measurable function on a bounded cell J = [a, b] 
satisfying the system of integral inequalities 


Xx 


uj(x) < fi(x) + / gi(x,t,u(t),...,un())dt, 1<i<N, xeJ, (7.3.35) 


where g satisfies the basic hypotheses (H). In addition, we assume that each 
g;(x, t, u) is non-negative and non-decreasing in u for each (x,t) € T, and bounded 
on T for each u € RY. 

We define functions i, f, by 


u(x) = max u(x), fx)= max fi(x), xe J, (7.3.36) 


g(x,t,v) = imax gi(x, t,v,v,...v), forall (x,t,v)€7T7xR. (7.3.37) 
< 


<i 


Taking maxima in (7.3.24) overi = 1,...,N yields, for all x € J, 


u(x) < f(x) + i a(x, t, u(t))dt. (7.3.38) 
Next, for arbitrary x € J, we define 


f(x) = supf(x), &(x,v) = sup 3(t,s, v). (7.3.39) 


ast<x a<s<t<x 
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Then f(x) and g(x, v) are non-decreasing functions of x and, in addition, g(x, v) is 
non-decreasing in v for each x € J. By (7.3.36), we get, for all x € J, 


ix) < f(x) + i. . (x, i(t))dt. (7.3.40) 


It follows that for arbitrary fixed X € J, we have, for alla < x < X, 
n(x) < F(X) + / a(x, (a) dt. (7.3.41) 
Now, set 
ue = [aod sxx, 


and observe that U(x) = 0 if any x; = a;, and that U is non-decreasing in each x;, 
we obtain 


a(x) <f(@+U@), a<x<X, 


ot =} 8(X, u(x, t))dt, asx= (x1,x) < X, 
1 a 
where @ = (d2,+++ , Qn), t = (to,+++ 5 tn), X = (%2,°++ , Xn). Hence 
aU 
; aos [ R(X F(X) + UC, Idi, 
Ne) 
dU(x)/dx, 


te ft a<x= (xx) <X. (7.3.42) 
a(X,f(X) + Ua) 


For each x € J, we define the function ®, by 


®,(r) = i ds/8(x,s), r>=m=fla. (7.3.43) 
Then by (7.3.42), 


oxo +00) < f 1-dt, a<x=(x,x) <X, 
IX] a 
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and so, integrating, we obtain for all a < x < X, 
Ox(f(X) + U(X) — Ox(F(X)) < i ‘Ledt= Te: — ai) 
& i=1 
Hence, if oO! denotes the inverse function of ®,, then by (7.3.41), we have 
a(x) < f(X) + U(x) < o5'([]o — aj) + x (7(X))), a<x<X, 
i=1 


provided that []/_, (xi — ai) + ©,(f (X)) € Dom (®7"). In particular, this holds for 
x = X provided that []"_, (X; — a;) + ®,(f(X)) € Dom (®7'). 

Thus making this substitution and then replacing X by x, we obtain for all a < 
x<x(<b), 


ix) < &'([] i — a) + FQ). (7.3.44) 


i=] 
We have thus proved the next theorem. 


Theorem 7.3.11 (The Beesack Inequality [62]) Let u,f be bounded measurable 
function on a bounded cell J = [a,b] C RY, let g(x,t,v) satisfy the basic 
hypotheses (H) with each g; non-negative, and non-decreasing in v for each 
(x,t) € T as well as bounded on T for each v € RY. Let fi. B(x, v) be defined 
by (7.3.36), (7.3.37), (7.3.39) and suppose that (a, f(a)) > 0. If u(x) satisfies the 
inequality (7.3.24), then for eachi = 1,...,N, 


i=1 


where ®, is defined for all x € J by (7.3.43), ®-' is the inverse function of ®,, and 
x is chosen so that |]; (xi — ai) + ®y(f(x)) € Dom (®7') for alla <x <x. 


=1 
The only point requiring clarification is to note that g(x,s) > (a, f(a)) > 0 
holds for all a > ro = f(a), so that for each x € J, the function ®, is well-defined 
by (7.3.43), and continuous and strictly increasing. 


Corollary 7.3.4 ((62]) Under the above hypotheses, we also have, for alll <i< 
N, and for alla < x < x, 


x 


u(x) < f(x) + / Ge t, V(t),..., V(t))dt, (7.3.46) 


a 


where V(x) = ®7! (Iie — aj) + ®((x))). 
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Remark 7.3.9 The special case N = n = 1, f(x) = c > 0, and g(x, t,u) = g(u) 
positive and non-decreasing, gives us the well-known Bihari inequality [82]. For 
further special cases, see [710] and [60] and other references in Remark 5 of [60]. 
Bihari’s case shows that, in general, neither the bound nor the restricted domain 
in (7.3.45) can be improved. Despite this, there are cases where (7.3.46) will give a 
better bound than (7.3.45), and where the restricted domain is far from best. Such 
an example is given by 


u(x) < ci + [ [Jud 1<i<Nn, x>0, (7.3.47) 

0 4 
where we assume all c; > 0 andc = max(c;) > 1. For upper bounds, we 
may assume all u;(x) > 0. Then g,(x,t,u1,...,unv) = TTj=1 uj iS non-decreasing 


in each u; with this restriction. Using the notation of Theorem 7.3.11, we have 
fx) =f@®) =c, gi(%,t,v,...,v) = v', and 


8(x, v) = B@,t,v) = 


Thus 


®,(r) 


II 


r d. Fr 
/ =| sds = {el %— pr) /(N-1),  r>c, 
c EX, S c 


and 
7 '(y) = {el % —(N- Dy VO-Y, if O< y<cl*/(W-1). 
Thus the theorem gives us the bounds, if 0 < [7,4 < ce! “/(N— 1), 


=1/(N-1) 


uj(x) < V(x) = (cr —(N- vy Is) (7.3.48) 
j=l 


If we recall that c > 1, the domain is thus very restricted, and the bounds become 
infinite on this domain. On the other hand, we may solve the system (7.3.47) 
“explicitly”, beginning with i = 1, as linear inequalities each time using the 
upper bounds obtain in the succeeding equation (i + 1). This shows, among other 
things, that we may obtain (bounded) for the u; on every bounded cell [a, b], so 
that (7.3.48) is rather weak. In this case, although we can not improve the domain 
in (7.3.48), we do obtain better bounds on this domain by using (7.3.46). In order 
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to obtain explicit result, we assume that n = 1 from now on. Then (7.3.46) 
becomes 

+ SS - FRO - WD) 9-, fi A N= 1, 
uj(x) < 


cn—1 — loge — x4 log(c! — (WN — 1)x), ifi = N—-1, 


provided that 0 < x < c!’/(N — 1). Since all c; < c, a simple calculation shows 
that for] <i<WN, 


uj(x) < V(x) = {cl % —(N=-1)x} VO) if O< x <cl%/(N-1); 


in fact the largest discrepancy occurs for x = 0 in all cases. 


Remark 7.3.10 The part of the technique used in the proof of Theorem 7.3.9 
which consisted of differentiating U(x) with respect to only one variables, followed 
by a subsequent single integration, seems to have been first used in a similar 
context by Bainov and his colleagues [286, 287, 714]. This technique is much 
simpler than the n-variable methods used in [96, 476, 613, 701, 706, 710] and 
elsewhere. 


Remark 7.3.11 We conclude by showing how we may combine the techniques 
of Theorem 7.3.11 with that used for the perturbed equation (7.3.19) to obtain a 
corresponding result for the perturbed inequality 


u(x) < f(x) + : "K(x, )u(t)dt + / “eletul)dt, xe. (73.49) 
If K > 0 on T, then applying Theorem 7.1.3 in Qin [557] gives us 
ui) so) + f Penrod, (6) = so) + [ elst.udr), 


which, similarly as (7.3.19), reduces to 


x 


u(x) < F(x) + / “G(x,t.u())dt, xeJ, (7.3.50) 
where 


F(®) =f@) + / “Da, pf dt, (7.3.51) 


a 
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and 


G(x, t,u) = g(x,t,u) + [ T(x, tg(s,t,u)dt, (x,t) € T. (7.3.52) 


a 


Here, I" is the resolvent kernel of K, so T > O on T and it follows that if K 
is also bounded and measurable on T, then F and G satisfy the hypotheses of 
Theorem 7.3.11 provided that f and g do. 


We now indicate briefly how to obtain (dominating functions for) the functions 
F, F : G(x, t,v), G(x, v) which are required for Theorem 7.3.11, in terms of the 
functions f, f, @(x, t, v), a(x, Vv). 

It is easy to verify 


F(x) = max F;(x) < f(x) + i “T(x, if(tdt if f(t)>O onJ, 


Si a 


where 

- _ N 

fO = pay) Ta, = ae DG t). 

= 
Also 
F(x) = sup F(x) <f(@) + / P(x, Of dt = Fo(x), 
ast<x a 

where 


fs) = supf(@), Ta. = sup T(s,r). 


ast<x t<r<s<x 


Observe that I’ is non-decreasing in x and non-increasing in f. Next, 


G(x, 1,0) = max Gi(2,1,v,-++ ,v) S B(et, 0) + a I(x, s)B(s, t, v)ds, 


G(x, v) = sup G(t,s,v) < &(x,v) + : T(x, r)ga(r, v)dr = Go(x, v). 
asSs<t<x a 


Observe that if &(a,f(a)) > 0, then also Gola, Fo(a)) > 0, where Fo, Go are the 
above dominating functions of F, G. 
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7.4 Nonlinear Multi-Dimensional Discontinuous Ou-Yang 
Inequalities 


First we introduce some notation. Let tf = (ft), f2,--- ,t,) be a non-negative vector, 
and denote [0, t,]<[0, t2]x---[0, t,] by [0, ¢]. The set of all bounded m-vector-valued 
functions defined on [0, f] which are non-negative will be denoted by B=°((0, f], m). 
For such a function u and positive numbers g and p, we shall denote by u? the 
function obtained by taking the gth power of each component of u, and by |u|, the 
pth root of the sum of the component of wv’. For two such functions uv; and u2, we 
shall write u; > up if the inequality u;(s) > u2(s) holds (componentwise) for all 
s € (0, ¢]. Further, a linear operator K on B=°((0, f],m) will be called monotone if 
uy => Uz implies that Ku; > Kuz. The components of the linear operator K will be 
denoted by ky, 1 < i,j < m. 


Theorem 7.4.1 (The Pang-Agarwal Inequality [528]) Letg > l,p > 0,y € 
B=°({0, ¢],m), and let K,L be monotone linear operator on the same space of 
functions, and suppose there exists a constant vector c such that 


t 
ys c+ | [qLy"(T, to,+++ tn) + Ky(t, t2,-++ tn) |dt. (7.4.1) 
0 
Then the following inequality holds, 


ae _ =| 
LyO|p < elo Meee “(af p.m)!" ole + (cq 
q 


(7.4.2) 


t wed = 1/(q-1) 
x i eID Io L(E,t2,% Ind’ K (r, tose, marl 
0 


where 


(i) k= Maxpcpend Dn Kyj(1)}, L = maxi<j<m{ > ini Lj()}, ; 
(ii) «(r, m) is the least constant that satisfies (uy + uz +++++ Un)’ < K(r,m)(uy + 
us +-:++u),), Le. 


m ifr>1, 


an 1 if0<r<l. 


Proof Let us use the shorthand notation T; for (T, t2,--- , f,), and put 


Oa / ‘(gly (Ty) + Ky(Ti)]de. 
0 
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First, by the definition of « and (7.4.1), we have 


yp < (q/p, m)"/|y 14 < K(g/p,m)'/Z)1/4, (7.4.3) 
[V4], < x(q, m)'/4|z!/4|, = «(q, m)"/4|2\1/4. (7.4.4) 


Next, by the monotonicity of L and K and (7.4.4), we obtain 


ali) 8 


Oty Oty 
q\Lz(t)|1 + |Kz'/4()|1 

< |i + KO|2"/410 

< gL(t)|zli(t) + Ke(q,m)"/42\1/"(0). (7.4.5) 


fle # i; lalby"(T) hn + [Ky"(T) Ile 


IA 


Thus, by (7.4.1) and (7.4.5), it follows that 


= re th rire TO — eas’ LM) gE (t)|z\1(0) 
< elo MMAR (Ng, m)"41ch 10) 
= oe Df! LTR (A) (q, m)'4e~ So LT de V4 ¢4), 
(7.4.6) 


Now integrating (7.4.6) and combining with (7.4.3), the desired inequality (7.4.2) 
follows. Oo 


Remark 7.4.1 Forn = m= 1,q =2,p = 1,L=a,K = 2Ng, andc = M’y"(0), 
inequality (7.4.2) reduces essentially to y(t) < Me“ y(0) + Ne ih g(t)dt. 


Remark 7.4.2 We note that all the six results of Pachpatte [252] can be deduced as 
special cases of (7.4.2) by taking L = 0, p = 1, and suitable choices of K. Indeed, 
to get Theorem | in [252], we take n = m = | and 


t Ty—2 tu-1 
Ky) = / Ge | ee, i Rew iedaaade, 
0 0 


where r1,--- , %y—1, 4 are non-negative functions on [0, f]. 
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For Theorem 2 in [252], we take n = 1,m = 2, and define the operators K and 
Aby 


t Ty—2 tu-l * 
Kyy( =] na) | nate) [ hyi-1)4j(t) yj (T)dtdt—1 -++dt% 
0 0 0 


=Alt.niy-+ m1. iogy+yl, 1s ij <2, 
where 
=e Oe), P2138 1 Shy S24, 
the functions r1,--- ,%y-1,/;,1 < 1 < 4, are non-negative on [0,7], and pu is a 


positive number. 
Then we make the change of variables 


yi(t) =e "u(t), y2(t) = v(2), 
so that (7.4.1) becomes 


| e MY A(t) < cy +Alt rie ty, Meu] + Altri, tv—1, hav], 


vit) <a +Altny- .n-1,tge Mu] + Alt, ri, -++ ya, hav]. 


These inequalities are equivalent to (34) and (6) of [252]. 
Hence inequality (7.4.2) gives us 


4 _)/a@-) 
eMu(t) + v(t) < {2 + ey)! O-D/9 4 20-1 (—) | ee 


where 
h = max{[e~ 4)" (hy + hs)], [ho + hal}. 
It can easily be seen that this inequality is in fact an improvement over Theorem 2 


in [252]. 
For Theorem 3 of [252], we take 


w= [ Poe fp pee 


x i ” fig BG dbidepa ties added, 
0 
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where / is non-negative on [0, t:] x [0, f2]; and for Theorem 5 of [252], we take 
n=n,m= 1, and 


th 1 th—-1 1 tn 
60° Pita Bae Eah Mea 


where by,--- ,b,-1,4 are non-negative functions defined on [0,¢]. As in our 
discussion of Pachpatte’s Theorem 2 above, in [252] it is rather easy to show that 
Theorem 7.2.1 also gives us improvements over Theorems 4 and 6 in [252]. 

In the next theorem, we shall introduce a generalized retarded integral inequality 
of Gronwall-like type in two variables, which includes both a nonconstant term out- 
side the integrals and more than one distinct nonlinear integrals without assumption 
of monotonicity. 

Let J := [xo,x1), J := [yo,y1) and A :=1xJ CR’. 

In the next result, we shall introduce a more general form of integral inequality 


ue bi(x)  peily) 
Hey) sant | AGoytdolult.s))dsdt = (74.7) 
i=1 


i (x0) 4 ci(yo) 


for all (x,y) € [xo,.x1) x [yo, 1), where a(x, y) is a function and g;s is may not be 
monotone. We suppose 


(H,) allg; @ = 1,...,n) are continuous functions on R+ and positive on Ro = 
(0, +00), 

(Hy) a(x,y) > O0onA, 

(H3) b : 1 > IG = 1,...,n) andc : J > J (i = 1,...,n) are C! and 
non-decreasing such that b;(x) < x on/ and c;(y) < yonJ, 

(Hy) all f, @ = 1,...,n) are non-negative functions A x A. 


We now consider a sequence of functions w;(s), which can be calculated 
recursively by 


w1(s) = maxzepo,s{Pi(T)}, 
(7.4.8) 


wit1(S) = Maxzepos{Piti(t)/wi(t)}wi(s), f= 1,...,n. 


Then for given constant u; > 0, the function 


"od 
W,i(u, ui) =| : 


Uj w;(s!/P) 


is well-defined for all u > 0 and strictly increasing. When there is no confusion, 
we simply let W, ;(u) denote W,,;(u, ui) and W,,, } denote its inverse. As explained in 
Remark 2 in [13], different choices of u; in W,; do not affect results here. 
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Theorem 7.4.2 (The Wang Inequality [664]) Suppose that (H, — H4) hold and 


u(x, y) is a non-negative function on A satisfying (7.4.7). Then for all (x,y) € 
[Xo, X1) x [yo, Yi), 


1/, 
u(x.y) < {Wpa(Eneay)} (7.49) 


where 


bj (x) cil) 
Bi (x, y) = (r(x, y)) + / max (tT, €, t, s)dsdt, 
i(o, y) 2= Wpalri(a.y)) gy eapetk ya filt8 


bi (x0) 
i= 1,2,...,n,r;(x, y) is determined recursively by 
r(x,y) = a(xo.yo) + [% lat. yo)lde + f° Jay, 9)lds, 
(7.4.10) 
ri(x, y) = Wei (8-1, )), 
and (X, Y;) € A is arbitrarily given on the boundary of the planar region 
+00 ds 
GEA: Bny) sf —., i=1,...,n.. (7.4.11) 
Uj wi(s /P) 


Proof First of all, we monotonize some given functions f;,g; in the integral. 
Obviously, the sequence (w;(s)) defined by g;s in (7.4.8) consists of non-decreasing 
non-negative functions and satisfies w;(s) > g;(s), i= 1,...,n. Moreover, 


wiXwini, T=1,...,n—-1, (7.4.12) 


for comparison of monotonicity of functions, because the ratios wi+1(s)/wi(s), i = 
1,...,2 — 1, are all non-decreasing. Furthermore, let 


filx, y,t, 5) = max feet 5), 


(t.€)€[x0.4]< [ov 


which is also non-decreasing in x and y for each fixed s and ¢ and satisfies 
filx, yt, 5) = fix, y,t,s) 2 0 for alli = 1,...,n. With the above defined functions 
w; and f;, from (7.4.7) we infer for all (x, y) € A, 


bi(x) 


u? (x,y) < a(x, y) + ss ee y, t, s)w;(u(t, 5))dsdt. (7.4.13) 


bi(xo) J ci(yo) 
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First, we discuss the case that a(x, y) > 0 for all (x, y) € A. It means that 7; (x, y) > 0 
for all (x, y) € A. In such a case, r) (x, y) is positive and non-decreasing on A and 


x y 
ri(x, y) = a(xo, Yo) + / ay(t, yo)dt + / ay(x, y)ds = a(x, y). 
Xo yo 
Consider the auxiliary inequality to (7.4.13) 
n bi) pal) _ 
u? (x,y) < ri(x,y) + >| / F(X, Y, t, s)wi(u(t, s))dsdt (7.4.14) 
i=1 79 ci 


i (x0) (yo) 


for all (x,y) € [xo,X) x [yo, Y), where x9 < X < X, and yo < Y < Y; are chosen 
arbitrarily, and claim that 


1/p 


u(x,y) < {Wen (Tn(X, Y.x,y))} (7.4.15) 
for all x, X € [xo, X2) with x < X and y, Y in [yo, Y2) with y < Y, where 
bi(x) pity) | 
Yi(X, Y, x,y) := Wh i(ri(X, Y,x,y)) + F(X, Y, t, s)dsdt, 
bi(xo) ¥ ci(yo) 
i=1,...,n, 7r;)(X, Y,x, y) is defined recursively by 
r\ (X, Y,x, y) := r(x, y), 
(7.4.16) 


7(X,Y,x,y) = W, 7-1 (Ei, Y,x,y)), 


and X>, Y2 are both functions of (X, Y) such that (X2(X, Y), Y2(X, Y)) € A lies on 
the boundary of the planar region 


ds 


——, i= l.,...,n 
wi(s!/?) 


+00 

Ri (x,y) := 5, y) € A: V(X, Y,x,y) =| 
We can choose X>, ¥2 appropriately such that for all (X, Y) € [xo, X1) x [yo. Y1), 
X(X,Y) =X, Yo(X, VY) => V1. (7.4.17) 


In fact, from the fact of (X,, Y;) being on the boundary of R, we see that 


+00 ds 
THX, %1.X1, M1) = Si(X1, V1) = / (7.4.18) 


Uj w;(s!/P) ; 
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Moreover, the monotonicity that 7;(X, Y,x,y) and F(X ,Y,x,y) are both non- 
decreasing in each variable implies that Y;(X, Y,x,y) is also non-decreasing in 
each variable. Therefore, it follows from (7.4.17) that the rectangles [x9,X1) x 
Ivo, ¥1), [xo, X2) X [yo, Y2) and A are nestled one by one, i.e., 
[xo, X1) x lyo, Y;) Cc [xo, X2) x lyo, Y2) CA. (7.4.19) 
Obviously, 
[xo, X1) x Lyo, Y1) CR, [xo, X2(X, Y)) x [yo, Y2(X, Y)) Cc R(X, Y), 

so that 7;,7; (i = 1,2,...,m) are well-defined. 

Now we prove (7.4.15) by induction. Let 6i(x, y) denote the function on the 


right-hand side of (7.4.14), which is a non-negative and non-decreasing function on 
[xo, Y) x [yo, Y). Then (7.4.14) is equivalent to 


u? (x,y) < Bi(x,y), forall (x,y) € [xo, Y) x [yo, Y). (7.4.20) 


By (A3), b, = 0 and bi (x) for all x € [xo, X). Moreover, w; is non-decreasing. Then 


EBi (x,y) 

wi (Bi? (x,y) 
: Pour = i F(X, ¥, bi(2), s)w (wlbi (0), 8))ds 
: mee +B) er: Y, by (x), s)ds. 


Integrating both sides of the above inequality from x9 to x, we obtain for all 
(x,y) € [0. Y) x [yo. ¥), 


ci(y) 


Whiten We) 4 / bi) | AK. Y,bi0), s)dsdt 
x0 ci (yo) 
bi(x) peity) 


Wpa(ri(x.y)) + / A(X, Y, bi (t), s)dsdt (7.4.21) 
bi (x0) 4 ci (V0) 


II 
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the right-hand side of which is contained in the domain of We : by the definition of 


Xy, Y7 and (7.4.19). It follows from (7.4.20)-(7.4.21) and the monotonicity of Wri 
that for all x) <x < X < X.,y<y<Y<'h, 


bi(x) pei) Vip 


u(x,y) < Bi!” < jw [Wp.1 (ri, y)) +f Ai(X.¥.bi(0), s)dsdt]e 
bi (xo) 4 c1 (yo) 


implying that (7.4.15) is true for n = 1. Next, we make the inductive assumption 
that (7.4.15) is true forn = k. 
Consider 


K+T pbi(x) peily) _ 
u? (x,y) <r (x,y) + ) / Si(X, Y, t, s)w; (u(t, s))dsdt (7.4.22) 
i=1 7% 


i(xo) 4 ci(vo) 


for all x» < x < X,yo < y < Y. Let B(x, y) denote the non-negative and non- 
decreasing function on the right-hand side of (7.4.22) and rewrite (7.4.22) as 


u? (x,y) < Bo(x,y), forall (x,y) € [xo, Y) x [yo, Y). 


Let ¢:41(u) := wi4i/wi(u),i = 1,...,k. Similarly to the above statement for 
n = 1, by the fact that b! > 0 and b;(x) < x for all x € [xo, X), given by (H3), and 
the monotonicity of w;, we obtain for all (x, y) € [x0, Y) x [yo. Y), 


2 B(x. y) 
w1(B3!"(x. y)) 
a k+l y 
ari, y) bi (x) ci(y) 
< + ————_—. Si(X, Y, bi(x), s)wi(u(bi(x), s)) ds 
wi(ry!?(xy)) Zar wi (By? (x,y) Jeroo) 
oO c1(y) 
< EE) 4 Kay fi (X, Y, bi (x), s)ds 
wi(r, (x, y)) ci (yo) 


k 
citi) 
x 1 
+ y bi (x) Sit (X,Y, bit), S)bi41 (B’? bint (x), s))ds 
i=1 ci+1(vo) 


Cd) eh 
ai (x, y) cy) | 
= 2 +) | AY, bi), 8)ds 
wi(r,"" (x, y)) c1(yo) 


citily) — / 
fai (X, Y, big), 8) bi41 (Bo? (b:41@), 8))ds. 
ci+1(¥0) 


k 
+> Bi @) 
i=1 


(7.4.23) 
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Integrating the above inequality from xo to x, we can derive for all (x, y) € [xo, Y) x 
yo, ¥), 
dix) pei) | 


Wa (Bolx.y)) < Woalri(e.y)) + / FX, Y.t,s)dsdt 
bi (x0) 4 e1 (vo) 


Ke pbitiQ) pei) _ if 
+ ) f+ (X,Y, t, s)bi41(B5/” (t, ))ds. 
i=1 7? ¢ 


i+1Q0) 2 c+1(V0) 
Let 
EP (x,y) = Wp,1(B2(x, y)), (7.4.24) 
dix) peity) _ 
6, := Wp. (ri (x, y)) + i, fi (X, Y, t, s)dsdt. (7.4.25) 
bi (x0) ¥c1 (yo) 


It follows that 


Bit1Q) pcitiy) _ 


k 
P< O(cy+ > | Far, Yt, s)dig We} GPC, 9)))"/Plds, 
i=1 


i+1(%0) 4 c74+100) 
(7.4.26) 


the same form as (7.4.14) for n = k, for all (x,y) € [x0, Y) x [yo, Y) and we 
are ready to use the inductive assumption for (7.4.15). In order to demonstrate 
the basic condition of monotonicity, let h(s) := (Wot (sp))'/? which is clearly a 
continuous and non-decreasing function on R+. Thus each ¢;(h(s)) is continuous 
and non-decreasing on [0,-+00) and satisfies ¢;(h(s)) > O for all s > 0. 
Moreover, 


Pi+i(h(s)) — witi(A(s)) _ ae Pi+1(T) 


Gi(A(s)) wi(A(s)) ce[0.h(s)] W(t) 


which is also continuous and non-decreasing on R+ and positive on Ro, implying 
that o(h(s)) a )41(A(s)), i = 2,---,k. Therefore, the inductive assumption 
for (7.4.15) can be used to (7.4.25) to obtain 


1/p 


E(x,y) S (®o i (m+1&% Y.x,y))) (7.4.27) 
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for all x9 < x < min(X, X3) and yo < y < min(Y, Y3), where 


u d. 
a. i es 0, w(u):= (Wpi(u))'/”, (7.4.28) 


w (ui) pi(h(s))’ 
dix) peily) | 
ni(X, ¥,x,y) = Bp i(7-1(%, y)) +f Si(X, Y, t, s)dsdt, (7.4.29) 
bi(xo) ¥ ci(yo) 
0; = >; (n(X, Y,x,y)), (7.4.30) 


i=2,..,,k+ 1, and X3, Y3 are functions of (X, Y) such that (X3(X, Y), ¥3(X, Y)) € 
A lies on the boundary of the planar region 


@ (+00) ds 


R(X, Y) := Gye Armee Yxy sf 2,...,.K +10. 


“a OOD 


Here w(+oo) denotes either the limit lim mw(u) if it converges or 


u—>+00 
+00. 
Note that 
wo! (u?) d 
_ Pu S = =| y co 
®, i(u) = [ wi(s'/P) = Wri(Wh1 (u' )), i=2,.,k+1. (7.4.31) 


Thus (7.4.26), where we note those functions, defined in (7.4.23)-(7.4.24) 
and (7.4.29), can be equivalently rewritten as 


u(x,y) < B(x») = (WE? yy? 


= I bepi®) peetily) _ ne 
W,,. +1 [Wrcti(W, 1 (A(x, y))) a SH (X, Y;, t, s)dsdt] 


be41(X0) ¥cr-+1(090) 


= 


(7.4.32) 


for all x) < x < min(X,X3),yo < y < min(Y, Y3). We further claim that the term 
Wri (0;(x, y)) in the formula (7.4.32) is just the same as r:41(X, Y,x, y), defined 
in (7.4.16), for all i =_1,...,k. For convenience, let 9;(x,y) denote that term. 
It is trivial to see that 6,(x,y) = 7.(X, Y,x,y). Assume that the claimed result 
is true for some i. Then, using (7.4.31) and noting some definitions of functions 


in (7.4.29)-(7.4.30), we conclude 


a bi41@) pci-id) _ 
41%.) = Wet (25250) :e18¢09 +f / fet 1X, Y, 1, oda) 


bi41 (x0) 1 (V0) 


b; 


1Q)) pcg) _ 
= WoL [Wy ier Wo! (Cx, y))) + / ; Fe (X,Y, t,s)dsdi 
bi41(xX0) 4 ei41(V0) 
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- . biti) potiO) _ 
W,i+1LWp iti (Ti41(X, Y,x,y)) +f / Se+i(X, Y, t, s)dsdt] 
biz1(%0) 4 ci+1(V0) 


Ti+2(X, Y, Xx, y). 
Thus the claimed result is proved. Hence (7.4.30) can be equivalently written as 
u(x,y) < Wate Woes Grea X, Y,x,y)) 
det) peeti 0) _ 1/p 
+ / Fe+i(X, Y,t, sds : (7.4.33) 
b 


K-10) J cr+1(vo) 


Similarly, from (7.4.29) and (7.4.31) it follows 


bile) pei) _ 
mi. Yay) = Mpa Yan») + f FX, ¥,t, s)dsdt 
bi(xo) 4 ci(yo) 
= Yi(X, Y,x,y). (7.4.34) 
Note that Ce aaa = Tee ds/w;(s'/”). Then, comparing the definition 


of Ry with that of R; and noting (7.4.34), we can see that X3, Y3 can be chosen 
appropriately such that for all (X, Y) € [x0, X1) x [yo, Y1), 


X3(X, Y) = X2(X,Y), Y3(X, Y) = Yo(X, Y). (7.4.35) 


It means that (7.4.33) holds for all x < x < X < X1,y < y < Y < ¥Y. It 
actually proves (7.4.15) by induction. Having (7.4.15), we start from the original 
inequality (7.4.15) and see that 


nM pbi(X) pei(¥) _ 
w?(X,Y) <n (X,Y)+ >> / A(X. Y, t, s)w;(u(t, s))dsdt, 
i=1 b 


i(xo) 4 ci(yo) 


ie., the auxiliary inequality (7.4.14) holds for x = X, y = Y. By (7.4.15), we obtain 


bX) peil¥) _ Me 
bi(xo) Ycilvo) 


u(X,Y) < Wyn [Won (Fn(X, Y,X, Y)) + fi(X, Y, t, s)dsdt] 


bi(X) pei) Wp 


Wel pa(rn(X.¥)) + | FAX, ¥, 1,)dsai 
bi(xo) ¥ ci(yo) 


for all x» < X < X1,yo < Y < Y; since X, > Xj, Y. => Y, and7,(X, Y,X,Y) = 
rn(X, Y). This proves (7.4.17). The remainder case is that a(x,y) = 0 for some 
(x,y) EA. 
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Let 


ri e(X, y) = (x,y) +, 


where ¢ > 0 is an arbitrary small number. Obviously, r,¢(x, y) > 0 for all (x, y) € A. 
Using the same arguments as above, where r) (x, y) is replaced with r1.¢, we get 


by(X) pen) | \/p 


ulx.y) < } Wo! [Won Fne(.3)) + i FAX, Yt, s)dsdi 
bn (x0) Cn (yo) 


for all x») < x < Xj,yo < y < Yj. Letting e > Ot, we obtain (7.1.11) because 


of continuity of r;, in ¢ and continuity of W,; and Wei fori = 1,...,n. This 
completes the proof. Oo 

If we choose n = 2,9;(s) := 57, Qo(s) := s?w(s), fi y,t5) -= (p/(p - 
q))gi(t,s), where i = 1,2 and 0 < q < p, and restrict a(x,y) to be a 


constant a, then we can give a different estimate from [142] for the unknown 
function u in the inequality (7.4.14). If we choose p = 1 and u(x,y) := v(x), 
let a(x,y) := a(x), fix, y,t,s) := gi(x,t),i = 1,...,n, and restrict all cjs to 
satisfy that c;(y) — cj(yo) = 1 for all y € J, then inequality (7.4.15) reduces 
to the same form as v(t) < a(t) + _, be gi(t, s)wi(u(s))ds, to < t < th, 
where we do not require the monotonicity of sequence of functions g;. Obvi- 
ously, Theorem 7.4.2 is applicable to more general form than Theorem 2.1 in 


[13]. 


Remark 7.4.3 Note that X,, Y; are defined by (7.4.20). In particular, (7.4.17) is true 
for all (x,y) € A when all w;,i = 1,2,...,n satisfy [7° ds/wi(s'/?) = +00, so 
we may take Xj = x1, Y; = yy. 


7.5 Nonlinear Multi-Dimensional Discontinuous 
Bellman-Gronwall Integral Inequalities of Wendorff 


Type 


Walter [658] extended Gronwall’s inequality to more than one independent variable 
using monotone operators. Snow used Riemann’s method of integration for the 
case of two independent variables. Now we give a very simple proof of these 
results using the methods of recursion. Using this method, we extend the result 
of Walter and a result of Bondge, Pachpatte and Walter [100] on Wendroff type 
inequalities. 

We first introduce the method used by [658]. 

Let a,b,s,t and x denote real n-vectors and u(x) a scalar function. If a = 
(d),...,4n),X = (%1,...,%Xn),t = (t,....,t)) and b = (bj,..., by), then we shall 
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denote the integral 


XxX] Xn 
; f Uu(t},...,t,)dt,...dty 
ay an 


by Jaxu(t) and the region [0, bi] x --- x [0, b,] in R” by D(d). 

If T(x, u(t)) is a real functional, we shall say that the inequality u(x) < T(x, u(t)) 
is recursive if the right-hand side can be substituted for u(t) on the right-hand side 
and the process repeated indefinitely with preservation of the inequality. 

Let f(x), u(x) and v(x) => 0 be bounded integrable functions in D(b). Under these 
conditions, the inequality 


u(x) < f(x) + Jox(u(Qu(y) (7.5.1) 
is recursive in D(b). 


Substituting the right-hand side of (7.5.1) for u(t) under the integral sign and 
interchanging the order of integration, we obtain 


u(x) Sfx) + Jor(uOfO) + Joc(v Ogi (x, Nu) 
where gi (x, t) = J,,(v(s)). Repeating the procedure (assuming we may interchange 
the order of integration), we obtain 
Hs) <6) do [nlf Yoa9) + falelenls, 52 
i=0 
where 
8o(%, t) = 1, ge41 = Jx(v(s)gc(x, 5), k= 0. 


It is easily seen that 


Voe(u()VOeme1(8 9) S 


for all x € D(b) where M is independent of x and letting m — +00 in (7.5.2), we 
obtain 


u(x) S f(x) + Jo(FOvQNvO,), x € D(d), (7.5.3) 


where N, (x,t) = paris gi(x, t) is the so-called Neumann series for the function 
u(x). This is Walter’s solution of (7.5.1). The special case of f(x) = C = constant 
may be solved in the same way (or with greater effort obtained from (7.5.3)) to 
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give 
+00 
u(x) <C)h(x) = CNy(a), x € D6), (7.5.4) 
k=0 
where 


Io(x) = L kei) = JoxvOn@), k= 0. 


The next result is the Gronwall inequality. 


Theorem 7.5.1 (The Abrammovich Inequality [1]) Let f(x) and u(x) be as 
in (7.5.1) and v(x) = 0 be a bounded, integrable function for all x € D(b), t € D(x). 
Then the inequality 


u(x) < f(x) + Jox(u(x, u(t) (7.5.5) 


is recursive. 


Proof This inequality may be solved in exactly the same way as (7.5.1) and we shall 
omit the details. Oo 


The solution is 
u(x) < f() + Jo f(OMv(x, 1), x € D(d), (7.5.6) 
where M, (x,t) = 2 "5° un (x,t), and 
vo(x, t) = v(x, t), — Ueti (x,t) = Jn (U(s, Dur, 5)), k= 0. 
In the particular case that u(x, t) = p(t)w(t), (7.5.6) reduces to 


u(x) < f(x) + p@)Joxf(ONpw(, 0) (7.5.7) 


where N,,,(x, t) is the Neumann series for the function p(x)w(a). 
As an application, consider the inequality 


u(x) < f(x) + Jox(pOu(t)) + Jox(qJor(r(s)u(s))) (7.5.8) 
where p(t) > 0,q(t) => 0,r(t) => O and u(t) are bounded integrable functions in 
D(b). Integrating the order of integration in the last term (assuming it is valid) and 
setting O(x, t) = Jix(q(t)), we obtain 

u(x) < f(x) + Jox(u(x, u(t) (7.5.9) 


where v(x, t) = p(t) + O(x, fr(a). 


7.5 Nonlinear Multi-Dimensional Discontinuous Bellman-Gronwall Integral. . . 977 


Next, we discuss the Wendroff inequalities. 


Theorem 7.5.2 (The Abrammovich Inequality [1]) Let f(x), v(x) and u(x) be as 
in (7.5.1) and M(x) = sup,epyy f(t). Then the inequality 


u(x) < f(x) + Jox(v(u(d) (7.5.10) 
has the solution 
u(x) < M(X)N,, (x) (7.5.11) 


where N,,(x) is as in (7.5.4). 
Proof The proof is simple. From (7.5.10), it follows 


u(x) < M(x) + Jox(u()u(d) 
< M(x) + Jox(U(O(M() + Jor(v(s)u(s)))) 
< M(x) + M)Vox(U(D) + Jox(v(OJor(v (s)u(s))) 


and the proof is the same as that for (7.5.4). The inequality N,(x) < 


exp(Jo,(u(t))) (u(t) = 0) is easily established so that in the case M(x) > 0, (7.5.11) 
may be written as 


u(x) < M(x) expVox(v(0))) (7.5.12) 


which, however, is a much ‘coarser’ inequality than (7.5.11). This generalizes a 
result due to Bondge, Pachpatte and Walter [100]. Oo 


Note that (7.5.12) need not be valid if f(x) < 0 as the example 
x py 
u(x,y) =—-I1+ / / u(s,t)dsdt (x,y scalars) 
0 Jo 


with the solution u(x, y) = — pee (xy)*/(k!)? shows, contrary to the assertion in 
[100]. 

A result similar to (7.5.11) may be established for the inequality (7.5.5) in exactly 
the same way 


u(x) < M(a)[1 + Jox(M (x. 9)]- (7.5.13) 
As an application of this result, (7.5.1) may be transformed into the inequality 


u(x) < f(x) + JoxCvOf(D) + Jox(P@, u(y) 
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where p(x, ft) = v(t)Jp,(u(s)). From (7.5.13) it follows 
u(x) < M(x)[1 + Jox(Mp (x, 1))] (7.5.14) 
where 


M(x) = sup [f(s) + Jos(u(Of()].- 


sED(x) 


Now we begin with some bounds in the case of two variables. 

The solutions of the inequalities in the above are in terms of repeated integrals 
which may be inconvenient to use. If in (7.5.1) u(t) = v(t) +++ Un(t,), the function 
N, (x, t) in (7.5.3) simplifies to 


Ny (x, 1) = EnVix(v())) (7.5.15) 
where 
+00 zk 
E,(z) = d mo (7.5.16) 


Though (7.5.15) holds only in the case when v(t) is a product of functions of one 
variable, it is possible to obtain lower and upper bounds for N, (x, t) of similar form. 
This is difficult to do for any number of independent variables and we shall consider 
the case of two independent variables only. 

From now on, we shall abandon vector notation so that x,y, etc, shall denote 
scalar variables. Partial derivatives shall be denoted by subscripts or by D,, Dy, Dy, 
etc. Throughout A i v shall denote the integral 


X y 
| / u(p, q)dpdq 
Ss t 


and in the case that both lower limits of integration are zero, by J,,(u). The variables 
of integration shall be shown explicitly only if necessary for clarity. By R(a, b), we 
shall denote the rectangle [0, a] x [0, b] in the Euclidean space R?. 


Lemma 7.5.1 ({1]) Let I,(x, y; s, t) denote the integrals 
In(x, y; 5,0) = 1, 
Ing 16,95 8,0) = Js (U(p, Dn(% Ys p,q), n= 0, 
and 
1 


K, (x,y; 8, t) = Gaye a UI" n> 0. 
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Let 
Obis3,)= / en. i “ve dda/ve D0), 


whereOQ <s<xand0<t<y. If 


r= min (1, inf. y)eR(a,b) O(x, y; S, t)) ‘; (7.5.17) 


R= max (1, SUP(x,y) ER(a,b) Q(X Y3 5, t)) , 
and if u(x, y) = 0, (x,y) € R(a, b), then 
RK, (x,y; 8,0) < In, ys, <r "Kit yis,0, n> 0. (7.5.18) 


Furthermore, r = R = 1 if an only if v(x, y) = U1 (x)v2(y) in which case, equality 
holds in (7.5.18). 


Proof For n = 0, (7.5.18) is trivial and by the induction hypothesis, 
Tn+1 0938.0) = J (Vln) S "SG (UK) S RS (UR) 
and we need only establish 
RK 41%, y;5,0) < Js (UKn) S17 Kng 10, 58,0). 
A straightforward calculation gives us 


nQ(x, ys, 0) + -| 


DyyKn4i(, y; S, t) — Ki, y; S, thu(x, y) (n + 1) 


which implies 


7K, (x,y; 8, u(x, y¥) < Dy Kn4i(.y: 5, 1) 
< RK, (x, y; 5, 1)u(x, y). 


Integrating above inequality and using the fact that K,+1(s, y; 5,0) = Kn41(%,t: 5,0) 
= K,+1(s, ts, t) = 0, we obtain the desired result. 

To prove the second assertion, we note that r = R = 1 if and only if 
O(x, y;s,t) = 1. If v(x, y) = v1 (x)v2(y), then obviously this condition is satisfied. 
Suppose now that Q(x, y; s,f) = 1. This implies that 


D,VDyV —VDyV=0, V=F2(v). 
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Since V > 0 for all x > 0,y > 0, setting U = In(V), we get DyyU = 0 from 
which we get V = V,(x)V2(y) and u(x, y) = DyyV = v1(x)v2(y). This completes 
the proof of the lemma. Oo 


Theorem 7.5.3 ({1]) Let 


+00 
Ny (x, y; 5,1) = > I(x, y; 5, t) 
k=0 


denote the Neumann series for the function v(x, y) =0,0<s<x<a,0<t<y< 
b, and let r, R be the numbers defined in (7.5.17). Then for all0 <s <x,0<t<y, 


E(RJ3(v)) < Nu yis,0) < Ex SG (v)) (7.5.19) 


where E(z) is as in (7.5.16). 


Proof The proof is an immediate consequence of Lemma 7.5.1. O 


As an example, if u(x, y) = x + y, thenr = 1,R = 9/8 and for all x > 0, y > 0, 
Ep(8/9J5 (V)) < Nyx ys, 0) < Exe (v)). 


These inequalities are particularly useful if Q(x, y; s, t) has a local maximum and 
a local minimum in the quadrant x, y > 0. 
Using (7.5.19), we can put (7.5.11) in the simpler form 


u(x, y) < M(x, y)Eo(r7'Jyy(v)) 


provided that M(x, y) => 0. 

It is clear that the method of recursion is applicable to systems of inequalities of 
the form (7.5.1) or (7.5.5) and to more general functional inequalities. We shall not, 
however, consider these generalizations here. 

An example of the flexibility of the method of recursion is the “partial integration’ 
of inequalities. Suppose the following inequality holds 


U(x) < f(x, ux) + Jox(vMu() (7.5.20) 


and that u(t) > 0. Then we may consider the first term on the right-hand side as a 
known function of x and using (7.5.3), we obtain 


U(x) S f(x, u(x) + Jox(u (Of (t, uO) Nov (x, 1) (7.5.21) 


which may be more useful than the original. If the inequality (7.5.20) is the result 
of integrating the differential inequality 


U(X)xix9ty S B(x, u(X)) + v(x)u(r), 
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where the subscripts on the left-hand side denote partial differentiation, then (7.5.21) 
can be considered as a partial integration of this differential inequality. 

As an example of the application of (7.5.21), consider the inequality (7.5.1) in the 
case when the condition u(x) > 0 is not satisfied. Writing v(x) = p(x)—q(), p(x) = 
0, q(x) = 0, and using (7.5.21), we obtain 


u(x) S f(x) + Jox(pOF(ONp (, 0) — Jor Jor(q(s)u(s) Np, 1) 
—Jox(q(u()). 


If a lower bound for u(x) is known, say u(x) > C, then a useful upper bound may 
be obtained by replacing u(t) on the right-hand side by C. 

Measure differential equations have been investigated by Das and Sharma [184], 
Leela [333, 334], Raghavendra and Rao [561] and Schmaedeke [593], among others. 
These equations provide good models for many physical and biological systems. 
The fact that their solutions are discontinuous renders the conventional methods 
of ordinary differential equations unapplicable, and thus their study becomes 
interesting. In [184, 333, 334, 561], the equation 


Dx = F(t,x) + G(t,x)Du (7.5.22) 
was studied as an impulsively perturbed system of the ordinary differential equation 
x’ = F(t,x), 


with’ = {. In [593], it was investigated from the view point of optimal control 
theory, that is, G is assumed to be independent of x. Now we are concerned with the 
system 


Dx = f(t,x) + AxDu + g(t, x)Du, (7.5.23) 
which is treated as a perturbed system of the linear system 
Dx = AxDu. (7.5.24) 


This gives us a more clear picture of the effect of impulses on the behavior of 
solutions. Deviations from the conventional theory, which are obviously expected, 
are noted in particular. 

Let J = [f,+00),fo => O and R” denote the n-Euclidean space with any 
convenient norm | - |. The same symbol will be used to denote the norm of an n 
by n matrix. Consider (7.5.23) where x € R”, A is ann by n matrix,u: J > R 
is a right-continuous function of bounded variation on every compact sub-interval 
of J, f; J x R” — R" is Lebesgue integrable, g : J x R” — R’ is integrable with 
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respect to the Lebesgue-Stieltjes measure du and Dx, Du denote the distributional 
derivatives of x and u respectively. 

A function x(t) = x(t, fo, Xo) is a solution of (7.5.23) on J if and only if it satisfies 
the integral equation 


x(t) =x + / f(s, x(s))ds +f [Ax(s) + g(s, x(s))|du(s). (7.5.25) 


For the proof of this and for the definition of solution of (7.5.23), along with other 
relevant details, see, e.g., [184]. 


Remark 7.5.1 In equation (7.5.23), f(t, x) + AxDu + g(t, x)Du is identified with the 
derivative (in the sense of distributions) of 


/ Fls,x(s))ds + / [Ax(s) + 9(s, x(s))]du(s). 


When wu is an absolutely continuous function, it has the identification f(t,x) + 
[A(x) + g(t,x)]u’, where u’ is the ordinary derivative (which exists a.e. on J) of 
u. In particular, if wu’ = 1, (7.5.23) reduces to the conventional system x’ = 
F(t,x) + Ax + g(t, x). 


Let t) < t <--- denote the discontinuous of u such that t; > to and % — +00 
as k —> +00. Suppose further that these discontinuities are isolated. Throughout, 
except in Lemma 7.5.2 (in which u may be any function of bounded variation), we 
assume that u has the form 


for allt < 


(7.5.26) 
for allt > t 


+00 0 
u(t) =t+ aH, (t); Hy(t) = , 
(1) » kA (t); A(t) 1. 


discontinuities (which are obviously countable) are isolated. The above assumption 
is true reasonable. Moreover, in this case, the predominant effect of the impulses 
can be visualized. It follows from (7.5.26) that 


-+0o 
Du=1+ S > and (te) 
k=1 
where 6(t,) is the Dirac measure concentrated at %. Note that uv’ = 1 a.e. on 


J. For any t € J, it is clear that there is a unique integer k > 1 such that 
t © [te-1, te). 

Let By = E—aA,k = 1,2,... where E is the identity n by n matrix. From the 
assumption on u, it is easy to establish the following theorem. 
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Theorem 7.5.4 ((527]) Let By be non-singular for each k = 1,2.... Then, for all 
t © [th1, t%) and any xo € R", the (unique) solution x(t) = x(t, to,X0) of (7.5.33) is 
given by 


k-1 
x(t) = (11 m] eA Xo, (7.5.27) 
i=1 


Here the product Wit is to be understood as E if k = 1. 


Remark 7.5.2 If ax = O for all k, then B,(= £) is clearly invertible. In this 
case, (7.5.27) reduces to x(t) = e“~4x9, which obviously solves x’ = Ax. On the 
other hand, if a, 4 0 for some k, then a sufficient condition for B;, to be invertible 
is that aj! is not an eigenvalue of A. 


Remark 7.5.3 Suppose that a is an eigenvalue of A for some k. Then, in general, 
the solution x(t) of (7.5.24) does not exist at t = ft,. If x9 = 0, then x(f) is arbitrarily 
determined at t = ty. 


We need the following lemma which is similar to Lemma 2 in [122] or 
Lemma 3.6 in [627], when wu is an absolutely continuous function. 


Lemma 7.5.2 ([527]) Let u be a scalar function of bounded variation on [to, T| and 
let v denote the total variation function of u. Suppose that r and p are non-negative, 
scalar functions such that r is integrable and p is dv-integrable on [to, T|. Then, for 
any positive constants c and M, the following inequality holds for all t € [to, T], 


t 
r(t) < ceM() + / eo p(s)dv(s). (7.5.28) 
1 


Proof Clearly, r(t) < y(t), where y(t) is the maximal solution of the integral 
equation 


t t 
y(t) =ct+ ; My(s)ds +f pP(s)dv(s),  t € [to, T]. (7.5.29) 
10 to 
Therefore, it is enough to show that any solution of (7.5.29) satisfies the inequality 
t 
y(t) < (c + bye) 4 / eM (0) n(s)du(s) = z(t) (7.5.30) 


10 


for all t € [to, T] and for every 5 > 0. This will obviously follow if we show that 
z(t) in (7.5.30) is a solution of the equation 


2(t) = (c +6) + [ mecsas + [ roa, (7.5.31) 
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Here, for the right-hand side of (7.5.31), we obtain 


(c+ 6)+ [mes +f p(s)du(s) = (c+ 8) +f M(c + 8) eM) gs 4 
i: ‘Me™ i eM pla duto} ds + / p(s)dv(s). 
(7.5.32) 


Denote the first two integrals on the right-hand side of (7.5.32) by I’ and J” 
respectively. Then 


I = (ct dM) _ (c + 8), (7.5.33) 


and by integration by parts, 


I! = _ : / eM p(adv(r)d(e") 


= [ eM) n(s)du(s) — [ ue ( [ "p(c)dv(c)) 


= i eM n(s)dv(s) — i, p(s)dv(s). (7.5.34) 


i) 


From (7.5.32)-(7.5.34), it follows that the equation (7.5.31) reduces to identity, 
which, of course, is our objective. This completes the qualitative properties of 
solutions of linear and nonlinear ordinary differential equations under perturbations, 
through the use of the variation of parameters formula. The theorem that follows 
gives us an analytic expression for solutions of (7.5.32) in terms of solution 
of (7.5.33) and the strength of the impulses a,;. In the absence of the impulses, the 
result reduces to the well-known formula for ordinary differential equations [156]. 


Theorem 7.5.5 ((527]) Let the conditions of Theorem 7.5.4 hold. Then, for all t € 
[te-1, t.), any solution y(t) = y(t, to, Xo) of (7.5.32) is given by 


y(t) = x(t) + / e"F(s, y(s))ds + i LMG, y(s))du(s) 


to i) 


k-1 k-i 
+e" S°ai|[]B,|AG+ (7.5.35) 
i=1 j=l 
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where x(t) is given by (7.5.27) and 


i= i, e “AF (s, y(s))ds; Jj = [ eA 9(s, y(s))du(s), 1 <i<k—-1. 


10 10 


Proof Since u(t) = t for all t € [fo, t;), we have that for all ¢ € [fo, t)), 


t 
y(t) = eA x, +f eA F (5, y(s))ds 


to 


+ e—4 (5, y(s))du(s). (7.5.36) 


to 


Att = t), (7.5.25) gives us 


vin) = yen =I) + f° FG. »(0)ds 


1 


" / * TAy(s) + g(s.(s))]du(s) (7.5.37) 
t1—A 


where h > 0. Letting h > 0+ and using the fact that 
t 


lim f(s, y(s))ds = 0, 
h0t JA 


we obtain from (7.5.36) and (7.5.37), 


y(t) = e4 jem +1 + / 7 e “Ag(s, vious) 


i) 


+ayAy(t)) + aig(t, y(t1)). (7.5.38) 


Now, 


t 
/ eA 9(s, y(s))du(s) + are(h.y(h)) = eM. 


i) 


tyA 


Therefore, in view of the facts that B; is invertible, and Fae and e"'” commute with 


each other, (7.5.38) yields 


y(t) = Byle4[e 4x9 ++ J] 
— x(t) + e AT], + Ji + a,By Ah + Ji). (7.5.39) 
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For all t € [f, f2), we know that 


9 = y(n) + [SMPs yo))ds + [ &PE(s, (o))duls, 


t 1 


where y(f,) is determined by (7.5.39). Thus for all ¢ € [t1, 4), 


yo =a) + f MPs. y1s))ds + feels, ¥(9)pduls 


t+e“a,By'A(h + Ji). 


As above, it can be shown that 
2 3-i 
Wh) =e | bh+h+ > ai| [Bs |AG+ 1 
i=1 j=l 


In general, for all t € [t—1, t,), (7.5.35) follows by induction, completing the proof 
of the theorem. O 


Assume the following hypotheses: 


(H,) given by e > 0, there exist 6(€) > 0 and T(e) > fo such that for all |x| < 
d(e) and t > T(e), 


f(t, x)| < elx|; 
(H2)  g satisfies, for allt > t) and |x| <r,r > 0, 


Ig(t,x)| < pO), 


where p is a dv-integrable (v(t) is the total variation function of u(t) on 
[to, t],t € J) function such that 


+00 
/ p(s)du(s) < +00; (7.5.40) 


(H3) _ there exist constants P and Q such that 


k k k 
(Te) and) \\arA\ | D7 1B" 
i=1 i=1 j=i 


are bounded by P and Q respectively, as k > +00. 
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Note that, for each c > 0, (7.5.40) implies 


t 
lima tcoe e“p(s)dv(s) = 0. (7.5.41) 


10 
Theorem 7.5.6 ([527]) Let (H,) — (H2) hold. Suppose that all the characteristic 
roots of A have negative real parts. Then, under the conditions of Theorem 7.5.5, 
there exist Ty) and 6 > 0 such that for every ty) > Ty and xo with |xo| < 6, any 


solution y(t) = y(t, to, Xo) of (7.5.32) satisfies |y(t)| > 0 as t > +00. In particular, 
if (7.5.32) possesses the null solution, then it is asymptotically stable. 


Proof Let t € J be arbitrary. Then there is an index k such that t € [t,—1, tg). Since 
all the characteristic roots of A have negative real parts, there are positive constants 
K and @ such that |e“| < Ke~, for all t > 0. Let 0 < ¢ < min(aM™',r), where 
M = K(Q + 1). By (Aj), choose T(e) and 6(e) so that T(e) > to and d(e) < «. 
Select Ty > T(e) so large that (by (7.5.41)), for all t > To, 


[ e MEV) n(s)du(s) < (2M)7!8(e). 


i) 


Let 6 = (2PK)~'8(e), and consider any tg > To and xo satisfying |xo| < 6. 
From (7.5.27), (7.5.35) and the conditions of the theorem, we have 


t t 
ly(t)| < PK$e~**—) 4. i Me™) |y(s)|ds + i Me™ p(s)dv(s), 
to to 
as long as |y(‘)| < 6(¢). By Lemma 7.5.2, this gives us 
t 
ly(t)| < PKSe~@ Mo) 4. u | e &M®)—9) n(s)dv(s), 
i) 


from which the conclusion of the theorem follows in the usual way (see [122, 
627)). Oo 


Theorem 7.5.6 remains valid if the condition (7.5.40) in (Hz) is replaced by a 
more general condition 


+1 
i: p(s)du(s) > 0 as t>+o. (7.5.42) 
t 
Example 7.5.1 Let J = [0, +00). Consider the system (1.3) where 


x=[2] and A=[§ 3]- 


x2 
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Let % = k anda, =k“! fork = 1,2,.... Then az! is an eigenvalue of A, but a! 
is not. Choose x9 = Kae It can be verified that the solution of (7.5.24) through on 
the interval [0, 2] is given by 
sth Ste", O<t<l, woe e, O<r<l, 

mM 1 5(1—-pe*, 1<1<2. Ne fae, 1st <2. 
However, x(t) does not exist at t = 2. If we choose xp = [| , then x(t) = [| for 
0 <t < 2, whereas x(2) = lal , c an arbitrary constant. 


Example 7.5.2 Let J = [1, +00). Choose A = —1,% = t and a, = 2(k? —1)7! for 
k = 2,3,.... Then the hypothesis (H3) is satisfied. Indeed, we have 


+00 +00 

[[iacl=[[G-2@ +4 )7) =2/3 
k=2 k=2 

and 


k k +oo 
lim 5° |aA| |B; "| 2k < +00. 


Chapter 8 

Applications of Nonlinear Multi-Dimensional 
Continuous, Discontinuous Integral Inequalities 
and Discrete Inequalities 


8.1 Applications of Theorems 5.1.19-5.1.21 to Partial 
Differential and Integral Equations 


In this section, we shall give some applications of Theorems 5.1.19—5.1.21 to obtain 
the bounds on the solutions of some partial differential and integral equations. 
Consider the following partial integral equation of the form 


u(x,y) = f(x,y) + ia [ tes. s,t, u(s, t)|dsdt, (8.1.1) 
0 Jo 


where all the functions f, F are continuous on their respective domains of their 
definitions and satisfy for all x > 0, y = 0, 


| f(x, y)| < a(x) + bQ), (8.1.2) 
IF |x, y, 8, t,u(s, )]| < p(s, NA (\ul), (8.1.3) 


where a(x), b(y), p(x, y) are as defined in Theorem 5.1.19. Using (8.1.2), (8.1.3) in 
(8.1.1) and then applying Theorem 5.1.19, we can obtain the bound on the solution 
u(x, y) of (8.1.1). 

We also note that the integral inequalities in Theorems 5.1.19—5.1.21 can be used 
to obtain the bounds on the solution of 


Uxy = a(x, y, u), (8.1.4) 
x y 
Uxy = Fix, y, uf / k(x, y, s, t, u)dsdt], (8.1.5) 
0 JO 
x py 
Uxy = h(x, y) + Fix, y, uf i ko(x, y, 8, t, Us )dsdt] (8.1.6) 
0 J0 
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respectively, under some suitable conditions on the functions involved in 
(8.1.4)-(8.1.6) together with the suitable given boundary conditions. 


8.2 Applications of Theorem 5.1.23 to Hyperbolic Partial 
Differential Equation 


In this section, we shall present some applications of Theorem 5.1.23 to study 
certain properties of solutions of the following terminal value problem for the 
hyperbolic partial differential equation 


Uxy(x, y) = A(x, y, u(x, y)) + r(x, y), (8.2.1) 

u(x, +00) = Oo0(x), u(0, y) = T(y), u(O, +00) = k, (8.2.2) 

where h: R4. x R > R,r: R} > R,t(y) : Ry — R are continuous functions and 
k is areal constant. 


The following example deals with the estimate on the solution of the partial 
differential equation (8.2.1) with the conditions (8.2.2). 


Example 8.2.1 Let c(x, y) continuous, non-negative, non-decreasing in x and non- 
increasing in y for all x, y € Ry, and let 


|h(x, y,u)| < cx, y)d(x, y)|u], (8.2.3) 


x p+oo 
Ooo(x) + T(y) —k -| / r(s, t)dtds 
y 


<alx.y) +f ote. »de(|ulas. 
(8.2.4) 
where a(x, y), b(x, y), d(x, y),g are as defined in Theorem 5.1.23. If u(x, y) is a 


solution of (8.2.1) with the conditions (8.2.2), then it can be written as (see, e.g., 
[42]) 


x +00 
u(x, y) = Ooo(x) + tT(y) —k -[ i r(s, t)dtds, (8.2.5) 
0 Jy 
for all x, y € R+. From (8.2.3), (8.2.4), (8.2.5), we get 


Gal Saye i 


a 


x ae +00 
peeve sierecoa) i / d(s,t)|uldtds. (8.2.6) 
0 vy 
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Now, a suitable application of Theorem 5.1.23 to (8.2.6) yields the required estimate 


x +00 
u(x, y) < p(x, y) Jats) + c(%, y)e(x, y) exp (/ / d(s, t)p(s, te(s, ards) ; 
0 dy 
(8.2.7) 
for all x, y € Ry, where e(x, y), p(x, y) are define in Theorem 5.1.23. 


The next result deals with the uniqueness of the solution of the partial differential 
equation (8.2.1) with the conditions (8.2.2). 


Example 8.2.2 Suppose that the function h in (8.2.1) satisfies the condition 
|A(x, ys u) ~ h(x, ys v)I = c(x, y)d(x, y)|u ~ v|, (8.2.8) 


where c(x, y), d(x, y) are define in Theorem 5.1.23 with c(x, y) is non-increasing in y. 
Let u(x, y), v(x, y) be two solutions of equation (8.2.1) with the conditions (8.2.2). 
From (8.2.5), (8.2.7), we infer 


Xe +00 
|u(x, y) — v(x, y)| < c(x, y) i, / d(x, y)|u(s, t) — v(s, t)|dtds. (8.2.9) 


Now a suitable application of Theorem 5.1.23 yields u(x, y) = v(x, y), that is, 
there is at most one solution to the problem (8.2.1) with the conditions (8.2.2). 


8.3. An Application of Theorem 5.1.29 to Hyperbolic Partial 
Differential Equations 


In this section, we shall present some applications of the inequalities in Theo- 
rem 5.1.29 to obtain the lower bounds on the solutions of a class of hyperbolic 
partial differential and integro-differential equations. 


Example 8.3.1 First, we obtain the lower bound on the solution of a nonlinear 
hyperbolic partial differential equation of the form 


Ury(x, y) = F[x, y, u(r, y)], (8.3.1) 
with the given boundary conditions u(x,t) = u(s, y) = u(s,t), where the functions 


u and f are real-valued, defined, and continuous on the respective domains of their 
definitions and 


[F x, y, u(x, y)]] < b@, y)W(luG, y))), (8.3.2) 
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where b and W are as defined in Theorem 5.1.29. Integrating (8.3.1) first with 
respect to y from y to ¢, and then with respect to x from x to s, we have 


Ss t 
u(x, y) = u(s.0) + f / F[_m, n, u(m,n)] dm dn. (8.3.3) 
x dy 
Using (8.3.2) in (8.3.3), we have 


lux.) < | als, | + [ i bois Walaa dad, 


lu(s,)| > Jucx.y)| — / | - b(m, n) W(\u(m, n)|) dm dn. 


Now applying Theorem 5.1.29 yields 
s t 
ju(s.] = 2H utx.»9)) = ff b¢on,n) dm a (83.4) 
x dy 


where Q and Q7! are as defined in Theorem 5.1.29.Thus the right-hand side in 
(8.3.4) gives a lower bound on the solution u(s, ft) of (8.3.1). 


8.4 Applications of Theorem 5.1.41 to Nonlinear Retarded 
Differential Equation 


In this section, we present some applications of Theorems 5.1.41. First, we obtain 
an explicit bound on the solution of a retarded partial differential equation of the 
form 


Do(2?~! (x, y)Diz(x, y)) = Fx, y, eA (x), y= 81 8) 20 — In (2), Y— Bn)))) 
(8.4.1) 


for all (x, y) € 1) X Lo, with the given initial boundary conditions 


2(x, vo) = e1(x), (x0, y) = e2(y), €1(%0) = €2(¥0) = 9, (8.4.2) 


where p > 1 is aconstant, F € C(A x R",R),e,; € Cl(h,R),e. € C'(h,R), 
and h; € C(, R+), 9; € CU, R+) are non-increasing and such that x — h;(x) > 
0,x — hy(x) € C'(h, hh). y — a) = Oy — si) € CG, bh), MO < 1,2/0 < 
1, h(x) = giGvo) = Ofori =1,..,m,xEh,y €h. 
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Theorem 8.4.1 ((523]) Suppose that 


|F'(x,Y,U1,++* ,Un)| < S- dilx, y)|ujl, (8.4.3) 


i=1 


lePO+ 80) <e, (8.4.4) 


where b;(x, y) and c are as in Theorem 5.1.41. Let 


1 1 
he i a eS see: 4. 
Piste ei " mee) 


If z(x, y) is any solution of the problem (8.4.1)-(8.4.2), then for all x € I, y € h, 


p-l iG GiX) PO) _ p-l 
Ik lS yo? +(p- vy | i b(o, t)dtdo (8.4.6) 
i=1 


i(x0) Y Wi(xo) 
where $;(x) = x — hj(x),x € h, Wily) = y— gi), y € lh, b(o, t) = MiNi(o + 
hi(s),t + gi(y)) foro,s €l31,t €h. 


Proof Itis easy to see that the solution z(x, y) of the problem (8.4.1)—(8.4.2) satisfies 
the equivalent integral equation 


x y 
PCy) = Eo hOr-+p ff Fl.t.206—hls). 18:9). ohn) t~Bnl6)))es 
” (8.4.7) 
From (8.4.3)-(8.4.5), (8.4.7) and making the change of variables, we have 


vay sete ff Y ois.olels—h(o).t— gilo)lats 


i=1 
7 x py _ 

< ctpy | / b;(a, T)|z(a), T)|dtdo. (8.4.8) 
i=] %*0 “YO 


Now applying Theorem 5.1.41, part (d;) (when a; = 0) to (8.4.8) yields (8.4.6). O 


Next, we obtain an explicit bound on the solution of a retarded partial differential 
equation of the form 


Dy(2?~! (x, y)Diz(x, y)) 
= F(x, y, 2x — hy (x), y — 810), °° 2% — In), ¥ — Bn), (8.4.9) 


for (x, y) € A, with the given initial boundary conditions 


Z(x, yo) = e1(x),  2(xX0,¥) = €2(y), 1 (Xo) = e2(%) = 0, = (8.4.10) 
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where p > 1 is a constant, F € C(A x R",R),e, € C'(), R),e. € C!(hb,R, and 
hi € CU, R+), 9; € CUb, R+) are non-increasing and such that x — h(x) > 0, 
x—hj(x) € C'(,N),y—gily) € C'(h, hb) Wi) < 1 g(t) < 1, hi(to) = gilto) = 0 
fori=1,--- mxeh,yeh. 


Theorem 8.4.2 ((523]) Suppose that 


|F(x,y, u1.+++ Und] < D> di(x,y)|uil, (8.4.11) 


i=1 


le?) + GO) <, (8.4.12) 
where b;(x, y) and c are as in Theorem 5.1.41. Let 


1 1 
ite, We, FP. Ad 
ia en tage) ty 


If z(x,y) is any solution of the problem (8.4.9)-(8.4.10), then we have for all x € 
hy eéh, 


1 


pal Ln gi(x) wily) 2 pl 
Iza yl S yo? +(p- vy / bi(o,t)dodts  , (8.4.14) 
t 


i (x0) i(Yo) 


where (x) = x —hj(x),x € . Wily) = y-— VQ). y € hb, bi(o, 1) = MNib\(o + 
h(s),t + g(t)) foro,s €h;t,t Eh. 


Proof \t is easy to see that the solution z(x,y) of the problem (8.4.9)-(8.4.10) 
satisfies the equivalent integral equation 


Ju 20 +20) 42 / i CEE OA: 
. ,2(5 —In(5), 1 — 29(t))dtds. (8.4.15) 


From (8.4.11)-(8.4.13), (8.4.15) and making the change of variables, we have 


Iz(x, y)/? < e+e f "yi (s, t)|z(s — hi(s), t — gi(s))|dtds, 


YO j=] 


Pi) Vid) - 
<ect+ Ps om / b(o, T)|z(o, T)|dtdo. (8.4.16) 
i (xo) ¥ Wilvo) 


Now a Suitable application of the inequality in Theorem 5.1.41, part (1) (when 
aj = 0) to (8.4.16) yields (8.4.14). Oo 
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8.5 Applications of Theorem 5.1.43 and Corollary 5.1.6 
to Partial Differential Equations 


In this section, we shall use some results in Theorem 5.1.43 and Corollary 5.1.6 to 
study the following two problems. 
First, we consider the partial differential equation 


D,Dou' (x, y) = h(x, y, u(x, y)) + r(x, y), (8.5.1) 
u'(x,00) = d(x), u'(0,y)=t(y), u'(0,co)=k, (8.5.2) 


where fy € C(R4. x R,R), re C(R2 ,R+), €> 1 and k are real constants. 
Assume that 


| Jie, y, ud] < [ul (d(x, y)w(\ul) + ey), (8.5.3) 


|Poo(x) + t(y) — k| < ala, y), 


where a(x, y), d(x, y), e(x, y) and w(u) are defined as in Theorem 5.1.43. If u(x, y) 
is a solution of (8.5.1) with condition (8.5.2), then it can be written as (see, [42]) 


x +00 
“(x, y) = C400 - .t) dtd. 
u’ (x, Y) = O4o0(x) + T(y) / r(s, t) dt ds 


% +00 
-| / hy(s, t, u(s, t)) dt ds (8.5.4) 
0 Jy 


for all x, y € R+. Applying (8.5.3) to (8.5.4), we can get for all x, y € R4, 
x pt+oo 
u(x, y)|* < a(x y) + / / Ir(s,t)| dt ds 
0 Jy 


x +00 
f-1 
+f / lu(s, t)| [d(s, t)w(\u(s, t)|) ah e(s, r)] aids: 
(8.5.5) 


Applying Theorem 5.1.43 to (8.5.5) yields for all 0 < x < x1, ) < y < +00, 


x +00 
u(x,y) <G! (« (a y) +f / r(s,t) dt as) 
1 f* rte 
+7 f / d(s, t) dt ws) (8.5.6) 


1/e 


+ Ee | 
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where 
1 % +00 
Ex(x, y) = al ; e(s, t) dt ds, (8.5.7) 
0 y 


and G, G~! are defined as in Theorem 5.1.43, and X;, 3; € R4 are chosen so that 
the quantity inside the curly brackets in (8.5.6) is in the range of G. 
Second, we consider the partial differential equation 


D, Dou" (x, y) = ha(x, y, u(x, y), log u(x, y)) + Dog (x, y,u(x.y)), (8.5.8) 
u'(x, +00) = doo(x), u°(0,y) =t(y),  u(0, +00) =k, (8.5.9) 


where fy € C(R} x R,R), g € C(R{,R), oo, t € C(R+, Ry), ¢,k > 0 are 
constants. Assume that for all x, y € R+ and all u > 0, 


|h2(x, y, u, log u)| < u'[f (x, y)w(| log u|) + e(x, y)], 
|g(x,y,u)| < cx, yu’, (8.5.10) 
|oo0(x) + t(y) —k — fo 8(S, 00, Fo0(s) ds| < a(x, y), 

where a(x, y), c(x, y), e(x, y), f(x, y), and w(u) are as defined in Corollary 5.1.6. If 


u(x, y) € C(R+, R)) is a solution of equation (8.5.8) with condition (8.5.9), then it 
can be written as (see, [42]) 


u' (x, y) = O90 (x) + T(y) —k - ic +00, Oo0(s)) ds 
0 


x. x pt+oo 
+/ g(s, y, u(s, y)) as— [ / hy(s, t, u(s, t), log u(s, t)) dt ds 
0 0 vy 
(8.5.11) 


for all x, y € Ry. 
Applying (8.5.10) to (8.5.11), we obtain for all x, y € R+, 


ul (x, y) < a(x,y) + [iw t)u’(s,y) ds 
0 


x +00 
+ i / u'(s, t)[ f(s, w(log u(s, t)) + e(s, f)] dt ds. 
0 y 


(8.5.12) 
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Applying Corollary 5.1.6 to (8.5.12) yields, for all 0 < x < x2, yx <y < +e, 


u(x, y) < exp Ge (Gi00"e»)0t y)) + Ec(x, y)] 


jeri) [ [4 t) dt as)) (8.5.13) 
C ede 


where 
p*(x,y) =1 +f c(s,y) exp (/ c(m, y) an) ds, (8.5.14) 
0 Ss 


and G, G7! are as defined in Corollary 5.1.6, E(x, y) is as defined above, and 
X2, 2 € R+ are chosen so that the quantity inside the curly brackets in (8.5.13) is in 
the range of G. 


8.6 Application of Theorem 5.1.49 to Partial Differential 
Equations 


Consider the partial differential equation 


1 
D,Dyv(x, y) = @Pipo +i + exp(—x) exp(—y) ¥ u(x, y)| + 1 
+x exp(—x) exp(—y)Su(x, y), (8.6.1) 
u(x, +00) = a(x), v(0,y) = T(y), v(O, +00) =k (8.6.2) 


for all x, y € R4, where 0, t € C(R+, R), a(x) is non-decreasing in x, tT(y) is non- 
increasing in y, k is areal constant, and 3 is a continuous operator on C(R4+xR+, R) 
such that |Sv| < co|v| for a constant co > 0. Integrating (8.6.1) with respect to x 
and y and using the initial conditions (8.6.2), we get 


v(x, y) OY Oh ayaa 1) 


-[[- exp(—s) exp(—1) ¥ |u(s, t)| + 1 dt ds (8.6.3) 
0 dy 


x TOO 
- / i; sexp(—s) exp(—t)Su(s, t) dt ds. 
0 y 
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x 
lu(x, y)| < Jo(x) + ti) — kl + &+DO+1 


4 / : ; ~ GptVeap-waniei dae -6a) 
0 y 

+ [ [sexe exp(—t)co|u(s, t)| dt ds. 
0 y 


Letting u(x, y) = |v(x, y)|, we have 
ix +00 
u(x,y) <a(x,y) + / : d\(x, y, 5, t)w1(u) dt ds 
0 vy 
x +00 
+f / d(x, y, 8, t)W2(u) dt ds, (8.6.5) 
0 Jy 


where a(x, y) = jo(x~) + t(y) — kl + x/(X+ 104+ 1), wu) = Jut+1, wou) = 
cou, d\(x,y,s,t) = exp(—s) exp(—t), do(x, y, s,t) = sexp(—s) exp(—f). Clearly, 
wW2(u)/w1(u) = co(u/u + 1) is non-decreasing for u > 0, that is wy & w2. Then 
for all uj, uz > 0, 


bi (x,y) = a(x, y), dy (x,y, s,t) = d\(x,y,s,0), d(x, y, 8, t) = d(x, y, 5, f), 


“dz u 
Wi (u) = i ———— = 2(f/ut+1—-Ju4+1), W'@® = C4 vm +1) -1, 
uy Vzt1 ; 2 
u d 1 
W2 = eae ape W; | (u) = Uy exp(Cou), 
un COZ co (2 


xX poo] 
bate) = We Messy) + ff dicey.s.t das 
¥ 
= Wy | [2(/ dix, y) + 1— Vu, + 1) + C1 — exp(—x)) exp(—y)] 


1 — exp(—x) 


= [Vbi(x,y) +1 + exp(—y)}? — 1. 


By Theorem 5.1.49, we conclude 
x ptoo_ 
lv.) = We" | Wotbatesy + f° f° det.».5.0) ards 
0 Jy 


-_ W;! [nme + (1 — @+ 1) exp(—x)) exp(-y)| 
co u2 
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uz exp E (— In ae + (1 — (+ Dexp(—x)) exp(-»)) | 


bo(x, y) exp[co(1 — (x + 1) exp(—x)) exp(—y)] 


= x 1 — exp(—x) 7 
= ( jo(x) + t(y) — Al + GrDosD +14 SPE exp) _ | 


[co — (@@ + 1) exp(—x)) exp(—y)]. 


This implies that the solution of equation (8.6.1) is bounded for all x,y € Ry 
provided that o(x) + t(y) — k is bounded for all x, y € Ry. 


8.7 Applications of Theorem 5.1.55 to Nonlinear Hyperbolic 
Partial Integro-differential Equations 


In this section, we present some applications of Theorem 5.1.55 to study the 
boundedness and uniqueness of the solutions of some nonlinear hyperbolic partial 
integro-differential equations. These applications are not stated as theorems so as to 
obscure the main ideas with technical details. It appears that these inequalities will 
have as many applications for partial integral and integro-differential equations as 
the classical integral inequality given in Theorem 1.2.11 in Qin [557] and its various 
generalizations have had for ordinary integro-differential and integral equations. 


Example 8.7.1 As a first application, we obtain the bound on the solution of a 
nonlinear hyperbolic partial integro-differential equation 


Uxy(x, y) = f(x,y, u(x, y)) + hp, y, u(x, y), fy . k(x, y, s,t, u(s, t))dsdt], (8.7.1) 
with the given boundary conditions 
U(x, Yo) = a(x), u(X0, Y) = a2(x), ai (X0) = a2(yo) = 9, 


where all the functions are real-valued, continuous and defined on a domain D and 
such that 


f(x, y,u)| < cx, y)|ul, (8.7.2) 
|k(x, y, s,t, u)| < q(s, t)|ul, (8.7.3) 
|Alx, y,u, v]| < p@ y)[lul + lvl], (8.7.4) 
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where c(x, y), p(x, y) and q(x, y) are as in (A)) (see, Sect. 5.1.4). The equation (8.7.1) 
is equivalent to the Volterra integral equation 


u(x, y) = ai (x) + a2(y) + [ [t. t, u(s, t))dsdt 


rs / ' / Tina 1), / : i Feet n, u(E, n)dédn)|dsdt, 
xo Yyo xo 4 Yo 
(8.7.5) 


where u(x, y) is any solution of equation (8.7.1). Using (8.7.2)—(8.7.4) in (8.7.5) and 


assuming that |a1(x)| + |a2(y)| < a(x, y), where u(x, y) is as defined in (Hj), we 
have 


x py 
ie Sao | / cls, t)|u(s, #)|dsdr 
x0 Yo 
x py Ss et 
5 / / p(s. t)(\u(s.t)| + / i gE, n)|u(é, n)|d&dn)dsdt. 
x0 yo x0 yo 
Now an application of Theorem 5.1.55 with b(x, y) = 1 yields 
> 4 y 
lu(x,9)| < a(x,9) + : il o(s,t:x, (als, \(c(s.) + pls.) 
x0 Yo 


+p(s.1) i i até. n)le(é.n) + p(E.n) + 4(E. nlu(E. ns, )dgdn)dsdt, 
x0 Y yO 
(8.7.6) 


where vu(s, t;x, y) and w(s, t;x, y) are the solutions of the characteristic initial value 
problems (5.1.462) and (5.1.463) in Theorem 5.1.55 respectively with b(x, y) = 1. 
Thus the right hand side in (8.7.6) gives us the bound on the solution u(x, y) of 
(8.7.1) in terms of the known functions. 

If |ay(x)| + |ao(y)| < €, where ¢ > 0 is arbitrary, then the bound obtained in 
(8.16.6) reduces to 


eZ (1 + : : 7 POLUDCED EOD 


+00s.1) | [ice n) + pn) + 4. nv. mes. agdmpasa) 
x0 “YO 


(8.7.7) 
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In this case we note that, Example 8.7.1 implies not only the boundedness but the 
stability of the solution u(x, y) of equation (8.7.1), if the bound obtained on the 
right-hand side in (8.7.7) is small enough. 


Example 8.7.2. As a second application, we discuss the uniqueness of the solution 
of the nonlinear hyperbolic partial integro-differential equation (8.7.1). We assume 
that the functions f, k and h in (8.7.1) satisfy 


f@, yu) —f,y,@| < cl, y)|u— Ul, (8.7.8) 
|k(x, y, 8, t,u) — k(x, y, s,t,1)| < q(s,H|u—a, (8.7.9) 
|h[x, yu, v] — Ale. y,@, v]] Sp y)[lu— a] + |r—7l], (8.7.10) 
where c(x, y), p(x, y) and q(x, y) are as in (A). The equation (8.7.1) is equivalent to 
the Volterra integral equation (8.7.5). Now if u(x, y) and @((x, y) be two solutions of 


the given boundary value problem (8.7.1) with the same boundary conditions, then 
we have 


u-a= a [uc t,u(s, t) — f(s, t, (s, t))dsdt 


es i [ow t, U, / i NE n, u)dédn)| 


= / : / “Wig eah / ; / k(s,t,€,n,@))dédn)|dsdt (8.7.11) 
xo Yo xo Yo 


Using (8.7.8)-(8.7.10) in (8.7.11), we have 


x py 
lu—u| = / / c(s, t)|u — u|dsdt 
xo J yo 


+f [v6 t)(\u— | +f fae n)|u — a|d&dn)dsd). 


Thus a suitable application of Theorem 5.1.55 yields, |u—a| < 0. Therefore u = @; 
i.e., there is almost one solution of the problem. 


8.8 Applications of Corollary 5.1.6 to Initial Boundary Value 
Problems for Hyperbolic Partial Differential Equations 


We shall in this section apply Corollary 5.1.6 to study the boundedness, uniqueness, 
and continuous dependence of the solutions of initial boundary value problems for 
hyperbolic partial differential equations. 


1002 8 Applications of Nonlinear Multi-Dimensional Continuous, Discontinuous. . . 


Consider the following boundary value problem: 
Play + (p= Ve? zazy = F(X, y, 2(0(2), A), (8.8.1) 
satisfying 
z(x,¥0) = f(x), 2X0, ») = g(y), f%o) = (vo) = 9, (8.8.2) 
where p > 2, Fe C(AxR,R), fe C'U.R), ge C'V.R), pe CLD, rA€ 


ClU,J), 0 < p’,A’ <1, p(x) = x0, A(y0) = yo. 


Remark 8.8.1 Setting p(x) = x—h(x) and A(y) = y—k(y), problem (8.8.1)-(8.8.2) 
becomes an initial boundary value problem with delay. 


The first result deals with the boundedness of solutions. 


Theorem 8.8.1 ((142]) Jf 


|F(x,y, v)| < bw, y)|uP, (8.8.3) 
lf? (x) + g70)| < k. (8.8.4) 


where b € C(A, Ry) and k = 0 is a constant, then all solutions z(x,y) of problem 
(8.8.1)-(8.8.2) satisfy for all (x,y) € A, 


Iz(x, y)| < kl/? exp(B(x, y)), 


where 


- pix) pA) _ 
Bix, y) := un [ / b(o, t)dtdo, b(o,t) := b(p'(a), A7'(t)), 
(xo) YAW) 


1 
:x ET}, N:= max{——:ye J}. 


M := max{ : 
= p! (x) A'(y) 


In particular, if B is bounded on A, then every solution z of problem (8.8.1)-(8.8.2) 
is bounded on A. 


Proof First observe that z = z(x,y) solves problem (8.8.1)-(8.8.2) if and only if it 
satisfies the integral equation 
xX py 
2 (x,y) =f?) + 870) +p { i F(s,t,z(p(s),A(t)))dtds. (8.8.5) 
x0 “YO 


Hence by (8.8.3)-(8.8.4), 


x.y? <k-+p / | / " b(s. A)|e?(p(s). A)|deds. 
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By achange of variables 0 = p(s), t = (A(t), we have 


P(x) paw) 
oe sk+p f / PO OA MODE. HIP (OVAY Cada 
Pio yo 


p(x) pay) 
<k+pMN / b(a, t)|2?(a, t)|dtdo. 
p(xo) FAG) 


Thus, an application of Corollary 5.1.6 to the function |z(x, y)| now gives us the 
assertion immediately. oO 


The next result concerns uniqueness of solutions to problem (8.8.1)—(8.8.2). 


Theorem 8.8.2 ((142]) Jf 
F(x, y, v1) — FG, y, v2)| < bG, y)|v} = us|, 


where b € C(A, R+), then problem (8.8.1)-(8.8.2) has at most one solution on A. 
Proof Let z(x,y) and z(x, y) be two solutions of problem. By (8.8.5), we have 


29) -F63) =p i i “[F(s,1,2(0(s), 4(0)) — F(s, 1. 2(o(s), A(1)))]eds. 
xo J yo 
By assumption, we then have 
ey) —- PO) <P / | i * b(s, #)|(p(s). A) — P (p(s), A(d) dts, 


which, by a change of variables o = p(s), t = A(t), yields 


A) 


|?(x,y) — P(x, y)| < pMN "| b(o, t) [| (a, t) — (0, t)|]dtdo. 
p(xo) 4 A(yo) 


p(x) pavy) 
= pMN ; b(o, t)[|2(o, t) — F(a, t) |" Pdtdo. 
p(xo) FAG) 


Thus, applying Corollary 5.1.6 to the function |z?(x, y) — #(x, y)|'/?, we conclude 
that |z?(x, y) — (x, y)|!/” < 0 for all (x,y) € A and hence z = Zon A. o 


Finally, we shall investigate the continuous dependence of the solutions of 
problem on the function F and the boundary data. For this, we consider a variation 
of problem: 


Pe + (p—-ll az = F(x, y, e(o(x), A(y))), (8.8.6) 


1004 8 Applications of Nonlinear Multi-Dimensional Continuous, Discontinuous. . . 


satisfying 

2(x,y0) = f(x), (Xo. y) = 80), fo) = B00) = 0, (8.8.7) 
where p > 2, Fe C(AxR,R), fe CUR), 2€ C'V.R), pe CLD, A € 
C!(,J), 0< p',r’ <1, p(xo) = x0, A(yo) = Yo. 


Theorem 8.8.3 ((142]) Consider problem (8.8.1)-(8.8.2) and problem (8.8.6)— 
(8.8.7). If 


(i) |FQ,y, v1) — Fy, v2)| < b@, y) |v} — v3| for some b € C(A,R+); 


(ii) |(f@) —F@)) + (80) — 80))| S §; 
(iii) for all solutions Z(x, y) of problem (8.8.6)-(8.8.7), 


/ © [126.206 A0) — FO. .2(068), Aids = 5, 


0 “yO 
then 
I? (x,y) — P(x, y)| < eexp (pB(x, y)), 


where B(x, y) is as defined in Theorem 8.8.1. Hence 2? (x, y) depends continu- 
ously on F, f, and g. In particular, if z(x,y) does not change sign, it depends 
continuously on Ff and g. 


Proof Let z = z(x,y) and z = Z(x, y) be solutions of problem (8.8.1)—(8.8.2) and 
problem (8.8.6)-(8.8.7), respectively. Then z satisfies (8.8.5) and Z satisfies 


P(x,y) =f?(x) +240) +P / J - F(s,t, 2(p(s), A(d))dtds. 


Therefore, by assumption (ii), 
I?’ (x,y) - 2, y)| 
xX py _ 
est] [ (F6.1200).A0)) —FO.1.29().A@)deds 
x0 “Yo 


A 


x py 
5 tiff 1ee.r2(000).200)) ~ FO.1.2(009).2@)) las 


me I | I “I(t. 2(0(8). A(D)) ~ FOS. t.2(0(6). AO) tds. 
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Now by assumption (i) and by a change of variables 0 = p(s), tT = A(d), 
x py _ 
p ff F6.1.2000). 40) —FG.1196). A) lat 
x0 Yo 
<p [ ih b(s. )12(p(s),A@) — 2 (ols), A(®)) ids 


p(x) Pag) _ 
< pMN / b(o, t)|2 (0, t) — 2 (a, t)|dtdo, 
p(xo) YAW) 


while by assumption (iii), 


of [ IF (s, t.2(0(s). A) — F(s, .2(p(s). A()) ldtds < £ 
thus 


p(x) pay) _ 
I? (x.y) —P(a.y)| < © + pMN / ; bo, 1) (0, t) — P(0, 2) |dcdo. 
p(xo) YAW) 


Applying Corollary 5.1.6 to the function |z?(o, 7) — 2(a,t)|'/?, we have, for all 
(xy) € A, 


|2?(o,t) — P(0,1)|'/” < &'/” exp (B(x, y)) , 
or 
|2?(o, t) — ? (0, t)| < eexp(pB(x, y)). 
Now when restricted to any compact set, B(x, y) is bounded and so 
\2?(o,t) —2(0,t)| < eK 


for some K > 0 for all (x,y) lying in the compact set. Hence z? depends 
continuously on F,f and g. oO 


8.9 An Application of Theorem 5.2.7 to Nonlinear Integral 
Equation 


In this section, we apply Theorem 5.2.7 to study the integral equation 


u(x) = ul) + 1 “FG u)at (8.9.1) 


x 
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under some suitable conditions on the functions involved in (8.9.1) together with 
the suitable given boundary conditions. 
For (8.9.1), assume 


|F'(x, u(x))| < b@)W(lu(a))), (8.9.2) 


where b and W are as defined in Theorem 5.2.7, it follows from (8.9.1) and (8.9.2) 
that 


1s)] = Juan] — f° bomwCucm)}idmn, 


Now a suitable application of Theorem 5.2.7 yields 
Ius)] = OUutay)) — [Boman 


where QO and Q7! are as defined in Theorem 5.2.7. Thus the right-hand side in the 
above inequality gives u(s) of (8.9.1) as the lower bound on the solution. 


8.10 Applications of Theorem 5.2.25 to Nonlinear Hyperbolic 
Partial Integro-differential Equation 


In this section, we present some applications of results in Theorems 5.2.25 
and 5.2.26 to the boundedness and behavioral relationships of the solutions of some 
nonlinear hyperbolic partial integro-differential equations. 


Example 8.10.1 First, we consider a nonlinear hyperbolic partial integro- 
differential equation of the form 


D,...Dy,u(x) = Al[x, u(x), i B(x, y, u(y))dy] + F(x, u(x)), (8.10.1) 


with the condition prescribed on x; = re 1 < i <n, where all the functions are 
defined and continuous on their respective domains of definitions such that 


|B(x, y, u)| < cQ)|ul, (8.10.2) 
|A[x, u, v]| < g@)[lul + lvI], (8.10.3) 
|F(x, u)| < K(x, |ul), (8.10.4) 


where c(y), g(x) and K(x,y,¢) = K(y,@) are as in Theorem 5.2.26. Let the 
boundary conditions be such that the given equation (8.10.1) is equivalent to the 
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integral equation 
x y 
ula) = ha) +f ALy.uby), f BO-2.u(2)deley 
x9 x9 
+ / F(y, u(y) )dy, (8.10.5) 
x9 
where /(x) depends on the given boundary conditions. We assume that 


|h(x)| <f(), (8.10.6) 


where f(x) is as defined in Theorem 5.2.25. Using (8.10.2)—(8.10.4) and (8.10.6) in 
(8.10.5), we can get 


wool = 60) + f sortuoridy+ f eon¢f e@luelaeray 
+ [Ko \uorbdy, 


Now a suitable application of Theorem 5.2.25 with g(x) = 1,W(x,¢) = @ and 
K(x, y, 6) = Ky, ) yields 


u(x) < Ey (@)[F@) + r@)] (8.10.7) 


where E} (x) is obtained by substituting g(x) = 1 in (5.2.134) of Theorem 5.2.25 
and r(x) is a solution of the equation 


ra) =f KO.ESOILFO) + ron)ay. 
If the right-hand side of (8.10.7) is bounded, then we obtain the boundedness of the 
solution u(x) of (8.10.1). 


Example 8.10.2 The second application is an example of behavioral relationships 
between the solutions of (8.10.1) with the conditions prescribed on x; = x, 1l<i< 
n, and the nonlinear hyperbolic integro-differential equation of the form 


D,...Dyu(x) = Ao[x, u(x), i, B(x, y, u(y))dy], (8.10.8) 
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with conditions prescribed on x; = x, 1 <i <n, where all the functions are 
defined and continuous on their domains of definitions and such that 


|B(x, y, u) — Bo(x, y, v)| < c(y)|u— v, (8.10.9) 
|A[x, u, U] — Aolx, v, U]| < g@)[lu—v| + |a—-II, (8.10.10) 
|F'(x,u)| < K(x, |ul). (8.10.11) 


where c(y), g(x) and K(x,@) are as in Example 8.10.1. Equation (8.10.1) and 
(8.10.8) are equivalent to the integral equations (8.10.5) and 


u(x) = fia) + [ Aaly. 00). f Bo(y, z, v(z))dz|dy, (8.10.12) 


where h(x) depends on the given boundary conditions. From (8.10.5) and (8.10.12), 
it follows 


x y 
u—v =h(x)—hA(x) + / {ALy, uf Biy, z, u)dz] 
x0 x0 
y x 
—Aoly, vf Bo(y, z, u)dz|dy} + y F(y,u)dy. (8.10.13) 
x9 x9 
Using (8.10.9)-(8.10.11) and |u| — |v| < |u— v| and assuming that |h(x) — h(x)| < 


f(x), and the solution v(x) of (8.10.8) is bounded by a constant M in (8.10.13), 
where f(x) is as defined in Theorem 5.2.25, we have 


wv sf0) +f) eonu—vl + foto — vlads 
+ [Kom + |u — v|)dy. 
Now applying Theorem 5.2.25 yields 
Ju — v| < Eg @[F@) + r@)], (8.10.14) 
where £7 (x) is as defined in Example 8.10.1 and r(x) is a solution of the equation 
re) = [KO ESONLO) + rorhay. (8.10.15) 


If the right-hand side in (8.10.14) is bounded, then we obtain the relative bounded- 
ness of the solution u(x) of (8.10.1) and (8.10.8). If f(x) in (8.10.14) is small enough 
and, say, less than €, where € > 0 is arbitrary, if (8.10.1) admits only identically 
zero solution, and if E> (x) in (8.10.14) is bounded and « — 0, then we obtain 
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|u(x) — v(x)| + O*, which gives us the equivalent between the solutions of (8.10.1) 
and (8.10.8). 


8.11 Applications of Theorems 5.2.26 and 5.2.29 to Nonlinear 
Hyperbolic Partial Integro-differential Equations 


In this section, we shall apply Theorems 5.2.26 and5.2.29 by obtaining pointwise 
bounds on the solutions of a certain class of non-linear equations in n-independent 
variables. We consider the nonlinear hyperbolic partial integro-differential equation 


gr * 
a = Fev oe. [Ker PO)d) + G6) BL) 
x1 0X2... OXy 0 


where F € C(Q*RxR, R) and G € C(QxR, R) with suitable boundary conditions. 
The solution of equation (8.11.1) is of the form 


6) =n) + | F6.60). [ Ko.».60ayd5+ | Go.0)dr. 
(8.11.2) 
We shall assume the following conditions: 


(He) There exists a continuous function B : Q x Ry — Ry with B non- 
decreasing in the second variable such that 


IG, @(y))| < BO. 160). (8.11.3) 


(H7) There exists a function f : Q — R satisfying (H;) such that |h(x)| < f(@), 
for all x € Q. 


(Hg) There exists a function g : Q — R 4 satisfying the assumption (H2) such 
that for all s € Q, 


|F(s,u, v)| < g()[lu] + |u|]. (8.11.4) 


(Ho) There exist functions w : Q x Q — Rand H: Ry — Ry such that 


(i) @(s, y) is defined and continuous for all s > y > x°®, 
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w(s, 8) < hy(s), Di @(s, 1, 82,...,Sj-1, Yj---. Yn) = 0, f = 2,3,...,0, 


DD). . .Di@(S, 1, Y25 +++ + Vis Sits Vit25+++ Yn) =O, = 1,2,...,.n—-1, 
D,Dp. : .D,o(s, y) = P(s)ho(y), 


where h,,p, and hy are continuous functions and non-negative on Q with 
a 


D, = Is? 1 S I <n. 
(iii) H satisfies assumption (H;) with H(1) = 1. 
(iv) 
IK(s,y, (y))| < o(, yA (16 0)))- (8.11.5) 


Remark 8.11.1 Itis easy to see that the function w(s, y) = []j_,(s—yn)p(s)ho(y) + 
C, where C is constant, satisfies (i), (ii), and (iii) if C < A, (s) for alls € Q. 


The following lemma, which is a standard result in calculus of several variables, 
shall be used to obtain pointwise bounds on the solution of equation (8.11.1). 


Lemma 8.11.1 ((27]) Let G(s) = fo o(s, y)H(¢(y))dy with x° = Gt, cnaceie ad 
(V1,Y2.-++5¥n) and s = (S1,82,...,5n) € Q with x¥° < y < s, and D; = wl = 
1,2,...,n. Assume, also, that for j = 2,3,...,n, Dj@(s, 51, 82... -. 8-1, Yj, +++ Yn) 
= O and Di Dp... .Dp@(S, Y1, 25 «++ Vk Sk+1s Ve+2s ++ Yn) = 0,K = 1,2,...,n—-1. 


Then, 


II 


DD ...D,G(s) = o(s, s)H(o(s)) + i DD ...D,o(s, y)H(¢(y))dy. 


We now compute the pointwise bounds of the integral equation (8.11.2) taking 
into account the assumptions (H¢)—(Ho). 
Taking the bounds in (8.11.2) and using (8.11.3)-(8.11.5), we obtain 


oe] < meal + [ loordonlay+ [F690 [/ KG.».BOarlas 
=f) + | Bo.\oorda + [ olooolas+ [809 [K.».00)ablas 
<9) + [Bo.\eodday + [elo ib(olas 


x 


+ [e([/oe.nioorday) as 
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In view of hypothesis (Hy) and Lemma 8.11.1, if R(s) = f(y w(s, y)H(|O0)|)dy, 
then 


Di. DiRQ) = 01s. )H(O)) +f) PiDa..Dyo(s.»)H (HOI) Ay 
< n(ovH(\()) + [ plodhabHOO))as 
= mH) +P) | haOH ONDA: 
Upon integrating from x° to s, we obtain 
Ro) =f menncoeahau [peo { [" tooHbordy) au 
Hence 


01 <7) +f acoieortas+ [eco ( f) manet(@en)au) a 


+ [209 (foe ( f/ moredeor)ay) ar) as 
+ [/B0.|0)ba»: 
We now use Theorem 5.2.29 with g; = g,j = 1,2,3,¢ = 1, Mi (|¢(s)|) = |(s)|, 
H(i) =f MaAloan)an, HC) = [re ( [/ mor#Georday) du 
K(x,y,u) = BO,u),WOs,2) =< 


then m = 3 and we have 


3 
lo] < {f@) +r@}] [B@ (8.11.6) 
I=1 


< {f@) + r@)}Ei@) - Ex) - Es) 


where r(x) is a solution of the equation 


V@) = / Bly, Ev (y Ex) Est fF) + Vy) ay 
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and 


E, = G,'[Gi(1) + fo g(s)ds], Gi(1) + fio g(s)ds € Dom (G;'), 
Ex(x) = Gy'[G2(1) + fo g(s)E1(s)Ha(1)ds], 

= Gy'[G2(1) + fro g(S)E1(s) (foo i (udu) ds}, 
E3(x) = G3'[G3(1) + foo g(s)E1(s)E2(s) (<0 p(w) (f(0 h2(y) dy) du) ds]. 


It is clear that we can compute the pointwise bounds of the solution @(x) of the 
integral equation (8.11.2) as in (8.11.6). 


8.12 Applications of Theorems 5.2.40 and 5.2.41 to Retarded 
Nonlinear Hyperbolic Functional Integro-differential 
Equations 


In this section, we shall apply the results in Theorems 5.2.39 and 5.2.40 to inves- 
tigate properties of solutions of a certain class of nonlinear hyperbolic functional 
integro-differential equations of the retarded type. We consider the hyperbolic 
equation 


a” u(x) 


eine (8.12.1) 


together with the given suitable boundary conditions 
WO MASK, Hieevest) =O, (Si Sn 


where 


GeC(R"xRxR,R) Tux) = / ; k(x, y, u(p(y)))dy, 


x0 


with k € C(R” x R x R,R) ando,p € F. 
Any solution u(x) of equation (8.12.1) satisfying the boundary conditions is also 
a solution of the Volterra integral equation 


u(x) = n(x) + ik G(s, u(o(s)), Tu(s))ds, (8.12.2) 


x0 


where n(x) subjects to the boundary conditions. The following theorem provides an 
upper bound on the solutions of equation (8.12.1). 

The following theorem gives us another bound on the solutions of equation 
(8.12.1). 
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Theorem 8.12.1 ((28]) Assume that 


(i) |G(x, u(o(®)), Tu(x))| <  p(xX)Q(\u(a(x))|) where p is a continuous non- 
negative real-valued function such that ir . - [0° p(s)ds < +00 and 
QE Fy with DpQ(u(x)) = O fork = 2,3,...,n, 


(ii) n(x) is non-zero, non-decreasing function such that for a M > 0, 
1 <|n@)| <M. 


Then solutions of equation (8.12.1) are bounded. 
Proof Again using (8.12.2), 


ln] = InG| + [1G(6,ulo(o), Tus) 
< |n@)| + [ r6raquocsypat 
Applying Theorem 5.2.40 to the above inequality, we have 
jn < molar) + [pts 


Now G(r) = 7 ae ; implies G’(r) > 0, so that G"! exists and is an increasing 


function. Hence by assumption (i), 


+00 +00 
jac] emia + ff poses 
<N, 


where N is a positive constant. Oo 
Theorem 8.12.2 ({[28]) Assume that 
(i) |G(x, u(o(%)), Tu(x))| < f(x)@|lu(o(x))| + |Tu(x))|| where f is a continuous 
non-negative real-valued function such that Io o.. - fo f(s)ds < +00 and 
1 n 

we Fi. 

(ii) There exist continuous functions g and Q such that Q : [0, +00) — [0, +00) 
is non-decreasing non-negative sub-multiplicative for all u > 0 and Q(0) = 0, 
g is non-negative, fo” . Dae g(s)ds < +00, and 

1 n 


[Tu(x))| < g@)Q(lu(p@)))), PEF, 


(iii) n(x) satisfies hypothesis (ti) of Theorem 8.12.1. 
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Then solutions of equation (8.12.1) are bounded. 


Proof {n fact, 
lu(x)| < |n(@)| + / “f(seo(u(s)))ds + i 2(5)2(|u(p(s))))ds 
<M+ / F(s)eo({uo(s))))ds + / * gs) 2(\u(p(s))))ds. 


Applying Theorem 5.2.41, with qi(x) = q2(x) = 1, to the above inequality, we 
obtain 


lu(x)| < GGA) + / f(s)ds| 


+00 +00 


“FT! [ran ey i * e(s)as0(G"!(GC) " ; 


*x0 cal Xn 


foo) 


where 


G( re ds = 0 eM F( ) i ds > 0 0 
v)= — , v>uv . r= = r2r > 
vy O(S) ro (5) 


and G~! and F~! are the inverses of G and F, respectively. Clearly G~! and F~! are 
increasing functions so that 


+00 +00 


lu(x)| < G" [ows / row 


0 - 
1 Xn 


+00 +00 
xFo! [ran +f ff g(s)dsQ 
xf x0 


mare ta rot) 


x (c'(Gq) re i 


Using hypotheses (i) and (ii), we see clearly that the right-hand side of the last 
inequality is bounded, which completes the proof. Oo 


Xn 
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8.13 Applications of Theorems 5.2.44, 5.2.46 and 5.2.47 
to Integral and Differential Equations 


In this section, we shall apply Theorems 5.2.44, 5.2.46 and 5.2.47 to study some 
integral initial value problems. 


Example 8.13.1 Consider the n-variable integral inequality 


N x q 
us) <6) + YT ING) + 26) | ; its. sy(a(s)Pasl , (8.13.1) 


i=1 


where operators T; are as Theorem 5.4.30 in Qin [557], p and q = | are positive 
numbers; u,f,g : Ri —> Ry andh,ky : Ri x RL — R4 are continuous 
functions. Comparing (8.13.1) with (5.2.262) in Theorem 5.2.46, here we have 
G(m) = m1, Q(m) = m?, and hence G € F(w) with w(v) = v?! and Q € H(g) 
with gy(v) = v? hold. Hence, an upper bound for the solutions of equation (8.13.1) 
can be obtained by using Theorem 5.2.46 or Theorem 5.2.47. Here we leave this 
simple computation to the reader. 


Remark 8.13.1 The special case of (8.13.1), when N = 1, A(x,s) = h(s), and 
ki, (x, s) is directly variable-separable, was discussed in [173] under some additional 
restrictive assumptions. 


Example 8.13.2 Consider the initial value problem 


dxdy ox? dy 
u(x, 0) = &(x), u(0,y) =n), with (0) = (0), xy Ee Ry, 


| Pulx.y) F |x, y, u(x, y), So | (8.13.2) 


where functions §, 7 — R and F : Ry x Ry x R* —> R are continuous functions. 
We assume that uw and all the involved partial derivatives are continuous. As is well- 
known, problem (8.13.2) can be reformulated in terms of the following Volterra 
integral equation 


xX py 
u(x, y) = &(x) + ny) — €(0) + / / F E t,u(s, t), ns D als) 2] dtds, x,y € Ry. 
0 JO KY dot 
(8.13.3) 
Suppose that the condition 


|Fls.t,u,v. w]] < j(s, )Q(ul) (8.13.4) 
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holds and Q : Ry — Ry, is a known differentiable function with Q € H(qg) for 
some function g, and Q(u) > 0 for all u > 0. Then, using (8.13.4) we derive from 
(8.13.3) that for all x,y € Ry, 


x py 
lu(x.y)| < [E@) + ny) — £(0)| + / / ils. )Q(\u(s, ))deds. 


Now, applying Theorem 5.2.44 (with n = 2, g(x) = 1 and G(m) = m) to the above 
inequality yields, for all x, y € R+ satisfying (0,0) < (x, y) < (X,Y), 


|u(x, y)| < K(x, y) 1+H7! if ic t)ho(K(s, naras|} ; (8.13.5) 
0 JO 


where H™~! denotes the inverse function of H, and K(x, y) = max{1, |E(x) + nv) — 
£(0)|}, here in the function H being defined by, for all r > 0, 


=, : dr 
ao) =| Od +n’ 


and X, Y € Ry are chosen so that 
x py, _ 
i / J(s, )o(K(s, t))dtds < H(+00) as long as (0,0) < (x,y) < (X,Y). 
0 Jo 


In addition, we observe from (8.13.5) that if the functions € and 7 are bounded on 
R+ and H(+00) = +00 holds, then any solution u(x, y) existing on R+ of problem 
(8.13.2) is bounded, provided that 


+00 pt+oo | 
i i J(s, thp(K(s, t))dtds < +00. 
0 0 


8.14 An Application of Theorem 5.2.52 to Nonlinear 
Hyperbolic Partial Integro-differential Equation 


In this section, we shall apply Theorem 5.2.52 to a nonlinear hyperbolic partial 
integro-differential equation of n-independent variables. 

To this end, we consider the nonlinear hyperbolic partial integro-differential 
equation 


du(x) 


Oxy Ox eae OXp 


=F (« u(x), ik K(x, s, u(s)s) + G(x, u(x)), (8.14.1) 
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for all x € IF = [xo;m] C R44, where x = (%1,%2,...,%n),X0 = 
Ce ieee eo = (AP .x5°,....x2°) are in Ri andu ¢ CdU,R),F ¢€ 
Cd x Rx R,R),K € CU x Ix R,R) and G € CU x R,R). With suitable 
boundary conditions, the solution of equation (8.13.1) is of the form 


u(x) = Ix) + / F (s. u(s), K(s,t, u(o)at) ds + i G(s,u(s))ds. (8.14.2) 
Xo xo x0 
The following theorem gives us the bound of the solution of equation (8.14.1). 


Theorem 8.14.1 ({193]) Assume that the functions 1, F, K and G in equa- 
tion (8.14.1) satisfy the conditions 


K(s,t,u(t))| < k(s, Né(u@|), 45 €7, we R, (8.14.3) 
1 
F(t,u,v)| < glul + lel, uveR, tel, (8.14.4) 
1 
G(s, u)| < 5 lel: sel, ueR, (8.14.5) 
U(x)| < a(x), x ET, (8.14.6) 


where a, f, k and ¢ are as defined in Theorem 1.1.41, with f(x) = b(x) + e(x) for 
all x € I where b, e € C(I, R+), then we have for all x9 < x < x*, 


|u(x)| < exp (He x) (a + [ E(odt) ; (8.14.7) 


i=1 


Here 


EW) = (vo +f kee. 96 [ex (Toi) [ ‘eu | 
. i=1 e 


(8.14.8) 
_ li K(x20, )(a(s) exp ( T] (si — x?) Jas, (8.14.9) 
# i=1 
W(x) -[ =. 4a? > 0, (8.14.10) 
yo P(S) 


where x* is chosen so that w(n) + re K(Xoo0, S)P (exp Ty (s; — x?)) J? f(o)dt) ds 
is in the domain of w~!. 
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Proof Using the conditions (8.14.3), (8.14.6) in (8.14.2), we have 
Ineo] at) +f [oo.uisyids+ f foo[luo + f 1KG.t.u)ldras 


< atx) + f (lus) + [iu 16 (\u(o)|)dr) ds. (8.14.11) 


x0 x 


Now applying Theorem 5.2.52 with f(s) = 1, g(u) = u and W(u) = u to 
(8.14.11) yields (8.14.7). Oo 


Remark 8.14.1 If we assume that the functions F and G satisfy the general 
conditions 


[Fw »)| <fO(g(ul) + W(lv)), (8.14.12) 
IG(t,u)| <f(Dg(\ul), for all rel, weR, (8.14.13) 


we can obtain an estimation of u(x). 


8.15 Applications of Theorem 6.1.3 to Difference Equations 


In this section, we shall use Theorem 6.1.3 to study the difference equations. 


Example 8.15.1 Consider the difference equation 


m—1n—-1 


u™ (m,n) = a(m,n) + s > k(s, t, u(s, t)). (8.15.1) 
s=0 1=0 
Let 
k(s, t, u(s, t)) < b(s, Hu(s,d), (8.15.2) 


if we consider a(s,t) = b(s,t) = t, it follows from (6.1.29) and (6.1.30) in 
Theorem 6.1.3, 


n—-1 1 


u(m, n) <am J] [I + mem |" (8.15.3) 
t=0 
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Example 8.15.2 Consider the difference equation 


m—1 n—-1 


u™ (m,n) = a(m,n) + 2 >. k(s, t, u(s, t)). (8.15.4) 
s=0 1=0 
Let 
k(s, t, u(s, t)) < b(s, Hu(s, t) + b(s, Hu"? (s, t), (8.15.5) 


if we take m, = 3,mz = 2,a(s,t) = b(s,t) = c(s,t) = 0, then from (8.15.4) we 
derive from Theorem 6.1.3 


n—-1 
umn) <n] [+m + Dy}. (8.15.6) 


1=0 
As special cases of (8.15.6), let m = 2 andn = 2, then u(2,2) < 20/5, if we 


take m = 2 andn = 3, then u(2,3) < 3/45, also form = 3 andn = 2, then 
u(3, 2) < 24/7. 


8.16 Applications of Theorem 6.1.4 and Corollary 6.1.1 
to Boundary Value Problems for Difference Equations 


In this section, we shall employ Theorem 6.1.4 and Corollary 6.1.1 to study the 
boundedness, uniqueness, and continuous dependence of the solutions of boundary 
value problems for difference equations involving two independent variables. 

We consider the following boundary value problem 


Ayoz? (m,n) = F(m,n, z(m, n)) (8.16.1) 
subject to 
z(m,no) = f(m), z(mo,n) = g(n),  f(mo) = g(r) = 0, (8.16.2) 


where p > 1, F € F(Q x R), f € F(V/) are given. 
The first result deals with the boundedness of solutions. 
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Theorem 8.16.1 ({146]) if 
|F(m,n, v)| < b(m,n)|v/?, (8.16.3) 
|f(m)|? + |g)? < k, (8.16.4) 


for some k > 0, where b € F4(Q), then all solutions of problem (8.16.1)-(8.16.2) 
satisfy for all (m,n) € Q, 


|z(m,n)| < kexp(B(m, n)), 
where B(m, n) is defined as in Theorem 6.1.4. In particular, if B(m, n) is bounded on 
Q, then every solution of problem (8.16.1)-(8.16.2) is bounded on Q. 
Proof Observe first that z = z(m, n) solves problem (8.16.1)—(8.16.2) if and only if 


it satisfies the sumdifference equation 


m—1 n—-1 


2 (m,n) = f?(m) + gn) + YS) SY OF(s,t, 205, 0). (8.16.5) 


s=mot=no 
Hence from (8.16.3) and (8.16.4), we derive for all (m,n) € Q, 


m—1 n—-1 


Jem, ny? <P + YOY dG, Des, /. 


s=mot=no 
An application of Theorem 6.1.4 to the function |z(m,n)| gives us the assertion 
immediately. Oo 
The next result concerns the uniqueness of solutions. 


Theorem 8.16.2 ([146]) if 
|F(m, n, v1) _ F(m, Nn, v2)| = b(m, n)|v} ~~ v5 


for some b € F4.(Q), then problem (8.16.1)-(8.16.2) has at most one solution on Q. 


Proof Let z(m,n) and z(m, n) be two solutions of problem (8.16.1)—(8.16.2) on Q. 
By (8.16.5), we have 


m—1 n—-1 


IP (m,n) — 2 (m,n)| < YO FG. 4, 2(s,9) — Fl, 1,25, 9)| 


s=mot=no 


m—1 n—-1 


< > Sods, t)|z’(s, t) <i 2(s, t)|. 


s=mot=no 
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An application of Corollary 6.1.1 to the function |z?(s, t) —7(s, t)|!/? shows that for 
all (s,t) € Q, 


|P(s,t) -—P(s,|'” <0, 


hence z = zonQ. oO 


Finally, we investigate the continuous dependence of the solutions of problem on 
the function F and the boundary data f and g. For this we consider the following 
variation of problem 


Ape (m,n) = F(m,n, z(m,n)) (8.16.6) 


with 


z(m, no) = f(m), z(mo,n) = g(n),  f(m0) = 8(%) = 9, (8.16.7) 


where p > 1, F € F(Q x R),f € F(/), and g € F(J) are given. 
Theorem 8.16.3 ({146]) Jf 


(i) |F(m,n, v1) — F(m,n, v2)| < b(m,n)|v} - v5 | for some be Fi(Q); 
(ii) |(f?(m) —f?(m)) + (8?) — 8°(n))| S @/2; and 
(iii) for all solutions Z(m,n) of problem (8.16.6)-(8.16.7), for all (m,n) € Q and 


V1,U2 € R, 
m—1 n—-1 z 
YFG. 1,2(s,0) — F(s,4,.2(s,9)| < 7 
s=mot=no 

then 


|’ (m,n) — 2(m,n)| < €exp(pB(m, n)), 


where B(m,n) is as defined in Theorem 6.1.4. Hence z? depends continuously 
on Ff, and g. In particular, if z does not change sign, it depends continuously 
on Ff and g. 


Proof Let z(m,n) and z(m,n) be solutions of problem (8.16.1)—(8.16.2) and prob- 
lem (8.16.6)-(8.16.7), respectively, Then z satisfies (8.16.5) and Z satisfies the 
corresponding equation 


m—1 n—-1 


2(m,n) = f?(m) + P(n) + D> YF (s, 1,205, 0). 


s=mot=no 
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Hence 


|z’(m, n) — P(m, n)| < |(f?(m) — fP(m)) + (g(r) — #())| 


m—1 n—-1 
+) DFG. 1, 26,9) — F(s, 1, 2(s,9)| 
s=mot=no 
e m—1\ n—-1 
<5t DO DIFG.1 26,9) — Fl, 206, 9) 
s=mot=no 
m—1 n—-1 
+50 lFG. 1...) — F(s, 4, 2s, )| 
s=mot=no 
m—1 n—-1 
<et+ VY [(s,.) -2(s,9| 
s=mot=no 


by assumptions (i), (ii) and (iii). Now applying Corollary 6.1.1 to the function 
|?(m,n) — #(m,n)|!/", we have, for all (m,n) € Q, 


|? (m,n) — 2 (m,n)|!/? < e' exp(B(m, n)), 
or 
\2?(m,n) — Z(m,n)| < © exp( pB(m, n)). 
Now when restricted to any compact sub-lattice, B(m, n) is bounded, so 
|2?(m,n) — Z?(m,n)| < eK 


for some constant K > 0 for all (m,n) in this compact sublattice. Hence z? depends 
continuously on F,f and g. Oo 


8.17 Applications of Theorems 6.1.7-6.1.9 to Sum-difference 
Equations 


In this section we note that the inequalities established in Theorems 6.1.7—6.1.9 can 
be extended very easily to functions of more than two variables. Next, we shall 
consider the following sum-difference equation 


+oo +00 


u?(m,n) = a(m,n) + ~— Py F[m,n, s, t, u(s, t)| (8.17.1) 


s=m+1 t=n+1 
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for all m,n € Z where a(m,n) is a function defined for all m,n € Z into R and 
Fm, n, s,t, u(s, t)] is a function defined for into R into R. We assume that 


la(m,n)| <c, |F[m,n, s, t, u(s, t)]| < f(s, D|u(s, 0| (8.17.2) 


where c > 0 is aconstant and f(m, n) is a function defined for all m,n € Z into Ry. 
From (8.17.1) and (8.17.2), we obtain 


+co +00 
|u(m,n)/? <c+ > 2 f(s, Huts, AI. (8.17.3) 
s=m+1 t=n+1 


Now applying Theorem 6.1.7 yields 


+o0o +00 


|u(m,n)| < vets SS Des. (8.17.4) 


s=m+1 t=n+1 


The right-hand side of (8.17.4) gives us a bound on the solution u(m,n) of the 
equation (8.17.1). 

Now we can also use inequalities in Theorems 6.1.8 and 6.1.9 to obtain bounds 
on the solutions of the following sum-difference equations 


+oo +00 
u(m,n) = a(m,n) + a x u(s, t)F[s, t, log u(s, £)] (8.17.5) 
s=m+1 t=n+1 
and 
+oo +00 
u?(m,n) = a(m,n) + > >: u(s, t)F[m,n, s, t, u(s, t), Tu(s, f)], (8.17.6) 
s=m+1 t=n+1 
where 
+00 +00 
Tu(s,t)= > Yo G(s,t.k.rulk.r)) (8.17.7) 
k=s+1 r=t+1 


under some suitable conditions on the functions involved in (8.17.5) and (8.17.6). 
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8.18 Applications of Theorems 6.1.16 and 6.1.17 
to Volterra-Fredholm Sum-difference Equations 


In this section, we apply Theorems 6.1.16 and 6.1.17 to study the bounded- 
ness, uniqueness, and continuous dependence of the solutions of certain Volterra- 
Fredholm sum-difference equations of the form 


m—1 n—-1 M-1 N-1 
u? (m,n) = (m,n) + >» >. F(s,t, u(s, t)) + > 2 G(s, t, u(s, t)) 
s=mo t=no s=mo t=no 


(8.18.1) 


for all (m,n) € Q, where 1 € F(Q), F,G € F(Q x R), p = 1 is aconstant. 
The following theorem gives the bound on the solutions of (8.18.1). 


Theorem 8.18.1 ((359]) Assume that the functions l, F and G in (8.18.1) satisfy the 
conditions 


|(m,n)| < k, (8.18.2) 
|F(m,n, v)| < a(m,n)|v Pt !, (8.18.3) 
|G(m,n, v)| < b(m,n)|v [Fe |, (8.18.4) 


where a(m,n) and b(m,n) are same as in Theorem 6.1.17, 0 <q < 1 is a constant, 
then all solutions of (8.18.1) satisfy, for all (m,n) € Q, 


m—1 n—-1 1/.-9) 


u(m,n) < 4 (cu) 4+ (1-9) 9) So a*(s,t) (8.18.5) 


s=mpo t=no 


where cy, is the solution of equation 


M-1 N-1 
‘ 1 
H3 (1) = -[(2t— kK) 0-9? — 0-O/p _ y 5 "a*(s,t) = 0 (8.18.6) 
q sS=mo t=no9 


for all t > k, where a*(m,n) € F4(Q) such that both a(m,n) and b(m,n) are less 
than or equal to a* (m,n). 


Proof Using the conditions (8.18.2)—(8.18.4) in (8.18.1), we have 


m—1 n—-1 M-1 N-1 
lu(m,n)P <k+ Y> Yo ar(s,tlu(s, PTO! + Y° YS aX(s,Dlu(s, nPte 
s=mo t=no s=mpo t=no 


which is a special case of Theorem 6.1.16 when g(u) = uv? and w(u) = u!. 
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By Theorem 6.1.16, we only need to prove 


M-1 N-1 
H(t) = A3() = Gog (2-H -Giog"(N- Y> Yas, 
s=mo t=no 
1 M-1 N-1 
= —_[((2¢ — A) -@/P — U-a)/p t 
Ta gll( ) 22 (s, t) 


is increasing, and equation H}(t) = 0 has a solution cy. In fact, taking r = (1 — 
q)/p, by computation, we get for all t > k, 


d» 1 21/U—r) 4 (=P. tk l=r 
—H;(t) = LQ’) — Gtk" > 0, 
dt Dp [t(2t — k)]'-" 
M-1 N-1 
H3()=- >> do aX(s,t) <0 
s=mpo t=no 
and 
M-1 N-1 
Jin 80) = 0) r ree 
s=mp t=ng 
so Hs (t) = 0 has a unique solution c); > k. Oo 


Second, we consider the uniqueness of the solutions of (8.18.1). 


Theorem 8.18.2 ((359]) Assume that the functions F and G in (8.18.1) satisfy the 
conditions 


|F(m,n,v) — F(m,n, v)| < a(m,n)|v? — "|, (8.18.7) 


|G(m,n, v) — Gm,n, v)| < b(m,n)|v? — v? |, (8.18.8) 
for some a,b € F(Q2), and if 
M-1 N-1 
x(M,N) = exp oS boy (s, 0) <2, (8.18.9) 
s=mo t=no 


where a*(m,n) is as in Theorem 8.18.1, then (8.18.1) has at most one positive 
solution on Q. 
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Proof Let u(m,n) and u(m,n) be two solutions of equation (8.18.1). By (8.18.1) 
and conditions (8.18.7) and (8.18.8), we derive 


m—1 n-1 


\u? (m,n) — u?(m,n)| < > eG t)|u?(s, t) — w(s, 1)| 


s=mpo t=ng 
M-1 N-1 
+> Yo ar(s, lu? (st) — (5,9). 
s=mo t=no 
Applying Corollary 6.1.11 to the function |u?(m, n) — u?(m, n)| yields 


|u?(m,n)u?(m,n)| < 0, for all (m,n) € Q. 


Hence, u(m,n) = u(m,n) on Q. Oo 


Finally, we investigate the continuous dependence of the solutions of (8.18.1) on 
the functions F and G. To this end, we consider the following variation of (8.18.1): 


m—1 n-1 M-1 N-1 
u? (m,n) = Um.n) + Y° S> F(s,t,u(s.t)) + Y> 2 G(s, t.u(s,)) (8.18.10) 
s=mo t=no s=mo t=no 


for all (m,n) € Q, where F, G € F(Q x R), p > 1 is aconstant as in (8.18.1). 
Theorem 8.18.3 ((359]) Consider equations (8.18.1) and (8.18.10). If 
(i) |F(s,t, v1)—F(s, t, v2)| < a(s, t)|vy —v5 |, |G(s, t, v1 )—G(s, t, v2)| < b(s, t)|vy— 
Pp 
v5 |; _ 
(ii) |l(m,n) — Im, n)| < €/2; 
(iii) &(M,N) = exp! ONT! a*(s, 1) < 2; 


s=mo t=no 


(iv) for all solutions u of equation (8.18.10), 


m—1 n—-1 


YY FG.t) — Fs,,)| < 6/4, 


s=mo t=no 
and for all (m,n) € Q and v1, v2 € R, 


M-1 N-1 


S> SO 1G, 4,2) — Gls, t,)| < &/4, 


s=mo t=no 
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where € > O is an arbitrary constant, a* (m,n) is defined as in Theorem 8.18.1, 
then for all (m,n) € Q, 


m—1 n—-1 


\u?(s,t) — #(s,1)| < = 0( yas 0). (8.18.11) 


s=mpo t=no 


Hence, u? depend continuously on F and G. In particular, if u does not change the 
sign, it depends continuously on F and G. 


Proof Let u(m,n) and u(m,n) be solutions of equations (8.18.1) and (8.18.10), 
respectively. Then, u(m, n) satisfies equation (8.18.1) and u(m, n) satisfies equation 
(8.18.10). Hence, by assumptions (i)—(iv) and the definition of a*, 


m—1 n-1 
|u?(m, n) — u(m,n)| < |l(m,n) — 1m, n)| + > |F(s,t,u) — F(s, t,i)| 
s=mo t=no 


M-1 N-1 


4 a > |G(s, t, u) — G(s, t, 0)| 


s=mo t=no 


m—1 n—-1 


< =+ >: a, |F(s,t,u) — F(s, t, u)| 


s=mo t=no 


+0 So |F(s, 1,0) — F(s,1,i0)| 


s=mo t=no 


M-1 N-1 


+ > SoG, t,.u) — Gs, t,i0)| 


s=mg t=no 


M-1 N-1 


+> S0 Gs, 4.0) — Gs, t,i0)| 


s=mo t=no 


m—1 n—-1 


<e+ a > a(s, t)|u?(s, t) — u?(s, t)| 


s=mo t=no 
M-1 N-1 


+ > D5 d6,D|u’(s,1) — #(s,9)| 


s=mo t=no 


m—1 n—-1 


<et+ > Y> a*(s, t)|u?(s, t) — Ws, 1)| 


s=mo t=no 
M-1 N-1 


+ 2 VoaX(s, lust) — #(s.9)]. 


s=mg t=ng 
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Now applying Corollary 6.1.11 to the function |w?(m, n) — u?(m, n)|, we can get 


m—1 n-1 
|u?(m,n) — u?(m,n)| < =a exp (s > a*(s, ») . 


s=mo t=no 


m—| n—-1 


Evidently, if the function ) yn, ui=ny 
constant K > 0 and for all (m,n) € Q, 


a*(s,t) is bounded on Q, then for some 


|u?(m,n) — u?(m,n)| < eK. 


Hence, wv? depends continuously on F and G. oO 


8.19 Applications of Theorem 6.1.22 and Corollary 6.1.20 
to Discrete Boundary Value Problems 


In this section, we use Theorem 6.1.22 and Corollary 6.1.20 to study some properties 
of positive solutions of the following boundary value problem: 


Ayh(z(m, n)) = F(m, n, z(m, n)) (8.19.1) 

with 
z(m, no) = f(m), z(mo,n) = g(n), f(mo) = g(no) = 9, (8.19.2) 
where h is defined as in Theorem 6.1.22, F € F(Q xR), f € F(J), and g € F(J) are 


given. 
The first result deals with the boundedness of solutions. 


Theorem 8.19.1 ({147]) If 
|F(m,n, v)| < b(m,n)e(\v]), (8.19.3) 
and 
|n(f(m)) + h(g(n))| < K (8.19.4) 


for some constant K = 0, where p, ®p, and o;! are defined as in Theorem 6.1.18, 
b € F+(Q), then all positive solutions of problem (8.19.1)-(8.19.2) satisfy 


z(m,n) < h7'(®, '[®,(K) + B(m,n)]), (m,n) € Q, (8.19.5) 
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where B(m,n) is defined as in Theorem 6.1.22. In particular, if B(m,n) is bounded 
on &2, then every solution of problem (8.19.1)-(8.19.2) is bounded on QQ. 


Proof Observe first that z = z(m,n) solves problem (8.19.1)—(8.19.2) if and only if 
it satisfies the sum-difference equation 


m—1 n-1 


h(c(m,n)) = h(f(m)) + h(g(n)) +S) > F(s,t,2(5,). (8.19.6) 


s=mo t=ng 
Hence, by (8.19.3) and (8.19.4), for all (m,n) € Q, 


m—1 n—-1 


h((m,n)) <K + Y) SY) dls, Nels, 0). 


s=mo t=no 
An application of Theorem 6.1.22 to the function z(m,n) yields the assertion 
immediately. Oo 
The next result concerns the uniqueness of solutions. 


Theorem 8.19.2 ({147]) if 
|F(m, n, v1) — F(m,n, v2)| < b(m,n)|h(v1) — A(v2)| (8.19.7) 


for some b € F4(), then problem (8.19.1)-(8.19.2) has at most one positive 
solution on Q. 


Proof Let z(m,n) and Z(m, n) be two solutions of problem (8.19.1)—(8.19.2) on Q. 
By (8.19.6), we get 


m—1 n—-1 


|a(z(m,n)) — hm, n))| < D> SO Fs, t.2(8,)) — FCs, t,2(8,9)| 


s=mo t=no 


m—1 n—-1 


< S> Yo dls. D\A(e(s,1)) — A&s,0)|. (8.19.8) 


s=mo t=no 


Applying Corollary 6.1.20 to the function h~!(|h(z(s, t)) — h(2(s, t))|) yields for all 
(m,n) € Q, 


|h(z(m, n)) — h(z(m, n))| < 0. 


Hence, z = Zon Q. oO 


Finally, we investigate the continuous dependence of the solutions of problem 
(8.19.1)-(8.19.2) on the function F and the boundary data f and g. To this end, we 
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consider the following variation of problem: 
Ayh(z(m, n)) = F(m,n, z(m, n)) (8.19.9) 
with 
a(m, no) = f(m), zlmo,n) = B(n),f (mo) = Bl) = 0, (8.19.10) 


where h is defined as in Theorem 6.1.22, F € F(Q x R),f € F(J), and g € F(J) are 
given. 


Theorem 8.19.3 ((147]) Consider problem (8.19.1)-(8.19.2) and problem 
(8.19.9)-(8.19.10). If 

(i) |F(m, n, v1) —F(m, n, v2)| < b(m, n)|A(v1)—A(v2)| for some b € F4(&); 
(ii) |n(f(m)) — h(f(m)) + h(g(n)) — A(B())| S 5; 
(iii) , aie a |F(s, t, u) — F(s,t,u)| < 5 for all (m,n) € Q, and v1, 02, u € 


s=mo t=no 


R, then for all (m,n) € Q, 
|h(z(m, n)) — h(Z(m, n))| < €¢ exp(B(m, n)) 


where B(m,n) is as defined in Theorem 6.1.22. Hence, h(z) depends continu- 
ously on F, f, and g. 


Proof Let z(m,n) and Z(m, n) be solutions of problem (8.19.1)—(8.19.2) and prob- 
lem (8.19.9)-(8.19.10), respectively. Then, z satisfies (8.19.6) and z satisfies the 
corresponding equation 


m—1 n—-1 


h(Z(m,n)) = hF(m)) + h@(n)) + YI YO Fls,,.2(s,). 


s=mpo t=no 


Hence, from assumptions (i)—(iii) it follows 


|h(z(m,n)) — h(Z(m, n))| 
< |(h(f(m)) — h(f(m))) + (h(g(a)) — AB)))| 


m—1 n—1 


+ FY IFC. 4. 26,9) — F125.) 


s=mo t=no 


m—1 n—-1 m—1 n—1 


< = + S> SO IFG.t.2(8,9) — Fs. ,2(8,9)| D> Yo |FG,4.2(8,9) — Fs, t, 2s, 9)| 


s=mo t=no s=mo t=no 


m—1 n—-1 


<et+ D2 Yo ds, NlA(e(s, 1) — As. 0)I. 


s=mo t=no 
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Now applying Corollary 6.1.20 to the function h~!(|h(z(m, n)) — h(@(m, n))|), we 
have for all (m,n) € Q, 


|A(z(m,n)) — h(Z(m, n))| < € exp(B(m, n)). 
When restricted to any compact sublattice, B(m, n) is bounded, so 
|h(z(m, n)) — h(&(m, n))| < Ke 


for some constant K > 0 and for all (m,n) in this compact sublattice. Hence, h(z) 
depends continuously on F, f, and g. Oo 


8.20 An Application of Theorem 6.1.25 to Finite Difference 
Equations 


As an application on the inequality established in Theorem 6.1.25, we consider the 
following nonlinear partial finite difference equation of the form 


AT AGW (x y) = ux, y)F (ey. usy)) + GOL y.uery)), (8.20.1) 
with the given boundary conditions at x = 0 and y = 0, 


Ajw(x,0) = a(x), O<j<m-1, (8.20.2) 
Aiw(0,y) = Bi), O<i<n-1, (8.20.3) 


where F and G are real-valued functions defined on No x R and a,, B; are real-valued 
functions defined on No and m,n > 2 are integers. Now, by assuming some suitable 
conditions on the functions involved in problem (8.20.1)—(8.20.3), and following 
the similar arguments as given above with suitable modifications, we can very easily 
obtain the bound on the solutions of problem (8.20. 1)—(8.20.3) in terms of the known 
functions. 


8.21 An Application of Theorem 6.1.29 to Discrete Partial 
Integro-differential Equations 


In this section, we shall give an application of Theorem 6.1.29 to obtain the 
bounds on the solutions of discrete versions of partial integro-differential equations 
involving three independent variables. 

To illustrate the application of Theorem 6.1.29, we establish the bound on the 
solutions of discrete versions of partial integro-differential equations involving three 
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independent variables of the form 


x-ly—-1 z-1 


Mutayz = f (x,y, ZU) + F(x, ¥, ZU, YY YS AGY.Z5, 67, u)) (8.21.1) 


s=0 t=0 r=0 


with the given boundary conditions at x = 0, y = 0,z = 0, where all the functions 
are defined on their respective domains of definitions and for all x > 0, y > 0,z = 0, 


If@y, 2,4) < p@ y, 2W(lul), (8.21.2) 
|F(x, y, z,u, v)| < bx, y, z)(\u] + |v}), (8.21.3) 
|h(x, y, z,8,t,7r,u)| < c(s,t,r)|ul, (8.21.4) 


where W, b(x, y, z), c(x, y, Zz), and p(x, y,z) are as defined in Theorem 6.1.29. By 
using the given boundary conditions, (8.21.1) can be represented by equivalent 
summary difference equation 


x—ly—1z—-1 


u(x,y,2) = a@ydt > >> fstr,uls,t,7) 


s=0 t=0 r=0 
x-l y—1z-1 s—1 t—1 r—1 
ter (s, t,r,u(s,t,r), DPR IC t,r,k,l,n, u(k, l, n))) 
s=0 t=0 r=0 k=0 1=0 n=0 


(8.21.5) 


where g(x, y, z) depends on the given boundary conditions. If |g(x, y, z)| < M, then 
using (8.21.2)-(8.21.4) in (8.21.5) and then applying Theorem 6.1.29, we can obtain 
the bound on the solution u(x, y, z) of equation (8.21.1). 


8.22 Applications of Theorems 6.2.4—6.2.7 to Difference 
Equations 


In fact, the comparison Theorems 6.2.4—6.2.7 obtained above will be used here to 
show the dependence of solutions of (6.2.39) on initial values and on parameters. To 
this end, hereafter we shall denote the term )~_, (—1)'*! 9°, u([xi]) in short by T(u). 


Theorem 8.22.1 ([8]) Assume that u(x, T(a)) is the solution of (6.2.39), (6.2.50) 
and w(x, 0) is the solution of the problem 


Atw(x) = F(x, u(x)) 
w((i)x)) = 0, 
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where the function F on A* is defined as 


F(x,c)= sup |f(x,w)]. 


lu-T(a)|<e 
Then for allx,0 <x < X, 
|u(x, T(a)) — T(a)| < w(x, 0). 


Proof From the definition of T(a) and the summation representation of (6.2.39), 
(6.2.50) we have 


u(x, T(a)) = T(a) + Sof (s, us, T(a))) 
and hence if we define y(x) = |u(x, T(a)) — T(a)|, then it follows that 


ya) < Sol f(s, us, T@))| 


< S25, sup |f(s,w| 
|u—T(a)|<y(s) 


= SIF (s. y(s)). 
Next, since w(x, 0) has the summation representation 
w(x, 0) = Las, w(s,0)) 


and for all fixed x and 1 < i < m the function F;(x, u1,..., Um) is non-decreasing 
with respect to all u1,..., Uy, as in Theorem 6.2.4 it follows that 


|u(x, T(a)) — T(a)| = y(x) < wG@, 0). 


Oo 
Theorem 8.22.2 ([8]) Assume that condition (i) of Theorem 6.2.7 is satisfied, and 
u(x, T(a)) is as in Theorem 8.22.1. Further, assume that u(x, T(b)) is the solution of 
(6.2.39) satisfying 
u((i)x) = b([xi)). 
Then, for allx,0 <x < X, 


|u(x, T(a)) — u(x, T(b))| < AQ), 
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where A(x) is a solution of 


AVA) = g(x, A) 
|T(a) — T(b)| < T(A). (8.22.1) 
Proof The result follows by setting ¢1(x) = €2(x) = 0 in Theorem 6.2.7. oO 


Theorem 8.22.3 ([8]) Assume that the following conditions hold: 


(i) u(x, [L) is the solution of the problem (6.2.47), (6.2.50); 
(ii) lim, +,0f (0%, u, HW) = f(x, u, 1°) uniformly in (x, u) € A; 
(iii) for all (x, u', 2), (x, u?, 2) in A x R’, 


Fs u, [L) —f, uw, | = a(x, Ju’ im uw), 
where g is defined on At ;g(x,0) = 0 for all x,0 < x < X; and for all fixed 


xand1 <i < m, gi(x,u—1,...,Um) is non-decreasing with respect to all 
Uy,...,Um. 


Proof Since g(x,0) = 0 for all x,0 < x < X, the solution A(x, 0) of (8.22.1) 
satisfying A((i)x) = 0 is identically zero. Hence, for any ¢ > 0, there exists an 
m-dimensional vector 7 = n(e) such that the solution A(x, 0,7) of the difference 
equation 


AVA(x) = g(x, A(x) + 9 
satisfying A((i)x) = 0 has the property that 
A(x, 0,7) < €. 


Furthermore, because of (ii), for any given 7 > 0, there exists ad = 6(n) > 0 such 
that 


| f(x, Uu, L) —f, Uu, L)| = n 


provided that |u — 2°| < 8(n). 
Now, let ¢ > 0 be given, then since 


u(x, 1) — u(x, 2°)| < SIHIF(s, u(s, w), HW). WK) — f(s, u(s, 2°), u°)| 


< SIH le(s, |u(s, 4) — u(s, w°)|) + 7] 


as in Theorem 6.2.4 it follows that 
|u(x, w) — u(x, 2°)| < A(x, 0,n) < e. 


Clearly, 6 depends on ¢ since 7 does. Oo 
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In this sequel, we shall state two results showing the boundedness and asymptotic 
behavior of (6.2.39). The proof of both results is based on the comparison results 
established. 


Theorem 8.22.4 ([8]) Assume that the followings conditions hold: 
(i) for all (x, u) inA, 


|f(x,w)| Sg, |ul), 


where the function g(x,u) is defined on At, and for all fixed x and\ <i < 
M, 8i(X, Uy, ...,Um) is non-decreasing with respect to all uy, ..., Um; 
(ii) u(x) is any solution of (6.2.39) and X(x) is any solution of (8.22.1) such that 


[T@| < TA). 


Then the following hold: 


(i) if A(x) is bounded, so is u(x); 
(ii) if A(x) > Oas ||x|| = OF +++» +22)'/? > +00, so is u(x). 


Proof It is easy to show that |u(x)| < A(x) for allx,0 <x < X. Oo 
Theorem 8.22.5 ([8]) Assume that the following conditions hold: 


(i) u(x) is a solution of (6.2.39) and u'(x) is a solution of the difference equation 
Aju(x) = fi (x, u(x)); 
(ii) for all (x, u) and (x, v) inA, 


f(x, u) —f'(%, v)| < ge, luv), 


where the function g(x, u) is defined on A*, and for all fixed x and 1 < i < 
M, gj(X, Uy,...,Um) is non-decreasing with respect to all u,,..., Un; 
(iii) A(x) is any solution of (8.22.1) such that 


|Z@) —Tw’)| s TA). 
Then, if A(x) > 0 as ||x|| = GF + vex? l/2 —> +00, so is |u(x) — u!(x)|. 
Proof It is easy to show that |u(x) — u!(x)| < A(x) for all x,0 <x < X. Oo 


Last, We shall state a comparison result for the summary difference equations 


u(x) = O(x) + SXZhK(x, s)u(s) + SZ f(x, s, u(s)). (8.22.2) 


In (8.22.2), O(x) = (A1(x),..., Om(x))"; K(x, 5) is an m x m non-negative matrix 
for all 0 < s,x < X;f(x,s,u) = (fix, 5,u),...,fn(x,s,u))", and for all fixed 
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s,x (0 <s,x < X)and 1 <i < m, the function fj(x, s, uy, ..., um) is non-decreasing 
with respect to all wj,..., Um. 
Theorem 8.22.6 ([8]) Assume that the following conditions hold: 
(i) u(x) is a solution of (8.22.2), and $(x) and g(x) are the solutions of the 
inequalities 
(x) < A(x) + SK (x, 9) G(s) + Sof, 8, 6(s)) 
and 
P(x) = O(x) + SOK (x, 5) p(s) + SOF (& 5, G(s). 
respectively; 


(ii) @(@x) < u(x) < o((/x). 
Then, for allx,0 <x < X, 


p(x) S u(x) < gp). 


Remark 8.22.1 If the non-decreasing nature of f is replaced by mixed monotone 
property and w consider the corresponding partial inequalities, then the resulting 
inequalities which follow are in terms of corresponding partial inequalities. The 
details of these results are similar to the case n = | discussed in [4]. 


8.23 Applications of Theorems 7.2.10 and 7.2.11 
to Hyperbolic Partial Differential Equations 
with Impulse Perturbations 


In this section, we shall exploit Theorems 7.2.10 and 7.2.11 to investigate some 
properties of hyperbolic partial differential equations with impulse perturbations 
concentrated on the surfaces 


u(x), X2) 
Ox] 0X2 

u(x1,0) = pi (x1), 

u(0, x2) = $2(%2), (8.23.1) 

$1(0) = $2(0), 


Hid eee t / Biles, x2)te( (x12) dg 
i1Gn 


= A(x, u(x)), (x1, X2) € Vi, 
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Here Au|(x,,x»)er, are the characterised values of finite jumps u(x) (« = (%1,x2)), 
when the solutions of (8.23.1) meet the hypersurfaces T; : u(x) NT;. 

We investigate (8.23.1) in the domain D* Cc Ri, which was defined as in 
Sect. 7.2.1. 

Denote by @(x, x2) the boundary conditions in (8.23.1). Then any solution of 
equations (8.23.1), satisfying the boundary conditions, is also a solution of the 
Volterra integro-sum equation 


Uu(x1,X2) = b(%1, x2) +f f H(t, s, u(t, s))dtds 
Gn 


n—1 


+ a Bj (1, X2)U(%1, X2)dLy,- (8.23.2) 


TjNG n 


Suppose that 


|H(t, s,u(t,s))| < v(x, s)W[ aCe, 9p], (8.23.3) 


where y(t, s) > 0,W(o) € ®. 
Using the result of Theorem 7.2.10, we can obtain the following theorem. 


Theorem 8.23.1 ([399]) Suppose that H(x,u(x)) in (8.23.1) satisfies condition 


(8.23.3). Then for all solutions of problem (8.23.1) the following estimate holds, 
forall x € Dj, 


|u(x1, x2)| < |p (x1,.x2) |W" (/ [ oS wlio slideas) (8.23.4) 


with 


w(t, Dy . 
II, |p (z, s)| wl lace, s)| |deds € Dom (w), 


where 


“do “I doy 
Wo(Vi) := —, V(V\):= ,l= 
(Vi) / W(o) (V1) c, Wo) 


G= (1+ f  [Birsdlduy) vet 
PNG, 


’ ( / [ one a w[loc, sae.) ras) . 


By using Theorem 7.2.11, the next theorem can be obtained. 


| 
an 
i) 
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Theorem 8.23.2 ({399]) In (8.23.1), let the function FH. satisfy (8.23.3), where W 
belongs to the class of functions ®; : W € ©. Then all solutions of problem 
(8.23.1) satisfy some estimates: 


iuori x0) < Wot ( fff wee.syaras), ae oe ee 


where for allx: 0 <x < x*, 


“do 


_ vod _ 
Wo(V) = | ey U(V) := : wey '= 


een (ee [ og, Bilt slits) SU Ga) sang YEAS) 


with 


x =supfx: ff W(t, s)dtds € Dom(W, '),i = 1.2] : 
x Git+1\Gi 


From Theorem 7.2.10 and Theorem 8.23.1, the next result follows. 
Theorem 8.23.3 ([399]) Suppose that H(x1, x2, u(x1,X2)) satisfies 


(A) |H(x1,%2,uU(%1,%2))| < f(%1,x2)|u(%1,x2)|* = const. > 0, where f is a 
continuous non-negative function in R+,. 

(B) Boundary conditions for (8.23.1) are bound: 4M = const. > 0: |@(x1,x2)| < 
M. Then for the solutions of problem (8.23.1), the following estimates hold: 


(1) ifa = 1, then 


OO 
|u(x1,X2)| < M (14 


TiNG+1 


XxX] x2 
x exp | / f(a, o2)dodos | ; 
0 0 


|BjQn, “lth 


(2) if0 <a <1, then 


+00 


|u(x1.x2)| <M] | (1 + i IBi(o1,x2)|dp29,) 
iNGi+1 


j=l 


1 
Xx] x2 T-a 
x [ +(1—a)M*! / / Fo1,0%)dod0 : 
0 Jo 
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(3) ifa>t, 
+00 
|u(x1.22)| < MJ | (1 +f IBi(x1,x2)Idty,) 
j=l TiNG}+1 


x 


+00 a—l 
1+(@- ye" [Ja +f [Bila x2)ldieg) | 


j=l TiNGi+1 


XxX] x2 = 
x if / f (0), 02)do, i 
0 JO 


and arbitrary (x,,X2) € D* such that 


XxX] x2 
/ / f (01, 02)do;doz 
0 Jo 


co 


sjo-pu'| Tat f (Beraylduy) 


j=l TiNG)+1 


1 
C= 


-l 


From Theorem 8.23.3, the next theorem follows immediately. 


Theorem 8.23.4 ([399]) Suppose that for (8.23.1), the following conditions 
hold: 


(1) |H (1, x2, uri, x2))| < WO, x2) [ur x2) |; 
(2) 4M = const. > 0: such that |\p(x,x2)| < M; 
(3) 4&, 1: such that 


+00 


I] (: +f ie. <& < +00, 
TiNGi+1 


j=l 
xX] x2 
/ / wW (01, 02)do,doz < n < +00. 
0 Jo 
Then all solutions u(x1, x2) of problem (8.23.1) are bounded for 0 < a < 1. If 
additionally, 


+00 l—a 


M 
I] (: + ho. fond < G7 


j=l 


then all solutions of problem (8.23.1) are also bounded for a > 1. 
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8.24 Applications of Theorem 7.2.19 to Nonlinear Delay 
Partial Integro-differential Equations 


In this section, we shall use Theorem 7.2.19 to study the following nonlinear delay 
partial integro-differential equation 


b(x) 


c(y) 
Uxy(x,y) SF (x, y, u(x, y), / h(b(x), c(y), tT, 6, u(t, o))dtdo), 
b(b(xo0)) ¥ e(c(co)) 


u(x, Yo) =a(x), u(xo,y) = BY), 
(8.24.1) 


for all (x,y) € A, where b,c and u are supposed to be as in Theorem 7.2.19, h : 
A?xROR,F:AxR? > R,a:1—>R,and B : J > Rare all continuous 
functions such that a(0) = B(0) = 0. 

We first give an estimate for solutions of (8.24.1) under the conditions 


|F (x,y, u, v)| < f(x, y)[gi (ul) + lvl], 


(8.24.2) 
|hA(x, y, 5,t,u(s,1))| < gy, 5, ))|@2(u(s, D)I. 


The next two corollaries are direct consequences of Theorem 7.2.19, we omit 
their proofs. 


Theorem 8.24.1 ([665]) Jf|a(x) + B(y)| is non-decreasing in x and y and (8.24.2) 
holds, then every solution u(m,n) of problem (8.24.1) satisfies, for all (x,y) € 
[xo, X1) x [yo, Yi), 


u(x, y) < Wy [E(x y)], (8.24.3) 
where 


ie a fO7'(s),c7'() 
boo) Fei) B(B'(s))e"(c 1) 


7) Pe FON). €"'O) | ol 
t,t, 0)dtdo | dtds, 
Oy J on FEMME) Joan dag EOP” ‘ " - 


(8.24.4) 


E(x, y) == Wo jw [Wi (Ja (x) + B(x)|) + FeO asl 


and W,, Ww, , Wo, i , and X,, Y, are defined as in Theorem 7.2.19. 
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Theorem 8.24.1 actually gives a condition of boundedness for solutions. Con- 
cretely, if there is a positive constant M such that there holds on [x9, X1) x [ yo, Y1), 


—_—_—_—————dtds < M, 


D(x) pevy) 1 = 
|a(x) + B(x)| <M, i f(b (s),e' (0) 


BGs) Jot) OO ee) 
(8.24.5) 


b(x) pcly) f(o- '(s), | : 
c. i b’ (b— bi(b-"(s))e(e“"() (c(t) [f. [., a -_ ae _ 


then every solution u(x, y) of problem (8.24.1) is bounded on [xo, X1) x [yo, Y1). 
Next, we give the condition of the uniqueness of solutions for problem (8.24.1). 


Corollary 8.24.1 Suppose 


PCs ya 01) — FCS you 09)] <F.[er(ler— aad) +I —wal] gy 


|h(x, y, st, uw) — h(x, y, s, t, u2)| < g(x, y, 8, )p2(|u1 — u2)), 


where f, g, Wi, b2 are defined as in Theorem 7.2.19. There is a positive number M 
such that for all (x, y) € [xo,X1) x [ yo, Y1), 


bo) peo) f(b“ (s),c7 (9) 
Se iid , 
i I bi(b-"(s))e’ (c') ae (8.24.7) 


bx) pci) fO(),61) 1(s), cl (t)) s t 
t. i Wb e Wo") ) if [. g(s,t, t,0)dtdo|dtds < M. 


Then, (8.24.1) has at most one solution on [xo, X\) Xx [yo, 1), where X,, Y; are 
defined as in Theorem 7.2.19. 
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